/ Method of Moments \

B(X) = / of@0dr =g 0) = -3 Xi=g(0)

B(X?) = / PI@0)dr = 0(0) = > X2 =g:(0)

solve for f# from RHS system of equations

. /
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/ Two Basic Examples \

Bernoulli(p)

] — ] — _
E(X) = = — X, = = p=— X, =X
(X)=p n; p D n;

Normal(y, 0?)

] — ] — _
E(X) = = — X; = = 0= - X; =X
(X) = p n; " i n;

1 n
B(X?) £ 240t = 23 XP=yi 4o
1=1 n
1 _
~2 2 2
= = — X7 —X

. /
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/ Maximum Likelihood Method

Likelihood Function

if i.i.d.

Maximum Likelihood Estimator (MLE)

§ = argmax L(0)
0

Log-Likelihood Function
ifiid. n

/]\

base e

-

d n
L) = flor,mz;0) = ] flai:0)
1=1

06) = log L(f) = > log f(xi:0)
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/ Two Basic Examples \

Bernoulli(p) [Exercise 5.1 (p. 71)]

= {p) = Zil?z logp+ (1 —x;)log(l —p) =

i=1
Normal(u, 0?) [Exercise 5.2 (p. 71)]
- 1 (i — p)?
L(p,0°%) = —
(1, 07) 1 o o [ 53 ]
= 2)—277: log V3T — logo — BT
p,o?) = og 0go o

5 .../
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/ Multivariate Normal

Univariate Xi, ..., X, % N(y, 02)

1 1
Multivariate z1,...,z, < N(p, X), z; € R?
1 /\ 1 ik ~
—z 5 51 )
n — n — 4
= z—l
dxl 1xd

-
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/ Some “Trickier” Examples \

Uniform(0, 0) [Exercise 5.8a,b (p. 78)]

MOM: E(X)=6/2 = 6§=2X
MLE:  L(§) = ﬁ(w) — (1/0)" = ... = 6 = max{ X1, ..., X,,}.

i=1
Multinomial(n;p1, ..., px)

MOM : E(Xg)=npr = pr=Xi/n, k=1,2,...K

K
n!
MLE : L(...)= pitpE =) =C+ Zib’k log pi,
1) . oK! —
\Remarks Constrained optimization (box, equality, ...). /
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/ Example 5.2 (p. 72-73) \

Suppose X1, Xo, ..., X,, are independent, each distributed as
X; ~ Poisson(6v;),

e.g., X; = # of disasters and v; = # of activities from team q.

= e 0v (Qy;) T -
L) =] = ((0) =)  —0v; + z;log(v;) + C

i=1 v i=1

N "X,
'@0)=0 = H:Z"n:l
D i1 Vi

\Remark Quantities “like” v; called covariates (i.e., predictors)./
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4 A “Twist” N

As before, X, Xo, ..., X,, are independent, each distributed as
X; ~ Poisson(0v;).

But they are not observable, e.g., teams don’t want to be overly
embarrassed. Instead, observe only Y; = 1(X; > 0).

. /
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/ A “Twist” \

As before, X, Xo, ..., X,, are independent, each distributed as
X; ~ Poisson(0v;).

But they are not observable, e.g., teams don’t want to be overly
embarrassed. Instead, observe only Y; = 1(X; > 0).

Log-Likelihood Y, ~ Bernoulli(p;), where p; = P(X; > 0) =
1 —e % so

1 — e~ "” (e_evi)l_yi

::]:

1=1

Zyzlog (1—e” ”i)—(l—yi)(ﬁfvi)

\Remark Numeric optimization. [Example 5.5 (pp. 79-80)] /
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/ Newton’s Method

Solving for f(z) =0
f(Zoid)

Lnew — Lold — f’(ﬂ? ld)
o

Solving for ¢ (6) =0

V' (Oo1a)
Hnew — Uold —
Dot 0" (0o14)

Remark Of course, curvature [¢(0) > 0 or < 0] matters

whether solution is local maximum or minimum.

-

/
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/ Example 5.5 + Exercise 5.9 (pp. 7 9—80)\






