/ Motivation \

Recall pivotal quantity, h(6; D),

(i) which involves only the parameter 8 of interest (but no other

unknown parameter) and data D = {X1,..., X, }, [easy]

(ii) whose distribution is completely known. [hard]

Question Can we overcome the difficulty with a numeric trick of

some sort? |[Yes!]

. /
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/ The Bootstrap \

e if repeatedly sample with replacement from data D = can get
many slightly different data samples

D*(l), 1)*(2)7 o pD*B)

of the same size n;

e can approximate the distribution of h(6; D) with the empirical
distribution (i.e., the histogram) of

{n(B: D" M), h(B; D), ... h(B; D)},
where 6 estimated from D

. /
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Volume 47 = Issue 8

I S) Bulletin

— International Prize in Statistics

The International Prize in Statistics is awarded to Bradley Efron, Professor of Statistics
CONTENTS and Biomedical Data Science at Stanford University, in recognition of the “bootstrap,”
a method he developed in 1977 for assess-

1 Efron receives International

Prize in Statistics ing the uncertainty of scientific results

23 Members’ news: Grace Wahba that has had extraordinary and enormous

Michael Jordan, Bin Yu, Steve
Fienberg

impact across many scientific ficlds.
With the bootstrap, scientists were

4 President’s column: Xiao-Li able to learn from limited data in a

Meng simple way that enabled them to assess

the uncertainty of their findings. In

6 NSF Seeking Novelty in Data

: £ - [ : essence, it became possible to simulate
Sciences Bradley Efron, a “statistical poet”

a potentially infinite number of datasets

9 There’s fun in thinking just from an original dataset, and in looking at the differences, measure the uncertainty of
ohe Step more

the reanlt fram the ariginal dara anahcic Made naccihle by camnntine the hanterran
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/ Exercise 7.5 (p. 131) \

Let
h(0; D) = 2[¢(6; D) — £(0; D)]
be the twice-log-transformed likelihood ratio, where § is the MLE

of 6 based on D. Verify empirically that the bootstrap is in
agreement with the asymptotic result (last lecture) about how this

quantity is distributed.

Example Use the log-likelihood ¢(f#) from the censored Poisson
problem (where X; ~ Poisson(fv;) but we observe only whether
X, >0o0r X; =0). Let 9*®) denote the MLE of 6 based on the

re-sampled data D*®_ Examine the empirical distribution (i.e.,
histogram) of h(8; D*®)) = 2[¢(6*®); D*®)) — ¢(§; D*®))].

- /
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Bootstrap vs Asymptotic Distributions of 2[log(LR)]

95% quantiles
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/ Confidence Set

{h(@ D*WY h(6; D*@), ... h(6; D*(B))}
J

identify set C |e.g., empirical quantiles (¢
B

1 AN
st. =Y I{n@; D)y eCit=1-q
s }

Y
P(h(; D) € C7) ~1—a,

J
L L(C*: D) ={0: h6; D) e C*)

x]o *hi)}

(87 7CO(

-
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0.15

0.10

— 0.05

— 0.00

Contours of C, [left] and of C [right]|, where

1 B

B
b=1

for different levels of «.

0.15

0.10

— 0.05

— 0.00

P(h(6; D)€ C.) = = 3 I (h(é} D*®) ¢ C;;) —1-a,

/
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Example 7.7 (pp. 129-131)

Mo:D)=0—-60 = h(6: D)= _g

-

T
Think!
J ()
. AN AN
1o e = empirical quantiles of {§*(®) —0}Z
eg., 2N < < @) < 070 < 2
| L
| C0.05 C0.05
Y
. _xlo n *hi n «hi 7 *lo
{0:c°<b0—-0<c "y (00", 0—c.°)

*(1000)

~

STAT 845 | Lecture 15, Fall 2023

© 2017-23 by M. Zhu, PhD

8 of 17



/ Example 7.7 (pp. 129-131) \

If
qlo, ¢*h = empirical quantiles of {5*(5)},])3:1,
rather than those of {5*(1’) — 5},])3:1,
then
clo = grlo — § and el = gxhi _ 0, (Why?]
SO

(0 — i, 0 —ci°) e (20— g2, 20— ).

Remark Widely quoted form for a bootstrap confidence
interval, but many people don’t really understand where the “extra
factor of 2” comes from! Beware of which quantiles are being used!!

- /

STAT 845 | Lecture 15, Fall 2023 © 2017-23 by M. Zhu, PhD 9of 17




/ An Important “Special” Case \

h0; D) = h(D) le.g., h(D) =1
“merely” a function of data alone
4
{h(D*<1>), L h(D*<B>)} g, {F0 g+ B

AN

allows us to estimate the sampling distribution of h(D) [e.g..0]

Example

B
| .
9*(b) where 0* = 7] E 9*(0)

Mm

\Y
ar( Bl

Exercise Again, censored Poisson problem (where
X; ~ Poisson(Av;) but we observe only whether X; > 0 or X; = 0).

\I‘IOW big is Var(8)? /
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-

Test of Significance

a related—but seemingly different—problem, which also

requires explicit consideration of uncertainty

want to decide if a particular statement about 6, e.g.,
Hy: 60 =0y [the null hypothesis|,

is supported by data
intuitively, check if 9 is “close enough” to 6

judgment of “close enough” has to do with uncertainty

/
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/ Formal Framework \

e rely on a test statistic, ¢(0; D) |e.g., 1(0: D) = ]5— al
® reject HO if t(eo; D) Z C

e choose decision threshold ¢ s.t. the significance level' is

controlled at a pre-specified level, say «, i.e., solve
Plt(0g; D) > c,| = «

e conventionally, take a = 0.05,0.01

Definition The probability of a test incorrectly rejecting H

when Hj is actually true is called its significance level.

. /
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/ Test Statistic vs Pivotal Quantity \

Like h(60; D), the test statistic ¢(6; D) must also be a quantity

(i) which depends only on the parameter of interest 6 and data D,

and

(ii) whose distribution is completely known.

Property (i) is necessary so we can decide whether the
hypothesis is supported by data.

Property (ii) is necessary for choosing the right decision
threshold c,.

. /
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/ Proposition \

(i) If a test, which rejects Hg : 6 = 6y when t(6y; D) > c,, has a
significance level of «, then {0 : t(0; D) < ¢, } will contain the
true parameter with probability (1 — «) x 100%.

(ii) Conversely, if {6 : h(0; D) € C,} contains the true parameter
with probability (1 — «) x 100%, then a test, which rejects
Hy : 0 = 0g when h(0p; D) ¢ C,, will have a significance level

of a.

Exercise Prove the proposition above.

. /
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/ Examples \

t Test Reject Hy: pu = pg if

X — pol
T(po; D) = > Cq.
oi D) = =gy 2 ¢
Choose ¢, based on a t-distribution. [Example 8.1 (p. 135)]

Likelihood Ratio Test (LRT) Reject Hy: 60 = 0 if

210gA(6)0; D) = Q[E(é\mlea {b\mle) — 2(90777/b\f177,le|90)] > Co-

Choose ¢, based on a y?-distribution. [Example 8.2 (p. 136)]

- /
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/ LRT Very Flexible \

Hy: 0 € Q)
lother than simply Q¢ = {6y }]

Example

0 = (91,92)T = RQ, Qo = {(91,92) 0, = 92}

LRT

lassuming no nuisance parameter here]

sup L(0)

A(Qo, D) = vets =4 2[€(§mle|Qc) _ g(é\mlon)] ~ X%df)
sup L(0) 0
0

df = dim(25) — dim(€2p)

- /
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/ Exercise 8.2 (p. 137)

Given {Xl, oy X, 4 Poisson (A1) } 1 {Yl, ooy Yo, iud Poisson(\2)

want to test Hy : Ay = A\o. Using the LRT, we get

/\/\

e M ()X [ e— 2 (\o)Y5
A = 71;[1 _ 31;[1 Aiij! }98—{/\1¢/\2}; dim(Q¢)=2
ﬁ N Xﬁ )Y \
i=1 j=1 Yj! Qo={A1=X2}; dim(Qp)=1
where
M=X, =Y, A=mX+mY)/(n+m).
Compute 2log A = ... and compare with X%l) threshold.

Think How to do this with the bootstrap if you didn’t know
\about the (approximate) distribution of 2log A?

g

~

/
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