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1 Motivation and Survey

Let us start with giving a survey what we will cover. Precise definitions will be given
later.

We will be interested in von Neumann algebras M C B(#H). With M’ we denote the
commutant (on #H) of M. Basic building blocks for von Neumann algebras are factors,
i.e., M with the property that M N M’ = C1. The early classification of von Neumann
algebras by Murray and von Neumann divided the world of factors into types I, II, and III.
The type I factors are the trivial ones, namely M = B(H). Type III are too “exotic” for
us; we will only be interested in type II. Actually, type II splits into two subcases, I1I; and
I1, and we will only consider IIy. They are characterized by being infinite-dimensional
and having a (unique) trace tr : M — C. Those are the really cool factors.

Given such a factor M the first canonical thing to do is to think about representations
(as operators on Hilbert spaces) of M. There is actually a canonical “standard” repre-
sentation, which is given by the GNS construction with respect to the trace. Note that
this representation is bigger than one might expect from matrices. Namely, consider the
type I factor M = M,,(C), given by n x n matrices. The defining representation for this
is M = B(H) with H being n-dimensional; i.e., the representation of having the n x n
matrices act on C"®. However, from our perspective a “better” representation space is
L2(M, tr) = C"* = C" @ C", with

B(L*(M,tr)) = M,2(C) = M, (C) ® M,(C).
M M’

In this representation M and its commutant M’ are of the same size, and there exists
a vector & which is both cyclic and separating for M. This is true for the standard
representation of any II; factor.

There are other representions of M than the standard one on L?(M), but those are
actually quite easy to characterize. A representation is captured by the notion of an
M-module which is a Hilbert space H together with an action of M on H via a unital
s-homomorphism M — B(H) with some continuity property. For such an M-module
one can define the “coupling constant” or the M-dimension of ‘H as a number dim; H €
[0,00]. One has dimy; L?(M) = 1 and this dimension characterizes the representation
theory of M: dimps(H) = dimy;(K) is equivalent to the fact that the representation of M
on H is unitarily equivalent to the representation of M on K. Hence the representation
theory of II; factors is kind of trivial. Representations of M are characterized by a
number in [0, o] (which can be thought of as the relative size of the representation space
compared to the standard space L?(M)). The fact that the dimensions characterizing
our M-modules can take on all real non-negative values is one of the nice and interesting
features of the II; world. In the type I analogue the only representations for M, (C) are
of the form M, (C) ® M (C) and the possible values for dim,;, ¢)H are given by the
discrete multiplicity k& of the representation. In contrast, II; factors can be thought of as
describing a continuous geometry with all possible real dimensions in [0, 1].

Let us now consider two factors sitting inside each other and try to characterize their
relative position. So we are interested in N C M, where both N and M are II; factors



with the same identity. We call N then a subfactor of M.
For such a situation Jones defined the index of N in M by

[M : N] = dimyL*(M).

This is intended to be a measure of the relative size of N in M. For example, it is
quite easy to see that [M : N] =1 if and only if N = M.

Another example of a subfactor where we can directly determine the index is the
following. Let N be a type II; factor and define M = My (N) = N ® M(C). Then we

have an embedding
N—-M z—z®l

with the identification

r®l=

8 O

Then we have
k2
L*(M) = L*(N @ My(C)) = P L*(N)
j=1

and hence [M : N] = k2.

It is not obvious how to generate other examples of indices. By the continuous nature
of II; factors one might expect to find also non-real values of the indices. However, the
mixture between a continous and discrete part for all possible values for the index in the
following famous result of Vaughan Jones came as a big surprise.

Theorem (Jones 1983).
Let N C M be a II; subfactor, then the possible values of [M : N]| are given by

{4C082(%)1 n=34...} U4, 00).

We can visualize this by the following number line.

x I . r
I T e e
0 2 3 4

The proof of this theorem above is done via the so-called basic construction, which
gives a sequence of projections er,ea,... which satisfy e;e;+1e; = Ae; and e;ej = ejey,
for |i — j| > 2, where A = [M : N]=!. Those relations are closely related to relations
which describe knots and braids. This connection led in the end to the famous Jones
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) left Trefoil b) right Trefoil

polynomial, which is a new invariant for knots. The Jones polynomial allows for example
to distinguish easily between the left and right trefoil knot by

Vilg)=q¢ ' +q 3 —q* Val@=q+¢ —q"

The connection between the projections e; on one side and braids and knots on the
other side is not coming as a total surprise if one realizes that the relations for the e; can,
up to some rescaling, be visualized in a nice pictorial way. For example, identify Ey, Es,
F5 in the following way with diagrams.

i 1]

o] 21
o] | ]

We realize then the multiplication in this representation via a vertical stacking of the
graphs with subsequent removal of the middle line of dots. So we get then for example

L

BB N N I

341 — - )
«

similarly one gets

E\E3 =

I

This shows that we have indeed the relation F3F, = FqFE3 for those diagrams. Further-

more we have
L
E\EyFy = = S I I I = Fy,



which gives, after some rescaling, the relation ejese; = Aey.

The algebra generated by such pictures is actually a well know object, the so-called
Temperley-Lieb algebra. Hence every subfactor N C M yields the Temperley-Lieb al-
gebra. This raises the question whether we have more specific diagrammatic descrip-
tions of the fine structure of subfactors. The index [M : N], which corresponds to the
Temperley-Lieb algebra, is only a very rough index for subfactors; for the classification
of subfactors we want finer information. Motivated by the above diagrammatic represen-
tation of the Temperley-Lieb algebra, Jones introduced around 1999 the notion of planar
algebras. This is on one side intended to provide a diagrammatic way of producing and
understanding invariants for subfactors, but allows on the other hand also a rigorous
justification for “pictorial” proofs of subfactor theorems.



2 Von Neumann Algebras and Il; Factors

In this section we will recall the basic definitions and facts about von Neumann algebras
and II; factors; mostly without proofs.

Definition 2.1.

1) A von Neumann algebra (over a Hilbert space H) is a *-subalgebra of B(#) which
contains 1p(7;) and is closed in the weak operator topology.

2) If A C B(H) is a set, then we define the commutant of A by
A'={y e B(H): zy = yx for all x € A}
and the bicommutant by
Al/ — (A/),.
3) A von Neumann algebra M is called a factor if

MﬂM’ZC'lB('H).

Remark 2.2.

1) Recall that the weak operator topology WOT is the locally convex topology defined
by the seminorms pe , (&, € H) with

Pen(x) = [(x€,m)]-

2) Note that M N M’ is not depending on the realization on a Hilbert space (unlike
the commutant), since

MNM =Z(M)={zx e M: xy=uyxforally e M}.

Theorem 2.3 (Bicommutant theorem).
Let A C B(H) be a self-adjoint subalgebra (i.e., a € A implies that also a* € A). Then
A is a von Neumann algebra if and only if A = A”.

Remark 2.4.

1) A von Neumann algebra M is closed under the measurable functional calculus, i.e.
ifz=2*€ M and f: o(x) — C is a measurable bounded function, then f(z) € M.

2) In particular, for = 2™ and E)(7) = X(—o0,x(7) We have by the spectral theorem

x = / AE,(N).
o(a)

Then all spectral projections E, () of  are contained in M. This means that there
are a lot of projections in von Neumann algebras.



3)

A von Neumann algebra M is closed under polar decomposition. Let x € M C
B(H), then x has a unique polar decomposition in B(H) of the form z = ulz|,
where |z| = vz*x and u is a partial isometry (i.e., u = uu*u) with ker(u) = ker(z).
Then it holds that |z|,u € M.

Let A C B(H) be a *-subalgebra. Then
M . ZWOT o ZSOT
where SOT denotes the strong operator topology, which is generated by seminorms
pe (£ € H) with
pe(z) = [|x€]|.

Thus the elements in the von Neumann algebra M = A” can be approximated in
the strong operator topology by elements of A. Kaplansky’s density theorem says
that we can also bound the norm of the elements in this approximation. (Note that
this is not automatic since the norm is neither WOT- nor SOT-continuous.

Notation 2.5.
Two von Neumann algebras M C B(H), N C B(K) are called isomorphic if there exists
a *x-isomorphism ®: M — N, in this case we write M = N.

Remark 2.6.
Commutative von Neumann algebras are classified as follows.

)

Let M C B(H) be a separable, abelian von Neumann algebra. Then there is a
separable compact Hausdorff space K and a finite Borel measure p on K, such that

M = L®(K, ).

Note that many L% (K, u) spaces are x-isomorphic. The main feature / character-
ization is via the number of atoms of the measure p. More precisely we have the
following possibilities (up to *-isomorphisms) for abelian von Neumann algebras on
separable Hilbert spaces.

a) [*°({1,...,n}) for n > 1 (finitely many atoms)

b) 1*°(N) (infinitely many atoms)

c) L*(]0,1]) with respect to the Lebesgue measure (no atoms)
d)
e)

The number of atoms is here countable, since we restricted to separable Hilbert
spaces.

L>([0,1]U{1,...,n}) for n > 1 (finitely many atoms plus continuous part)
L*>([0,1] UN) (infinitely many atoms plus continuous part)

Remark 2.7.



1) Any separable von Neumann algebra is isomorphic to a “direct integral” of factors,
i.e. there is a family {M;} of factors, a measurable space T and a o-finite measure
won T such that

5]
T

Thus the classification of von Neumann algebras is reduced to the classification of
factors.

2) Cis the only commutative factor. This gives all commutative von Neumann algebras
via direct integrals with respect to a combination of Lebesgue and counting measure.

3) In general the classification of factors is hopeless. Thus our goal is to understand
nice classes of factors.

Definition 2.8.

Let M be a von Neumann algebra. With a projection in M we will always mean an

orthogonal projection, i.e., e € M with e* = e = 2.

1) Two projections e, f € M are called equivalent if there is a partial isometry u € M,
s.t. u*u = e and uu™ = f. In this case we write e ~ f.

2) Let e, f € M be projections. We write e = f, if there is a projection g € M, s.t.
e ~ g < f. Equivalently, if there is a partial isometry u € M such that u*u = e and
uu* < f.

3) A projection e # 0 in M is called minimal, if for all projections f € M we have
f<e = f=0or f=e.
4) A projection e € M is called finite if we have

e~f<e = f=e.

Definition 2.9.
Let M C B(H) be a factor. We say

I) M is a type 1 factor, if there is a minimal projection in M.
IT) M is a type 11 factor, if there is a finite but no minimal projection in M.
III) M is a type III factor, if there is no finite projection in M.

Furthermore, the case II decomposes in two subcases:
1) M is of type Iy, if 153, is finite.
2) M is of type e, if 153 is not finite, but there are finite projections.

Remark 2.10.



1) Note that in case II; every projection is finite.

2) Type I factors are easy to classify.
M is I factor <= M = B(H) for a Hilbert space H.
Hence there is one such factor for each dimension n = dimH € {o0, 1,2,... }; those
are addressed as I,, factors.

3) Any Il factor is of the form M ® B(H), where dim’H = oo and M is a II; factor.

4) There are many non-isomorphic II; factors and there is no hope for a complete
classification of II; factors.

5) There are also a lot of III factors but those are not discussed in this class.

6) II; factors can also be described by the existence of a trace (plus being infinite-
dimensional).

Theorem 2.11.
Let M be a factor. Then the following are equivalent.

1
2
3

4
We say then that M is a finite factor.

) M has a normal trace,

) M has a norm continuous trace,
) 1is a finite projection,

)

M is of type I or I, for n # oo.

Remark 2.12.
In Theorem 2.11, note the following.

1) The characterization that 1 is a finite projection is the same as: v*u = 1 =—
uu* = 1.

2) In 4) we need n # oo in the type I case; for an infinite dimensional Hilbert space
the identity 137 is not finite, nor does there exist a trace on B(H).

Definition 2.13.
Let M, N be von Neumann algebras.

1) A positive linear map ®: M — N is called normal if
P(supxy) = sup (z,)
A A

holds for all increasing nets (x))xep of self-adjoint operators ) € M. This means
that ® respects the lattice of projections.

2) A positive, linear functional 7: M — C, s.t. 7(1) = 1 is called a state. (Positive
means that 7(z*z) > 0 for all x € M.)

10



3) A state 7: M — C is called a trace if 7(xy) = 7(yz) holds for all x,y € M.

Theorem 2.14.
Let M be a finite factor. Then there is a unique norm-continuous trace on M. This trace
is automatically normal and faithful, i.e.

T(z*x) =0 = x=0.

The following proposition shows the relevance of being finite; though “finite” does
not mean “finite-dimensional”, elements in a finite von Neumann algebra share essential
properties of matrices.

Proposition 2.15.
Let M be a factor. Then the following are equivalent.

1) M is finite.

2) Every left inverse is a right inverse: zy = 1 for x,y € M implies that also yz = 1.

Proof. First assume that property 2) holds. In order to show 1), let 1 ~ e < 1, i.e. there
is a partial isometry u such that uu* = 1 and u*u = e. This means w is a left inverse for
u*, hence by the assumption it is also a right inverse, i.e. e = u*u = 1, hence 1 is finite.

Conversely assume 1 € M is finite and let be x,y € M such that xy = 1. Let y = uly|
be the polar decomposition of y. Then we have zu|y| = 1, and hence also |y|(u*z*) = 1.
As |y| has both a left and a right inverse, those must coincide and |y| is invertible. By
the invertibility of |y| we can write u = y|y|~! and thus

wru =y Tytylyl T = Yty = (V) Tty =1

Since M is finite this yields uu* = 1, hence w is invertible. So we have shown that both u
and |y| are invertible; hence their product y is also invertible, with y=1 = |y|~lu*. q.e.d.

Example 2.16.

Let us check some of the statements for finite factors in concrete examples. For the type
I case these are of course quite concrete statements about matrices. In the type II; case
we still need to come up with an explicit example of such a factor. It is a not obvious
that such a factor does actually exist.

1) Consider the I, factor given by M = B(H), where dim’H = n < oo, i.e. M =
M, (C). The fact that M,(C) is indeed a factor is the classical Lemma of Schur
which says that for M = B(H) we have M’ = C1. The trace on M is given by the
normalized trace tr, i.e

tr: Mp(C) = C, A= (ay)ij_ — tr(A) = %Tr(A) = %Zaii
i=1

11



Theorem 2.14 says that our trace tr must be faithful. Let us check this:
* 1 — 2
0= tI‘(AA ) = ﬁ Zaijaij = Z \aij|
1/7] Z?]

implies |a;;| = 0 for all 1 <4, j < n, and hence A = (a;;);';—; = 0.

Canonical examples of II; factors are given by group factors. Let G be a discrete
group and define the group algebra

CG = Z agyg: ag € C and ay # 0 only for finitely many g
geG

Sometimes we write d, instead of g. Now we let CG act on itself by multiplication;
this is the regular representation. In infinite dimensions we have to complete CG
to the Hilbert space

(@) = Z%‘Sg: Z’%‘2<00 )

geG geG
with the inner product determined by

1, ifg=h
<5g75h> - { I

0, otherwise
Then
OIS SELAES ot
geG heG geG

We define the left-reqular representation by

A CG = BOAG), Y gl > ag(g)

finite finite

with A(g)dn = dgp. It holds that A(g)* = A(g™ '), hence we have

MaM9)* = Ma)Mg™) = Ae) = 1ppuy;
in the same way we have A(¢g)*A(g) = 1; so all A(g) are unitary operators. Thus all

A (Z ag59>

finite

are bounded operators on [2(G). Then we define

L(G) = MCO) °T € BU2(G));

12



L(G) is called the group von Neumann algebra. Such an L(G) always has a trace,
which is given by (e is here the neutral element of G)

T(z) = (20, be).

As a vector state this state is normal. Let us check the trace property. By linearity

and normality it suffices to check it on group elements g, h € G. For those we have
lifgh=e
0 otherwise

7(gh) = (ghbe, de) = (Ogn, be) = {

lifhg=c¢e
= I = (84, 0c) = (hgde,be) = T(hg).
0 otherwise

L(G) is a factor if and only if G has infinite conjugacy classes (icc), i.e. each
conjugacy class {ghg~': g € G} is infinite for every e # h € G. Thus, for an icc
group G, L(G) is a II; factor. Note that if G is finite then it is not icc and hence
L(G) is not a factor. In this case it decomposes into the irreducible representations
of G.

Next we want to deduce the commutant L(G)’. Define the right-regular represen-
tation of CG on [2(G) by

p: CG = BI*(G)), Y agly > Y p(dy),
finite finite
where p(g)dn = dp4-1. Note that the need the inverse to have the homomorphism
property of p:
P(9192)0h = Op(gga)-1 = Opg=1g=1 = P(91)P(912) -

We define
R(G) := p(CG)™" € B(*(G)).
Then R(G) and L(G) commute, since
Ag1)p(92)0n = 6y =1 = P(92)M(g1)0n

for all h € G. By linearity and continuity this implies that A(g1)p(g2) = p(g2)A(g1)
for all g1, g2 € G. Again, by linearity and continuity this goes then also over to the
group von Neuman algebras, i.e., we have zy = yx for all x € L(G) and y € R(G).
This means

L(G) € R(G)', R(G)< L(G).

Actually one has equality in the inclusions above. To see this we define an anti-linear
involution J: [?(G) — I2(G) given by anti-linear extension of §;, +— J(8) = 0j,-1;

i.e.
T(Yagdy) =Y ai,.

13



Then it holds JL(G)J = R(G), which implies that L(G) = R(G)" and R(G) =
L(G)". We will come back to this in the next section, for general II; factors.

We know (at least in the factor case) that our trace must be faithful on L(G). Let
us again check this directly. Consider z € L(G) with 7(z*z) = 0. Then we have

0=r7(z"x) = (" x0¢, 0c) = (e, TIe)

and thus zd. = 0. What we need to show is that x = 0, i.e., 6, = 0 for any h € G.
But this follows now by using the commutant R(G); namely we have

z6, = xp(h™ 1. = p(h ™ )zs. = 0.

The above group construction gives us IIy factors, provided we can present some
i.c.c. groups. There are plenty of those. Here are two prominent examples.

a) Consider

G=5,= U Sy, = {finite permutations of infinitely many points}.
neN

It is easy to see that this is i.c.c., thus L(S«) is a II; factor; it is called the
hyperfinite 111 factor and usually denoted by R. In a sense, this is the “simplest”
and ‘“nicest” 1I; factor.

b) Consider the free group I, on n > 2 generators. Again it is easy to see that
F,, is i.c.c. Thus L(F,) is a II; factor, called the free group factor. Murray
and von Neumann showed that L(F,) 2 R (for this they introduced the so-
called property I'). But it s still unknown whether L(F,,) = L(F,,) for n # m,
n,m > 2. This is the famous free group isomorphism problem.

14



3 Representation Theory for Il; Factors: Standard Form and
Left Hilbert Modules

Let M be a II; factor with its unique trace 7: M — C. Via the GNS-construction w.r.t.
T we obtain a representation (7., H,,&;) and we put

LA(M) = L*(M,7) = H., Q=&

Then it holds 7(x) = (2, Q) for all z € M. Recall that L?(M) is the completion of M
w.r.t. the inner product

(z,y) = 7(y"z).
(Since 7 is faithful there is no kernel to divide out.) We denote the embedding of M into
L*(M) by
M — L*(M), =+ z.
The image of M under this embedding is denoted by M\ . Then 7, is defined by extension
of
T (2)y = 7y.

Usually we omit 7, and just write zj) = zy. Note that we have

—

&=zl =21=2Q,

hence the embedding is basically determined by the action of z € M on €.

Note that the GNS construction in general only yields that 7, (M) is a C*-algebra, but
it is not clear, that it is SOT-closed in B(L?(M). However this follows since 7 is normal.
(This statement is not obvious, but needs some characterization of “normality”.)

Definition 3.1.
The representation of M on L?(M) is called the standard representation of M or the
standard form of M.

Definition 3.2.
Let M C B(H) be a subalgebra. A vector £ € H is called

1) eyclic if M& = H.
2) separating if x € M with x§ = 0 implies that x = 0.

Proposition 3.3.
The vector Q € L2(M) in the standard form is both cyclic and separating for M.

Proof. 1) The cyclicity of € is clear by the definition of the GNS-construction, since
MQ = M is dense in L2(M).

15



2) Now assume that Q2 = 0, then 7(z*z) = (z*20,Q) = 0. Since 7 is faithful this
yields = = 0.
q.e.d.

Remark 3.4.

In some sense having a cyclic vector or a separating vector tells us something about the
sizes of M resp. M’. If we have a cyclic vector then M is quite big. On the other hand
if we have a separating vector then M’ is quite big. This is made precise in the next
proposition.

Proposition 3.5.
Let M C B(H) and £ € H. Then ¢ is separating for M if and only if £ is cyclic for M’.

Proof. First assume that £ is cyclic for M’ and let 2 € M such that €& = 0. We have to
show that x = 0, i.e. n = 0 for all n € H. Consider first n = y& € M’¢ for some y € M.
In this case we have

xn = xy€ = yxg = 0.

Thus x vanishes on M’£. Since, by our assumption, this is dense in H it follows that
z =0.

Conversely assume £ is separating for M. Denote the projection H — M’€ onto the
space M’¢ by p. We have to show that p = 1. First we claim p € M"” = M. To see this let
x € M', then we have to show that pz = xp. By the decomposition H = M’ ® (Mi’E)L
it suffices to see this equality when acting on vectors of the form y¢ +n with y € M’ and

——=\ L . . L. .
n e (M ’{) . Note that the action of z respects this orthogonal decomposition, i.e, we

also have x M ’fL cM ’fL. (This follows because M’ is a x-algebra.) Hence with pn =0
we also have pzn = 0. Now we have

pr(yé +n) = pryé + prn = xyé + prn = xpyé = xpyé + xpn = xp(y& + ).

Thus zp = pr and hence p € M” = M. From this we can now show that p = 1g(3).
Since ¢ is separating for M and 1 —p € M, we only have to show that (1 —p)¢ = 0. But
this holds (note that 1& € M'¢):

(l-pE=¢—plE=¢—E=0.
q.e.d.

Remark 3.6.
Proposition 3.5 tells us, that in the standard form both M and M’ are in some sense
sufficiently large.

Example 3.7.
To get a feeling for those statements, let us onsider the corresponding situation in the I,,
case, with n < co; then M = M,(C) and 7 = tr = 1 Tr.

16



1) In the defining representation M = B(C™) every non-trivial vector 0 # £ € C" is
cyclic but none is separating.

2) On the other hand, for the standard representation we have

L*(M,(C),tr) =C" =C" @ C"

with
7ty (M (C)) = M, (C) @ 1 € M,(C) ® M,(C) = B(C" @ C")
and
e (M (C)) = 1 ® M,(C).
Remark 3.8.

1) Note that for the first representation in Example 3.7 the algebra M = B(C") is
very big and the commutant M’ = C1 very small. In this sense we have here a bad
representation.

2) In the second case of Example 3.7, M and its commutant M’ have the same size.

3) The crucial thing which makes the difference between the representations in Exam-
ple 3.7 is the fact that the commutant M’ heavily depends on the Hilbert space of
the representation.

Definition 3.9.
Let L?(M) be the standard representation of M. We define the anti-linear unitary
involution J: L*(M) — L?*(M) by the extension of

J(xQ) = x*Q (or in alternative notation: J2 = z*.)
Remark 3.10.
Note that
JQ=Jl=1=1=0.
Theorem 3.11.
Let M C B(L*(M)) and J be as in Definition 3.9. Then it holds
JMJ =M.
Proof. See Exercise 2. q.e.d.
Remark 3.12.

Note that the properties of J (compare Exercise 2) imply that 7 is also a trace on M.
Namely, for z,y € M’, we have

Jr) = 2*Q, Jy Q= yQ.
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Hence we have

T(zy) = (xyQ, Q) = (yQ, 2*Q) = (Jy*Q, JzQ) = (zQ,y*Q) = (yzQ, Q) = 7(yz).

Thus M’ is also a II; factor on L?(M) with trace given by the same cyclic and separating

vector Q.

Definition 3.13.

Let M be a II; factor. An M-module (or more precisely: a left M-module) is a repre-

sentation of M; this means a Hilbert space H together with an action
MxH—->H, (x,&— €,
which is bilinear and satisfies for all x,y € M and £,n € H
a(ys) = (xy)§, 1&6=¢ (x&n) = 2"n)
and is continuous in the following sense:

(:L‘n)nEN - M7 Hxn” <1

|znlle — 0 as n — oo }:||xn§”—>0 VE e H.

Recall the definition of the || - ||2-norm:

|z||3 == 7(z*z) = T(zx*).

Example 3.14.

1) Our canonical M-module is L?(M), it has the right size to admit a cyclic and a

separating vector €.

2) We can reduce L?(M) to “smaller” modules by “cutting down” with a projection

p € M via
H = pL*(M).
Note that p acts as a projection

pe M c B(L*(M)).

We also write p€ as &p in bimodule language, since p commutes with everything
happening on the left side; M acts from the left on H, whereas M’ acts from the

right. The action of M on H is given by
xp€ = pré (or maybe more natural in bimodule language: z(&p) = (x€)p

This is indeed an action; we have

(zy)ép = wyp€ = pryé = x(pys) = x(yps) = x(yp)-

18



The “size” of L?(M)p is 7(p) times the size of L?(M); also the size of M’ gets smaller
by a factor 7(p), but it is still a II; factor; M’ gets replaced by pM'p.

For instance consider
M = M5(C), L*(My(C)=C*= My(C).

We can reduce this representation by a projection p € M’ = My(C) of size 7(p) =
1/2 to a representation of M = M(C) on C2. But there is no projection in M’ to
reduce it to C3 or C.

Note that if we cut down the standard representation L?(M) by a projection p € M’
to H = pL?(M), then we loose our separating vector; {p is not separating any more.
Namely put q := JpJ € M; note that

qQ = JpJQ = JpQl = p*Q = pQ.
Then we have
(1—q)Qp = (1 — q)pt = pQ — q(qf?) = p — ¢*Q = pQ — ¢ = pQ — pQ = 0.

Thus there is 0 # 1 — ¢ € M such that (1 — ¢q)Qp = 0, i.e. Qp is not separating for
M.

We can amplify L?(M) to “bigger” modules by taking direct sums

H=L*M)® - & L*(M)

n-times

with the (entrywise) action

(1@ D) = (&1 D D X&)

This H is somehow n-times bigger than L?(M). But we loose our cyclic vector by
this amplification. Consider w =Q @ --- ® Q) € H, then we have

Mw =span{€ @ --- @& €€ LA (M)} # H.

Note that now also the commutant is getting bigger, M’ is getting replaced by
M, (M'") = M,(C) ® M’', but this is still a II; factor.

There is an even “bigger” representation, an infinite amplification of L?(M) by
taking infinitely many direct summands (in the Hilbert space sense), i.e.

H = 12(L*(M)) = I*(N) ® L*(M)

where

P(L*(M)) = {@n)n@;: &n € LA(M), Y |I&al? < oo}

neN
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and the action is defined via

'T(fn)neN = (mgn)neN'

We get now as commutant M’ ® B(I2(N)). Since we have no trace on B(I?(N)) this
commutant is not a II; factor, but Il.

5) One can combine 2) and 3) to get
H=L*M)® - & L*(M)oL*(M)p
n-times
with p € M’. Then H is “(n + 7(p))-times” as big as L?(M).

6) By the previous examples we have for each a € [0,00] an M-module which is in
some sense a-times as big as L?(M).

This raises the following two questions.
e Are those modules different for different o?
e Are there modules which are not of this form?

For the purpose of answering these questions we need a notion to compare M-
modules, hence we give the following definition.

Definition 3.15.

Let M be a II; factor. Then two modules H; and Ho are called (unitarily) equivalent,
H1 = Hs, if the representations are unitary equivalent, i.e., there is an unitary u: Hy —
Hs such that

u(xf) = z(uf) for all £ € Hy and z € M.

This means u commutes with the action of M according to the following diagram.

Hy —— Ha

Lk

Hy —= Ha

Theorem 3.16.
Let M be a IlI; factor and H a separable M-module. Then there is an isometry

v: H — L*(M) ® I*(N)
such that
ve=(zx®1l)v  forallxze M.
Furthermore we have

w* € (M ®1) C B(LA(M) ®1%(N))
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and for the trace tr = 7 ® Tr on the Il factor (M ® 1)’ = M’ ® B(I*>(N)) the number
tr(vv*) = 7®@Tr(vv*) is independent of v. (Note that on a Il factor we cannot normalize
our tracial state tr in the usual way since tr(1 ® 1) = oo; however, it is normalized in the
sense that tr(1 ® q) = 1 for any rank 1 projection ¢ in B(I*(N)).)

Definition 3.17.
Let M be a II; factor and H be a M-module. We define the M -dimension or the coupling
constant of H by the number

dimps H = tr(vv*) € [0, 0]

from Theorem 3.16.

Remark 3.18.

)

The assertion of Theorem 3.16 is that any action of M on some H is equivalent to
p(L*(M) ® 12(N)) for some vv* = p € (M ® 1) and dimy; H is then the trace of
this projection p in (M ® 1)'. The latter is 11, , so tr(p) can take on all values in
[0, o0].

It was called “coupling constant” by Murray and von Neumann as it compares the
sizes of M and M’ in the given representation. Actually, they defined it as the ratio

trar(q)
traz (p)’

where ¢ is the projection onto the space M’€ and p is the projection onto the space
ME, for an arbitrary 0 # ¢ € H. Note that p € M’ and ¢ € M. The idea is that the
numbers 77(q), T (p) measure how close € is to be cyclic for M resp. M’ and this
ratio is equal for every &. However, this independence of the ratio from the choice
of the £ is a quite non-trivial fact, which is due to Murray and von Neumann. (Our
approach avoids to address this question.) Given this result by Murray and von
Neumann one sees for an M-module H:

dimy; H <1 <= M has a cyclic vector,
dimy; H > 1 <= M has a separating vector,
dimy; H =1 <= M has a cyclic and separating vector.

Note that the directions “ = ” follow from the fact that we know that reductions
or amplifications of Q will still be cyclic or separating, respectively. The other
direction, however, is not clear in our approach. We know that the reductions or
amplifications of € loose the property of being separating or cyclic, respectively;
but we do not know that there could not be other cyclic or separating vectors.

Proof of Theorem 3.16. Consider the M-module

K=Hao*(L*(M))
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with the canonical action of M on the second summand and let M’ be the commutant
of M in B(K); M’ is a I, factor. Consider the projections p = 1@ 0 and ¢ = 0 & 1.
Both are clearly in M’. Since ¢ is an infinite projection in M’ and M’ is a factor, we
have, by the comparision theory for projections in factors, that any projection in M’, in
particular also p, is equivalent to a subprojection of ¢; hence we have p < ¢, i.e. there is
a partial isometry u € M’ such that v*u = p and uu* < q. We write

o b [ BB BALAA).H)
- [ d] € bk) = [B(HJ%L?(M))) BU2(L2(M)))

and thus

Then

10 o |x *
0 ol P77 s pb+drd|’

hence we have b*b + d*d = 0 and thus b = d = 0. Furthermore we have

0 1 > it — aa® + bb*  x
0 o "= = % *

and thus, since the diagonals preserve the order, aa® + bb* = 0; hence also a = 0. Hence

we have
0 0 « |00 0 0]
u = [c 0} and thus uu* = [O cc*] < [O J =q

and thus cc* < 1. Moreover it holds
- c’c 0 1 0
“lo o " |oo~?
or equivalently ¢*c = 1. Hence

vi=c: H — L*(M) ® I*(N)

is an isometry. With respect to the direct sum decomposition of K we have the action

T 0
M — B(K), xw~ [O x®1]

and since u € M’ it holds

BN et e
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which means we have vz = (z ® 1)v for every & € M. Note that since M’ is a *-algebra
it holds

uu® = [g v?j*] € M, ie., vv* € (M®1) C B(L*(M) ® I*(N)).

Thus we can take the II, trace tr(vv*). Note that neither v nor v* are in (M ®1)’, hence

tr(vv*) # tr(v*v).
Let now w: H — L*(M) ® I>(N) be another isometry with wz = (z ® 1)w for every

x € M. We have
0 0 00 ,
o ol [0 o=
and thus

0 01 [o o]"fo o ) 0 07 fo o]"[o 0 )

[O vw*] N [w 0} [v 0] €M and [0 wv*} N |:U O] [w O} €M

This implies vw*, wv* € (M ® 1)’. Since vv* = vw*wv* and wv*vw* = ww*, it holds
tr(vv*) = tr((vw*) (wo*)) = tr((wv*) (vw™)) = tr(ww®),

where we have used the tracial property of tr on (M ® 1)". q.e.d.

Theorem 3.19.
Let M be a II; factor. Then dimj; has the following properties

1) dimps H € [0, 00] and all values occur.
2) It holds

dimp; H < oo <= M’ is II; factor,
dimp; H = oo <= M’ is II, factor.

3) It holds
dimy; H = diliC — H=K.

4) Let I be a countable index set, then

dimy (D Hi) = _ dimy H;.

iel iel
5) It holds
dim s (L*(M)g) = 7(g)

for all projections g € M’.
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6) For a projection p € M, we have
1

dimas H.
) M

dimyarp(pH) =

Moreover if M’ is a II; then we have

7) For projections p € M’ we have

dimps (Hp) = Tapr(p) dimpys H (note that Mp = M).

8) It holds
dlmM/ H = m

Proof. See Exercise 5.
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4 Jones Index: Definition and Elementary Properties

Definition 4.1.
Let N C M be II; factors. The number

[M : N] = dimy L*(M)
is called the (Jones) index of N in M.

Remark 4.2.
1) Note that N C M acts on L?(M).
2) We have L?(N) C L?(M), hence

L}*(M) = L*(N) @ L*(N)*
and thus
dimy L*(M) = dimy L*(N) + dimy L*(N)* .

=1 >0

Note that we have equality in the second term if and only if L2(N) = L?(M), i.e.
N = M. So we have in general [M : N] > 1 and [M : N] =1if and only if N = M.

Proposition 4.3.

If N C M is acting on H such that dimy(#) < oo, then

dimy H

dimps H'

Proof. By taking direct sums, we can assume that dimp; H > 1. Note N C M implies
M’ C N'. By assumption N’ is a II; factor, hence M’ is a II; factor. Let p € M’ with
B 1

 dimpy H

[M: N]=

v (P)

then it holds
dimps (Hp) = map(p) dimpy H = 1.

Thus we have Hp = L?(M) and hence
dimy H
dimp; H'
Note that we have used the fact that because of the uniqueness of traces on factors we
have 7n/|pr = Tar; so that we have for p € M’ C N’

B 1
 dimy M

[M : N] = dimy L?(M) = dimy(Hp) = 7 (p) dimy H =

™~ (p) = Tir (p)
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Proposition 4.4.
Let N C M be II; factors and assume [M : N] < co. Let p,q be projections.

1) If0#pe N C M, then pNp C pMp are also II; factors and we have
[pMp : pNp] = [M : N].
2) f0#qge M C N, then Nq C Mq are also II; factors and we have
[Mgq: Nq]=[M:NJ.
3) If0#pe N'NM, then pNp = Np C pMp are also II; factors and
[pMp : Np] = 7as(p) - 7 (p) - [M : N].

Note that N’ N M is not necessarily a factor, thus we have no uniqueness argument
for the trace and the values 7a7(p) and 7n/(p) can be different.

Proof. This follows from Proposition 4.3 and the formulas for dimp; H from Theo-
rem 3.19. Let us only do the third part:

_dimyppH  7ar(p) - dimy H
~ dimparppH Ta(p) Tt - dimpy H

[pMp : Np] =71m(p) - 7n/(p) - [M : NJ.

q.e.d.

Corollary 4.5.
Let N C M be II; factors with [M : N] < co. Let 0 # p;, ¢ € I be projections with

piGN/ﬁM and sz-:l_
el

Then we have

[M:N|=>" ! [piMp; : Npj]

‘o7 Tm(pi)
and hence
1
[M : N|] > .
ZEZI ™™ (Pi)
Proof. By Proposition 4.4, we have for each ¢ € T
1
TN/ (pi) - [M : N| = ——[piMp; : Npj].

T (i)

By summing over ¢ and noting that
> rvipi) =Y pi) =Tve(1) =1
i i

we have the first assertion. The inequality follows by the fact that
[piMp; : Np;] > 1 foralliel.
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Corollary 4.6.
Let N C M be II; factors. Then we have the following.

1) If [M : N] < oo, then we have dim(N' N M) < oc.
2) If [M : N| < 4, then we have N'N M = C1.

Proof.

1) If N'NM is infinite dimensional, then we find infinitely many orthogonal projections
p; € N’ N M which sum up to 1. Hence it holds

1

T (pi
——
N

[M:N]Zi

):OO.

2) If N'N M # C1, then we find a projection p # 0,1 with p € N’ N M. Hence we
have p+ (1 — p) = 1 and by, Corollary 4.5, we get

1 1 1 1
M : N| > + = -+ > 4.
MEN 2 o T =) - ) T I= )
Note that 1 1
L > .
t+1—t_4 for all t € (0,1)

q.e.d.

Definition 4.7.
Let N C M be II; factors. We call the subfactor N C M irreducible if N' N M = C1.

Example 4.8.
1) Let N be a II; factor and

M = Mp(N) = Mi(C)® N
for k£ > 2. Then consider
N=21®N C Mp(C)® N =M,
i.e. N C M is a subfactor via z — 1 ® . But it is reducible, since
N' N M = M(C) ® 1.

By Corollary 4.6 we must have [M : N] > 4. Actually we can calculate the value of
the index explicitly:

(M) = L*(My(C)) ® L*(N) = @ L*(N),

k2-times
so that dimy L?(M) = k? and thus
[M: N]=k* € {4,9,16,25...}.
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2) One can make the estimate in the proof of Corollary 4.6(2) to an equality as follows.
Take M = R, the hyperfinite II; factor, and p € R a projection with 7(p) = ¢ for
arbitrary t € (0,1). A results of Murray and von Neumann states that

PRp=TR and 1-p)R(1—-p) =R.
This means that there is a *-isomorphism
0: pRp = (1 = p)R(1 = p).
Put M =R and
N :={z+0(z): z € pRp} CpRp+ (1 —p)R(1 —p) C M.
Note that N 2 pRp 2 R. Wehavepe M, p=140¢€ N, pMp = Np, and

(1-=p)M(1 —p) =0(pMp) = N(1 - p).

Thus
(M N] = S pMp: N+~ [(1 = p)M(1=p): N(1 =)
S
T(p) 1-—7(p)
Note that the map
(0,1) —» [4,00), t+ % +%

is surjective. Hence each value in [4,00) shows up as a possible index in the case
where M = N = R is the hyperfinite II; factor. (Note as a side remark that by a
non-trivial result of Connes all subfactors of R must itself be R.)

There is no obvious way to construct subfactors with indices smaller than 4. The
clarification of what happens there is the following big result of Vaughan Jones. It is one
of our main goals to prove this in the next sections.

Theorem 4.9 (Jones 1983).
Let N C M be II; factors. If [M : N] < 4, then

M:N|e{dcos® (——):n=123...
[ J € {4cos’(- =) n=1,23...},

i.e. the values of index less than 4 accumulate at 4 and have gaps. Furthermore all

possible values 40082(7%2) show up as indices of hyperfinite subfactors.

28



[M : N]

1
2

2.618

3.247

n

=

3

413
5

6 | 3.414
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5 Conditional Expectation and Basic Construction

Definition 5.1.
Let M be a finite von Neumann algebra with faithful normal trace 7 and N C M a von
Neumann subalgebra, with 1y = 1. A conditional expectation E: M — N is a linear
and positive map with the properties

1) E(b) =bforallbe N,

2) E(bla}bg) = blE(CC)bQ for all bl,bg € N,m e M.

Theorem 5.2 (Umegaki 1954).

Let M be a finite von Neumann algebra with faithful normal trace and N C M a von
Neumann subalgebra. Then there exists a unique conditional expectation E: M — N
such that To F = 7.

Proof. The idea is to embed everything in L?(M, 7), then E corresponds to the orthogonal
projection L?(M, 1) — L*(N,7). So let us consider L?(M,7), then L?(N,7) C L*(M,7)
is a sub-Hilbert space; we denote by e: L?(M) — L?(N) the corresponding orthogonal
projection in B(L?(M)). We denote the restriction of e to M (where as usual M =2 Mc
L*(M)) by

E: M — L*(N), zw— E(z)=ei =exQ e L}(N).

We want to show that E(z) € N, i.e. that it is of the form E(z) = E(x)X for E(z) € N.
Note that exef) = exf2, hence we expect exe and F(z) to agree on L?(N); i.e., we should
have exe = E(x)e.

In order to get this E(z), let J: L2(M) — L?(M) be the usual anti-linear involution
on L?(M) given by the extension of J(z§) = x*Q. (We defined this J actually only in
the case of a II; factor; but the general finite case works in the same way.) Note that
this restricts to J: L?(N) — L%(N). and we have e(JNJ)e = eN'e. We will show, that

exe € e(JNJ)'e =eN"e = eNe = Ne,

from which it follows that exe = E(x)e for some E(z) € N. Note that then E(x) is
uniquely determined, since

E(z)Q = E(x)ef) = exef) = ez

and () is separating for M (and hence for V).
Let us now show that exe commutes with JN.J. For this consider z € M and y € N,
then we have (note that (exe)(eJyJe) = exeJyJ)

(exe)(JyJ) =exJyJe=eJ JxJ yJe=eJyJzJJe=eJyJxe = (JyJ)(exe).
eM’'CN’

Hence E': M — N is uniquely defined by E(z)e = exe.
The map FE is clearly linear and positive and satisfies:
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e E(yy=yforallye N
since then eye = ey

o E(y1zye) = y1 E(x)ys for all y1,y2 € N and x € M
since y1 E(x)yse = ey1xyse
e Tol=r

since 7(E(x)) = (E(x),Q) = (E(x)ef, Q) = (exe), Q) = (2, Q) = 7(x).

Hence E: M — N is a conditional expectation with 7o E = 7.

Finally we have to show the uniqueness. Assume there is another conditional expecta-
tion E: M — N, which preserves the trace 7, i.e. 7o E = 7. Let € M, then we want
to show that E(z) = E(x), for which it suffices to show that E(z)Q = E(z)Q. Now, for
y € N, we have

(B(2)Q,y9) = 7(y"E(x)) = 7(E(y"z)) = 7(y"z)
T(E(y ) = 7(y E(x)) = (E(2), y8),

hence

(E(z) — E(z))Q2 L N.

Since (E(x)— E(z))Q € N this implies that (E(z)—E(z))Q = 0, and hence E(z) = E(x)
for all x € M. q.e.d.

Remark 5.3.
Note that E satisfies also

1) E(z*) = E(x)* for all z € M
2) forallz € M: E(z*z) =0 = z=0.

3) For all x € M, E(x) is uniquely determined by the requirements that E(z) € N
and
T((E(x) —x)y) =0 for all y € N.

This can be seen as follows.

1) is actually true for any positive map between C*-algebras. Namely, if E maps
positive to positive, then it maps also selfadjoints to selfadjoints (since those can be
written as the difference of two positive operators). But any element can be written
as x + iy, with z* = z and y* = y, and for those one has

E((z +iy)") = E(z —iy) = E(x) —iE(y) = (E(z) +iE(y))" = (E(z +iy))".
2) This follows from the faithfulness of 7. Assume E(xz*z) = 0. Then
T(z*z) = 7(E(z*x)) =0,

and hence x = 0.
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3) This is just the fact that in the L?-space E(x) is given by the orthogonal projec-
tion onto L?(N), hence it is determined by the condition that E(z) — x must be
orthogonal to L?(N); for which it suffices to have orthogonality for the dense subset
N c L%(N).

Proposition 5.4.
Let N C M be II; factors, e € B(L?(M)) the orthogonal projection onto L?(N) and
E: M — N the conditional expectation from Theorem 5.2. Then we have the following
in B(L*(M)).

1) E(x) is for z € M uniquely determined by exe = E(x)e.

2) For xz € M we have: xe = ex if and only if z € N.

3) N' = (M' U {e})".

Proof.
1) This was shown in the proof of Theorem 5.2.

2) For the implication “<” take € N. Then we have ze = E(x)e = exe, and in the
same way for * € N, *e = ex*e. Thus

er = (xe)" = (ex*e)” = exe = we.
Conversely, assume ex = ze. Then we have
E(x)e = exe = ze? = e
and hence
(E(x) —x)Q2 = (E(z) —z)e2 = 0.

Since (2 is separating for M we have x = E(x) € N.
3) By 2) we have

N=Mn{e} =M"n{e} =M U{e})
and hence
N' = (M'U{e})".
q.e.d.

Remark 5.5.
Note that N C M implies M’ C N’; thus the previous proposition tells us that the
“difference” between M’ and N’ is given by the projection e.
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Definition 5.6.
Let N C M be II; factors and denote the orthogonal projection onto L?(N) by

en: L*(M) — L*(N) c L*(M)
We put
My = {M U {en}}' C B(L*(M)).

(Note that M; is the von Neumann algebra generated by M and ey in B(L?(M)).) We
write My = (M, en) and call M; the basic construction for N C M.

Remark 5.7.
Later we will iterate this basic construction and build up towers in this way: N C M C
M; C My C .... For now, we first investigate this bacic construction.

Proposition 5.8.
Let N C M be II; factors and My = (M, eyn) the basic construction. Then we have:

1) M + MenM is a weakly dense *-subalgebra of M.
2) My =JN'J.
3) [M : N] < o if and only if M; is a II; factor.

In this case M C M;j is a II; subfactor and we have

[M;: M]=[M : NJ.

4) exyMien = Ney.
For the following assume that [M : N| < oo, so that M; is a II; factor with unique trace
Ty, and trace-preserving conditional expectation Epy : My — M.

5) Tar (en) = [M : N7
6) We have for all z € M

7(z)
[M : N]’

v (zen) = T (en) - T(x) =

7) Enm(en) = 7an (en) - 12y = [M 2 NI71 - dg2an))-

Proof.

1) M + MenM is closed under multiplication, since we have eyzey = En(z)en; it
contains M and ey, hence it is dense.q

2) In the following we will often just write e for ey. By Proposition 5.4 we have
N’ =vN(M',e), then

JN'J =vN(JM'J, JeJ) = M,
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because we have JM'J = M and JeJ = e; the latter follows since we have for all
e M:

JeJxQ) = Jex™ Q) = Jex"eQ) = JE(x*)N)
=JE(z)*Q = E(z)Q) = E(x)ef) = exef) = ex{.

We have [M : N] < oo if and only if N’ is a II; factor (by Theorem 3.19); which is
equivalent to the fact that M; = JN'J is a II; factor. We have then

dimy; L2(M) 1
M :M - g
My dimay, L2(M) ~ dimpy, L2(M)
1
N dimJN/JL2(M)
1
= ——————— =dimy L*(M) = [M : N|.
dim s L2(M) dimy L(M) = | ]

This follows from 1) and eyzey = En(z)en; note in particular

enMenxMen = eyMeny exnMen ey = EN(M)EN(M)en.
N N—— —_————
EN(M)EN EN(M)GN eN

Since ey € N', we have
1 = dimy L*(N)
= dimy ey L*(M)
= 1n/(en) - dimpy (L?(M))
=71n/(en) - [M : NJ,

and since M; = JN'J and JeJ = e this yields
T (e) = Tynrg(Jed) = ni(e) = [M : N7t
For y1,y2 € N we have

Tan, (Y1y2en) = Tar, (Y2eny1) = T (Y2yien),

since ey € N’ i.e. y; € N implies y1eny = eyy;. This shows that the the positive
linear map y — 7az, (yen) is tracial on N; since the trace on a II; factor is unique
we must have

T (yen) = ¢ (y) = ¢ 7(y),
where y = 1 implies that
c=my,(en) =[M: N1
Consider now general x € M, then

T, (zen) = Tar (envzen) = T, (En(z)en) = 7(En(x)) - ¢ = 7(x) - c.
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7) By 6), we have for all z € M (note that then 7y, (z) = 7(x))
o ((en — 7an (en) - 1)x) = 7an (en) — 7ar (en) - 7an (x) = 0.

Since Tps, (en)-1 € M, this implies then, by Remark 5.3, that Eyr(en) = 7, (en)-1.
q.e.d.

Proposition 5.9.
Let N C P C M be II; factors with [M : N| < co. Then we have

[M:N]|=[M:P]-[P:N].

Proof. 1t is an exercise to check that [M : N] < oo implies [M : P] < co and [P : N| < co.
Then we have

dimy H _ dimy H dimpH .
dimy H ~ dimpH dimy H

[M: N|= [M:P]-[P:N].

Proposition 5.10.
There is no subfactor N C M with 1 < [M : N] < 2.

Proof. Let N C M with [M : N] # 1. Then M # N and ey # 1. Put A := [M : N]~L.
We have by the basic construction N C M C M; with
[M:N]=[M: M]=X""!
and hence (since ey € N’ N M)
1 1 1 1

-2 _ AT N — ) I N
A2 =[My:M] [M:N] [MI'N]ZTMl(eN)Jrl—TMl(eN) o

This yields A™!(1 — A\) > 1 and thus finally
[M:Nj=Xx1>2

An alternate, more conceptual, way of proving this is as follows. We have (1 —ey) €
N’ N M;. Thus we can consider the subfactor

N(l — eN) C (1 — BN)Ml(l — GN).

For this we have (note that 7y/(en) = 7as, (en), see proof of part (5) of Proposition 5.8)

1
[(1—en)Mi(1—en): N(1—en)]=[M;:N] -1, (1 —en) - mn(l —en) = ﬁ(l -2
The index on the left hand side is > 1, thus
1
F(l —-Ni>1
and this implies A~ > 2. q.e.d.

35



For further restrictions on the index we have to repeat the basic constrution. Let us
start with one iteration.

Proposition 5.11.
Let N C M be II; factors and [M : N] < co. Then we can repeat the basic construction
to get

N CM cC My C M,
where
M, = (M, en) and My = (Mjy,epr).
Put A = [M : N]~!, then we have
EMENEM = Aep and ENEMEN = AeN.
Proof. First note that (since ey € M)

emeneny =  Enm(en)  en = ey
——
=T, (en)-1=A1

Note that we cannot exchange the roles of ey and eps in the above proof, hence the
second identity needs a different proof. For this we consider ey, en as operators on
L?(My), and we check the relation on the dense subset ]\/4\—{— MenyM. Solet z,y,z € M,
then we have to show

evemen(z +yenz)Q = den(x + yenz)S2.
For the first summands we have

envepmenz) = eyeprenxenQ = ey Enf(en) zepQ = AenzepQ = Aeyxfd.
N—— —

En(enz)ens Al

For the second summands we have

envepenyenz§d = eyeprenyenzen§d
—_———
En(enyenz)enm

=enEnp(enyen)zep)
——
En(y)en
= eNEM(EN(y) €N)Z6MQ
——
eN
=enEn(y)En(en)zep2
———N—
ENYEN =1

= denyenzSl.
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Definition 5.12.
Let (pi)ier C B(H) be a family of projections (i.e., for each i we have p} = p; = p?), then
we denote the projection onto the sub-Hilbert space span (U;erpiH) by

Su?pi = Vp;: H — span (UjerpiH)
ic

and the projection onto the sub-Hilbert space N;crp;H by

?gpz = Api: H — NicrpiH.

Remark 5.13.

)

The projections in B(#H) form an orthocomplemented lattice, in particular we have
1—pVg=01-p)A(1—q).
By using the notation p* := 1 — p, this reads as
pVa=(p"Ag)".

Let M C B(H) be a von Neumann algebra and p, g € M projections. Then we have
that alsopvVge M and pAqge M.

Proof. By the relation from (1) between p V ¢ and p A ¢ it suffices to show the
assertion for p A q. We will do this by showing that pAq € M"” = M. Solet x € M’.
We have

zpH C pH
z(pH)*+ C (pH)*

xqH C qH

Lo {x<qH>Lc<qu

But this implies that also (p A ¢)H = pH N ¢H and its orthogonal complement are
invariant under the action of x. This implies (p A ¢)x = z(p A ¢) for all x € M,
hence pAge M" = M. q.e.d.

One also has

p A q = s-lim (pg)" (strong limit)
n—oo

Let p,q € B(H) be projections and put
M =alg(p,q)  C B(H)

as the weak closure of the non-unital algebra generated by p and ¢; the latter is the
linear span of

p,4,Dpq,49p, pqp, 9pq, papq - - - -

Then M is abstractly a von Neumann algebra, with unit pVq, i.e. M leaves (pVq)H
invariant and A C B((p V ¢)H) is a von Neumann algebra in our sense (where the
identity of M must be the identity operator on the underlying Hilbert space).
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Proposition 5.14.
Consider the situation as in Proposition 5.11, i.e., in the iteration Ms of the basic con-

struction we have two projections ey and ey; with
EMENEM = Aep and ENEMEN = AeN.

If A # 1 then we have

ey Ven = (€N+€M—€M€N—€N€M)= I_A(GN—SM)Q.

1—A
Proof. One possibility is to check that

l—eyVen=(1—-ey)AN(l—en)= Sél_iglo [(1—enm)(l—en)]"

converges to the claimed formula, by using the relations for ey, eps.
We prove it more directly. Put

T (en +en —enen —enenr).

D
1) Using the relations for ex and ejps, one easily checks that z is a projection.
2) We have z < ey Vep, ie., z(epy Ven) = x. This follows, since

en(en Ven)=en and ev(er Ven) = en.

3) We have x > e)s Vepn. This follows from x > ey and 2 > epy. Let us check 2 > ey,
ie., xey = e
1

wey = (exenr + ey — emenen —exens)
1= ————
)\eM
= 1—A
e =A)
— €M -

q.e.d.

Remark 5.15.
We can now use ey V ey for an analogue if Proposition 5.10. But first note that for
A#1
1
(T(@N) + T(eM) - T(@NGM) - T(eMeN)) = 7(2/\ — 2)\2) =2\
1—-A ——  —— —_—— —— 1-A

For any projection p we have 7(p) < 1, hence we have 2A < 1, i.e.
1

[M:N]:XZZ
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This gives another proof for Proposition 5.10 that the interval (3,1) is forbidden for
A=[M:N]L
Let us see whether we can exclude more for A < 1/2. For this consider

NCMcC M C My

and note that ey, ey € N’ N My, hence also ey V ey € N' N My, and

[MQ:N]:[M2:M1]-[M1:M]-[M:N]:%.
Hence

[(1 —enV 6M)M2(1 — €N\/€M) : N(l —en \/eM)]
= [M2 : N] -TM2(1 —eN\/eM)J-TN/(l —en Ven)

=1-2) =Tty (.. ) =12

1
= F(l —2))2,

Since the index is > 1, this implies

1

)\3(1—2)\)221 thus (A —1)(A> =31 +1) <0.

Since A < 1 we get A2 —3)\+1 > 0. Hence values of A for which we have \2—3\+1 < 0
are forbidden. By elementary observations we find this is the case when A € (Ao, %),
where

3—1+5
Ao = \[
2
This leads the following picture.
Ao
| [ | |
[ T T T T YI_Y_‘ T T T 17 1T ’ T T T 1 17T ’
0 0.5 1 1.5

no possible A
Hence there is no index in (2, %), where

= = 4cos? (g) ~ 2.618.

|
l
2 3

no possible index
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Note that in the argument above we needed 1 — ey Veps # 0, ie, A = % is not excluded
because in this case T(ex V epr) = 1 and hence ey V epr = 1. Thus an index 2 is still
possible.

Up to now we have seen that in the interval [1, /\%] the only possible values for indices
are

™

1
1:4c052(g), 2:4(:052(%), )\—0:40052(3).

Further restrictions come from further iterations of the basic construction. In the next
section this will be systematized.
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6 Jones Tower and Proof of Jones Theorem

Definition 6.1.
Let N C M be II; factors of finite index, [M : N] < co. Put

M 1:=N, My=M
and define inductively
M1 = (M;,enm, ) = (M, ei41),
where we put e; = ey, ,. We call this the Jones tower of factors. The sequence of the

projections (e;);en is called the sequence of the Jones projections.

We will also write the above as

€;—1 e; €i4+1

el e 7
NcMcCcMC... C Mi_1CM; C ...

Proposition 6.2.
The e; enjoy the following properties; as usually, we put A = [M : N]~1.

1) 2 =¢; = e},

2) eiej = eje;, if |1 — j| > 2,

3) eieir1e; = Aej,

4) T(wepy1) = At(w), for any word w on {eq,...,e,}.
Proof.

1) The e; are defined as the projections onto M;_;.

2) By Proposition 5.4 we have e; € M/ _,, and e;_y, € M;_j, C M;_5 for k > 2.
3) This follows from Proposition 5.11.
)

4) This follows by part (6) of Proposition 5.8.
q.e.d.

Notation 6.3.

1) For a sequence of Jones projections (e;);en we define the Jones-Wenzl projections
(fn)nEN by

fan=1l—egV---Ve, =1 —e)A---A(1l—ep)
2) We define polynomials (P,)n>0 by the following recursion. We put

P(](ZE‘) =1
Pl(l‘) =1
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Remark 6.4.
1) We have Py(z) =1, Pi(z) =1, and

Pyz)=1—x, P3(z)=1-2x, Py(z)=1-3z+2?
2) Our main goal is to see that
T(fn) = Pas1(N) if P,(A\) #0fork=1,....,n+1.

Since some P, 1(\) will become negative and traces of projections can never be
negative, we need that Py(\) = 0 for some k. This will then give restrictions on
[M:N]=\1

3) For small m we have

m(fo) =7(1) =1=Pi())
T(fi)=7(1—e1) =1—X=Py(})

T(f2) =7(1—e1 Ves) =1 —2X = P3(\)

T(fs) =7T(1—e1VeaVez) =1 -3\ + 2= Py())

4) The P, are just the Chebyshev polynomials S,, in disguise. Define

n 1
Sy, = a2"P, <x2>

then
So(z) = Py (1/2*) =1
Si(z) =zPi (1/2%) =z
So(z) = 2Py (1/332) = <1 - ;2) =221
Sy(z) = 2°Py (1/2%) = 2® <1 - 2;) =23 — 2z
and

xSy (z) = 2" P, (1/562)
= gt [Pn+1 (1/2°) + %Pn_l (1/332)}
= Snt1(x) + Sp-1(z).

This defines the Chebyshev polynomials of the second kind. They have the following
properties.
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a) The polynomials (Sy)n>0 are orthonormal w.r.t. the semicircular distribution
on [—2,2], i.e.

2
/ Sn(:z)Sm(a:)Qi\/ 4 — 22dx = Opm.
—2 ™

b) We have the “explicit” formula

sin(n + 1)
w(2cosl) = ————.
Sp(2cos) S
Hence S,,(x) = 0 for x = 2cos ) with sin(n + 1) =0 and 6 # 0, i.e., for
9=—""—k (k=1,...,n)
n+1

The corresponding zeros of

x2)  an
are then at
1 1
Py S
L7 4cos? (niﬂk)
Note that % is only running over 1,...,[5]. For n odd, the case k = (n +1)/2

gives ¥ = /2, hence does not show up; because of the square, ¥ = 7/2+y and
¥ = 7/2 — y give the same zero of P,.

5) Let us now come back to the Jones-Wenzl projections
fan=1l—erV---Ve,=1—ep)A---A(1l—ep).
Note that f, is the largest projection with the property that
fnei=0 (ie. fnLe) foralli=1,...,n.

Proposition 6.5.
Assume that P;j(\) # 0 for i = 1,...,n. Then we have

P,_1(\)

fn = fn—l - T(A)fn—lenfn—l'
Proof. We prove the assertion by induction. For n = 2 we have
Pi()) 1
— =l—-e——(1— 1-
fi PQ()\)flerl e1— (1 —eea(l —en)
=1l-e — - )\(62 — ege1 — erea + erezeq)
Aeq
-1 _ _
- /\(61 + e9 — ege] — e1€3)
=1—e1Vey
= f2
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In the last step we used Proposition 5.14. Note that for this we need A # 1; this is given
because of our assuption that 1 — X = Py(\) # 0.
Now we assume that our assertion holds for some n — 1 € N, i.e., we have

fanc1= fn2— an2en1fn2-
Put
T = fn1— PP /\() )fn 1enfn 1-

We have to show that z = f,, i.e.,
1) z is a projection.
2) x < fu,ie. fnleforalli=1,....n
3) x> fn.

First we calculate

B P,_2(N)

enfnflen = €n fn72 - P, 1()\) fn72€n71fn72 €n
- Pos(M)
= 6nfn—2en P, 1()\) enfn—Qen—lfn—Qen

Since ege, = epeg for 1 < k <n —2 we have f,_o2e, = e, frn—2. Thus we can continue as
follows.

Pus()
Poi(V)

6nfn—len = enfn—Q - fn—2 €n€n—-1€n fn—2
——

=\en

—2(N)
f()\) fn—2€nfn—2

9|9

= enfn—Q - A

=en fn—2

= enfn2 <1 - A%)

— enfus (Pn—lw - )\Pn—z()\))

= enfn72
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1) It is obvious that = z*; furthermore we have (note that f,—1 < f,,—2)

o Paci) Py (N
2 _ ) Sl A
X —fn—l PR(A) fn 1€nfn 1+ PQ()\) fn—l enfn—len fn—l
enf —2p Pn()\)
P,_1(N) P,_1(N)
— Jn— -2 n—1n/n— D /\\ Jn—1En Jn n—
Jn—1 Pn()\)f 1€nfn-1+ Pn()\)f 16 f; jf 1
=Jn—1
B P,_1(N)
_fn—l Pn()\) fn lenfn 1
=x.
2) The fact that xze; = 0 for @ = 1,...,n — 1 is immediate since f,_1e; = 0 for all

i=1,...,n—1 (see Remark 6.4(5)). Thus it remains to show that ze, = 0. We
will show instead e,ze, = 0; this implies the former via

0 = epze, = eprze, = (ve,) (ze,) = ze, = 0.

We have

Pa-1(N)
Pa(X)

= enfn—len - enfn—l enfn—?
——

enTen = €nfn_1€n — enfn-1enfn—1én

=fn—2€n

= enfn—len — €n fn—lfn—2 €n
——

f'nfl
=0.
3) We have (note that e, L f,)
xfn = fnflfn - P;,n(l i)fn 1€n fn lfn
In
B P,_1(N)
= fn— an—le\n%@
= fny

This shows that f, < x.
q.e.d.

Proposition 6.6.
Assume that P;(\) # 0 for i = 1,...,n. Then we have

(fn) = n+1 ()‘)
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Proof. By Proposition 6.5 and the fact that

T(fnflenfnfl) = T(fnfl) : T(en) = )\T(fnfl)a

we have
T(fn) :T(fn—l) - P;)né)(\;\) T(fn—lenfn—l)
=AT(frn-1)

o Pn(>‘) B )\Pnf ()‘)

_T(fn—l) < Pn()\) ! >

_T(fn_l)P;:ES)

B P,(A) Poy1(N)

=) 70N P:()\)
Poi1(N)

—T(fn—Q)Pnfl()\)

Y
=(1-)) P711+_1()1\)
=P,+1(N).

Theorem 6.7 (Jones).
Let N C M be II; factors. Then if [M : N] < 4 we have

[M : N] = 4cos? <E> for some n =3,4,5...
n

Proof. Assume we have for A € (4,1] that P;,(\) # 0 for i = 1,...,n and Pny1(\) < 0.
Then such a A cannot show up as A = [M : N]~!, because then one would have

0 < 7(fn) = Poir(N) < 0.

Denote by I,, the open interval

1 1
I, = , .
4 cos? (#) 4 cos? (nLH)

Then it is easy to check that we have for A € I,:

P,(A\) >0 fori=1,...,n and P,i1(N) <0.
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(See below for a plot of some of the P,.) Hence numbers in the intervals
(4cos® (m/(n+1)),4cos? (r/(n +2)))

are forbidden as index. For the endpoints of those intervals our argument does not work
and those might appear as index. q.e.d.

0.25 0.3 0.5

—_
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7 Realization of Index Less Than 4 and Temperley-Lieb
Algebras

Remark 7.1.
1) We know that the possible index-values are
a) [M:N]>4
b) [M:N]=4cos? (Z) forn=3,4,5,...

Moreover we know (see Example 4.8) that in the case a) we always have a subfactor
but for b) we have no result so far.

2) It was shown by Jones, that all values in (b) can actually occur. The idea for this
is the following: If we find a sequence of projections ej,es ... somewhere in some
finite von Neumann algebra M which satisfy the properties of the Jones projections
from Proposition 6.2, then we define

P ={ey,ea,...} C M, Q = {eg,e3...} C M.

Then one has to show that @ C P are II; factors and that [P : Q] = 1/A.

3) Finitely many of the projections, ey,...,e,, can be realized in finite-dimensional
setting, then we can take the inductive limit (and GNS construction w.r.t. trace 7)
of those.

4) The first step we will do is to give up the requirement, that e; = e;.

Definition 7.2.
For A € C\ {0} and n € N, the Temperley-Lieb algebra T L,y1()) is the unital algebra
with generators ey, ..., e, and the relations

1) e% = e,

2) ejeirie; = Nej,

3) €i€j = €€ if |Z —]| > 2.
Remark 7.3.

1) The algebras T'L, (\) are finite dimensional. The relations allow us to bring any
monomial in the generators e; in a reduced form

(eileil_l .. ekl)(ehem_l ce ekz) . (eipeip_l .. ekp)

with strictly increasing indices i1 < ia < --- < i, and strictly increasing indices
k1 < kg < --- < kp. An example of such a reduced form is

(esezer)(eses)(eses) € T'Ls.
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The number of such reduced terms are counted by the Catalan numbers

1 2n
Cp = .
" n4+1\n

Here are these reduced terms for the first n:

TLy 1 =
TL2 1, €1 Cy = 2
TL3 1,61,62,6261,6162 c3 =
TL4 1,61,6162,6183,616362,616263,636261, Cq = 14

€2,€2€1, €2€3, €2€1€3, €2€1€3€2, €3, €362

Hence we have that dimTL,, < c,.

2) We have a diagrammatic representation of T'L,,, via strings connecting 2n points,
n on a top line and n on a bottom line.

TLq: 1:I

ANy
« e

o I EFI \/
" "

TLQZlZI I, E1:

o] |
o] |

|
|
a] K1

X 1T
11X

The multiplication is given by putting the pictures one upon the other, connecting
and then erasing the middle points and getting a factor « for each loop. Here is an
example.
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AN
¢« e

Hence we have the relations.
e The graph corresponding to the 1 is indeed a unit.

e We have
o

E} =
¢«
where « is the weight of a closed loop.
e We have
A
EiEi By =
¢« e
¢«
e We have
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AN
¢« e

Thus the e; = iEZ satisfy
a)

1 1
e? gEf = —FE; = e,
b)
1 1 1
eieirie; = s BB By = —E = —e,.
a o a

Hence for A = - the e; satisfy the Temperley-Lieb relations.
(0%

Note that the Ej, ..., E, generate NC(2n), the non-crossing pairings of 2n points.
For instance, NC(6) is given by NC(6) = {1, E1, Es, E1Es, EsE1 }, i.e.,

XX =22 =

Since there are ¢, many non-crossing pairings of 2n points, and those diagrams are
linearly independent, we have for all n and all A that dim(7T'L,(\)) = ¢,

What is the structure of the algebra TL,? We can also give repesentations in
diagrammatic terms (by acting with the algebra on itself and then decomposing).
We denote by V;,, the vector space generated by pictures of the form

\/o \/ n points

p through strings
p points

We have here n points on the upper level and p < n points on the lower level. The
upper points can be paired among themselves (in a non-crossing way), but the lower
points must all be paired to upper points. Hence there will be p through strings
(strings which connect an upper with a lower point). Diagrams from T'L,, act on
diagrams from V}, , by concatenation and removing loops (counted by a factor «).
If the number of through-strings decreases by doing so, then the result is zero. Note
that it is not possible to increase the number of through strings. If our parameter
A is “generic”, then the T'L,, are semi-simple and the spaces V,, , give irreducible
representations. In the following we will assume that we are in such generic cases.
(This is for example the case, for A < 1/4.)

Let us consider some examples.

ol



a)

For n = 3 we can have p = 3 or p = 1, giving the two vector spaces:

wemef] | ]

Here is the action of F; and E3 on the first element from V31

NS
NS N

TLs3 acts now on V31 as M;(C) and on V33 as M»(C), hence we have

TLs = M;(C) & Ma(C).

Note that this gives the right dimension 12 + 22 = 5 = ¢,.

For n = 4, we can have p =4, p = 2, or p = 0, giving the vector spaces

el 11}
‘Q,zzspan{\\v | \/'// | \U/}
V4,0:Span{.\—/ . -\.\y}

In the generic situation 7Ly acts on Vy4 as My, on Vio as M3z and on Vg as
Ms. Thus we have

TLy= My ® Mz ® Mo

which gives again the right dimension 12 4 32 + 22 = 14 = ¢4.
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In general we have

TL, = @ B(VTL,TL72T')'

4) Note that in V},,, we two possibilities for a diagram. The last upper point can be
connected either to the last lower point ....

n points

p points

n points

p points

In the first case such a diagram can be identified with a diagram in V,_1,-1 by
removing the last points on the upper and lower line; in the second case such a
diagram can be identified with a diagram in Vj,_1,41 by moving the last upper
point to the lower line. This identification gives a bijection, thus we have

Vn,p = Vn—l,p—l @ Vn—l,p+1-

Since this identification intertwines with the action of T'L,,, we have for the inclusion
of the T'L,s the following Bratteli diagram.

TLq M

1
SN
TLQ M1 D Ml
NN
TLs My & M
VNN
TLy My © Mz & M
N N SN
TLs M5 ® My @& M
Definition 7.4.
On the linear span of the NC(2n) diagrams
n points

TLy(\) = span non-crossing

n points
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we define a linear functional 7,,: T'Ly,(\) — C by linear extension of

o #loops
- - ot
where we have put
L A
a2
Example 7.5.
Let us calculate a few examples.
1) 7, is unital:
1 1 4
Tg(l)zTg(III):$ :$a:1.

2) On the E; we get « as value. Consider as example F; € T Lo:

1
Ei) = —
72(E1) o2 o2

3) Note that 7 is compatible with the embeddings of T'L,, C TL,, for n < m. For
example, let us redo the calculation from (2), but now in 7'L3:

T3(E1): E D = i06220427'2(E‘1).

a3

More generally consider a diagram w € T'L,,, which we write in the form

n points

n points
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The calculation of 7,41 in T'Ly 41 gives then

1
Tn+1(w> = W = ; = T(’ll))

This compatibility under the embedding goes over from diagrams to their span,

hence 7,41 = T,, and we can define 7 consistently on all T'L,,,

TLn

T: U TL,(\) — C.
n=1

Proposition 7.6.
The map 7 defined defined above has the following properties.

1) (1) =1,
2) 7(ab) = 7(ba) for all a,b € | U2, TL,(N),
3) 7(wep) = T(w)A for all w € TL,_; and all n € N.

Proof.

1) This is immediately clear.

2) It suffices to check it for diagrams a and b; by linearity it follows then also for linear
combinations. We can embedd a, b in the same T'L,,, then we have

/

The statement for general elements of T'L,,—1 () follows again by linearity.
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q.e.d.

Remark 7.7.
We ask how the trace 7 does look like in the representation
(5]
TL, = @B(Vn,nf%")-
r=0

It must be of the form
Tn = @ Yn,r Tr(r)a
T

where Try is the unnormalized trace on B(V;, ,—2,). We will now try to determine the
coefficients v, ,. If we choose a minimal projection

Prgr € BVan—2) C D B(Viun—ar) = TLy,
k

then we have

Ynyr = Tn (pn,r)'

Note that this p,, acts on @, B(Vyp—2k) via (..., &, ...) — (0,...,0,P,,£,0,...,0).
This means that p, , corresponds in T'L,, to a linear combination of diagrams, with the
property of acting as zero on all V,, ,_o; for [ # r. If we present the linear combinations
of diagrams for p, , as

then we have for a diagram x € V,, .

n points

n points

k points

if k#n—2r.
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Lemma 7.8.
Pn,r€n+1 18 @ minimal projection on V,, 9 19 5(41) and we have

Tn+2,r+1 = )\’Yn,r .

Proof. The projection p, , contains only eq,...,e,—1, hence p,, and e, commute and
thus ¢ := pp rent1 is a projection. We have to show that gz = 0 for all x € V;, 19, with
k #n+2—2(r+1). If this is proven then q € B(V,,42 n42-2(r+1)) is @ minimal projection
and we have

Tn+2,r+1 = T(Q) = T(pn,ren—‘rl) = T(pn,r) T(en-l—l) = T(pn,r)A = )\’Yn,r-
A

So it remains to prove that gz = 0 for all € V,, 19 with k # n+2—2(r +1). Consider
such an x € V;, 9. Then

n + 2 points «_
2 point _ 2
n + 2 points = . /
k points

The closed string on the upper right hand side of  can remove some of the k& through

strings — like in the example
U o
=0

— but then the action is zero. If no through strings are removed, then we must have
k=n—-2r=n+2-2(r+1)

hence z must be in V,, 15,10 9(41), otherwise gz = 0. q.e.d.

Remark 7.9.
The recursion v,42 41 = Ay, determines all v, , in terms of v, o =: ., according to
the following pattern
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TLg My, vo

\
TLy My, m
/ \
TLy M, My ® My, v2
TL3 Ms, Ay ) My, 3
— - — ™~
TLy My, Ny ® M3, Ay2 @ My, 4

Since our trace is unital, we have some more relations on each row which allows to
calculate also the values of the ,. Let us do this explicitly for small n. Clearly we must
have 79 = 1 and 71 = 1. For n = 2, 3,4 we get then

l=n(1)=A+7 =  yp=1-2A = P\
l=m(l)=2X2+y3=1 — v3=1—2\ = B\
I=74(1) =2 71 +3 e +y =1 — =1-3X+X = P\

To see that we have indeed in general the equality between the =, and our disguised
Chebyshev polynomials P,, we have to consider the following part of our Bratteli diagram.

TLn—l s Mla Tn—1
~
TLn ‘e oo Ml, Yn
_— ~
TLpy1 .. Mp_1,Y412 @ My, Y41

Thus the image of the minimal projection p,, o splits into two minimal projections on
the level n + 1, hence

Yn = Yn+1,2 TVn+1,
——
=AYn—1

such that y,4+1 = ¥ — Ayn—1, which is the recursion for the polynomials F,,. Hence we
have shown the following theorem.

Theorem 7.10.
Our traces on T'Ly, = @ B(V, n—2,) are given by

'
To = mr Trpy  with  ynp = A Paar(N),
T

where Tr(, is the unnormalized trace on B(V;, n—2r).
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Remark 7.11.

1)

fFo<a< % (i.e., [M : N] > 4), then P;(\) > 0 for all k¥ and consequently 7, , > 0
for all appropriate n,r. Hence we can realize arbitrarily many ey, ... e, with respect
to a positive trace.

IfA> i then some Py () will become negative. In order to keep the trace positive,
we must hit zero somewhere and then truncate the Bratteli diagram from this point
on (and adjust the weights for the trace).

As an example, assume that ) is the smallest zero of Py; thus Py (\), Pa(\), P3(\) > 0
and Py(A) = 0; then we get the truncated Bratteli diagram

TLo M,y

S
TL, My, m

- N
TLo My ©® My,

\ / I
TLs My ® My, s
TLy My & M3 & Mi,74=0
TLs Ms ©® M3
TLg Ms D Mg
TL7 M13 5> MS
TLg M3 @ Moy

For the values of A of the form (4cos? (7/n))~! we know that we hit zero before
getting negative values, hence those yield such valid truncated Bratteli diagrams. If
we then take inductive limits of the truncated diagrams and do the GNS construction
with respect to the trace, then this gives a realization of subfactors N C M with
index of the form

[M:N]:§:4COSQ<E><4 (n > 3).

n

Of course, there are many things to check. For example, it is not clear why we
should get factors via this GNS-construction. We will come back to this question.
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8 Braids, Knots and the Jones Polynomials

Definition 8.1.
1) A knot K is a faithful, smooth embedding ¢: S — R3.
2) A link L is a faithful, smooth embedding p: (Jg i, ST — R3.

3) Two knots Ki, Ko are called isotopically equivalent, K1 ~ Ko, if there is a family
of homeomorphisms {¢; }4c(0,1], ¢t R3 — R3, such that ¢y = Id and ¢1(K7) = Ko.
(And similar for links.)

Example 8.2.

1) The unknot Q

2) A trivial link, consisting of three unknots

QOO

3) The trefoil knot comes in two versions.

& &D

) left trefoil b) right trefoil

Remark 8.3.
1) By Alexander’s Theorem (1923), each link can be gotten by “closing” a braid.

WX KX

n-braid closed n-braid
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A famous example is the trefoil knot:

&

2) Braids can be multiplied by concatenation:

with neutral element I I I

This gives actually a group structure where the inverse is given by taking the mirror

image:
-1
3) The braid group is generated by the elements oy, ..., 0,, where
Note that

Definition 8.4.
The n-string braid group B, is given by the generators o1, ...,0,_1 and the following
relations.
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1) 0;4+10i0i4+1 = 004105 for all i = 1, ceeys— 2

2) 0405 = 0jo; whenever |i — j| > 2

Remark 8.5.

1) The relations from Definition 8.4 are clearly satisfied for the diagrammatic braids:

\

090109 = = = 010201

ASPAN

2) If we also require o7 = 1 for all i, then we don’t distinguish under- and over-crossings
and are just left with the permutation group 5.

3) For a braid b its closure b is the link given by

(&N

Theorem 8.6 (Alexander 1923). X
Every link can be obtained as the closure b of some braid b.

Remark 8.7.
There are modern effective algorithms for calculating the braid for a given link, due to
Yamada (1987) and Vogel (1990).

Theorem 8.8 (Markov 1935).
Two braids give under closing the same link, if they can be transformed from one to
another by a sequence of type I and type 11 Markov moves, where

1) type I: conjugation within B, i.e.
bewatba  (a,b€ By)

2) type II: for b € B,
B3bowboit € By

Remark 8.9.
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1) It is easy to see that those moves do not change the closure:

That those two types of moves suffice is not so clear; it can, for example, be deduced
from Reidemeister’s theorem on moves for diagrams of links.

2) Markov’s theorem implies: if we have a function on braids which is invariant under
Markov moves, then it is an invariant for knots/links.

Proposition 8.10.
Let T'L,(\) be the Temperley-Lieb algebra generated by ey, ..., e,—1; we define

Y :=1—(1+1t)e; € TL,(N) fori=1,...,n—1.
Then we have for any choice of ¢t € C that
Vi = for |1 — 5] > 2.
Moreover for ¢ with A™! = 24 ¢ +¢~! we have
Yivip1i = Vi foralli=1,...,n—2.

Furthermore ; is invertible in T'L,(\) with v, L—1- (1 + %) e;. Hence, for ¢t with
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A1 =24+t +t! we have a representation

Bi: By, — TLp(N)
1—1
o= 1—(14t)e;
U;1|—>1—(1+%)ei.

Proof. Firstly, the fact that ¢;1p; = 11, for |i — j| > 2 is clear, since it holds for the e;.
Next we calculate

Yiips = [1 = (L+8)e][(1 — (L4 t)ea][1 — (1 4 t)eq]
=[1— 1+l — (1 +t)eir — (1+t)e; + (1 +t) e 1]
=1—(1+t)es — (L+t)e; + (1 +1)eire; — (1+t)e; + (1 +1)%eiei
+(14+1)? €2 —(1+t)eieirre
=1—(1+t)e[l+1— 1+t + 1+ — (L+t)eir + (1+ 1) e
+ (1 +t)%eir16;

In order that this is the same as ;11¥;%;+1, we need that the expression above is
invariant under the exchange of ¢ and ¢ + 1, i.e. we need

I=1+1—(1+t)+(1+1)x or equivalently t=(1+1)%\,

which means

Finally note that
I—(1+te)l—(1+He]=1-1+t+1+3)e;+(1+t)(1+1)ef =1

q.e.d.

Remark 8.11.
We can now compose f3; with the trace 7, on T'L,,(A) and check how this function on the
braid group behaves with respect to Markov moves.

1) Invariance under move I is clear since

T (Be (aba™)) = 7 (Be(a)Be(b)Be (™)) = 74, (ﬁt (™) Bu(a) ﬁt(b)) = 7 (B (D).
=Bi(a"la)=1
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2) It is not invariant under move II but changes by a simple factor: by property (3)
of Proposition 7.6 for our trace 7, (this is usually called the “Markov property”) we
have for b € B,,

—~—

word in 1,e1,...,en—1 word in 1,e,

Tnt1 (B (boifh)) = T Bi(b) B (01) | = 7 (Be(B)) - Tt (B (021))
N —r

Let us calculate this factor (which is independent of ). We have
Br(o1) =1—(1+t)es and hence  m(Bi(o1)) =1— (1 +1)\
From the last proof we know

t41)2 t
( d: ) or equivalently A= Gr1e

A=

This yields

t 1t
2 - 17
(+1D2 1+t Vit L

To(Be(o1) =1—(1+t)A=1—(1+1¢)

and analogously (note that we get the inverse by replacing ¢ with 1/t)

D=

_ 1 t
) = T T
t t

1+

Definition 8.12. R
The Jones polynomial for a link b with b € B,, is defined as

1\ b
o= (Vi ) Vo,
Vit
where wr(b) is the writhe of b, i.e. the number of aiﬂ occurring in b, counted with sign.
(In the diagram for the braid b, this counts the number of under- and overcrossing with

sign.)
Remark 8.13.

1) For € B,, with
k(1) k(m)

b= Ti1) " iy » i(1),...i(m) e {1,...,n—1}, k(1),...,k(m) € {£1}
the writhe
wr(b) = Z k(i) (for m = 0: wr(1) =0)
i=1

is independent of the representation of b as a product in generators and inverses,
because it does not change under the relations
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® 0,110;0541 = 00,110,

[ ] 0i0j=0;04 for ‘2 —j‘ Z 2,

[} O'Z'O';l.

2) The writhe does not change under Markov moves of type I: wr (ab(fl) = wr(b),
since the contributions of a and a~' cancel each other. For a type II move we have

wr(boy,) = wr(b) + 1 and wr (bo, ') = wr(b) — 1.

3) Hence the Jones polynomial does not change under moves of type I and II, and thus
is an invariant for links.

Example 8.14.
1) For the unknot

Nile

we have b = 1 and hence V;(t) = 1.
2) For the left-handed trefoil we have the diagram

where b = 03 € By and hence

Viswsa(t) = (VE+ 22 ) Vi'n (3 (o))
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Now we have

—TQ(( —(1+t3>61)
=1—(1+£)A
t
:1—(1+t3)(1+t)2
=3
:1t(1t+t2)\/i+\}z,

resulting finally in
Vleft—trefoil(t) =t+ t3 — t4.

3) Analogously we can calculate the Jones polynomial for the right trefoil

where b = o 3. Note that in general the Jones polynomial for b and b~! are related
by replacing ¢ by %, Hence we have

1 1

1
‘/right-trefoil(t) - ; + ti?’ - tz 7& ‘/left-trefoil(t)

This shows that the left-handed and right-handed trefoil are different knots! (Before
the Jones polynomial, there was no easy invariant to distinguish those two knots.)
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9 The Standard Invariant of Subfactors and an Informal
Introduction to Planar Algebras

For a subfactor N C M we have now one invariant, the index [M : N|. This raises the
questions:

e How many different subfactors for a fixed index exist?
e Are there finer invariants?

The first question, asked in this generality, has the answer “way too many”, as one can
produce (for example, by taking tensor products) an abundance of other II; factors out
of given ones without changing the index. Hence, we want to ask the first question in
the hyperfinite case, i.e. for R=ZN C M =ZR.

Note that we understood [M : N] via the Jones projections coming from the basic
construction; those Jones projections were actually elements of some relative commu-
tants, namely e, € M,_1 N M]_,. We consider now more generally the data given by
the relative commutants of our tower construction N C¢ M C My C M5 C ...; it turns
out that the relevant relative commutants are given by

C=NnNN C N'NM C N'NM Cc N nNM
U U U (9.1)
C=MnM c MnM Cc MnM

Note that for the case of finite index, [M : N] < oo, we have (see Corollary 4.6):

e all relative commutants are finite dimensional, hence those inclusions are described
by Bratteli-diagrams.

In “nice” cases, we expect/hope to recover the original subfactors as an inductive limit
of relative commutants.

My, = UM M,
k

U U

N = UN'NM,
k

(Then, My and N4 are necessarily hyperfinite.) More on this in the next section.

The collection of relative commutants in Equation (9.1) is called the standard invariant
Gn,u of the subfactor N C M. There are various ways of axiomatizing those data in an
abstract way:

— paragroup (Ocneanu)
— A-lattice (Popa)
— planar algebra (Jones)

We will in the following concentrate on the “planar algebra” approach of Jones.
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Let us for the moment only consider one of the two rows in Equation (9.1). We have
there an inclusion of finite-dimensional vector-spaces (P, := N N My,_1)n>0,

C=NnNnN c NnM c NnNnM c NnNM
Il Il | |

Py - Py C P C P3
which contain also the Jones projections:
Py=C
P D {1}
P, D {1, 61}
P; D {1, eq, 62}

For the e;’s, we have, via e; = éEi, a diagrammatic representation:

d 4 & 4
A A
FE = e P, FEy= € Ps,
RN FERN
T T T T

Motivated by this, we want to represent all elements in the relative commutants in terms
of diagrams. We will think of a general element = € P, an n-box (n strings on top and
n strings on bottom)

n
(1
x
TTTT 1

and on those element we have operations given by diagrams:

e multiplication x: P, x P, — P, by

e tensor product ®: P, x P, — P, by

I

[7]el v ]-| [ -

T 1
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e trace tr: P, —» Py = C given for an z € P, and an corresponding n-box by

:
alel

e conditional expectation F,, — P,_1

T || x
We can combine all those operations to get actions of arbitrary planar tangles on our

planar algebra @@ P,. For instance consider the planar tangle
n>0

e embedding P, — P11

bbb}

FERN
T TTT T

This should be thought of as a multi-linear mapping P3 X P, x Py — Py, where we plug
in elements x € P, y € Po, z € Py and then get an element in Py.

Here is a concrete example of this for another tangle T, where we have used some the
elements from the Temperley-Lieb algebras as input.
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In this case we have

(N1 X -1

Since we are dealing with two sequences of inclusions in the standard invariant, we
need two versions of the P,, P,  and P, _, and the actions of the planar tangles has to
take this into account, by a checker board shading. We will ignore this most of the time.

Summing up we have

planar tangles = multilinear mappings
planar algebra = collection of vector spaces together with multilinear mappings

for all planar tangles

Abstractly the planar tangles correspond to an “operad structure” and the planar
algebras are “algebras over the operad of planar tangles”. The main point of all this is
that we have a composition of planar tangles, which must be represented by multilinear
mappings.

Example 9.1.
Here is an example for composition of tangles. Consider two tangles 7" and S.
[ ~
D1 N
T= = S =

Do
N

[N s

We want to compose T with S. We need to specify in which of the slots of T we insert S.
Of course, the number of points has to agree; in our case, both input boxes of T' can take
on S; hence we numbered those boxes as Dy and D2 and have two possible compositions.

N\ N

To S= = o
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and

[ ~ [ ~

ToyS = M = |

The composition of planar tangles is kind of generalization of the composition of func-
tions.

Definition 9.2.
A (unshaded) planar algebra P = €D, > P is a family of vector spaces P, such that for
each planar tangle T" there is a multi-linear map

ZT: >< PD — PDO,
DeDr

(Dr denotes here the inner boxes of T, Dy is the outer box of T, and for a box D we
have Pp = P,, where n = %# marked points on D), subject to the requirements:

1) isotropy invariance (topological deformations of the tangles do not change the map-
pings)
2) naturality

Zrog = L1 0 L3 for all tangles T, S with valid composition 7" o S}

note that the left hand side is a composition of tangles, on the right hand side we
have a composition of multi-linear maps.

Remark 9.3.

1) Usually we will simplify our drawings by bundling parallel strings to one string; the
number n of strings should then be clear from the context.

2) The P, have a canonical algebra structure given by the tangle

|

72



(here every line consists of n strings). Then for x,y € P, we put

r-y =21, (2,y) =

Associativity follows by naturality

|

z-(y-2)= =

|
[

3) We actually have to remember the numbering of the strings around our boxes. Up
to now we have oriented our boxes in a standard way, where the numbering starts
at the upper left corner of the box; however, it will be advantegeuous if we allow
our strings also to move around the box; then we put a x at the position of the first
string. Here is an example for this.

— o = —
— Ut N —
— W —

Hence our multiplication is given more precisely as follows:

In this representation it becomes also clear that in general the multiplication in
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non-commutative, namely we have

[a] 0]
(6] [a]

Thus Py is a commutative algebra. In the subfactor setting we have Py = C.

4) For a subfactor planar algebra (SPA), we require much more (reflecting properties
which we find for the relative commutants in the Jones tower)

a) involution: we have an involution % on each P,, which is compatible with the
reflecting of tangles

le. (z-y)*=y*-a*.
b) dimension restrictions: dim(Fp) =1 and dim(P,) < oo  for all n.

c¢) sphericality: we require that the left and the right trace are the same:

P1—>P0§(C P1—>P0%C

This means that we have isotropy actually on the sphere, not just on the plane.
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d) positivity of the inner product defined by
(,): Py X Py — Py, (x,y) — tr(y*x).

Pictorially the inner product is given by

5) Note that tangles with no input discs will be thought of as acting on () and will
thus give an element in P. Hence, such tangles will be contained in any planar
algebra. So all the Temperley-Lieb diagrams (which are tangles without input disc)
are contained in any planar algebra.

TL, = span{ } e b

<
TLy = span { }6 I
s é»

A N NSt DS
TLs = span { / \ }G Ps
. L& , Lo v) 5 Ldee]) . L&

—@

Note that in the case where dim Py = 1 we also have:

@ ePh=C

Hence the closed circle is given by some d € C, i.e.

@:5

but then by naturality

<

i laniran Xt FaN .

i.e. each closed circle gives a factor 4.

75



6) In the non-subfactor case, we can also consider tangles with odd numbers of incom-
ing strings or we can also consider directed strings.

Example 9.4.
1) The zero planar algebra is given by

P,, = arbitrary vector spaces Vn and Zr =0 V tangles T.

2) The trivial planar algebra is given by
P, =C Vn, Z71 = product map for any tangle

3) More interesting is the tensor planar algebra. Let V' be a finite-dimensional vector
space and set B, = VO™, Let ey, ..., e be a basis of V, then

{ei(l) @@ ei(n): i(1),...,i(n) € {1,...,k}}

is a basis of V®". Given a tangle T, we have to define its action on elements

NS X Pp.
DeDr

By multi-linearity, it suffices to define this for basis elements as inputs; for those we
set

T(eil Q- ®ej,e Q- Qej,.. ) = Zé’ﬁj(T)ekl R ® eg,
k
where 511?7 j(T) is 1 if all connected indices agree, otherwise 0. Indices are assigned

in a cyclic way to their discs; closed loops without input contribute with a factor k,
corresponding to summing over a basis. For example consider
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then

T(e’il ® ei2 ® eiga ejl ® €j2 ® ej3 ® ej4, 67'1 ® 6r2 ® (&

rs)
= Y oDk, @ @ e,
k1,....ke
p

where

5zlfj,r,p(T) =1 < ki=i1, ka=j1, ks=yJ2 ka=r2, ks=ks.

and the loop gives no condition on p, hence Zp gives a factor k. Note that the “pla-
narity” of the constraints is not necessary here. Without planarity this corresponds
to Penrose’s graphical notation for tensors; if we allow directed strings, then we
can also distinguish between covariant and contravariant indices. In a sense we are
looking here at spaces of tensors which are closed under “planar” contractions.

4) Let us also look at an example where the planarity of the tangles is clearly relevant:
consequences from group identities. Take tangles with orientation, assign group
elements to strings and identify

disc = relation by reading attached group elements in cyclic order,

taking elements or its inverses according to orientation.

()
Then the relation at the output disc is a consequence of the relations at input discs.
Here is an easy example.

g1 g3

This encodes the implication

g9, =1

—1
_ = g195 = L.
9395 " = 1}
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Another more interesting example is given by the tangle

which corresponds to the following implication.

gy thahy = 1
g3 thahy ' =13 = gigags ' =1
gshi'hyt =1

5) Temperley-Lieb planar algebra:
P, = TL,, = span{ NC-pairings on 2n points },
We have

h
Py

The action of a tangle T" on these diagrams is given by plugging in the TL-diagrams
in the input discs and then erase the boxes. Consider the following example

thus we have

N NN A N
T = =
VAR , ™ N NN ™

We also have to assign a value § € C to loops. The positive definiteness of the trace
gives restrictions on & (namely those for the index, with 62 = [M : N]).
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10 How to Make a Factor out of a Planar Algebra

Theorem 10.1.

Let P = (P, +)n>0 be a shaded subfactor planar algebra. Then there exists a subfactor
N C M such that P is the planar algebra of this subfactor, i.e P, + are the relative
commutants of the tower from N C M.

This theorem was proved by
e Popa 1995 (by using A-system instead of planar algebras)
e Guionnet, Jones, Shlyakhtenko 2007 (by changing the trace on the planar algebra)

e Jones, Shlyakhtenko, Walker 2008 and Kodiyalam, Sunder 2008 (by changing the
multiplication on the planar algebra)

Remark 10.2.

One of the main issues is how to construct a factor out of a subfactor planar algebra
(SPA). One should note that in the axioms of a SPA there must be hidden some non-
obvious restrictions on P, if a SPS is the same as the relative commutants of a subfactor.
Here is an example of this. Consider a subfactor N C M. Then we have seen that

1
T (i)

[M:N| >

for any family (p;) of orthogonal projections in N N M with ). p; = 1. Let (pi)k_, be
a maximal family of orthogonal projections in N’ N M with Zle p; = 1, then on one
hand we have dim(N’ N M) < k2, whereas on the other hand, by Cauchy-Schwartz, we
also have the implication

1 > k2.
i=1 = (i)

Putting this together yields

k

dim(N'nM) <k <) (1)§[M:N].
— T\Di
=1

If we consider now the tower N C M C My C Ms... then we get
dim(N' N My,) < [Mj, : N] = [M : NJ¥+1,

This shows that dim(FP,) for our SPA cannot be arbitrary, but must have moderate
growth. Note that there is no restriction like this in the definition of SPA; this must be
a consequence of planarity and positivity.

Example 10.3.
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1) If we take the Temperley-Lieb planar algebra, i.e.
P,, = span{ N C-pairings of 2n points},

then

dim(P,) < #NCs(2n) = n}rl (2:) ~4m,

Here the growth is okay and we can have all NC-pairings linearly independent.
Note that this depends on the trace, which is determined via

@:6

2) If we want to take P, = span{all pairings of 2n points} (and some rule for the
calculation of crossing strings) then we have

dim(P,) < #P2(2n)=2n—1)'=(2n—-1)-(2n—-3)...5-3 - 1.

Those are the moments of a classical Gauss distribution and not exponentially
bounded. Hence the growth is too fast and we cannot have all pairings linearly
independent; i.e., our inner product, if positive, must necessarily have some non-
trivial kernel.

Remark 10.4.

Consider now SPA P = (P,),>0 (unshaded). How can we get a II; factor M out of this?
A first canonical idea is as follows: we have, by the planar algebra operations, embeddings
PyC PLC P, C P3C ... of finite dimensional C*-algebras, equipped with compatible
traces; hence we can take the inductive limit and then do the GNS construction with
respect to the trace 7, resulting in

This is now a finite von Neumann algebra, but there is no reason that this should be a
factor in general. So one needs a new idea.

Before we look on this, let us remark that there are nice cases where the above direct
GNS construction yields a factor. In this case the factor M is clearly hyperfinite. The
Temperley-Lieb case is a special example for this; this was actually the construction of
subfactors for the allowed indices less than 4 by Jones. Before we go to the case of general
SPA we want to treat the case of the Temperley-Lieb planar algebra. There we have so
much concrete information about generators of T'L (namely, the Jones projections), that
one can show factoriality of M — by proving that there is only one normal trace on M.
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Lemma 10.5.
A cyclically reduced word in the e; from T'L is of the form

W =66, € with |i; —ix| > 2 whenever j # k. (10.1)

n

Hence any trace on T'L is determined by its action on words of the form (10.1).

Proof. We only show by an example how one can bring arbitrary words in T'L into the
form (10.1). Consider the word w = ejeges. This is linearly reduced but not cyclically:

eleses  ~»  ejegezez  ~»  e3eleges  ~» €1 eseses ~ Aejes,
——
Aes

i.e. for any trace tr we have tr(ejezez) = Atr(ejes). q.e.d.

Lemma 10.6.

Let wi = e;,€i,...€;, and wy = ejej,...e;, be two words of the form (10.1) with
the same length m. Then there exists a unitary u € A = alg{e,: n € N} such that
uwiu® = we. Hence for any trace we have

tr(wy) = tr(uwiu™) = tr(wy).

Proof. Again, we just do a typical example. Assume we want to see that for any trace
tr(eres) = tr(ejeq). For this, we want a unitary u € alg{es, e4} with uesu* = e4. Such a
u commutes with e;, and thus

tr(ejeq) = tr(equesu™) = tr(uejequ®) = tr(ejes).

In order to find u, it suffices to have a partial isometry v € alg{es, e4} with vv* = e3 and

vv* = e4. (Such a partial isometry can be dilated to a unitary.) But for this we take
v = %6364; then
| 1 1 \
vU* = —ezeqeqe3 = —e3e4€3 = —Aez =€
) 03646463 = 1 €3€4€3 = YAC = €3

and in the same way

N 1
vy = X€4€36364 = ey4.

Proposition 10.7.

The GNS construction M = J,,~TLn()) yields a factor.

(Of course, we have to restrict here to values of A for which T'L,, () is a SPA, i.e., where
the trace is positive - which is the case for A™! >4 or A=! = 4 cos?(r/n) for n > 3.)
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Idea of the proof. 1t suffices to show that for any trace tr on M we have tr = 7. By
Lemma 10.5, it suffices to check equality on words w of the form (10.1). Let us again
just do a telling example; say, we want to show that tr(ejes) = 7(ejes). First, observe
that, by Lemma 10.6, we know tr(ejez) = tr(eje,) for any n > 3. But then, using the
mean ergodic theorem (note that we invoke here only e; which commute, hence this is a
classical Bernoulli shift), we get

est+es+er+ -+ emi
n
— 7(e3)1

n—oo

tr(eres) = tr(el ) = tr(e17(ez)l) = tr(e1)7(e3).

J/

Since we know that for our trace 7 we have, by the Markov property, that 7(eje3) =
7(e1)7(e3), we have reduced the problem to showing that also tr(e;) = 7(e;). But this
follows in the same way as above: we have, by Lemma 10.6, that tr(e;) = tr(e,) for all
n, hence also

el t+est+es+ - +eawpm1
) =)

n

tr(e;) = tr(

— 7(e1)l
n—oo

q.e.d.

Remark 10.8.

1) In general this construction of taking the inductive limit does not work, since we
cannot guarantee factoriality. In particular, we do not know which planar algebras
can be realized as relative commutants of N C M with N, M = R hyperfinite.

2) We consider now subfactor planar algebra (P,),>0 (we suppress shading and the
distinction between P, + and P, _), i.e.

P, = span{}

n

with trace 7 and inner product on each P, given by

()‘ wd b= T

By assumption Py = C, all P, are finite dimensional and (-,-) is positive on all
P,,. Guionnet, Jones and Shlyakhtenko considered different traces on P giving
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3)

other possibilities for the GNS-construction. For x € P, we can consider different
pictures:

P P11 P29

n * | 2n * | 2n — 2 * | 2n —4

x > x T R R ~ x ~

E

and the new trace is given by

Try, k = k

where we sum over all possibilities with closing the upper strings with non-crossing
pairings. If we equip @, P, with the multiplication

Ng: Py X Py — Poyn—k

and the trace Trg, then GJS showed that this gives a II; factor M and My C My C

Ms ... is the Jones tower for My C M, its relative commutants are the P,, i.e.,
P, = MjN M,.
We will in the following instead look on equivalent constructions with other multi-

plication and trace, as given by Jones, Shlyakhtenko, Walker.

Definition 10.9.
For a given subfactor planar algebra P = (P,),>0 we put for each £ > 0

Grg(P) = @ Py = @ Pk graded vector space
n>0 n>0

with inner product given as follows: for a € Py, 4%, b € P,y we put

(a,by =0 ifn#m

83



and

We define a trace by

0 ifae P,pandn >0
tr(a) = ) ’ :
T(a) ifae Py

Definition 10.10.
On Gry(P) we define a product for a € P, ;,b € P, by

min(2m,2n) , 2n — i
aeb= 3

1=0

On P, we also have a *-structure (involution) coming from P, ; = Py, 4.

We give a simple example for the multiplication, for k =1 and m =n = 1.

—

.
I T N i N R S S

Remark 10.11.

)

(Grg(P),,*) is an associative x-algebra. Note that a * (b*c) = (axb) % ¢ is given
by all partial non-commutative contractions of the upper strings, where we do not
pair strings from the same box.

Note that we now have (a, b) = tr(a * b*).

The unit of Grg(P) is given by
en

Note that on Grg(P), for a; € P,, i, the trace tr(aj % as * - - - * a,) is given by the
picture

| STNC(2n1 ® - - - ® 2ny)

where NC(2n; ® -+ ® 2n,) are NC pairings of 2n; + - - - + 2n, which respect the
boxes, i.e., which do not pair strings from the same box.

The idea is to take M}y = Gry, (P)tr acting by multiplication (via *) on L?(Gry(P), tr);
for this one has to see that the multiplication by a, £ — a*¢&, is a bounded operator
on L? for every a. Then one has to show:



Each M, is a II; factor.
e We have the inclusion

Mo C My C My C Ms...

This inclusion of II; can be identified with the basic construction for My C M.

For all k£ we have

M(l) N M, = PO,k = P..

In the following we want to give the main ideas for those statements.

6) Note that with the changed multiplication we do not have any more inclusions of
finite-dimensional algebras; hence the M} will in general not be hyperfinite. Actu-
ally, one can show that at least in the case of finite depth the M} are free group
factors.

Notation 10.12.
In the following we put

Hy, = L2(Cry(P), tr) = Gra(P)

where

(a,b) = tr(a*b) thus €117 = tr(€ = £%).

Proposition 10.13.
Let a € Grg(P). Then the map

Ly: Grg(P) — Gri(P), b+—axb
is bounded with respect to || - ||, hence it extends to a bounded map on Hy.
Proof. It suffices to consider a € P, = P4 for some n. We write
1

Lo= Y2 LO, where  L{)(b) = axi b= lﬂu

)

so it suffices to control each LY (1=0,...,2n).
Consider b = ©y,by, with by, € P, . Note that

a*ibzz a *; by,

m EPn-&-m—v’,,k
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and hence

la % BlIZ =Y lla*; bul[7. (10.2)

We have to show that there is a constant C > 0 such that
lla *; bk < Cllom ]|k holds for all m.

Because then we have

la*; BlIE < D llaxi bali < Y C2llbmll = C2[BIIE

and hence HLEPH <C.
So we consider

||la *; bm||i = (a *; by, a *; by,).

For notational simplicity, let us put b = b,,, then the inner product is given by the
following picture.

A AC

e L LY e

k

We redraw this picture as

(10.3)
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If we put

m—i

then we can continue the above calculation as follows

1

e = 5n+m—1

L2(Pn+k+m71)

2
§5n+m_1 ‘ . H

= llall?|lbm|[7

2
L2(Pn+k+m—1)

q.e.d.

Definition 10.14.
Let (M, tr) be the finite von Neumann algebras on Hy = L?(Grg(P)) generated by all
left multiplication operators L,, a € Grg(P).

Remark 10.15.
Note that we also have the right multiplication operators R, on Hj, where R,(b) = b*a
for b € Grg(P). Put

0=1= 3 <R

Then we have
tr(a) = (a,Q) = (a2, Q),

Q) is cyclic and separating for M} and we have

My, =vN(Lq | a € Gri(P)), M =vN(Rq | a € Gry(P)).

Definition 10.16.
We put

U :% € Py (note U = Uy,)

and define

Ay, = alg(Uyg) C Grg(P) and A = vN(Uy) = A M.
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Remark 10.17.

1) Note that A and Ay are commutative and

Ll - LN ] m
Uk*Uk: + +

i.e.

U« Uy = +U +90

- U
Akzspan{ }

2) We will show A’ N My, = APy . (In particular, A is maximal commutative in Mj,
for £ = 0.) From this we obtain then

and hence

Mé N M = PO,k = P;.

Notation 10.18.

1) For
€ P
we define
A AN ‘ N AN
L p q
Tpg = Nz € Potgipk
LA
2) For n > 0, we define
L~ ~l
V, :=spang = € P, — - =0 = — z

Lemma 10.19.
Forv e V,,,v € V,;, and n,m > 1 we have

oy [0 p=pa=3
p,q> Up,§ 0 otherwise

Proof. As an example for the first case we have
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<% S R B %>:@U =D
and thus
(v1,3,01,3) = < ’

In the other case we have for example

B
~——

<g v -] B »> th(&” N vJ)ZO

Theorem 10.20.
As an A-A bimodule we have the decomposition

L*(My) = [Pop @ P(N)] @ [H @ *(N) ® *(N)],

where the second component is generated by elements v, , (with v running over a basis
of the V},) and with the action

Us s v Vi + o p=0
k q = :
e VoUpi1,4 + Vpg + V0014 >0
Proof. Consider for example
Up*x — v — = — v = 4+ — v — 4+ — v —
q.e.d.

Corollary 10.21.
We have A" N Mj, = APy .
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Proof. Assume ¢ € M) C L?*(Mj) is in A’. We have to show that ¢ cannot have a
component in H ® [?(N) ® I2(N). Assume

&= Zap’qvp,q and ExUp =Ug x €.

Then we have

Z Qp,q Uk * vpg = Z Qp,q Upq * Uk
—— ——
Up+1,¢tUp,gtUp—1,9 Up,q+11Up,qgtUp,q—1
Hence, by the fact that & € L?, apq = 0 for all p, q. q.e.d.

Corollary 10.22.
If 6 > 1, then we have for each k that M{N My = Py = Py (as algebras).

Proof. We have
MoynM Cc ANM,= APy

Assume £ € APy, is in M{ N My, hence it commutes in particular with

o = U EM()CMk

Write £ € APy, as an 12 sum

o0
&= ch * 1o, where ¢, € Py 1.
n=0

We have

A A4
ax*xly, = = *

which gives

N L[ PN PN N

In the same way one gets 1¢,, * o, the only difference is that all contractions happen on
the right. If we denote the first of the pictures above by A, and its right counterpart by
pn, then the difference between the two calculations is given by

= 1
[0575] = (en + —=cnt1)(An — 0n);
RZ% \/S +1 0

this implies that ¢,41 = —c,V/0 for all n > 1, and hence, by the [?>-summability of the
Cn, that ¢, =0 for all n > 1. q.e.d.
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Remark 10.23.

It remains to see, that My is given as the basic construction for My C My, i.e. My =
(M, e), where e is the projection from M; onto My. The crucial property of e was

exe = Eyp(z)e for all x € M;.

Let us check that this is the case. We have for

x !
xr=-x € M; that By, (z) =1

sCLE e Mo

and x € My C My is given in My by adding a horizontal string, i.e.

e
! |

r=—— T fEMQ

R S—
We put
_ 1 |
€ = S [ € MQ
then we have 1
exe = 33 1 i r
|
=43 & ¢
= 2]

Note that e is a projection

—_
J
T

T
(SO

1]

iy

f

1 P14 L
5 BEh = © ¢

and that

-+
=
—~
Q)
~—
Il
=
@
Il
=
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11 The Search for Subfactors With Small Index
The standard invariant for a subfactor My € M is given by

(C:MéﬂMo C M(/)ﬂMl C M(/)QMQ - MéﬂMg
U U U
C:M{ﬂMl C M{ﬁMg - M{ﬂMg

This is the inclusion of finite dimensional C*-algebras, equipped with a consistent trace.
Part of the information is contained in the Bratteli-diagram, say for the first row
(shown for T'L in the following example)

Py o
Py \01

Py 01/ \01

P \ / \

P / \ / \
. \ / \ /
n / \ / \
P \014/ \ /

The part on the (n + 1)-th level is the reflection of the (n — 1)-th level plus “new stuff”;
and the new stuff on the (n — 1)-th level is only connected to new stuff on the n-th level.

Definition 11.1.

The principal graph of our subfactor My C Mj is the graph I' consisting of the new stuff;
this is a bipartite graph. If the principal graph is finite, then the subfactor My C M; has
finite depth.

Remark 11.2.
1) Note that we have two principal graphs for a subfactor My C M;
a) T for the inclusion { M} N My},
b) I for the inclusion {M{ N My }y.
2) One can show

a) The graph T is finite if and only if T” is finite.

92



b)

c)

The graphs T' and I” do not need to be the same, but their “radius” differ at
most by one.

If [|T'|| denotes the operator norm of the adjacency matrix of I" (i.e., the largest
eigenvalue, when I is finite), then we have in general

[My : Mo] > ||IT|?,

and with equality if I' is finite. Actually, the index is equal to the norm
squared of the principal graph precisely when N C M, hyperfinite 1I; factors,
is amenable in the sense of Popa. Finite depth is a special case of this.

If My C M; = R is amenable (for example, has finite depth) then the standard
invariant determines the subfactors up to isomorphism. In this case the sub-
factor can be realized as the GNS construction for the embedding of the Jones
tower. Hence for amenable sufactors classifying subfactors corresponds to clas-
sifying planar algebras. Otherwise these are different classification problems.
(We know something about planar algebras, but non-amenable subfactors are
out of reach for the moment).

Example 11.3.

1) For [M; : My] < 4 one has to find all I with ||I'|| < 2. Those are all finite and can
be classified as follows:

2)

the graphs A,, are given by

n=1
A12(0) [ A1 = 0.
n=2
Ay [(1) é}WH/lgH:l, index = 12 = 1

n=23

010

A= {1 0 1] ~ [43] =v2,  index =2 =2
010
In general

T
J4ull = 2008 (7).

. . . . 2
corresponding to the possible indices 4 cos (ﬁ)
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3)

b) For n > 4, the graphs D,, are given by

with || Dy|| = 2 cos (ﬁ)

with ||Eg|| = 2cos (7%), |E7|| = 2cos (i) and || Es|| = 2cos (35).

¢) We have

and

In the 1990s one has classified all possible subfactor planar algebras which can have
those graphs as principal graphs:

Principal graph ‘ A, ‘ Doy ‘ Do, ‘ FEg ‘ E; ‘ Eg

Realization | 1 | 0 | 1 |2 [ 0 [ 2

Since those graphs have finite depth, this gives all subfactors for the hyperfinite IIy
factor R with index < 4. For example in the case of index 4 cos? (3%) there are
4 different subfactors of R; one with principal graph Asg, one with Dig and two
different ones with Ej.

One can also classify all possible principal graphs with ||I'|| = 2 and find all corre-
sponding standard invariants. Not all of them are finite depth, but they are still
amenable, hence determine in the hyperfinite case still the subfactor.

For index bigger than 4 things are getting complicated.

Remark 11.4. 1) Consider the infinite graph
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then

01 -

has norm 2. This is the principal graph of the Temperley-Lieb planar algebra T'L(J).
For 0 = 2 this is still amenable, hence there is one hyperfinite subfactor with A,
standard invariant and index 4. For each index > 4 there is at least one subfactor
with Ao standard invariant. We do not know if it can be realized with hyperfinite
subfactors, but it can with subfactors isomorphic to L(F) (by a result of Popa
and Shlyakhtenko). For the hyperfinite case one knows that there is a subfactor
of the hyperfinite II; factor with index 4.02642... (though this index is the norm
squared of the graph FEjg, the standard invariant of this subfactor is still Ay, ) and
it is actually claimed by Popa (announced in 1990, but no published proof yet) that
this is the smallest possible index > 4 for an irreducible subfactor of the hyperfinite
I1; factor.

[Note that irreducibility is part of the data given by the standard invariant, hence
every subfactor with A, standard invariant is irreducible.]

For index > 4 one also has a standard invariant A_, . This corresponds to Jones
easy construction of a hyperfinite subfactor for every number > 4, see Example
4.8. But those are reducible. Finding irreducible subfactors with index >4 is highly
non-trivial.

In the range 4 <index< 5, there are only the following possibilities for irreducible
subfactors of the hyperfinite II; factor.

a) TLy, () with principal graph A,,. But it is not known for which indices one ac-
tually has hyperfinite subfactors. As mentioned above, there is one at 4.02642...,
but not much more is known. It could be that the values are dense starting at
some point between 4 and 5.

b) 10 explicitly known planar algebras, each of them having finite depth and hence
there is exactly one hyperfinite subfactor corresponding to each of them.

There is some hope for similar classification up to somewhere between 5 and 6.

At the latest at index 6 things are getting pretty wild and all hope is gone. One
knows the subfactor planar algebras up to index 3 + /6, but not all the subfactors.

The idea to find subfactors with small index is to look for graphs with small norms
and then to find (or rule out) planar algebras which have those as principal graphs.
All this is quite non-trivial (and requires a lot of consistency checks by computer).
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7) An interesting subfactor is the Haagerup subfactor with principal graphs

..

and

with index

IT|? = ~ 4.302.

5413
2
This is actually getting quite complicated; for getting this sorted out one should consult
the nice survey article “The classification of subfactors of index at most 5” (by V.F.R.
Jones, S. Morrison, N. Snyder, Bulletin of the AMS 51, 2014) or just ask Dietmar Bisch
or Vaughan Jones.
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Exercises

Exercise 1.

(a)

Let ¢ be a linear functional on some B(H). Prove that the following statements are
equivalent:

(i) There are n € N and vectors &1,...,&n, M1, - -,y € H, such that

$(x) = (x&,mp)  for all x € B(H).
k=1

(ii) ¢ is continuous with respect to the weak operator topology.
(i) ¢ is continuous with respect to the strong operator topology.

Show that the equivalence of (ii) and (iii) still holds for a linear functional ¢ defined
on any von Neumann algebra M C B(H).

In fact, for any linear functional ¢ on a von Neumann algebra M C B(#), the following statements
are equivalent (see Blackadar, Theorem II1.2.1.4):

(i) There are sequences (£x)ken, (1k)ken in H with Y72 | [|€k
that ¢(z) = > 72 | (@€, k) for all z € M.

7 < o0 and 352, x> < oc, such

(ii) ¢, restricted to the unit ball of M, is continuous with respect to the weak operator topology.

(iii) ¢, restricted to the unit ball of M, is continuous with respect to the strong operator topology.

(iv) ¢ is normal.

If ¢ is a state, these are also equivalent to

(v) There is an orthogonal sequence (£ )ren of vectors in H with >°3° | [|€ > = 1, such that
d(x) =D 7o (w€k, &) for all z € M.

(vi) ¢ is completely additive, i.e., whenever (p;)icr is a family of mutually orthogonal projections

in M, then ¢(Zi61pi) = i1 $(0i)-

Let M be a finite factor and let 7 be the unique norm-continuous trace on M (see
Theorem 2.14). As usually, we denote by L?(M) = L*(M,7) the complex Hilbert
space obtained by completion of M with respect to the inner product (-,-) induced
by 7, i.e. (z,y) := 7(xy*) for all z,y € M. The corresponding norm on L?(M) will
be denoted by || - ||2.

Consider now the unit ball B := {z € M| ||z|| < 1} with respect to the operator
norm || - || on M. Show that B, endowed with the metric induced by | - |2, is a
complete metric space and that the topology on B induced by || - ||2 is the same as
the strong operator topology.

Exercise 2. Let M C B(H) be a type IIj-factor with trace 7, acting on some Hilbert
space (H, (-,-)) where M possesses a cyclic and separating vector € such that 7(z) =

(22,

Q) for all x € M. Denote by M' the commutant of M and let J : H — H be

the antilinear unitary involution determined by J(z) = x*Q for all z € M. Prove the
following statements:
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(a) For all £, € H, we have (J¢, JJn) = (n,§).
(b) For all z,a € M, it holds true that JxJ(af2) = az*).
(c) If x € M’ is given, we have JzQ = 2*Q.

Deduce finally that JMJ = M'.
Hint: Switch the roles of M and M’. What does (c¢) tell us about this case?

Exercise 3. Fix any integer m € N, m > 2. Consider the chain of inclusions
M (C) — M,,,2(C) — M,,3(C) — ... = Mpn(C) = M,,n1(C) — ...,

which are given by

Myn(C) — M,n+1(C), B+~
B

(a) Justify that its union M (™) := Uneny Mmn(C) is a complex unital algebra and show
that there exists a (well-defined!) tracial linear functional 7™ : M (™ — C such
that 70" (B) = tr,,» (B) holds for any B € M,,»(C). Recall that tr,,» denotes the
normalized trace on My, (C).

(b) Denote by (™ the Hilbert space which is obtained by completion of M ™) with
respect to the inner product given by (A, B) () = (M (AB*). Prove that each

B € M) induces a bounded linear operator on H(™), i.e., we can view M(™
B(H™).
sot

(¢) Consider the von Neumann algebra R := M)~ c B(#(™). Show that there
exists a unique normal tracial state 7 on R.
(d) Prove that R is a type II;-factor.

Hint: Since the center Z(R) := RNR’ of R is generated by its positive elements,
factoriality follows as soon as we have shown that any positive z € Z(R) is a positive
multiple of 1. For doing so, use the result obtained in (c).

It is a non-trivial result of Murray and von Neumann that R does not depend on the special choice
of m. In fact, the obtained von Neumann algebra R is the hyperfinite II;-factor. To see that R is
isomorphic to L(Ss), as the hyperfinite II;-factor was introduced in the lecture, is again a non-trivial
result of Murray and von Neumann.

Exercise 4. Let M C B(#) be von Neumann algebra on some Hilbert space H and let
p € M be a non-zero projection. Prove the following statements:
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(a) We have pMp = (M'p)’ and (pMp)' = M'p as algebras of operators on the Hilbert
space pH = ran(p). Thus pMp and M'p are both von Neumann algebras on pH.

Hint: First show that (pM’)" = pMp holds. Conclude by proving that any unitary
u € (pMp)" can be extended to an isometry @ : K — K on the Hilbert space
K := MpH C H, such that @ig € M’ holds for ¢ being the orthogonal projection
from H onto K. For this purpose, check that g € Z(M).

(b) If M is a factor, then pMp and pM’ are both factors on pH. Moreover, the map
&: M — Mp, v+ xp
is a weakly continuous *-algebra isomorphism.

Hint: Use the general fact (which was proven in (a)) that the orthogonal projection
q from H onto K = MpH belongs to Z(M).

(c) If M is a factor and if z € M and y € M’ are given, then xy = 0 implies that x = 0
or y = 0.

(d) If M is a factor, then M U M’ generates B(H) as a von Neumann algebra.
(e) If M is a type IIj-factor, then pMp C B(pH) is also a type I1;-factor.

Exercise 5. Let M be a type II1-factor and denote by 7 its canonical trace. Prove the
following properties of the coupling constant:

(a) If (Hi)ier is a family of M-modules over a countable index set I, we have that
dim (@ 'Hl) = ZdlmM(Hz)
i€l i€l

(b) If H is an M-module and p € M a projection, then it holds true that

1 :
) dimps (H).

(c) Consider the commutant M’ of M with respect to its standard representation on
L?(M). If g € M’ is a projection, we have that

dimyarp(pH) =

dimps (qL?(M)) = 7ar:(q).

(d) Assume that #H is an M-module for which M’ is also a type IIj-factor. We denote
the canonical trace of M’ by 7p;,. For any p € M’, it holds true that

dimpsp, (pH) = Tar (p) dimps (H).

Exercise 6. Consider the type I,,-factor M = M,,(C) for some n € N and denote by try,
its normalized trace.
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(a) Discuss the statements (a) — (d) of Exercise 4 in each of the two cases
H=C" and H=L*(M)

(b) It is known that each representation of M on a finite dimensional Hilbert space H is
unitarily equivalent (in analogy to Definition 3.15) to a representation of the form

M — B(C"®C*) = M, (C) ® My(C), z— z®1

for some k € Ny. In this case, we put

k
dimps(H) == e

What are the correct analogues of the properties (a) — (d) in Exercise 57

Exercise 7. Let H and G be discrete i.c.c. groups, such that H is a subgroup of G.
We denote by [G : H] the group theoretic index of H in G, i.e. the number of (left
or right) cosets of H in G. Recall that left and right cosets of H in G are of the form
gH = {gh| h € H} and Hg = {hg| h € H} for g € G, respectively, and that their
number is always the same.

(a) Justify that ¢2(G) provides an L(H)-module and prove that its L(H )-dimension is
given by
dimy, ) (¢*(G)) = [G : H].

(b) Consider the group factor L(G) and denote by 7 its canonical trace. Show that
L*(L(G),7) and  (*(G)

are isomorphic as L(G)-modules.

(c) Show that L(H) can be considered as a subfactor of L(G) and deduce for the
corresponding Jones index that

[L(G) : L(H)] =[G : H].

Exercise 8. Let M C B(#) be a finite dimensional von Neumann algebra.
(a) Prove that pMp is a factor on pH for each minimal projection p in the center Z(M).

(b) Show that the center Z(M) is a finite dimensional abelian von Neumann algebra,
which can be written as

k
Z(M) = @(Cpi),
i=1
where p1, ..., pr denote the minimal projections in Z(M).
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(c)

Deduce that there are kK € N and nq,...,n; € N, such that M is isomorphic to

In fact, there are Hilbert spaces K1, ..., K and a unitary u : @le((cni QLK) — H,

such that i

u*Mu=PBC™)@1).
=1

Hint: You may use without giving a proof that for any type I,-factor M on a
Hilbert space H, there exists a Hilbert space K and a unitary u : C" ® L — H, such
that uMu* = B(C") ® 1.

Exercise 9.

(a)

Let M be a factor of type I,,. Prove that any subfactor N of M is of type I, for
some integer m dividing n. Moreover, show that all subfactors N of M of type
I, are uniquely determined, up to conjugation by unitaries in M, by the integer
k > 0 such that pMp is a factor of type I for some minimal projection p € N and
mk =n.

Let N C M be finite dimensional von Neumann algebras. Let pi,...,ps, be the
minimal central projections of M and gqi,...,q, those of N. For each (i,j) €
{1,...,n} x {1,...,m}, pjqiMg;p; yields a factor with subfactor p;q; N, to which
we may associate an integer k; ; according to (a). We form the matrix

Compute A for M = M5(C) @ M3(C) and the subalgebra N of matrices of the form

X X 0

0 0
0 X 0 @( ) with z € C and X € M;(C).
0 0 =2 02

Often, the matrix
WA= (Ts.5) 6=0,00

G=1 00
is represented by a bipartite graph G = (V, E) on the vertex set V = PUQ with P = {p1,...,pm}
and @ = {q1,...,qn}, which has k; ; edges between ¢; and p;. The obtained graph G is called the
Bratteli diagram for N C M.

Show that k;; = Tr(pje;) holds, if e; is a minimal projection in the factor ¢;N.
Note that Tr denotes here the unnormalized trace on p;Mp;, which is isomorphic
My, (C) for some m; € N.
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Exercise 10. Let p,q € B(H) be orthogonal projections on a separable complex Hilbert
space H.
(a) Show that
s—lim (pgp)" =pAgq.
n—oo

Hint: First show (for instance by using functional calculus) that the sequence
[e.9]

((pgp)™)o2, converges strongly to some projection e € B(H). Finally, in order to
identify e as p A g, consider expressions of the form (pgp)™q(pgp)™ for m,n € N.

(b) Deduce the formula stated in Remark 5.13 (3), i.e., prove that
s-lim (pg)" =p A gq.
n—oo

(c) Discuss the statements (a) and (b) in the case H = C3 for the projections

100 1 00 cos(#) 0 —sin(6)
p=10 1 0 and g=u |0 1 0]u*, where u= 0 1 0
0 00 0 00 sin(f) 0 cos(6)

for some 0 < 0 < .

Exercise 11. Let (S5,)72 be the sequence of Chebyshev polynomials of the second kind,
which are recursively defined by Sp(z) = 1, Si(z) = = and

zSp(x) = Spt1(z) + Sp—1(z) for all n > 1.

Prove the following statements:

(a) For alln >0 and all 0 < § < 7, it holds true that

sin((n + 1)0).

Sn(2cos(0)) = S0 (0)

(b) We have for all n,m > 0 that
2
1
/ S () Sy () 5V 4—22dx = dpm.
—92 ™

(c) For all z € [-2,2] and all z € C with |z]| < 1, we have that

1—xz+22 ZS

(d) For z,y € [-2,2] and all n > 0, it holds true that

M = i Sk_l(l')sn—k(y)'
=y k=1
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Given any finite dimensional von Neumann algebra M, we know from Exercise 8 (c), that
Mngl(C) ®"’@Mml(c)

for some [ € N and my,...,m; € N. For any choice of £ = (t1,...,%)% € Ry, where R := (0, 00), we
can thus introduce a faithful trace 7 on M by

7= (t1 Trm, ) @ -+ - @ (6 Trym, ).

In fact, it is easy to see that any faithful trace 7 on M arises in this way, and in this case the corresponding
vector t is called the trace vector of 7. Obviously, the trace 7 is normalized (i.e. 7(1) = 1), if and only
if tim1 + -+ -+ tym; = 1 holds.

Exercise 12.

(a) In Exercise 9 (b) we have constructed for any inclusion N C M of finite dimensional
von Neumann algebras a matrix A% . Consider now finite dimensional von Neumann
algebras N C M C P. Prove that the matrices corresponding to these inclusions

satisfy the relation
P M AP

(b) Take finite dimensional von Neumann algebras N C M, satisfying
N=M,(C)&---& M, (C) and M=M, (C)&- & M,(C),

with the matrix
AN = (Mij)izt.. &
ol

j:17' bl
constructed according to Exercise 9 (b). Moreover, let 75 and 7as be a faithful tracial
states on N and M, respectively, with corresponding trace vectors 5= (s, ..., s;)"
and t = (t1,...,t;)T. Prove that 7y/|y = 7w if and only if A%f: s.

It can be shown that the basic construction works equally well in the non-factor case. More precisely,
in the situation of the previous exercise and under the assumption that 7as|ny = 75 holds, we can find
a projection ey € B(L?(M,7yr)), such that ey () = En(z)Q holds for all z € M, where Q = 1 €
L*(M, 7a) and En denotes the conditional expectation from M to N as in Theorem 5.2. We consider
then the von Neumann algebra (M, en) € B(L*(M,Tar)) generated by M and ex.

Lemma (Jones, 1983).
Let p1,...,pr be the minimal central projections of N. Then

(i) Jpad,...,IprJ are the minimal central projections of (M, en),

(i

) A M o) — = (AX)T (with the obvious identification of the indices p; <+ Jp;J),
(iii) eNJp2 = enpi,
)

(iv) =+ enzJp;J is an isomorphism from p; N onto (enJp;J)(M,en)(enIpiJ).
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Exercise 13. Consider the finite dimensional von Neumann algebras N C M given by

CeC =N C M:=M(C)
G 2)
21 D 2o —
0 z9
We endow M with the usual trace 7py = tro and N with the restriction 7n = 77|

Compute ey € B(L?*(M, 7)) and check explicitly the validity of the statements made
in the lemma above.

Following Jones, we call a faithful tracial state 7 on My = (M, en) a (A, P)-trace, for A > 0 and a
subalgebra P of M, if 7 extends 7as and 7(exx) = Ara(x) holds for all z € P.

Theorem (Jones, 1983).
Given A > 0, there exists a (A, M)-trace on M, if and only if

ATAT=X"'% and AATZ=)"'3 where A = AN . (12.1)

Exercise 14.
(a) Show that a (A, N)-trace on M is also a (A, M)-trace on M.
(b) Prove the theorem above of Jones.

(c) Show that if condition (12.1) is satisfied for finite dimensional von Neumann algebras
N C M, endowed with traces such that 7a7|ny = 7n holds, then the basic construc-
tion can be iterated in the sense that there is a (A, M)-trace on M; = (M, en), a
(A, My)-trace on My = (M, epr), and so on.

It was observed by Jones that the projections appearing in the Jones tower

el=en es=enr €3=€m, €4=€No

NCM C My C My C M; C

constructed according to part (c) of the previous exercise can be used to build a subfactor Py C P with
Jones index [P : Py] = A™'. In fact, it can be shown that P is isomorphic to the hyperfinite II;-factor.

Exercise 15. Let n € N with n > 2 be fixed. Consider the symmetric matrix A =
(Aij)7 = defined by

1, ifji—j|=1
Aij =13 if i =l fori,j=1,...,n,
0, else
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i.e., we have

0 1 0 0
1 0 1
A=lo 1 =~ 0
R (|
0 ... 0 1 0

(a) Prove that the eigenvalues of A are precisely the zeros of the n-th Chebyshev poly-
nomial S,, of the second kind (cf. Exercise 11), i.e.

{2(305( i >‘k:1,...,n},
n+1
km

where an eigenvector corresponding to the eigenvalue A = 2 cos (T—H) is given by

e (s () (). (27))
L VLD A VI AR P D A

(b) Deduce that all values in

{4cos2< j_l)‘n22}
n

show up as the Jones index for some subfactor of the hyperfinite II;-factor.

It is worth to point out that (12.1) gives an interesting connection to the famous Perron-Frobenius
Theorem. More precisely, the existence of a positive eigenvector i for the matrix P = AAT (or analogously
§for P = ATA) implies that the corresponding eigenvalue A\~* determines its norm by ||A[|? = || P|| = A~!
and hence the Jones index of the constructed subfactor Py C P, i.e. ||A||> = [P : Py]. However, for this
purpose, we do not need the Perron-Frobenius Theorem in full generality. Hence, a more specialized
proof (which nevertheless follows ideas of the general proof) is more appropriate.

Exercise 16. Let a real matrix P = (P;;);';_; € My, (R) be given, which is both symmet-
ric (i.e. PT = P) and non-negative (i.e. Pjj > 0foralli,j=1,...,n). Moreover, assume
that there exists a real eigenvector y = (y1,...,yn)’ of P, which satisfies y1,...,yn > 0,
with corresponding eigenvalue A > 0.

(a) On the set
Iy ={z=(z1,...,2,) € R 21,...,2, >0}

consider the function

L: T, —0,00), x+— max{s > 0| sz < Pz},
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where = < 2’ for real vectors z = (z1,...,2,) and 2’ = (2,...,2]) means that

x; < 2} holds for all i = 1,...,n. Prove that

n

sup L(z) = A = L(y).
zel'y

Hint: Consider the inner product of (x,y) for z € T, and check that we always
have (x,y) > 0 in this case.
Deduce that [|P|| = A.

Hint: Note that if A\q,..., )\, are the ordered eigenvalues of any symmetric real
matrix P, listed according to their multiplicity, then || P|| = max{|A1[,..., | |}

Exercise 17.

(a)

Find a braid b whose closure b yields the following link and compute its Jones
polynomial Vj(t).

Hint: Note that there are actually two different Jones polynomials related to the
picture above, depending on the choice of an orientation on both of its components,
since this will change the corresponding element in the braid group.

Find a braid b whose closure b yields the following knot and compute its Jones
polynomial Vj(t).

Hint: Choose any point P in the plane, which does not belong to the given pro-
jection of the knot, and fix an orientation of the knot. Try to deform the knot
until its orientation on any subarc goes in mathematical positive sense around P.
Decompose the obtained projection of the knot in sectors around P, such that each
sector contains at most one crossing of the knot.
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Exercise 18 (von Neumann mean ergodic theorem). Let H be a separable complex
Hilbert space and let U : H — H be a unitary operator. Prove that

1 ne
lim > U =mr(¢) (12.2)

holds for any £ € H, where 7 denotes the orthogonal projection from H onto the closed
subspace HY of all U-invariant vectors in H, i.e. HY := {¢ € H| U¢ = ¢},

Hint: Consider the (possibly non-closed) subspace W := {U{ —&| € € H} of H and
show that

(a) W and HY are orthogonal,

(b) formula (12.2) holds separately on HY and W (and hence also on HY + W),
(c) formula (12.2) holds on HU + W,

(d) we have HU + W = H.
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