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ABSTRACT. We survey some recent results from [BCI8b|, where a class of highly entan-
gled subspaces of bipartite quantum systems is described, which arises from unitary fiber
functors on the Temperley-Lieb category associated to the representation theory of free or-
thogonal quantum groups. By exploiting the rich structure of the Temperley-Lieb category
and this particular fiber functor, we are able to precisely determine the largest singular
values for these subspaces and obtain lower bounds for the minimum output entropy of the
corresponding quantum channels. Future research directions and some open problems are
also discussed.

1. INTRODUCTION

Entanglement is a fundamental notion in quantum mechanics that does not have an ana-
logue in the classical world. Within the framework of quantum computation and quantum
information, entanglement in bipartite or multipartite systems produces, on the one hand,
many counterintuitive phenomena, while on the other hand, can be used to design new com-
munications protocols which admit no classical analogues [Eis06, [Gro96, [CLSZ95, [EJ96].

Throughout this paper we will focus on entanglement in bipartite quantum systems.
Within the formalism of quantum mechanics, a quantum mechanical system is described
by a complex Hilbert space H: the (pure) states of the system are described by unit norm
vectors £ € H, taken up to a complex phase factor. (In this paper, all Hilbert spaces are
taken to be finite-dimensional, unless otherwise specified.) Equivalenty, a pure state of the
system can be described by the rank one projector p = [£)(¢| onto the subspace C¢ C H.
The (closed) convex hull of pure states is denoted by D(H), and elements p € D(H) are
called mized states. D(H) is a convex compact set (with respect to the weak *-topology in-
duced by the trace duality B(H) = S;(H)*, where S;(H) = spancsD(H)), and the extremal
points of D(H) are the rank one projectors, i.e., pure states. In the quantum context, a
bipartite system AB, built from subsystems A, B, is modeled by the tensor product Hilbert
space H = H, ® Hpg, where the Hilbert spaces H, and Hp describe the states of systems A
and B, respectively.

Given a bipartite system modeled by the Hilbert space tensor product H = Hy ® Hp,
a mixed state p € D(H) is said to separable if it belongs to the convex hull of the set of
product states p = pa ® pp, where py € D(H,) and pp € D(Hp). A state p is called
entangled if it is not separable. We shall call a Hilbert subspace Hy C Hy ® Hp an entangled
subspace if all of its associated pure states are entangled. In this paper, we are concerned
with studying non-trivial examples of highly-entangled subspaces Hy C H = H4 ® Hg. By
highly-entangled, we shall mean that set of pure states on H associated to the subspace Hy
are uniformly “far away” from the set of product states ps ® pp € D(H) with respect to

some suitable measure of distance. The choice of distance here is not unique, and our choice
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is based on the largest singular value of pure states - precise details will be given in the next
section.

A trivial example of a highly-entangled subspace is the one-dimensional subspace Hy =
C¢ € Hy ® Hp spanned by a maximally entangled (Bell) state £. Le., a state £ of the form
£ =d 'Y ;@ fi, where d = min{dim H,,dim Hp} and (¢;); C Ha, (fi); C Hp are
orthonormal systems. Naturally, the larger the dimension of subspace Hy C H, the less
likely it will be highly entangled, as per the above notion of entanglement. In recent years
it has become a very important problem in Quantum Information Theory (QIT) to do the
following: Find subspaces Hy of large relative dimension in a tensor product H = Hy ® Hpg
such that all states are highly entangled.

One rich source of highly entangled subspaces comes from random techniques. The idea
of studying random subspaces of tensor products dates back to the work of Hayden, Leung,
Shor, Winter, Hastings [HLSW04, [HWO08, [HLWO0G6, [Has09], among others, and it was ex-
plored in great detail by Aubrun, Belinschi, Collins, Fukuda, King, Nechita, Szarek, Werner
[ASWT1) [ASYT14, BCN12, [FK10], and others. The general outcome of these works was the
conclusion that (at least in certain asymptotic dimension regimes) highly entangled subspaces
of large relative dimension are ubiquitous: with high probability, a randomly selected sub-
space will be highly entangled. These random constructions have had a profound impact on
the field, solving several open problems, most notably the minimum output entropy additiv-
ity problem [Has09,[ASWT1],[BCN16]. The downside to these these highly random techniques
is that they provide no information on finding concrete examples that are predicted to exist
by these methods. In fact, there seems to be embarrassingly few known examples of such
subspaces (beyond the well-known antisymmetric subspace HAH C H® H [GHP10].) Thus,
there is a need for a systematic development of non-random examples of highly entangled
subspaces.

One natural place to search of examples of highly entangled subspaces is within the frame-
work of representation thoery. More precisely, given a (compact) group G, one can consider a
pair of (irreducible) unitary representations H.,, H,, form their tensor product representation
H,®H,, and then attempt to quantify the entanglement of the irreducible subrepresentations
H, C H, ® H, that arise in the decomposition of H, ® H, into irreducibles.

A first attempt was made in this direction by M. Al Nuwairan [AN13, [AN14], by study-
ing the entanglement of subrepresentations of tensor products of irreducible representations
of the group SU(2). Here, Al Nuwairan showed that entanglement always achieved (ex-
cept when one takes the highest weight subrepresentation of a tensor product of SU(2)-
irreducibles). However, as is evidenced by the results in [AN13] Section 3], a high degree of
entanglement is unfortunately not achieved when working with SU(2).

In order to use representation theory to obtain examples of entangled subspaces exhibiting
a higher level of entanglement, there are two natural approaches: The first approach would
be to consider more complicated examples of compact groups and their representations. The
significant downside of this approach is that for most examples of groups G, one lacks the
complete understanding of the representation category Rep(G) that one has for SU(2). The
second approach, which we follow in this paper, is to instead consider “g-deformations” of
the representation category Rep(SU(2)) arising from certain quantum group constructions.

Perhaps the most well-known examples of such deformations are the canonical realizations
of (i.e., unitary fiber functors on) the Temperley-Lieb Categories TL(d) that are associated
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to the Drinfeld-Jimbo-Woronowcz g-deformations of SU(2), where ¢ + ¢~' = d € C\{0}
[Dri&7, [Jim&5, [Wor88, Wor87]. In this paper, we consider a very different realization of the
Temperley-Lieb categories TL(d) which act on higher dimensional spaces, and come from
another class of quantum groups (more closely linked with operator algebra theory and free
probability theory), called free orthogonal quantum groups.

Given an integer N > 2, the free orthogonal quatum group O}, is the compact quantum
group whose Hopf #-algebra of polynomial functions O(O};) is given as a certain natural
non-commutative (or free) version of the algebra of polynomial functions on the classical
N x N orthogonal matrix group Oy. A remarkable observation of Banica [Ban96] showed
that the representation category Rep(O};) gives a faithful realization (unitary fiber functor)
of the Temperley-Lieb Category TL(N) with generating object given by the N-dimensional
fundamental representation space CV (in contrast to C? given by the usual g-deformation
of SU(2) (or sly)). It is the entanglement phenomena associated to this higher dimensional
fiber functor on the Temperley-Lieb category that we study here.

Our motivation to study entaglement in the context of Rep(O}) = TL(N) comes from
the pioneering work of Vergnioux [Ver(O7] on the seemingly unrelated property of rapid decay
(propety RD) for quantum groups. The property of rapid decay is a geometric-analytic
property posessed by certain (quantum) groups and corresponds the existence of poynomial
bounds relating non-commutative L*>-norms of polynomial functions on quantum groups to
their (much easier to calculate) L?>-norms. The operator algebraic notion of property RD
has its origins in the groundbreaking work of Haagerup [Haa79] on approximation properties
of free group C*-algebras. Unlike in the case of ordinary groups, where property RD is
connected to the combinatorial geometry of a discrete group G, in the quantum world,
property RD was observed by Vergnioux to be intrinsically connected to the geometry of
the relative position of a subrepresentation of a tensor product of irreducible representations
of a given quantum group. More precisely, Vergnioux [Ver(7, Section 4] points out that
property RD for a given quantum group G is related to the following geometric requirement:
Given any pair of irreducible representations Ha, Hg of G, all multiplicity-free irreducible
subrepresentations Hy C Ha ® Hp must be asymptotically far from the cone of decomposable
tensors in Hy ® Hp.

The work [BC18b|] that we survey here is largely an in-depth exploration of this passing
remark of Vergnioux [Ver(7], and our goal is to show how a rather modest understanding of
the structure of the Temperley-Lieb category can be extremely fruitful when analyzing the
entanglement problem for Rep(O};). In this context, we show that one can describe very
precisely the largest singular values of states that appear in irreducible subrepresentations
of tensor product representations (see Theorem . As a result we produce a new non-
random class of subspaces of tensor products with the property of being highly entangled and
of large relative dimension. We also deduce from our entanglement results some interesting
properties for the class of quantum channels associated to these subspaces. We compute
explicitly the S — S norms of these channels, and obtain large lower bounds on their
minimum output entropies (see Section. We also show in Sectionhow one can use “planar
algebraic” arguments to study further properties of our quantum channels, including their
entanglement breaking property, and constructing positive maps on matrix algebras which
are not completely positive.



It is our hope that this survey will inspire others to view quantum groups/symmetries
and their associated tensor categories as a new, rich source of entangled subspaces with
interesting geometric properties.

The remainder of this work is organized as follows: We recall in the first part of Section
some concepts related to entangled subspaces, quantum channels, and minimum output
entropy of quantum channels. The second half of Section [2] introduces the free orthogonal
quantum groups, describes some aspects of their representations theory, and explains the
connection with the Temperley-Lieb category. Section [3|is the main section where we study
the entanglement of irreducible subrepresentations of tensor products of Oj;-representations.
There we present the property RD-entanglement inequality (Proposition , establishing
high entanglement for the subspaces under consideration (Theorem . We then go on to
generalize this rapid decay inequality to a higher rank version (Theorem and discuss
its optimality. We apply this strengthened rapid decay property in Section [4] to study the
quantum channels that are naturally associated to our entangled subspaces. Here we obtain
lower bounds for the MOE’s of these channels (Corollary and discuss their sharpness.
In Section [3, we use planar algebra arguments to describe the Choi maps for our quantum
channels, and use these observations in subsections[5.I]and [5.2] to construct new deterministic
examples of d-positive maps between matrix algebras, and study the entanglement breaking
property of our channels. Finally, in Section [6] we outline some problems and future work
related to our results.
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2. PRELIMINARIES

2.1. Entangled subspaces of a tensor product. Consider a pair of finite-dimensional
complex Hilbert spaces H4 and Hg. We call the fundamental fact that unit vector £ be-
longing to the tensor product Hilbert space H4 ® Hp admits a singular value decomposition:
There are unique constants A\; > Ay > ... \; > 0 (with d = min{dim H4,dim Hg}) and
orthonormal systems (e;)%_, C Ha and (f;)%_, C Hp such that

d
§= Z Ve ® fi.
i=1

The sequence of numbers (\;); is uniquely determined (as a multi-set) by £ and these numbers
are called the singular values (or Schmidt coefficients) of €. Note that [|€]|> = 3¢, A,.

We shall call a non-zero vector £ € H,® Hp separable if there exist vectorsn € Hy, ( € Hp
such that & = n® (. If ¢ is not separable, it is called entangled. Note that a unit vector
¢ € Hy ® Hp is separable if and only if its corresponding sequence of Schmidt coefficients
is (1,0,0,...,0). We shall similarly call a linear subspace Hy C H4 ® Hp separable (resp.
entangled) if Hy contains (resp. does not contain) separable vectors. We note that the

maximally entangled unit vector in Hy ® Hp is the so-called Bell vector (Bell state) &g,
4



whose singular value decomposition is given by
T
Ep=—F47) €® [ (d=>2).
Vil

Note that the Schmidt coefficients of the Bell vector are given by (\/LE’ \/Lg, ceey \/ig, 0,0,... ) :

In particular, the largest Schmidt coefficient \; associated to a unit vector £ € Hy ® Hp is
maximized at 1 precisely when it is separable, and it is minimized at d='/? when £ = &5 is
a Bell state. In this sense, the singular value decomposition is a useful tool for measuring
measure how entangled a unit vector £ € Hy ® Hp is: If \; << 1, then £ is highly entangled.
With this in mind, we call a linear subspace Hy C H4 ® Hp highly entangled if the supremum
of all maximal Schmidt coefficients associated to all unit vectors in Hy is bounded away from
one. That is,

sup A << 1.
£€Hy, |I€[=1

Equivalently, Hy C H4 ® Hpg is highly entangled if and only if

(1) sup [(Eln®@ Q)] << 1.

Il 7o =lmllz , =I<I1 g =1

2.2. Quantum channels. Given a finite dimensional Hilbert space H, denote by B(H) the
x-algebra of linear operators on H, and denote by D(H) C B(H) the collection of states on
H: positive semidefinite operators 0 < p € B(H) satisfying Tr(p) = 1, where Tr denotes
the canonical trace on B(H). A state p € D(H) is called a pure state if there exists a
unit vector £ € H so that p is given by the rank-one projector pe = |£)(£]. We denote
by Si(H) the Banach algebra B(H), equipped with the trace norm |\plls,cmy = Tr(|pl).

At times, we will also write S;(H) for the space B(H) equipped with the operator norm

T |70 = SUPoecH %

Given two (finite-dimensional) Hilbert spaces Hy and Hpg, a quantum channel is a linear,
completely positive and trace-preserving map (CPTP map) ® : B(H4) — B(Hp) [NC00]. By
definition, we have ®(D(H4)) € D(Hp) for any quantum channel ®. A natural model for the
construction of quantum channels comes from subspaces of Hilbert space tensor products.
Given a triple of finite dimensional Hilbert spaces (H, Hg, Hc) and an isometric linear map
aﬁ’c :Hy — Hg ® He, we can form a complementary pair of quantum channels

5O B(H) — B(He); ©5C(p) = (Tra, @ 0)(a5C p(a5C))
O5C B(Ha) = B(Hp); ©5%(p) = (1 ® Tri,) (a5 p(ai€)").

Remarkably, every quantum channel can be expressed in the above form, thanks to the well
known Stinespring Dilation Theorem for completely positive maps. In other words, given any
quantum channel ® : B(H4) — B(Hpg), the Stinespring Theorem guarantees the existence of
an essentially unique Stinespring pair (He, af’c), where H¢ is an auxiliary “environment”

Hilbert space and aﬁ’c : Hy — Hg® H¢ is a linear isometry, so that ® = @i’é in the above

notation. See [HWOS§|, for example.
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The minimum output entropy (MOE) of a quantum channel ® : B(H4) — B(Hp) is given
by
Hyjin(®) ;= min H(P ,
(®):= min H(2(p))
where H(-) denotes the von Neumann entropy of a state: H(p) = —Tr(plogp). Note that
by functional calculus, we have H(p) = — ). A;log\;, where ()\;); C [0,00) denotes the
spectrum of p. In other words, H(p) is nothing but the Shannon entropy of the probability
vector (\;); corresponding to the eigenvalues of p. Note that here we use the usual convention
that 0log 0 = 0. Since the von Neumann entropy functional H(-) is well-known to be convex,
it follows that the MOE H,,;,(®) is minimized on the extreme points of the compact convex
set D(H ), which corresponds to the set of all pure states on H. In particular,
Ho i (®) = min H(® )
(@) = _min _ H@(&ED)
Using this fact together with the Stinespring Theorem, it follows that Hy,(P) depends
only on the relative position of the subspace aﬁ’C(H 4) inside Hg ® He coming from the
Stinespring representation ® = 5 = (1 ® Try, ) (ay () (ay9)*). Indeed, in this case, we
have

Hyin(®) =  min  H(®(){]) = min  H((® Tre)(|ay () {al (©)])

§EH 4, [I€]l=1 EEH 4, |I€]|=1

= min — A log A
§eHa, €]=1 Z v

where ()\;); are the Schmidt coefficients of &f’c(f) = >, Vhie®f; € Hg®He. In particular,
Hypin(®) is zero if and only if af’C(HA) C Hp ® He is a separable subspace.

2.3. Free orthogonal quantum groups, their representations, and the Temperley-
Lieb Category. In this section we give a very light overview of the free orthogonal quantum
groups and some aspects of their finite dimensional representation theory. Much of what we
state below about quantum groups and their representations can be phrased in more general
terms, however this will not be needed for our purpose. The interested reader may refer to
[Tim08], Wor98].

The main idea behind the concept of a free orthogonal quantum group is to formulate a
non-commutative version of the commutative x-algebra of complex-valued polynomial func-
tions on the real orthogonal group Oy. It turns out that if one formulates such a non-
commutative x-algebra in the right way, many of the nice group-theoretic structures associ-
ated to the fact that Oy is a compact group persist (e.g., a unique “Haar measure”, a rich
finite-dimensional unitary representation theory, a Peter-Weyl theorem, and so on).

Definition (Free Orthogonal Quantum Groups). Let N > 2, let A be a unital x-algebra over
C, and let u = [uj]1<ij<n € Mn(A) be a matrix with entries in A. Write u* = [u};] € My (A)
and u = [uj;] € My(A).

(1) The matrix w is called a quantum orthogonal matriz if u is invertible in My (A),
w=u"' and u=u
(2) The free orthogonal quantum group (of rank N) is given by the triple O3, := (O(0F), u, A),
where
6



(a) O(OF) is the universal unital *-algebra (over C) generated by the coefficients
(uij)1<ij<n of a quantum orthogonal matrix u = [u;;] € My (O(0%)).

(b) A : O(0%) = O(0%) ® O(0%,) is the unique unital x-algebra homomorphism,
called the co-product, given by

N
A(ui) = Zuzk ® Up; (1<i,57<N).
k=1

Remark 1. If we quotient O(O};) by its commutator ideal, we obtain the abelianization of
O(0%), which is isomorphic to O(Oy), the -algebra of polynomial functions on the real
orthogonal group Oy. The map O(OF%) — O(Oy) is given by u;; — v;;, where v = [v;;] €
Mn(O(Oy)) forms the matrix of basic coordinate functions on Oy (a.k.a. the fundamental
representation of Oy). In this context, the co-product map A on O(OF;) factors through the
quotient and induces a corresponding co-product map A on O(Oy) given by A(f)(s,t) =
f(st) for all f € O(Oy) and s,t € Oy. In this sense, we are justified in calling the quantum
group O} a “free analogue” of the classical orthogonal group Oy.

Remark 2. For those readers who are familiar with the notion of a Hopf *-algebra, we note
that O(O},;) is a natural example of one. Indeed the co-inverse S : O(O%) — O(O%)? is
the algebra morphism given by S(u;;) = u;; and the co-unit € : O(O}) — C is the algebra
morphism given by €(u;;) = C. One can then readily check that the usual Hopf-algebra
identities (e ® t)A =1, m(S ® t)A = m(t ® S)A = ¢(-)1 are satisfied.

We now turn to the concept of a representation of OF;. A (finite-dimensional unitary)
representation of OF is given by a finite dimensional Hilbert space H, and unitary matrix
v € O(0%) ® B(H,) satisfying

(A X L)U = V13V23 € O(O]—C) X O(O?\;) X B(HU>,

where above we use the standard leg numbering notation for linear maps on tensor products.
If we fix an orthonormal basis (e;)%., C H,, then we can write v as the matrix [v;;] €

M4(O(0OF;)) with respect to this basis, and the above formula translates to

d

Avijzzvik(g)vkj (1<4,5<4d).
k=1

Observe that the above definition corresponds precisely to our usual notion of a unitary
representation if we were to assume that our Hopf x-algebra was commutative.

The first examples of representations of O} that come to mind are the one-dimensional
trivial representation (which corresponds to the unit 1 € O(0%;) = M;(0O(0%;))) and the
N-dimensional fundamental representation u = [u;;] € My(O(0OF%)) (corresponding to the
matrix of generators for O(O};)). Given two representations v = [v;;] and w = [wy], we can
naturally form their direct sum vw € O(O%)RB(H,® H,,) and their tensor product v@w =
vipwis = [vwy] € O(0F) ® B(H, ® H,) to obtain new examples of representations from
known ones. From a unitary representation v = [v;;], we may also form the contragredient
representation v := [v};] € O(0F) ® B(H,).

In order to study the structure of various representations of Of, we use the concept of

intertwiner spaces. Given two representations u and v of OF;, define the space of intertwiners
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between v and v as
Hom(u,v) ={T' € B(H,,H,) : 0 @T)u=v(®T).}

Two representations u, v are called equivalent (written u = v) if Hom(u,v) contains an in-
vertible operator, and a representation wu is called irreducible if Hom(u,u) = C1. It is a
consequence of a general fact about compact quantum groups that every unitary represen-
tation of O} is equivalent to a direct sum of irreducible unitary representations [Wor87].

It is known from [Ban96] that the irreducible corepresentations of O can be labelled
(v*)ren, (up to unmitary equivalence) in such a way that v = 1, ! = u (u being the

l ~

fundamental representation), v* = ol, and the following fusion rules hold:

(2) Ul = ,U|l—m| @ U|l—m|+2 D... P ,Ul-i-m _ @ Ul+m—2r_

0<r<min{l,m}

Denote by Hj, the Hilbert space associated to v*. Then Hy, = C, H; = CV, and shows that
the dimensions dim Hj, satisfy the recursion relations dim H; dim Hy, = dim Hy | +dim Hy_;.
Defining the quantum parameter

1 2
— ¢(N) = —( ) e (0,1],
=)= g\ i (0,1]
one can inductively show that the dimensions dim Hy are given by the quantum integers

1— q2k+2

1—¢?
When N = 2, we have ¢ = 1, and then dim H, = k + 1 = lim,,,-[k + 1],. Note that for
N > 3, we have the exponential growth asymptotic [k + 1], ~ N* (as N — o00). For our
purposes, this exponential growth is crucial and therefore we generally assume N > 3 in the
sequel.

The striking resemblence of fusion rules for the irreducible representations of O} to those
of SU(2) in no coincidence. This turns out to be a consequence of the fact (observed
by Banica) that both representation categories are described by Temperley-Lieb categories
[TL71]. Let d € C\{0}. Recall that the Temperley-Lieb Category TL(d) is the strict tensor
category with duals whose (self-dual) irreducible objects are labelled by Ng = {0,1,2,...}
and whose morphism spaces TLy;(d) := Hom(1¥* 1) are generated by the identity map
v € Hom(1, 1) and a unique morphism U € Hom(0, 1 ® 1) satisfying NoU = d € Hom(0,0) =
C. Here N := U* € Hom(1®1,0). The Temperley-Lieb category admits a nice diagrammatic
presentation [K1.94] in terms of the so-called Kauffman (or Temperley-Lieb) diagrams. Let
k,l € N and d € C\{0} be as above. If k + [ is odd, we have TLj;;(d) = 0. Otherwise
we plot the set [k + 1] = {1,...,k +{} on a rectangle clockwise with {1,...,k} on the top
edge and {k+1,...,k + 1} on the bottom edge. We connect these points by a non-crossing
pairing p € NCy(k+1). The collection of all such Kauffman diagrams (Dy,)peney(k+1) SPans a
basis for TLy;(d). For example, when k = [ = 3 there are [NC5(6)| = 5 Kauffman diagrams

spanning TLg x(d):
~ ~ r\ N and /r\ .

dim Hy = [k + 1], == q*’“( ) (N > 3).




In this description of the Temperley-Lieb algebra, the product D, D, of diagrams D,, and
D, is obtained by first stacking diagram D, on top of D, connecting the bottom row of k&
points on D, to the top row of k points on D,. The result is a new planar diagram, which
may have a certain number, ¢, of internal loops. By removing these loops, we obtain a new
diagram D, for some r € NCy(2k) (which is unique up to planar isotopy). The product
D, D, is then defined to be d°D,. For example, we have

//\XK\:(JK\

We leave it to the reader to verify how each of the above diagrams is obtained from sequences
of the the basic operations of tensoring and composing the basic maps U, N, and .

Returning to the connection with Rep(O3;) - observe that we can produce a natural tensor
category morphism (fiber functor) TL(N) — Rep(O};) given by ¢ € TLy1(N) — iden €
Hom (u, u) and U € TLoa(N) = SN | e;@e; € Hom(1, u®u), where (¢;)Y | is an orthonormal
basis for CV. The key point here is that the universal properties of O3, gaurantee that this
morphism is injective and surjective. More precisely, we have the following theorem of
Banica.

Theorem 2.1 (Banica [Ban906]). The above morphism gives a faithful unitary fiber functor
TL(N) = Rep(O%).

With the connection between TL(N) and Rep(O}), an explicit construction of the irre-
ducible representation spaces (Hy)gen, of Of can now proceed as follows [Ban96, [VVQ7,
BDRVO06]. Denote by (e;)¥, a fixed orthonormal basis for H; := CV, and as above, put
U= Zfil e; ® e; € Hom(1,u ® u). (Le., u®?(1 ® U) = (1 ® U).) Next, we consider the
intertwiner space Hom(u®*, u®*) C B((CY)®*), which can be shown (using its identification
with TLgx(N)) to contain a unique non-zero self-adjoint projection py (the Jones-Wenzl
projection) [Wen87] with the defining property that

(LH1®~L71 ®U U ®LH1®k—i—1)pk =0 (1 <i<k-— 1).
The projections p; are known to satisfy the Wenzl recursion

[k —1]q
[k]q
which can be used to determine p,. In passing, we point out that the problem of obtaining
explicit formulas for Jones-Wenzl projections (beyond the above recursion) has attracted a
lot of attention over the years from various mathematical communities. See [BC18al [Mor15],

FK97] and the references therein.

We conclude this section with a description of the non-empty intertwiner spaces Hom(v*, v!®
v"™) that arise from the fusion rules . To begin, let us call a triple (k,I,m) € N admis-
sible if there exists an integer 0 < r < min{l,m} such that £k = [ + m — 2r. In other
words, (k,1,m) € N3 is admissible if and only if the tensor product representation v' @ v™
contains a (multiplicity-free) subrepresentation equivalent to v¥. It is easy to see that the
set of admissible triples is invariant under coordinate permutations: (ki, k2, k3) is admissible
iff (ko(1), ko2)s ko(3)) is admissible for all o € S3;. Fix an admissible triple (k,l,m) € Ng.
Then Hom(v*, o' @ v™) C B(Hy, H; ® H,,) € B(H®*, H®' @ H®™) is one-dimensional and is

9
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spanned by the following canonical non-zero intertwiner
(3) A;’m — (pl ®pm) (LHl—r U, ® Lm—r>pk,

where U, € Hom(1, u®?") is defined recursively from U; := U Zf\il ei®e; vialU, = (tg, QU1 ®
tr, )Nr—1. In terms of the planar diagrammatics, U,. is simply r nested cups, viewed as an ele-
ment of TLg 2, (V). The maps Aiﬁ’m are well studied in the Temperley-Lieb recoupling theory
[KL94], and are known there as three-vertices. A three-vertex is typically diagrammatically
represented as follows:

[ m
A =

k

Here, the solid dots at the vertices are meant to depict the Jones-Wenzl projectors at the
inputs/outputs. In the following we will simply omit these solid dots in our pictures, simple
draw the three-vertex as

Im
A" =

k

In order to find the unique O}-equivariant isometry aﬁ;m : Hy - H; ® H,, (up to multi-
plication by T), we simply have to renormalize Aﬁi’m, which amounts to computing the norm

of Aiﬂ’m. To do this, we define (following the terminology and diagrammatics from [KL94])
the 0-net

o~

6 (k,1,m) = Trp, (A7) A;™)

k

Note that the trace on B(Hy) corresponds to the usual Markov trace on TL(N) [KL94,
Ban96).

Now, since A{™ is a multiple of an isometry, it easily follows that [|AY™|%[k + 1], =
0,(k,1,m). f-net evaluations are well known [KL94, Ver(05, VVOT7], and are given by

[Pl = 7] m — 7]\ [k + 7+ 1!

[]g![m]q! [K],! 7
10

(4) O,(k,l,m) =




where k = +m — 2r and [z],! = [z],[x — 1],...[2]4[1], denotes the quantum factorial. We
thus arrive at the following formula for our isometry a;’m:

_ kE+1], \/2
5 l,m _ Al,m 1Al7m _ ( [ q ) Al,m'
(5) a" = [l A B, lm) ;
Pictorially, we have
l m
tm [ k1, \ Y2
Qp = <9q(k,l,m)>
k

3. ENTANGLEMENT ANALYSIS

In this section we begin our study of the entanglement geometry of irreducible subrep-
resentations of tensor products of irreducible representations of Oy. The general setup we
will consider is a fixed N > 3 and an admissible triple (k,l,m) € Nj. This corresponds
to irreducible representations (v¥,v!,v™) of O with corresponding representation Hilbert

spaces (Hy, H;, H,,), and a O;\r,—equivariant isometry Ozf,c’m : Hy, — H; ® H,, as constructed in

the previous section. Recall that we set ¢ = ]%, (ﬁ) € (0,1). Our main interest is to
study the entanglement of the subspace a;’m(H k) € H, ® H,,, and the following proposition
yields a measure of this.

Proposition 3.1 ([BCI8D]). Fiz N > 3 and let (k,l,m) € Nj be an admissible triple. Then
for any unit vectors € € Hy,n € H;,( € H,,, we have
I+m—k

el O e 01 < () < C@a™

where

Clg)=(1- q2)—1/2<f[ 1 )3/2

_ 2s
11 q

Remark 3. We note that the bound C (q)qlﬂfk appearing in Proposition is equivalent,
7

, 1
as N is large, to the fourth root of the relative dimension, <%>
(am fm

Proposition [3.1 can be interpreted as giving a general upper bound on the largest Schmidt
coefficient of a unit vector belonging to the subspace Ozi’m(Hk) C HH®H,,. That is, if £ € Hy,
is a unit vector and ozic’m(ﬁ ) is represented by its singular value decomposition

al™ (&) = Z Ve i,

with (e;); C H;, (fi); C Hy, orthonormal systems, and A\ > Ay > ... > 0 satisfy > . \; = 1,
then
(6) M < Clo)q 5

11



Since the above quantity is much smaller than 1 when k£ < [+ m, we conclude that ozi;m(H k)
is “far” from containing separable unit vectors of the form n ® ( € H; ® H,,. That is,
ai’m(H k) C Hy ® H,, is highly entangled. We summarize this in the following theorem.

Theorem 3.2 ([BCI8]). For k,l,m as above, the subspaces oi™(H) C H, ® H,, are
(highly) entangled provided k < |+ m. When k = | + m, the highest weight subspace
Qe (Hyyvm) C Hy ® Hy is a separable subspace.

Proof. The first statement follows from the previous proposition and the remarks that follow.
The second statement follows from the observation that if one considers the elementary
(separable) tensors

(LE@NBRERINRERNRER...) e (C® g CN)®™ (¢ L)

then they always lie in the subspace H; ® H,, (thanks to the algebraic properties of the
Jones-Wenzl projections!). d

In fact it turns out that one can say quite a lot more about the largest possible Schmidt
coefficients for irreducible subspaces of tensor products than what is said in Proposition [3.1]
The following theorem shows that the bound given above is in fact optimal in a very strong
sense: For any d € N, we can find a unit vector £ € Hy, (provided N is sufficiently large) with
the property that aﬁ;m(g ) admits at least d Schmidt coefficients with the same magnitude as
that predicted by @

Theorem 3.3 ([BCI8D|). Let (k,I,m) € N be an admissible triple, N > 3, and d <
l+m—k—2

(N —2)(N —1)"2 . Then there exists a unit vector & € Hy such that a&™(€) has a
singular value decomposition aﬁc’m(f) =" Ve @ fi with Ay > Xy > ... satisfying

[k‘—f—l]q > l+n217k.
Qq(k:,l,m) -

Remark 4. For various applications of the above theorem, it is of critical importance to

understand if the above result is optimal in the sense that the number d of maximal Schmidt

coefficients that is obtainable is indeed given by the above bound. At this stage, we are

unable to fully answer this question. However, we can show that the upper bound d(N) :=
m+l—k—2

(N =2)(N —-1) = of maximal Schmidt coefficients A = eyf;jl% is asymptotically

>\1:)\2:---:)\d:

mazimal in the sense that ke 1)
+
lim d(N)———%- =1
i d( >0q(k,l,m)
This shows that in the limit as N — oo, the vector £ € Hj which is asserted to exist by
Theorem |3.3| becomes maximally entangled, with the bulk of its Schmidt coefficients equaling

the maximal value A, allowed by Proposition (3.1}

4. O;—EQUIVARIANT QUANTUM CHANNELS AND MINIMUM OUTPUT ENTROPY ESTIMATES

In this section we consider some applications of the entanglement results of the preceding
section to study the outputs of the canonical quantum channels related to our subspaces.

Following Section , we form, for any admissible triple (k,l,m) € N3, the complementary
pair of quantum channels

Oy B(Hy) = B(Hy);  pr> (Tr@ o) (o™ p(a™)"),
12



" B(Hy) = B(H);  pr (0@ Tr) (" pla™)").
In terms of the planar diagramatics of the Temperley-Lieb category, we have

m )

™ k+1,

k+ 1]
CI)l’m _ [ q
¢ () 0,(k, 1, m) P

d O (p) = m
and &, (p) 0,(k,1,m) P

m )

We then have the following proposition concerning the §; — S, behavior of these chan-
nels.

Proposition 4.1. Given any admissible triple (k,l,m) € N3 and N > 3, we have

i,m l,m
1D sy (1) = oo (21m) = PR |51 (210) =00 (211)

B [k + 1]q l+n;7k 9 l+77217k

Proof. We shall only consider @L’m as the proof of the other case is identical. To prove the

| S1(H) = Soo (Hi) < Gyzz;’]&), note that by complete positivity, convexity and

upper bound |](I>£m|
the triangle inequality, it suffices to consider a pure state p = |£)(§| € D(H},) and show that

H(I)%m<,0)||SOO(Hm) < 9521—:11]131) But in this case, we have

" (p) = (Tr @ 0) (o) og™€l) = D AlF) il

where aﬁ;m(f ) =Y. VAie;® f; is the corresponding singular value decomposition. In particu-

lar, ||<I>L’m(p)||goo(Hm) = max; A;, which by Proposition [3.1|is bounded above by eilz;zl]ﬁz)' This

upper bound is obtained by taking p = [£) (|, where £ satisfies the hypotheses of Theorem
B.3 O

The preceeding norm computation for the channels @%m, <I>f,€’m allows for an easy estimate
of a lower bound on their minimum output entropies.

Corollary 4.2. Given any admissible triple (k,l,m) € N3 and N > 3, we have

% ) > (275 log(y) — 2108(C(a).

Proof. Given a quantum channel ¢ : B(H) — B(K) and p € D(H), we note that H(®(p)) =
— > Ailog A, where ();); is the spectrum of ®(p). In particular, we have the estimate

Hmin(q)%m)a Hmin(q)zm) Z 1Og <

H(®(p)) > —log (miaX >\¢> = —log||®(p)llx) = —log |®||s, (21 5x) -
13



The first inequality in the corollary now follows immediately from Proposition 4.1 The
I+m—k

second inequality is just a consequence of the inequality GIEIZ;:;];) <C(¢9)?q = . O

Remark 5. The above estimates show that for N large and k& < [ + m fixed, the minimum
output entropy of the channels is quite large and grows logarithmically in N.
On the other hand, if we fix V > 3 and consider, for example, the sequence of channels

(@ii : B(Hy—1) — B(Hy)), o then Corollary 4.2 yields the uniform positive lower bound

Huin(®}71,) > —log(q) — 2log(C(g) >0 (k€ N).

This phenomenon stands in sharp contrast to what happens in the case of the SU(2)-
equivariant quantum channels studied by Al Nuwairan in [ANT3l Section 2]. Indeed, in

the corresponding SU(2) setting one has Hmin(éii) R~ % —0as k — 0.

In the case where k = [ + m (the highest weight case), we note that
Hmin<(1)2m) = Hmin(q)km) = 07

which follows from the fact that ob™(Hy) € H; ® H,, is a separable subspace (cf. Theorem

33).

Remark 6. We expect that the lower bound for the minimum output entropies given in
Corollary to be asymptotically optimal as N — oo, at least in some cases (e.g. m fixed).
Evidence for this is provided by Theorem and Remark , which shows that ol (Hy)

contains unit vectors which are asymptotically maximally entangled with the bulk of their
[k+1]q
0y (kl,m) *

Schmidt coefficients equal to

5. THE CHOI MAP AND PLANAR ISOTOPY

In this final section we indicate how the planar structure of our representation theoretic
model for highly entangled subspaces can be used to easily describe the Choi maps associated
to our quantum channels. As applications of this description, we construct non-random
examples of d-positive maps between matrix algebras that fail to be completely positive, and
we also study the entanglement breaking property for our channels.

First we recall the definition of the Choi map associated to a linear map ¢ : B(H4) —
B(Hg). Let (e;)ier, (fi)ier be two fixed orthonomal bases for Hy, and let (e;;)ijer, (fij)ijer
be the corresponding matrix units in B(H4). Then the Choi map is the operator Cy €
B(H4 ® Hg) given by

(7) Co =Y Oey) ® fiy = (2@ )(|¢) (),
ijel

where ¥ = 3., e; ® fi € Hy ® Hy (which is an unnormalized Bell state in H4 ® H,). Of
course, Uy is only defined uniquely up to the choice of matrix units e;; and f;;. Moreover,
one could also define a “right-handed” version of Cy of Cy given by Cp = (1@ ®)[¥)) (] (i.e.,
slicing on the right instead of the left). However, for our purposes, the relevant properties
of Cy (e.g., entanglement, positivity, etc.) do not depend the choice of matrix units or side
of the tensor product on which one slices |1) (1| by ®. We also note the obvious fact that

the map ® — (g is linear in .
14



Turning back to our representation category Rep(O3;) and our quantum channels (I)Z’m :
B(Hy) — B(H,,) ((k,l,m) € N3 admissible), we judiciously choose orthonormal bases (e;);
and (f;); of Hy so that the unnormalized Bell vector ¢y = >, e; ® f; € Hy ® Hj, belongs
to the one-dimensional Hom-space Hom(u®, u* @ u*) (this is always possible, thanks to the
fact that O}, is a compact quantum group of Kac type. See for example [Ver(7]). Using
our identification Rep(O3) = TL(N), we can depict 1, (in terms of planar diagrams) as
a three-vertex corresponding to the admissible triple (0, k, k), which is explicitly given by
(pr ® pi) o Uy € TLgox(IV), where py is the kth Jones-Wenzl projector. Considering the
projection |¢y) (|, we have

k k
V1) (Y| = —
!

Then we can compute the corresponding Choi map C' i, = (@im ® o) (|¢n) (¢s]) diagram-
k
matically by

m k m k
k k

QT;(JZLHTZ)O%’" = |t (V| =1 ’
k k

m k m k

Since the linear map defined by the above planar tangle is invariant under planar isotopy

(by construction it belong to the Temperley-Lieb category!), we see that ecf/gﬂ]? i¥e) ol also

correpsonds to the following planar tangle:

m k

eq(ka l7m) m,k

o , m,k\ *
l - [l—f-l]q Q (al )7

m k

Note here that oz;n’k(oz}n’k)* is simply the orthogonal equivariant projection from H,,® Hy, onto
the unique subspace equivalent to H;. We have therefore arrived at the following theorem.

15



Theorem 5.1. For the O%-equivariant quantum channel @%m : B(Hy) — B(H,,), we have

[k + 1]11 am,k

(8) Cgpm = [+1], "

k
o (Oélm )*

A similar argument for the complementary channel @L’m : B(Hy) — B(H,), yields

(9) é(b = [k + 1]11 Oék’l

NARS

In the following subsections, we show the utility of Theorem [5.1]

5.1. Examples of positive but not completely positive maps. A crucial property of
the Choi map Cg associated to a linear map ® : B(H4) — B(Hp) is that it can be used
to detect positivity properties of ®. More precisely, we have that ® is completely positive
if and only if Cg is positive semidefinite [Cho75]. More generally, Cy can be used to detect
whether or not @ is d-positive for any d € N [HLPS12]: & is d-positive if and only if

for all z € Hy ® Hp with a Schmidt rank of at most d. (That is, z admits a singular value
decomposition x = Zle Vie; ® fi with min; A; > 0 and s < d).

Let us now return to our usual setup of an admissible triple (k,[,m) € N} corresponding
to a non-highest-weight inclusion afk’m : Hi, = H;® H,, of irreducible representations of OF;,
N > 3. For each t > 0, we can consider the linear map &, : B(Hy) — B(H,,) given by

(10) ¢, = Ter<'>1B(Hl) —t

Using Theorem [5.1|together with the simple fact that the Choi map associated to B(Hy)
p = Try, (p)lam,) is given by 1g(u,.0m,), we conclude that the Choi map of ®, is given by

(11) Ca, = L, om,) — ta]""(a]"")*.

From this expression for Cg,, it is clear that ®; is completely positive iff Cp, > 0 iff £ < 1.
On the other hand, we can prove the following result on d-positivity of ®;.

Theorem 5.2. Fiz N > 3 and (k,l,m) € N}, and fix a natural number d < (N — 2)(N —

1) . Then the map ®, : B(H,) — B(H.,,) is d-positive (but not completely positive) if
and only if
0, (k,1,m) Ly kmr
l<t< 22 <C(g)%¢ 2 d.
S ES TR

Sketch. We have already observed that ®; is not completely positive when ¢ > 1. Now fix

d € Nand z = Zle Ve ® f; € H,, ® Hj with Schmidt-rank at most d. Using the

inequality of Proposition [3.1] the triangle inequality, and the Cauchy-Schwarz inequality, we
16



have

(Ca,zlz) = [|z|* =t (") (2)]2)

[l
> ol ~ 7. (3 VAledlAl)’

2
> Jolf ~ 7 (2;;¢”)
> ol ~ 7 sl
> ol (1 =ty )

From this inequality, we obtain d-positivity of ®; provided 1 —¢
02&1111,?;)7 one has to find x = Zle QG € HQH,,
with Schmidt rank d satisfying (Cs,z|x) < 0. It turns out that such an x can be canonically
constructed - see [BC18b| for details. O

d% > 0, as claimed.

To show failure of d-positivity when ¢ >

Remark 7. The above theorem can readily be used to construct maps on matrix algebras
that are d positive but not d + 1 positive. Indeed, one just has to choose t > 1, N > 3 and
an admissible triple (k,1,m) € N} so that

0,(k,l,m) 0,(k,1,m)
A+ Di+1, "= di+,

Then the corresponding ®, will do the job.

5.2. Entanglement breaking channels. We now turn to another application of Theorem
to the entanglement breaking property of our quantum channels @ﬁ;m

Definition. A quantum channel ® : B(H4) — B(Hp) is called entanglement breaking (or
EBT) if for any finite-dimensional auxiliary Hilbert space Hy, and any state p € D(Hy® H 4),
we have that (¢t ® ®)(p) € D(Hy ® Hp) is a separable state.

The class of EBT channels are precisely those which eliminate entanglement between
the input states of composite systems. These channels form an important class which are
amenable to analysis. For example, it is known that for EBT channels, both the minimum
output entropy and the Holevo capacity (i.e., the capacity of a quantum channel used for
classical communication with product inputs) is additive [HolO1), [Sho(2].

In order to detect whether or not a given quantum channel is EBT, it suffices to check
whether or not the corresponding Choi map is a multiple of an entangled state. The following
result is well known: see for example [AN13, Proposition 3.4].

Proposition 5.3. For a quantum channel ® : B(Hs) — B(Hg), the following conditions
are equivalent.

(1) @ is EBT.

(2) The state p :=

Cq> € D(Hp ® Hy,) is separable.
17



Before coming to our main result of this section characterizing the EBT property for the
channels @2’7”, we first need an elementary lemma.

Lemma 5.4. Let Hy and Hg be finite dimensional Hilbert spaces, let 0 #p € B(Hp ® Ha)

be an orthogonal projection, and let Hy C Hp ® H,4 denote the range of p. If Hy is an

entangled subspace of Hg ® H 4, then the state p := dimlHOp s entangled.

Proof. We prove the contrapositive. If p is separable, then we can write

p:Z!&H&I@!m(m! (0#¢& € Hp, 0#m; € Hy).

For each i put x; = |&)(&| @ |n:)(n;|. Then since z; < p and p is a projection, it follows that
x; = px;p, which implies that the range of x; is contained in the range of p. In particular,
& ®n; € Hy, so Hy is separable. O
Theorem 5.5. Let (k,l,m) € N3 be an admissible triple. If k # | —m, then the quantum
channel @ﬁc’m is not EBT.

Proof. We have from Theoremthat C ol = [[];Ll]]q Oz;"’k(a;n’k)* € B(H,,®Hy). Consider the
k q
m,k

orthogonal projection p = o (a}n’k)*. The range of p is the subrepresentation of H,, ® Hy
equivalent to H;, and by Theorem this subspace is entangled iff | # k + m. Applying

Lemmam and Proposition we conclude that <I>§€’m is not EBT whenever k # [ —m. [

Remark 8. We note that Theorem leaves open whether or not the channels Cbgﬁﬂm are
EBT. In this case, the corresponding Choi map is a multiple of a projection onto a separable
subspace, and we do not know if this projection is a multiple of an entangled state.

6. FUTURE WORK AND OPEN PROBLEMS

We conclude this survey with a list of open problems and directions for future work.

(1) A major problem in QIT is to find explicit examples of quantum channels ®, ¥ which
are strictly MOE-subbaditive: Hpn (P @ V) < Hpin(P) + Hipin(¥). Such channels
are known to exist with high probability [Has09, [ASW11l [BCN16], but no explicit
examples are known. It is therefore tempting to wonder whether or not the channels
considered in this work might be MOE subadditive. The first step in considering this
question is to have an effective means of estimating the MOE of tensor products of
our channels. In this context some compuations are actually possible. In particular, if
one takes one of our Temperley-Lieb chanels ®, then it is always possible to explicitly
compute the von Neumann entropy H (P ® ®°)(p)) of the output of a Bell state p,
where ®¢ denotes the so-called complementary channel associated to ®. It turns out
that this computation involves the quantum 6j-symbols associated to the Temperley-
Lieb category. This particular calculation is the topic of work in preparation [BC17].
At the present time, it seems that in order to have any hope of whitnessing strict
MOE subadditivity in our channels, more tensor products beyond simply channels
and their complements need to be studied, and at this time, a new idea is needed.

(2) Another important question related to our quantum channels is the problem of com-
puting their classical and quantum capacities. This is another completely open and

important research direction.
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(3)

[AN13]
[AN14]
[ASW11]
[ASY14]
[Ban96]
[BC17]
[BC18al
[BC18b)]
[BCN12]

[BCN16]

As we have seen in this work, the Temperley-Lieb category provides a tractable
concrete model for highly entangled subspaces. It is natural to wonder what other
nice tensor categories or related structures give nice models of entanglement. Perhaps
certain examples coming from planar algebras [Jon99] might give some interesting
results?

It would be interesting to make a further study of the family of d-positive maps
®, given here. The importance of such maps in QIT is for entanglement detection
in bipartite systems: Positive maps that are not completely positive can be used to
distinguish entangled states from separable ones. Of particular interest is the problem
of detecting entangled states from the positive partial transpose (PPT) states. In this
context, the relevant maps for entanglement detection are the indecomposable maps.
Le., positive maps ® which are not of the form ® = ®; + ®4 o ¢, where &, , are
completely positive, and ¢ denotes the transpose map. In this context, we ask: Are
our families of maps P; indecomposable?
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