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PMATH 331/AM 331 Real Analysis and Applications
Midterm Examination

October 22, 2003 Time: 2 hours

Instructor: R. André

1. Answer the questions in the spaces provided, using the backs of pages for overflow or
rough work. The exam is out of 65, with the marks for each question shown in the
margin.

2. Justify all statements carefully. When invoking a result or statement proven in class,
state the conditions which allow the conclusion of the statement to hold true. -

3. If you finish early, take time to polish up your solutions and tighten up your proofs.
No extra points are given for handing in your copy early, but some may be lost for
poor presentation.
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[10) 1. (a) Define "the set U is open in R™” .
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(b) Show that the set R\{0} is open in R.
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(c) Is the set {(z,,2) : [l(z,¥, 2)|| > 3} open, closed or neither? If it is open or
closed prove it. If it is neither show why.
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(6] 2. (a) Define a Cauchy sequence in R™. |
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(b) Prove that every convergent sequence in R" is a Cauchy sequence.

Wt %a.3 he a convarsond seq o IR |
Thon Ut £30. Bydfsy fr 2N, fan-L1f =« £,
Br ang m>p,

| o + s »aM—L/], < &

i (\Lmrm'\
e e (2022

Vo —am]l = lIL-aml ¢ 2
‘ [ < £, 4 ([ L = [l

/

HO‘V\ A i

>< £ T, + %
£ g
E by oo ”7%3?%4"* Lagi™e

[6] 3. (a) What does it mean to say that a subset of R™ is complete?
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(b) Consider the set A= {sinn:n=1,2,3,...}. Is A complete? Justify.
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‘Fr‘rvv\ LQ_,(_,%\A(‘%’ Cra b«mﬂc)‘v)rifq’ ‘S Oh-h% ovien (Z”'/ ']' ‘fl\&'f" )3'/

\/Xé—@! J/}ai?fni 'n A s+ X -9)(
Hovreon, St 5] float X ore NOT i~ A, € saalm) £A.

£t

% Pd’?k,, ?;f ’W-W\ —> cos U . ‘ima, R{( COV\V‘(JL!}M Sﬁcz/,w_v,\w
oA (&w(_,.kj gXV\{ 5 CaMQL

Huverer, i, 3 15 Conchy bt Fxn3 yes MO
C " ! . ‘
T -( 4y Atu, A 13 0T o opmplte

8] 4. (a) Define compact set.
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(b) State the Heine-Borel theorem.
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(c) Let B={2:n=1,2,3,...}U{0}. Define the function f : B — {0, 1} as follows:
f(2)=0ifniseven, f() =1ifnisodd, f(0) =0. Let A = {(z, f(z)) : z € B}.

Is A compact? Justify all steps.
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5. Show that a complete subset of R" is closed.
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" 18] 6. (a) What does it mean to say that a sequence of real numbers {z,} is a contractive

sequence.
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(b) If z; > 0 and zp41 = 1/(2 + x,) for n > 1, show that {z,} is a contractive
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‘ 9] 7. (a) Define ” f : R® — R™ is continuous at a”.
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(b) Define a Lipschitz function.
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(c) Show that a Lipschitz function is continuous.
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[12] 8. (a) State the Monotone convergence theorem.
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. (b) Let z; > 2 and 431 = 2 — 1/z, for n = 1,2,3,.... Show that the sequence of
. real numbers {z,} is monotone.
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(c) Suppose that we have determined that the sequence in part (b) is bounded above
by 2 and below by 1. Does this sequence converge? Why? If the sequence
converges find its limit. Justify all steps carefully.
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