Math 245 Solutions to supplementary problems on duality

S1. (a) Compute:
-1

112 1 -1 0 wi
A=[owu] =0 12 =|1 -1 2|=|uw
110 -5 1 =5 |ws

So wy = [1 -1 O], Wy = [1 -1 2] and w3 = [—.5 1 —.5]. Column vectors act
on row vectors by multiplication on the left. The identity A~1A = I yields w;v; = d;,
meaning that {wq, we,ws} is the dual basis to {v1, v, v3}.

(b) Following the ideas from (a), let

1 1 2 3
C=lz|[e1 @2 @3] =][pia")] = % 2 3
x2 I 8 9
3 3
(3 -5 3
This has inverse C~1 = —% 4 —% . Therefore
1 1 1
L 3 2
1 3 —bx + 327
I=c7'c=Cc""'|= (o1 w2 @3] = |—3+4da—322| [p1 w2 s3]
Ex -+ 1962

Hence the dual basis is {3 —br+ %x2 5 3 4 4p — 5:152 —x+ x2}

S2. (a) For any B € L(V'), we have
T'(t)(B) = 7(T(B)) = 7(AB — BA) =
Therefore T%(7) = 0.
(b) Let Qi5 = QO( ]z) and define A = [ai]’]. If B= [bij]v then

n

T(AB) = Z(AB)“ = Z Zaikbki

=1 =1 k=1
—Zzbkzso Ekz - (Zzbszkz> _90 )
i=1 k=1 i=1 k=1

83 (a) Eij = E“EZJ - EUE“ and E“ - Ejj = EijEji — EjiEij for 7 75 j

(b) If 7(A) = 0, then a;; = — Y 5 a;;. Therefore

A= ZCLZ]E” + Zau i Ell

i#]
= aij(EiEij — EjEq) + Z aii(EinEri — EviEq)
oy i=2

is a sum of commutators. Conversely, every commutator is in ker 7 because 7(AB—BA) =
T(AB) — 7(AB) = 0. So the commutators span all of ker 7.



(c) If ker ¢ contains ST — T'S for every S,T € L(V), then by (b), kerp D ker7. Now
L(V)=kerT+ CI. If ¢o(I) = a, then for every T' € ker 7 and X € C,

(T +\) = Aa = (T + AI).
n
Sop=17.

S4. ker pr = {p: p(T) = 0} = (mr). The range of pr is A(T"). So we obtain the factorization

T

Flz] L(V)

S5. (a)
v—Lsy
VIN -E
(b)
V/ i V/ Vl ¢ V/
M Z— (V/NY V/ME - Nt

E' is an idempotent in £(V') with range N+ and kernel M=.



