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CHAPTER 1

Set Theory and Topology

1.1. Orders on Sets

First we define some important properties of orders which we require.

1.1.1. DEFINITION. A partial order on a set X is a relation ≤ satisfying
(1) x ≤ x for x ∈ X (reflexive)

(2) x ≤ y and y ≤ x implies that x = y (antisymmetric)

(3) x ≤ y and y ≤ z implies that x ≤ z (transitive).
There need not be a relation between two points x, y ∈ X . We call (X,≤) a poset.

A poset (X,≤) is a total order if given x, y ∈ X , then either x ≤ y or x ≥ y.
A totally ordered set (X,≤) is well ordered if every non-empty subset of X has a
smallest element. Y ⊂ X is an initial segment of a well-ordered set X if y < x for
all y ∈ Y and x ∈ X \ Y .

A poset is upward directed if for x1, x2 ∈ X , there is a y ∈ X so that x1 ≤ y
and x2 ≤ y. A totally ordered subset C of a poset X is called a chain. A poset is
inductive if for every chain C ⊂ X , there is a upper bound y ∈ X for C so that
x ≤ y for every x ∈ C.

1.1.2. EXAMPLES.
(1) Let X be a set, and let P(X) denote the collection of all subsets of X . Put a
relation on P(X) by setting A ≤ B if A ⊆ B. It is easy to see that this is a partial
order. Moreover it is upward directed because given A,B ∈ P(X), A ∪ B is an
upper bound. Indeed this set is inductive because if C ⊂ P(X) is a chain, then
B =

⋃
A∈C A is an upper bound for C.

(2) The real line R is totally ordered but not well ordered. For example (0, 1) has
no least element.

(3) The natural numbers N is well ordered.

(4) If (X,≤) is well ordered and infinite, then X has a least element x1. Also
X\{x1} has a least element x2. Recursively, we define xn+1 to be the least element
of X \ {x1, . . . , xn}. Then N = {xn : n ∈ N} is an initial segment of X which is
order isomorphic to N. This can be continued if N 6= X . Set xω to be the minimal
element of X \N , and set xω+1 to be the minimal element of X \{N ∪{xω}}, etc.
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1.2. The Axiom of Choice

The Axiom of Choice (AC) seems very natural, but it has some surprising con-
sequences. It is known to be independent of the usual axioms of set theory (which
we do not study), meaning that one can safely assume that it is valid, but can equally
well assume other axioms instead which contradict AC. Most mathematicians other
than set theorists and logicians assume the Axiom of Choice because it has many
important positive consequences.

1.2.1. DEFINITION.
Axiom of Choice: for each non-empty set X , there is a choice function

c : P(X) \ {∅} → X so that c(A) ∈ A for ∅ 6= A ⊂ X .
Well Ordering Principle: every set X has a well-order.
Zorn’s Lemma: every inductive partial order (P,≤) has a maximal element.

All of these properties are useful. Zorn’s Lemma may seem to be the least
intuitive. But in fact, it is probably the most useful of the three. The following
result shows that they are all equivalent.

1.2.2. THEOREM. The following are equivalent:
(1) Axiom of Choice

(2) Well Ordering Principle

(3) Zorn’s Lemma

PROOF. (2) implies (1). Put a well-order ≤ on X . For each non-empty set A,
define c(A) to be the least element in A in this order.

(3) implies (2). Let X be a set. Let

P = {(F,<F ) : F ⊂ X, <F is a well-order on F}.
Say that (F,<F ) ≤ (G,<G) if F ⊆ G , <F=<G|F×F and F is an initial segment
of G. It is easy to check that this is a partial order.

We will show that (P,≤) is inductive: suppose that C = {(Fλ, <Fλ) : λ ∈ Λ}
is a chain in P . Define G =

⋃
λ∈Λ

Fλ and <G=
⋃
λ∈Λ

<Fλ . By the latter, I mean
that if x, y ∈ G, then there are λ, µ ∈ Λ so that x ∈ Fλ and y ∈ Fµ. Since C is
totally ordered, either Fλ ⊂ Fµ or Fµ ⊂ Fλ; say x, y ∈ Fλ. Then since Fλ is a well
order, either x <Fλ y, x = y or y <Fλ x. Moreover, if Fλ ⊂ Fγ , then since the
orders <Fλ and <Fγ agree on Fλ, the order on x and y is independent of the choice
of λ. So (G,<G) is a total order. Finally if A is a non-empty subset of G, then
there is some λ so that A ∩ Fλ 6= ∅. Let a be the least element of A ∩ Fλ in <Fλ .
Then because Fλ is an initial segment of G, the element a satisfies a <G b for all
b ∈ A\Fλ. Therefore a is the least element ofA in (G,<G). SoG is well ordered.
It is now clear that (G,<G) is an upper bound for C. Therefore P is inductive.
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By Zorn’s Lemma, P has a maximal element (F,<F ). If F 6= X , let x ∈
X \ F . Define a well order on G = F ∪ {x} by a <G b if b = x or if a, b ∈ F
and a <F b. Then G is well ordered and F is an initial segment of G. Thus
(F,<F ) � (G,<G), contradicting the maximality of (F,<F ). Therefore F = X
and we have a well order on X .

(1) implies (3). Let (P,≤) be an inductive partial order. Suppose that P has
no maximal elements. Then for each x ∈ P , the set Ux = {y ∈ P : x < y} is
non-empty. By the Axiom of Choice, there is a choice function c on non-empty
subsets of P . Define f(x) = c(Ux).

For each chain C ⊂ P , let UC denote the non-empty set of all upper bounds for
C. Define a function g(C) = c(UC). Then h(C) = f(g(C)) is a strict upper bound
for C. If x ∈ C, set I(C, x) = {y ∈ C : y < x}.

We will say (for this proof only) that A ⊂ P is conforming if (A,≤) is well
ordered and for every x ∈ A, h(I(A, x)) = x. In particular, if a1 is the least
element of A, then I(A, a1) = ∅ and a1 = h(∅). Also if a2 is the least element of
A \ {a1}, then I(A, a2) = {a1} and a2 = h(a1).

We claim that if A,B are conforming subsets of P , then either A is an initial
segment of B or B is an initial segment of A. To this end, let X consist of all
initial segments which are common to A and B. Then C =

⋃
X is the largest

initial segment common to A and B. If C ∈ {A,B}, then we are done. Otherwise
let a be the least element of A \ C and let b be the least element of B \ C. Then
I(A, a) = C = I(B, b). Since A and B are conforming, a = h(C) = b. Therefore
C ∪ {a} is a larger initial segment of both A and B, a contradiction. So either
C = A or C = B.

Now D =
⋃
{A : A is conforming} must be the largest conforming subset of

P . HoweverD∪h(D) is a strictly larger conforming set! This contradiction shows
that the assumption that P has no maximal elements must be false. So (3) holds. �

1.3. Topological spaces

1.3.1. DEFINITION. A topology τ on a set X is a collection of subsets such
that

(1) ∅, X ∈ τ .

(2) If {Uλ : λ ∈ Λ} ⊂ τ , then
⋃
λ∈Λ

Uλ ∈ τ .

(3) If U1, . . . , Un ∈ τ , then
⋂n
i=1 Ui ∈ τ .

The elements U ∈ τ are called open sets.

1.3.2. EXAMPLES.
(1) If (X, d) is a metric space, then U is open if for every x ∈ U , there is an r > 0
so that the open ball br(x) ⊂ U .
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(2) If X is any set, the discrete topology has τd = P(X), the collection of all
subsets of X .

(3) If X is any set, the trivial topology has τ = {∅, X}.

(4) If (X,≤) is a totally ordered set, the order topology is generated by the intervals
(a, b) = {x ∈ X : a < x < b}, (−∞, b) = {x ∈ X : x < b} and (a,∞) = {x ∈
X : x > a}. The topology consists of arbitrary unions of such intervals.

(5) If (X, τ) is a topology and Y ⊂ X , the induced topology on Y is τ |Y =
{U ∩ Y : U ∈ τ}.

1.3.3. DEFINITION. A set F ⊂ X is closed if F c is open. If A ⊂ X , the
closure of A is A =

⋂
{F : A ⊂ F, F closed}. A point in A is called a limit point

of A.
If A ⊂ X , then a ∈ A is an interior point of A if there exists U ∈ τ with

a ∈ U ⊂ A. If A ⊂ X , the interior of A is Ao or intA =
⋃
{U ∈ τ : U ⊂ A}.

If x ∈ X , a neighbourhood of x is a set N such that x ∈ No.

1.3.4. PROPOSITION.

(1) Finite unions and arbitrary intersections of closed sets are closed.

(2) A is the smallest closed set containing A.

(3) x ∈ A if and only if every U ∈ τ with x ∈ U has A ∩ U 6= ∅.

(4) A = Acoc is the complement of the interior of Ac.

PROOF. Since open sets are closed under arbitrary unions and finite intersec-
tions, the collection of closed sets is closed under arbitrary intersections and finite
unions. Hence the intersection of all closed sets F ⊃ A is closed, and is thus the
smallest closed set containing A. Now x ∈ A if and only if x ∈ F for every closed
F ⊃ A if and only if x 6∈ U if U is open and disjoint from A. Finally

X \A =
⋃
{U ∈ τ : U ∩A = ∅} =

⋃
{U ∈ τ : U ⊂ Ac} = Aco. �

1.3.5. DEFINITION. If σ and τ are two topologies on X , we say that σ is a
weaker topology than τ , and τ is a stronger topology than σ, if σ ⊂ τ .

1.3.6. PROPOSITION. If S ⊂ P(X), then there is a weakest topology τ con-
taining S. It consists of arbitrary unions of sets which are intersections of finitely
many elements of S.
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PROOF. Clearly if τ ⊃ S is a topology, then it contains all intersections of
finitely many elements of S, and arbitrary unions of these sets. The intersection of
no sets is X by convention, and ∅ is the union of no sets, so they both belong to
τ . This collection is clearly closed under arbitrary unions. To check that it is stable
under intersection, observe that if Aα,i and Bβ,j are in S, then⋃

α∈A
Aα,1 ∩ · · · ∩Aα,nα ∩

⋃
β∈B

Bβ,1 ∩ · · · ∩Bβ,mβ

=
⋃

α∈A, β∈B
Aα,1 ∩ · · · ∩Aα,nα ∩Bβ,1 ∩ · · · ∩Bβ,mβ .

Hence this collection is a topology. By construction, this is the weakest topology
containing S. �

1.3.7. DEFINITION. Say that S ⊂ P(X) is a base for a topology τ if every
open set U ∈ τ is the union of elements of S. Also S is a subbase for a topology τ
if the collection of finite intersections of elements of S is a base for τ .

1.3.8. EXAMPLES.
(1) If (X, d) is a metric space, then

{
b1/n(x) : x ∈ X, n ≥ 1

}
is a base for the

topology.

(2)
{
(r, s) : r < s ∈ Q

}
is a base for the topology of R.

(3) Let C[0, 1] denote the space of continuous functions on [0, 1]. For each x ∈
[0, 1], a ∈ C and r > 0, letU(x, a, r) = {f ∈ C[0, 1] : f(x) ∈ br(a)}. Let τ be the
topology generated by these sets. This is the topology of pointwise convergence.
An open neighbourhood of f must contain a set of the form

{g ∈ C[0, 1] : |g(xi)− f(xi)| < r for 1 ≤ i ≤ n}

for x1, . . . , xn ∈ [0, 1] and r > 0.

1.3.9. DEFINITION. A set A is dense in X if X = A. X is separable if it has a
countable dense subset. X is first countable if for each x ∈ X , there is a countable
family {Ui} ⊂ τ with x ∈ Ui which forms a countable base of neighbourhoods
of x; i.e., if x ∈ V is open, then there is some i so that Ui ⊂ V . X is second
countable if there is a countable family of open sets which is a base for τ .

1.3.10. EXAMPLES.
(1) If (X, d) is a metric space and x ∈ X , then

{
b1/n(x) : n ≥ 1

}
is a countable

base of neighbourhoods of x. If X is separable, and {xi : i ≥ 1} is dense in X ,
then

{
b1/n(xi) : i ≥ 1, n ≥ 1

}
is a base for τ . Indeed, suppose that x ∈ U is

open. Pick r > 0 so that br(x) ⊂ U and xi so that d(x, xi) < 1/n < r/2. Then
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x ∈ b1/n(xi) ⊂ U . So X is second countable. In particular, compact metric spaces
are separable and so second countable.

(2) Consider the discrete topology τd on a set X . Since the topology is generated
by
{
{x} : x ∈ X

}
, X is always first countable. However it is second countable if

and only if X is countable if and only if X is separable.

1.3.11. DEFINITION. A topological space is T0 if x 6= y ∈ X , then there is an
open set containing one of these points, but not the other. A topological space is T1
if points are closed. A topological space is Hausdorff or T2 if for all x, 6= y ∈ X ,
there are open sets U 3 x and V 3 y so that U ∩ V = ∅.

1.3.12. EXAMPLES.
(1) Let X = {0, 1}. Let τ =

{
∅, {0}, X

}
. Then {1} is closed, but {0} is not, and

{0} = X . Also {0} is an open neighbourhood of 0 disjoint from 1. This space is
T0 but not T1.

(2) Let X = [0, 1) ∪ {a, b}. Let the open sets in τ be U ⊂ [0, 1) which are open in
the usual metric on [0, 1) together with sets U ∪ (r, 1) ∪ {a}, U ∪ (r, 1) ∪ {b} and
U ∪ (r, 1) ∪ {a, b} for r < 1. Here the points {a} and {b} are closed because the
complement is open. However if a ∈ U and b ∈ V are open sets, then U ∩ V ⊃
(r, 1) for some r < 1. That means that you cannot separate a and b from one
another by open sets, so it is not Hausdorff.

(3) Metric spaces are Hausdorff because if x 6= y ∈ (X, d), then d(x, y) = r > 0.
So br/2(x) and br/2(y) are disjoint open sets.

1.4. Nets

Sequences are not sufficient for dealing with convergence in general topolog-
ical spaces, including many that arise in normal contexts. The replacement is the
notion of a net, which you can think of as a very wide and very long generalized
sequence.

1.4.1. DEFINITION. A net in X is an upward directed poset Λ with a function
j : Λ → X , say xλ = j(λ). We usually write the net as (xλ)Λ. A net (xλ)Λ

converges to x in (X, τ) if for every open set U 3 x, there is λ0 ∈ Λ so that
xλ ∈ U for every λ ≥ λ0. We write limΛ xλ = x.

A subnet (yγ)Γ of (xλ)Λ is given by a cofinal function ϕ : Γ → Λ so that
yγ = xϕ(γ), where we say that ϕ is cofinal if for all λ ∈ Λ, there is a γ0 ∈ Γ so that
ϕ(γ) ≥ λ for all γ ≥ γ0. It is convenient if ϕ is monotone, meaning that γ1 ≤ γ2
implies that ϕ(γ1) ≤ ϕ(γ2). But this is not necessary.
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We present a detailed example to explain why nets are needed, and how to use
them.

1.4.2. EXAMPLE. LetX = N0×N0. Declare that U ⊂ X is open if (0, 0) 6∈ U ;
and that a set U 3 (0, 0) is open if {m : π−1

1 (m) ∩ U is cofinite in N0} is cofinite
in N0. It is easy to verify that this defines a topology.

(a) X is Hausdorff because {(m,n)} is open if m+n ≥ 1 and {(m,n)}c is an
open neighbourhood of (0, 0).

(b) (0, 0) ∈ X \ {(0, 0)} because every open set U 3 (0, 0) intersects X \
{(0, 0)}.

(c) However no sequence xk = (mk, nk) in X \ {(0, 0)} converges to (0, 0).
There are two cases. If {mk : k ≥ 1} is bounded, pick m0 so that mk = m0 infin-
itely often. The set U = {(m,n) : m 6= m0} ∪ {(0, 0)} is an open neighbourhood
of (0, 0), and the sequence is not eventually in U . Otherwise, there is a sequence
ki → ∞ so that mki < mki+1 for i ≥ 1. Then U = X \ {xki : i ≥ 1} is an open
neighbourhood of (0, 0), and the sequence is not eventually in U .

(d) There is a net in X \ {(0, 0)} converging to (0, 0). Let Λ = {U ∈ τ :
(0, 0) ∈ U} where U ≤ V if U ⊃ V . (We say that Λ is ordered by containment.)
This is directed because U, V ≤ U ∩ V . Order X \ {(0, 0)} by

(0, 1), (1, 0), (0, 2), (1, 1), (2, 0), (0, 3), (1, 2), (2, 1), (3, 0), . . . .

Define xU to be the least element in this list which belongs to U . (This avoids any
issues with the Axiom of Choice.) Then (xU ) converges to (0, 0) because given an
open neighbourhood U 3 (0, 0), we have xV ∈ V ⊂ U whenever U ≤ V .

(e) The sequence (0, 1), (1, 0), (0, 2), (1, 1), (2, 0), (0, 3), (1, 2), (2, 1), . . . has
a subnet converging to (0, 0). Let Λ be the net just constructed. Define ϕ(U) = xU
considered as an element in this sequence. To see that this map is cofinal, let
(m0, n0) be in this sequence, and set N0 = m0 + n0. Let

U0 = X \ {(m,n) : 1 ≤ m+ n ≤ N0}.

Then if U0 ≤ U , it follows that xU = (m,n) with m + n > N0 and thus ϕ(U)
follows (m0, n0) in the sequence. Therefore this is a subnet of the sequence which
converges to (0, 0).

1.4.3. PROPOSITION. Let A ⊂ X . Then x ∈ A if and only if there is a net
(aλ)Λ in A such that limΛ aλ = x.

PROOF. Suppose that x ∈ A. By Proposition 1.3.4(3), every open neighbour-
hood U of x intersects A. Let O(x) be the open neighbourhoods of x ordered by
containment. By the Axiom of Choice, we can pick a point aU ∈ A ∩ U for each
U ∈ O(x). The net (aU )O(x) converges to x by construction.
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Conversely, suppose that (aλ)Λ is a net in A such that limΛ aλ = x. Then for
any neighbourhood U of x, there is a λ so that aλ ∈ U . In particular, A ∩ U 6= ∅.
Hence by Proposition 1.3.4(3), x ∈ A. �

1.5. Continuity

1.5.1. DEFINITION. A function f : (X, τ) → (Y, σ) between topological
spaces is continuous if for all V ⊂ Y open, the set f−1(V ) is open in X . Say that
f is a homeomorphism if f is a bijection such that both f and f−1 are continuous.

1.5.2. EXAMPLES.
(1) The identity maps (X, discrete) ι1−→ (X, τ)

ι2−→ (X, trivial) is a continuous
bijection, however in both cases ι−1

j will be discontinuous provided that τ satisfies
{∅, X} ( τ ( P(X).

(2) A function f : (X, trivial) → R is continuous only if it is constant, while
every function f : (X, discrete) → R is continuous. On the other hand, a function
f : R → (X, discrete) is continuous only if it is constant, while every function
f : R→ (X, trivial) is continuous.

(3) f : (−1, 1)→ R by f(x) = tan πx
2 is a homeomorphism.

(4) Consider Example 1.3.12(1): X = {0, 1} and τ =
{
∅, X, {0}

}
. If f : X → R

is continuous, then f−1(br(f(1))) is open and contains 1, so f−1(br(f(1)) = X .
Therefore f is constant.

(5) Consider Example 1.3.12(2): X = [0, 1)∪{a, b}. If a ∈ U and b ∈ V are open
sets, then U ∩ V ⊃ (r, 1) for some r < 1. Hence if f : X → R is continuous, then

f−1(bε(f(a))) ∩ f−1(bε(f(b))) ⊃ (r, 1) for some r < 1.

This can only happen if f(a) = f(b).

1.5.3. THEOREM. Let f : (X, τ)→ (Y, σ). Then f is continuous if and only if
whenever (xλ)Λ is a net in X converging to x, it follows that f(x) = limΛ f(xλ).

PROOF. Suppose that f is continuous, and let (xλ)Λ be a net in X converging
to x. Let V be an open neighbourhood of f(x). Then U = f−1(V ) is an open
neighbourhood of x. By convergence, there is a λ0 ∈ Λ so that xλ ∈ U for all
λ ≥ λ0. Hence f(xλ) ∈ f(U) ⊂ V for all λ ≥ λ0. That means that f(x) =
limΛ f(xλ).

Conversely, suppose f is not continuous. Thus there is an open set V ⊂ Y
such that U = f−1(V ) is not open. Then U c ∩ U contains a point x. By Proposi-
tion 1.4.3, there is a net (xλ)Λ in U c with limit x. Therefore f(xλ) ∈ f(U c) ⊂ V c.
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Since V c is closed, any limit point of this net must remain in V c by Proposi-
tion 1.4.3. Therefore it cannot converge to f(x) which lies in V . So f(x) 6=
limΛ f(xλ). �

1.5.4. DEFINITION. Let Cb(X) and CbR(X) or Cb(X,R) denote the normed
vector space of bounded continuous functions from X into C and R, respectively,
with norm ‖f‖∞ = supX |f(x)|. Similarly, C(X) and CR(X) or C(X,R) denote
the vector space of continuous functions from X into C and R, respectively.

1.5.5. PROPOSITION. If Cb(X) separates points of X , i.e., for x 6= y in
X , there is a continuous function f ∈ Cb(X) so that f(x) 6= f(y), then X is
Hausdorff.

PROOF. If f(x) = α and f(y) = β and r = |α − β|/2 > 0, then x ∈ U =
f−1(br(α)) and y ∈ V = f−1(br(β)) and U ∩ V = ∅. �

Consider the Examples 1.5.2 (4) and (5) in light of this proposition.
Recall that fn ∈ Cb(X) converge uniformly to a function f if ‖f−fn‖∞ → 0.

The following standard result for metric spaces extends easily.

1.5.6. PROPOSITION. The uniform limit f of a sequence fn ∈ Cb(X) is con-
tinuous.

PROOF. Let U be open in C and let x ∈ f−1(U). Then there is an r > 0 so
that br(f(x)) ⊂ U . Choose n so large that ‖f − fn‖∞ < r/3. Then x ∈ V =
f−1
n (br/3(fn(x))) is open. If y ∈ V , then |fn(y)− fn(x)| < r/3, so

|f(y)− f(x)| ≤ |f(y)− fn(y)|+ |fn(y)− fn(x)|+ |fn(x)− f(x)|

< ‖f − fn‖∞ +
r

3
+ ‖f − fn‖∞ < r.

Hence f(y) ∈ br(f(x)) ⊂ U . Thus V ⊂ f−1(U). So f is continuous. �

The norm ‖f‖∞ makes Cb(X) into a normed vector space. In view of Propo-
sition 1.5.5, the following is most interesting when X is Hausdorff.

1.5.7. THEOREM. For any topological space, Cb(X) is complete.

PROOF. Let (fn)n≥1 be a Cauchy sequence in Cb(X). If ε > 0, there is an
N so that if N ≤ m < n, then ‖fn − fm‖∞ < ε. In particular, for x ∈ X , the
sequence

(
fn(x)

)
n≥1 is Cauchy in C. So we may define f(x) = limn→∞ fn(x)

pointwise. However for m ≥ N ,

|f(x)− fm(x)| = lim
n→∞

|fn(x)− fm(x)| ≤ ε.
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Hence ‖f − fm‖∞ ≤ ε. So convergence is uniform. By Proposition 1.5.6, f
is continuous. Also ‖f‖∞ = limn→∞ ‖fn‖∞ < ∞, and so f lies in Cb(X).
Therefore Cb(X) is complete. �

1.6. Compactness

1.6.1. DEFINITION. An open cover of a set A ⊂ X is a collection of open sets
{Uλ : λ ∈ Λ} such that A ⊂

⋃
Λ
Uλ. A set A is compact if every open cover has a

finite subcover, i.e., a finite subset Uλ1 , . . . , Uλn such that A ⊂
⋃n
i=1 Uλi .

1.6.2. EXAMPLE. In 1.3.12(1), the point {0} is compact but not closed.

1.6.3. PROPOSITION. If X is compact and A ⊂ X is closed, then A is com-
pact.

IfX is Hausdorff andA ⊂ X is compact, thenA is closed. Moreover, if x 6∈ A,
there are disjoint open sets U ⊃ A and V 3 x.

PROOF. If U = {Uλ : λ ∈ Λ} is an open cover of A, then U ∪{Ac} is an open
cover of X . By compactness, it has a finite subcover Uλ1 , . . . , Uλn , A

c. Hence
Uλ1 , . . . , Uλn covers A; whence A is compact.

Suppose that X is Hausdorff and A ⊂ X is compact, and let x ∈ Ac. For each
a ∈ A, there are open sets a ∈ Ua and x ∈ Va so that Ua ∩ Va = ∅. Clearly
{Ua : a ∈ A} is an open cover of A. By compactness, there is a finite subcover
Ua1 , . . . , Uan . Let V =

⋂n
i=1 Vai . Then x ∈ V is open, and

V ∩A ⊂
n⋃
i=1

V ∩ Uai = ∅.

Hence x 6∈ A. So A is closed. Moreover A ⊂ U =
⋃n
i=1 Uai , and U ∩ V = ∅. �

1.6.4. DEFINITION. A family {Aλ : λ ∈ Λ} of subsets of X has the finite
intersection property (FIP) if whenever λ1, . . . , λn are finitely many elements of
Λ, then

⋂n
i=1 Aλi 6= ∅.

1.6.5. PROPOSITION. Let X be a topological space. The following are equiv-
alent:

(1) X is compact.

(2) every family F = {Aλ : λ ∈ Λ} of closed sets with FIP has non-empty
intersection

⋂
F :=

⋂
Λ
Aλ 6= ∅.

(3) every net in X has a convergent subnet.
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PROOF. Suppose thatX is compact and F has FIP. Define open sets Uλ = Acλ.
If
⋂
F = ∅, then

⋃
Λ
Uλ =

(⋂
F
)c

= X . So U = {Uλ : λ ∈ Λ} is an
open cover of X . By compactness, there is a finite subcover Uλ1 , . . . , Uλn . Hence⋂n
i=1 Aλi =

(⋃n
i=1 Uλi

)c
= ∅, contradicting FIP. Therefore

⋂
F 6= ∅.

Conversely, suppose that U = {Uλ : λ ∈ Λ} is an open cover of X . Define
closed setsAλ = U cλ. If there is no finite subcover, then

⋂n
i=1 Aλi =

(⋃n
i=1 Uλi

)c 6=
∅; and thus F = {Aλ : λ ∈ Λ} has FIP. But then

⋂
F 6= ∅. Therefore⋃

Λ
Uλ =

(⋂
F
)c 6= X , contradicting the fact that U is an open cover. Hence

F does not have FIP, so there is a finite set Aλ1 , . . . , Aλn such that
⋂n
i=1 Aλi = ∅.

Hence
⋃n
i=1 Uλi =

(⋂n
i=1 Aλi

)c
= X . Therefore X is compact.

Suppose that (3) holds. Consider a collection F = {Cα : α ∈ A} of closed
sets with the FIP. Let Λ = {F ⊂ A : F is finite, non-empty} ordered by inclusion,
i.e., F ≤ G if F ⊂ G. This is an upward directed poset: F1, F2 ≤ F1 ∪ F2. For
each F ∈ Λ, use the Axiom of Choice to select a point xF ∈

⋂
α∈F Cα. This is

possible since the finite intersection is non-empty. Then (xF )Λ is a net in X . Let
(yγ)Γ be a subnet with limit x; where ϕ : Γ→ Λ and yγ = xϕ(γ). For any α ∈ A,
there is a γα ∈ Γ so that γ ≥ γα implies that ϕ(γ) ≥ {α}. Hence yγ ∈ Cα for
all γ ≥ γα. Since Cα is closed, the limit point x ∈ Cα. This holds for all α ∈ A.
Therefore x ∈

⋂
F . Thus (2) holds.

Conversely suppose that (2) holds. Let (xλ)Λ be a net in X . For each λ ∈ Λ,
define Cλ = {xµ : µ ≥ λ}. Then F = {Cλ : λ ∈ Λ} is a collection of non-
empty closed sets. It has FIP because if λ1, . . . , λn ∈ Λ, the upward directed
property ensures that there is some λ0 ∈ Λ so that λi ≤ λ0 for 1 ≤ i ≤ n. Hence⋂n
i=1 Cλi ⊃ Cλ0 6= ∅. Therefore, there is a point x ∈

⋂
Λ
Cλ.

Now we build a subnet with limit x. Let O(x) be the set of all open neigh-
bourhoods of x. Let Γ = Λ × O(x) with order (λ,U) ≤ (µ, V ) if λ ≤ µ and
U ⊃ V . Let Sλ,U = {µ ∈ Λ : µ ≥ λ and xµ ∈ U}. This set is non-empty
because x ∈ Cλ ∩ U = {xµ : µ ≥ λ} ∩ U ; and thus by Proposition 1.4.3, xµ ∈ U
for some µ ≥ λ. Use the Axiom of Choice to select µ = ϕ(λ,U) ∈ Sλ,U for
each (λ,U) ∈ Γ. The map ϕ : Γ → Λ is cofinal because if λ0 ∈ Λ, then every
(λ,U) ≥ (λ0, X) will have ϕ(λ,U) = µ ≥ λ ≥ λ0. So yλ,U = xϕ(λ,U) defines a
subnet (yλ,U )Γ of (xλ)Λ.

Finally we claim that limΓ yλ,U) = x. Indeed, let U ∈ O(x) be any open
neighbourhood of x. Fix some λ0 ∈ Λ. Whenever (λ, V ) ≥ (λ0, U), we have
yλ,V ∈ V ⊂ U . Thus this net converges to x. �

1.6.6. PROPOSITION. If f : (X, τ) → (Y, σ) is continuous and A ⊂ X is
compact, then f(A) is compact.

PROOF. Let {Vλ : λ ∈ Λ} is an open cover of f(A) in Y . Define Uλ =
f−1(Vλ). These are open sets by continuity, and they cover A. Thus there is a
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finite subcover Uλ1 , . . . , Uλn . Then since Vλ ⊃ f(Uλ), it follows that Vλ1 , . . . , Vλn
covers f(A). Hence f(A) is compact. �

The following important consequence follows directly.

1.6.7. EXTREME VALUE THEOREM. If (X, τ) is compact and f ∈ C(X),
then |f | attains it maximum. In particular, ‖f‖∞ <∞.

1.6.8. COROLLARY. IfX is a compact topological space, then ‖·‖∞ is a norm
on C(X); and C(X) is complete.

1.7. Weak Topologies

1.7.1. DEFINITION. Given a set X , let F = {fα : X → (Yα, τα) | α ∈ A} be
a family of functions. There is a weakest topology τF in which each fα is contin-
uous called the weak topology determined by F . This is the topology generated by
{f−1
α (U) : U ∈ τα, α ∈ Λ}. A base for this topology is given by

{f−1
α1

(U1) ∩ · · · ∩ f−1
αn (Un) : αi ∈ A, Ui ∈ ταi , n ≥ 1}.

1.7.2. EXAMPLE. If (Xα, τα) are topological spaces for α ∈ A, we define the
product space to be X =

∏
AXα = {x = (xα) : xα ∈ Xα} with the weakest

topology τ which makes the coordinate projections πα : X → Xα by πα(x) = xα
continuous.

The sets π−1
α (U) =

∏
β∈A\{α}Xβ × U for U ∈ τα are open and form a

subbase for the topology. The product topology τ consist of arbitrary unions of
finite intersections of the subbase. So if α1, . . . , αn ∈ Λ and Ui ∈ ταi , then the sets
of the form

U1 × · · · × Un ×
∏

β∈A\{αi,1≤i≤n}

Xβ

form a base for the topology.
If A is finite, this is a familiar construction in the metric space case. Indeed, if

(Xi, di) are metric spaces for 1 ≤ i ≤ n, then

D
(
(x1, . . . , xn), (y1, . . . , yn)

)
= max

{
di(xi, yi) : 1 ≤ i ≤ n

}
is a metric on the product, and the metric topology coincides with the product
topology.

When A is infinite, it often requires the Axiom of Choice to be able to say that
X is non-empty.
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1.7.3. PROPOSITION. Let F be a family of functions fα : X → (Yα, τα) for
α ∈ A. Then a net (xλ)Λ converges to x ∈ (X, τF ) if and only if fα(xλ)→ fα(x)
for all α ∈ A.

PROOF. If (xλ)Λ → x in (X, τF ), then since each fα is continuous by defini-
tion, fα(xλ)→ fα(x) by Theorem 1.5.3.

Conversely, let U be an open neighbourhood of x. Then x has a basic open
neighbourhood x ∈ V = f−1

α1
(U1) ∩ · · · ∩ f−1

αn (Un) ⊂ U for some αi ∈ A and
Ui ∈ ταi . For each 1 ≤ i ≤ n, there is some λi ∈ Λ so that fαi(xλ) ∈ Ui for all
λ ≥ λi. Since Λ is upward directed, there is some λ0 ≥ λi for 1 ≤ i ≤ n. When
λ ≥ λ0, fαi(xλ) ∈ Ui for 1 ≤ i ≤ n. Therefore xλ ∈ V ⊂ U . It follows that
(xλ)Λ converges to x. �

1.7.4. COROLLARY. Let F be a family of functions fα : X → (Yα, τα) for
α ∈ A. Then g : (Y, τ) → (X, τF ) is continuous if and only if fα ◦ g : Y → Yα
are continuous for all α ∈ A.

PROOF. The composition of continuous functions is continuous. So if g is
continuous, so are fα ◦ g for all α ∈ A. Conversely, suppose that a net (yλ)Λ

converges to y ∈ Y . By continuity, fα(g(yλ)) converges to fα(g(y)) in Yα for
all α ∈ A. By Proposition 1.7.3, g(yλ) converges to g(y) in Y . Therefore g is
continuous by Theorem 1.5.3. �

1.7.5. PROPOSITION. Let F be a family of functions fα : X → (Yα, τα)
for α ∈ A. If the Yα are all Hausdorff and F separates points, then (X, τF ) is
Hausdorff.

PROOF. Let x 6= y ∈ X . Since F separates points, there is some α so that
fα(x) 6= fα(y). Since Yα is Hausdorff, there are disjoint open neighbourhoods
U 3 fα(x) and V 3 fα(y). Therefore f−1

α (U) 3 x and f−1
α (V ) 3 y are disjoint

open sets in X . Thus X is Hausdorff. �

1.7.6. COROLLARY. If (Xα, τα) are Hausdorff spaces for α ∈ A, then X =∏
α∈AXα is Hausdorff in the product topology.

1.7.7. TYCHONOFF’S THEOREM. The product of compact spaces is com-
pact.

PROOF. Let X =
∏
α∈AXα where each Xα is compact. Suppose that there is

an open cover with no finite subcover. Order

P = {U : open cover with no finite subcover}
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by inclusion. If C = {Uβ : β ∈ B} is a chain in P , let U =
⋃
β∈B Uβ . This is an

open cover of X . If it has a finite subcover U1, . . . , Un, the chain property shows
that there is some β so that Ui ∈ Uβ for 1 ≤ i ≤ n. Hence Uβ contains a finite
subcover, contrary to fact. Therefore U ∈ P is an upper bound for C. Therefore
P is inductive. By Zorn’s Lemma, there is a maximal open cover U0 with no finite
subcover.

We claim the U0 has the following properties:

(1) If U ∈ U0 and V ⊂ U is open, then V ∈ U0. This is because V can’t help cover
anything that U doesn’t cover.

(2) If U1, U2 ∈ U0, then U1∪U2 ∈ U0. This is because U1∪U2 can’t cover anything
not covered by U1 and U2 together.

(3) If V1, V2 are open and V1∩V2 ∈ U0, then one of Vi ∈ U0. Indeed, if both Vi 6∈ U0,
then {Vi,U0} has a finite subcover, necessarily of the form V1 ∪ U1 ∪ · · · ∪ Um =
X = V2 ∪ Um+1 ∪ . . . Um+n. However then X = (V1 ∩ V2) ∪ U1 ∪ · · · ∪ Um+n is
a finite subcover from U0, a contradiction.

For each α ∈ A, let Yα = {U ∈ τα : π−1
α (U) ∈ U0} and let Yα =

⋃
Yα. Then

Yα 6= Xα. For otherwise, Yα would be an open cover of Xα, and hence would
have a finite subcover U1, . . . , Un. Then π−1

α (U1), . . . , π
−1
α (Un) would be a finite

subcover from U0. Hence Xα \ Yα is non-empty for each α ∈ A. By the Axiom of
Choice, there is a point x = (xα) ∈ X so that xα ∈ Xα\Yα for each α ∈ A. There
must be a set U ∈ U0 with x ∈ U . Hence there is a basic open neighbourhood
x ∈ V = π−1

α1
(U1) ∩ · · · ∩ π−1

αn (Un) ⊂ U . Therefore,
⋂n
i=1 π

−1
αi (Ui) ∈ U0 by

property (1). Repeated application of property (3) now shows that there is some i
so that π−1

αi (Ui) ∈ U0. But this means that xαi ∈ Yαi , contrary to our construction
of x. This contradiction shows that every open cover has a finite subcover. �

We finish off this section by showing that Tychonoff’s Theorem implies the
Axiom of Choice. So it is in fact equivalent to Choice, since Choice was used to
prove Tychonoff’s Theorem.

1.7.8. THEOREM. Tychonoff’s Theorem is equivalent to the Axiom of Choice.

PROOF. Beyond basic rules of set theory, we used the Axiom of Choice and
the equivalent Zorn’s Lemma to establish Tychonoff’s Theorem.

Conversely, suppose thatXα for α ∈ A are non-empty sets. Define topological
spaces Yα = Xα∪̇{pα}, where we have added a distinguished point pα with the
topology τα = {∅, {pα}, Xα, Yα}. Clearly each Yα is compact because every
cover is finite. By Tychonoff’s Theorem, Y =

∏
α∈A Yα is compact. Since Xα

is closed, Cα = Xα ×
∏
β 6=α Yβ is closed in Y . A closed subset of a compact

set is compact, so Cα is compact. The collection F = {Cα : α ∈ A} has FIP
because if α1, . . . , αn are given, we can choose xi ∈ Xαi for 1 ≤ i ≤ n. Then⋂n
i=1 Cαi 3 x = (x1, . . . , xn, pβ) : β ∈ A \ {α1, . . . , αn}. By Proposition 1.6.5,
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the intersection C =
⋂
α∈ACα is non-empty. Let x = (xα) be a point in the

intersection. Note that xα ∈ Xα for all α ∈ A. Thus c(α) = xα is a choice
function. Hence AC holds. �

1.8. Compact Hausdorff Spaces*

1.8.1. DEFINITION. A topological space is normal if given disjoint closed sets
A,B, there are disjoint open sets U ⊃ A and V ⊃ B.

1.8.2. PROPOSITION. Compact Hausdorff spaces are normal.

PROOF. Let A,B be disjoint closed subsets of a compact Hausdorff space X .
Then A and B are compact by Proposition 1.6.3. Moreover since X is Hausdorff,
that same Proposition shows that for each point x ∈ B, there are disjoint open sets
Ux ⊃ A and Vx 3 x. The collection {Vx : x ∈ B} is an open cover of B. Let
Vx1 , . . . , Vxn be a finite subcover. Set V =

⋃n
i=1 Vxi and U =

⋂n
i=1 Uxi . These are

disjoint open sets with A ⊂ U and B ⊂ V . �

Now we prove that normal Hausdorff spaces have lots of continuous functions.

1.8.3. URYSOHN’S LEMMA. Let X be a normal Hausdorff space, and let A
and B be disjoint closed sets. Then there is a continuous function f : X → [0, 1]
such that f |A = 0 and f |B = 1.

PROOF. Normality implies the following property: if A is closed and W is
open and A ⊂ W , then there is an open set U such that A ⊂ U ⊂ U ⊂ W . To see
this, take B = W c. Use normality to find disjoint open sets U ⊃ A and V ⊃ B.
Then U ⊂ V c ⊂W .

Start with U1 = Bc. Find an open U1/2 so that A ⊂ U1/2 ⊂ U1/2 ⊂ U1.
Repeating this procedure recursively, we find open sets Uk/2n for 1 ≤ k ≤ 2n and
n ≥ 1 so that

A ⊂ Uk/2n ⊂ Uk/2n ⊂ U(k+1)/2n for 1 ≤ k < 2n.

Let D = {k/2n : 1 ≤ k ≤ 2n, n ≥ 1}. Define f(x) = inf{r ∈ D : x ∈ Ur} if
x ∈ U1 and f |B = 1. Clearly 0 ≤ f ≤ 1 and f |A = 0.

Claim: f is continuous. Note that

f−1([0, t)) = ⋃
r<t, r∈D

Ur is open for t ∈ [0, 1].

Also for 0 ≤ t < 1, since t < r < s for r, s ∈ D implies that Ur ⊂ Us,

f−1([0, t]) = ⋂
r>t, r∈D

f−1([0, r)) = ⋂
r>t, r∈D

Ur =
⋂

r>t, r∈D
Ur.
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This is closed, and therefore f−1
(
(t, 1]

)
=
(⋂

r>t, r∈D Ur
)c is open. Hence,

f−1
(
(s, t)

)
is open for s < t, and so f is continuous. �

1.8.4. REMARK. If (X, d) is a metric space and A and B are disjoint closed
sets, define

f(x) =
d(x,A)

d(x,A) + d(x,B)
.

This satisfies the conclusion of Urysohn’s Lemma.

1.8.5. COROLLARY. If X is a compact Hausdorff space, C(X) separates
points.

Urysohn’s Lemma implies the following significant strengthening.

1.8.6. TIETZE’S EXTENSION THEOREM. Let X be a normal Hausdorff
space, and let A ⊂ X be a closed set. If f : A → [a, b] is continuous, there is a
continuous function F : X → [a, b] such that F |A = f .

PROOF. After scaling, we may assume that the range is [−1, 1]. Let A1 =
f−1([−1,− 1

3 ]) and B1 = f−1([1
3 , 1]). By Urysohn’s Lemma, there is a function

g1 : X → [− 1
3 ,

1
3 ] so that g1|A1 = − 1

3 and g1|B1 =
1
3 . Then f1 = f−g1|A has range

in [− 2
3 ,

2
3 ]. Repeat the process, settingA2 = f−1

1 ([− 2
3 ,−

2
9 ]) andB2 = f−1

1 ([2
9 ,

2
3 ]),

and finding g2 : X → [−2
9 ,

2
9 ] with g2|A2 = −2

9 and g2|B2 =
2
9 .

Then f2 = f1 − g2|A has range in [−
( 2

3

)2
,
(2

3

)2
]. Recursively we obtain func-

tions gn : X → [−2 · 3−n, 2 · 3−n] so that fn = f −
∑n

i=1 gn|A has range in
[−
( 2

3

)n
,
( 2

3

)n
]. Let g =

∑
n≥1 gn. Then g|A = f and

‖g‖∞ ≤
∑
n≥1

‖gn‖∞ =
∑
n≥1

2 · 3−n = 1. �

Exercises for Chapter 1

1. (a) Show that compact subsets of Hausdorff spaces are closed.
(b) Let h : X → Y be a continuous bijection of X onto Y . Suppose that X is

compact and Y is Hausdorff. Prove that X and Y are homeomorphic.

2. In a topological space X , say that a net (xλ)λ∈Λ has x as a cluster point if for
each λ0 ∈ Λ and each open neighbourhood U 3 x, there is some λ ≥ λ0 so
that xλ ∈ U . Prove that x is a cluster point of this net if and only if there is a
subnet with limit x. Be explicit about use of the Axiom of Choice.
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3. Let V be the vector space of complex valued functions on R. Put a topology
τ on V with a subbase given by Ut,a,r = {f ∈ V : |f(t) − a| < r} for
t ∈ R, a ∈ C, r > 0.
(a) Show that a net (fλ)λ∈Λ in V converges if and only if lim fλ(t) exists for

each t ∈ R. In particular, εt(f) := f(t) is a continuous function on V for
each t ∈ R.

(b) Let E = {f ∈ V : f(t) = 2 except for finitely many t ∈ R}. Construct a
net in E with limit 0.

(c) Show that no sequence of points in E can converge to 0.

4. Let RR, the set of real functions on R, have the product topology.
(a) Show that a net (fλ)λ∈Λ converges if and only if lim fλ(x) exists for each

x ∈ R.
(b) Let E = {f ∈ RR : f(x) = 2 except finitely often}. Show that the zero

function z is in the closure of E.
(c) Construct a net in E with limit z.
(d) Show that no sequence of points in E can converge to z.

5. Consider R with its usual metric topology τ , which is also the order topology
on R. Let Y be a subset of R. Consider the topology ρ on Y induced by the
topology onR, and let σ be the order topology on Y given by the induced order.
(a) What relationship always holds between ρ and σ?
(b) Find a subset Y where these two topologies are different.
(c) Find reasonable conditions on Y which ensure that these two topologies

agree. Remark. Try to find necessary and sufficient conditions. Reasonable
means that your conditions should handle the cases where Y is open, closed,
Q and your example in part (b).

6. (a) Prove that there is an uncountable well-ordered set Ω0 such that the initial
segments I(a) = {x ∈ Ω0 : x < a} are countable for every a ∈ Ω0.
Endow Ω0 with the order topology.
HINT: well-order R and select an appropriate initial segment.

(b) Show that every increasing sequence in Ω0 converges.
(c) Show that every sequence in Ω0 has a convergent subsequence (i.e. Ω0 is

sequentially compact).
(d) Show that Ω0 is not compact.
(e) Show that every continuous function f : Ω0 → R is eventually constant.

HINT: show there is an ak ∈ Ω0 so that if b > ak, then |f(b)− f(ak)| < 1
k .

7. The Moore plane is Γ = {(x, y) : x ∈ R, y ≥ 0} where for each (x, y)
with y > 0, the usual open balls Br((x, y)) of radius r ≤ y are open; and for
(x, 0) ∈ R = {(x, 0) : x ∈ R}, the sets {(x, 0)} ∪Br((x, r)) are open.
(a) Show that this determines a Hausdorff topology.
(b) Show that Γ is separable, but that R with the induced topology is not.
(c) Show that Γ is separable and first countable, but not second countable.
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(d) Show that Q = {(x, 0) : x ∈ Q} and I = {(x, 0) : x /∈ Q} are disjoint
closed sets; but if I ⊂ U and Q ⊂ V , where U and V are open, then
U ∩ V 6= ∅. (Γ is not normal.)

(e) Show that if C ⊂ Γ is closed and p /∈ C, there is a continuous function
f : Γ→ [0, 1] so that f |C = 0 and f(p) = 1. (Γ is completely regular.)

8. A filter on N is a non-empty collection U of non-empty subsets of N with the
property that if A,B ∈ U , then A ∩B ∈ U and if C ⊃ A, then C ∈ U .
(a) Use Zorn’s lemma to show that there exist a maximal filter U of N contain-

ing all co-finite sets. (This is known as a free ultrafilter.)
(b) Show that for each A ⊂ N, either A ∈ U or Ac ∈ U .
(c) Show that there is no subsequence of N such that lim

i→∞
xni exists for all

bounded sequences x = (xn).
(d) For A ∈ U , let nA = min{k : k ∈ A}. Prove that nA is a (cofinal) subnet

of the sequence 1, 2, 3, . . . with the property that lim
A∈U

xnA does exist for all

bounded sequences x = (xn).



CHAPTER 2

Banach Spaces

2.1. Examples

2.1.1. DEFINITION. A norm on a vector space V over a field F ∈ {R,C} is a
function ‖ · ‖ : V → [0,∞) such that

(1) ‖x‖ = 0 ⇐⇒ x = 0 (definite)

(2) λx‖ = |λ| ‖x‖ for all λ ∈ F and x ∈ V (positive homogeneous)

(3) ‖x+ y‖ ≤ ‖x‖+ ‖y‖ (triangle inequality)
A Banach space is a complete normed vector space.

2.1.2. EXAMPLES.
(1) C(X), the space of continuous complex valued functions on a compact Haus-
dorff spaceX with ‖f‖∞ = supx∈X |f(x)|. A sequence is Cauchy in the sup norm
precisely when it converges uniformly. The uniform limit of continuous functions
is continuous, so C(X) is complete. Variants include CR(X), the real vector space
of real valued continuous functions.

Also if X is a locally compact Hausdorff space, then C0(X) consists of con-
tinuous functions on X such that Kε = {x : |f(x)| ≥ ε} is compact for all ε > 0.
This is also a Banach space with the sup norm. Note that the space Cc(X) of con-
tinuous functions on X with compact support, where. supp(f) = {x : f(x) 6= 0},
is a normed vector space with the sup norm, but it is not complete unless X is
compact. The completion of Cc(X) in the sup norm is C0(X).

A very important example in this family of spaces is

c0 =
{
(ai)i≥1 : lim

i→∞
ai = 0} with ‖(ai)‖∞ = sup

i≥1
|ai|.

(2) For 1 ≤ p < ∞, lp =
{
(ai)i≥1 : ‖(ai)‖p =

(∑
i≥1 |ai|p

)1/p
< ∞

}
and

l∞ =
{
(ai)i≥1 : ‖(ai)‖∞ = sup |ai| <∞

}
. Likewise if I ⊂ R is an interval (finite

or infinite), one can put the p-norm on Cc(I) by ‖f‖p =
(∫

I
|f(x)|p dx

)1/p
. The

completion is called Lp(I) for 1 ≤ p <∞. Here the measure involved is Lebesgue
measure on I .

In greater generality, if µ is a measure on a measure space (X,B), then “Lp(µ)”
consists of all measurable functions on X such that ‖f‖p =

( ∫
I |f |

p dµ
)1/p

<∞.

20
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Then we define Lp(µ) = “Lp(µ)”/N where N = {f : f = 0 a.e.(µ)}. That is,
elements ofLp(µ) are equivalence classes of functions. This is necessary so that the
norm is definite. The space L∞(µ) consists of all bounded measurable functions
modulo N with ‖f‖∞ = ess sup |f | = sup{r ≥ 0 : µ(|f | > r) > 0}. In all of
these cases, the triangle inequality is called Minkowski’s inequality. Completeness
is a theorem of Riesz usually established in measure theory courses.

When 1 ≤ p < ∞, define q so that 1
p +

1
q = 1 (q = ∞ for p = 1). Hölder’s

inequality states that if f ∈ Lp(µ) and g ∈ Lq(µ), then∣∣∣ ∫ fg dµ
∣∣∣ ≤ ‖f‖p ‖g‖q.

(3) C(n)[a, b] = {f(x) : f has n continuous derivatives on [a, b]}.
Define ‖f‖C(n) =

∑n
k=0 ‖f (k)‖∞. In this norm, a sequence fn → f if and only if

f
(k)
n converges uniformly to f (k) for 0 ≤ k ≤ n. The completeness of C(n)[a, b]

follows from the fact that the uniform limit of continuous functions is continuous,
and the fact that the Riemann integral of a uniform limit is the uniform limit of the
integral, combined with the Fundamental Theorem of Calculus.

(4) Hilbert spaces. An inner product space is a vector space V over F ∈ {R,C}
with a positive definite sesquilinear form (inner product). That is 〈x, x〉 ≥ 0 with
equality only when x = 0; 〈y, x〉 = 〈x, y〉 and 〈λx, µy〉 = λµ〈x, y〉. A norm is
defined by ‖x‖ = 〈x, x〉1/2. A complete inner product space is called a Hilbert
space. The Cauchy-Schwarz inequality is |〈x, y〉| ≤ ‖x‖ ‖y‖. This is valid in all
inner product spaces. The triangle inequality follows from

‖x+ y‖2 = 〈x+ y, x+ y〉 = ‖x‖2 + 2 Re〈x, y〉+ ‖y‖2

≤ ‖x‖2 + 2‖x‖ ‖y‖+ ‖y‖2 =
(
‖x‖+ ‖y‖

)2
.

Examples of Hilbert spaces include l2, L2(I) and L2(µ) with 〈f, g〉 =
∫
fḡ dµ.

A less obvious example is the following. Let Ω be an open subset of C. Define
L2
a(Ω) to be the vector space of all analytic functions on Ω such that

‖f‖2 =
(∫

Ω

|f(z)|2 dA
)1/2

<∞

where dA = dx dy is planar measure on Ω. Define 〈f, g〉 =
∫

Ω

f(z)g(z) dA. The

non-obvious fact is completeness.
Let z0 ∈ Ω. There is some ρ > 0 so that bρ(z0) ⊂ Ω. Then using polar

coordinates, (dA = r dr dθ)∫
bρ(z0)

f(z) dA =

∫ ρ

0

∫ 2π

0
f(z0 + reiθ)dθ r dr =

∫ ρ

0
2πf(z0)dθ r dr = πρ2f(z0).
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Therefore by Cauchy-Schwarz,

|f(z0)| =
∣∣∣ 1
πρ2

∫
bρ(z0)

f(z) dA
∣∣∣

≤ 1
πρ2

(∫
bρ(z0)

|f(z)|2 dA
)1/2 (∫

bρ(z0)
1 dA

)1/2

≤ 1
πρ2 ‖f‖2

√
πρ2 =

‖f‖2√
πρ
.

This says that evaluation of f ∈ L2
a(Ω) at z0 is continuous. (This is false for L2(I)

where elements are only defined a.e.)
Now suppose that fn is a Cauchy sequence in L2

a(Ω). So for ε > 0, there is an
N so that for m,n ≥ N , ‖fm − fn‖2 < ε. Hence for

z ∈ Ωn = {z ∈ Ω : dist(z,Ωc) ≥ 1
n},

we have |fn(z) − fn(z)| ≤ ε/
√
πρ. This means that fn(z) is uniformly Cauchy

on Ωn, and thus converges uniformly there to a function f(z). That is, fn → f
uniformly on compact subsets of Ω. Therefore the limit f(z) is analytic. It is
routine to check that ‖f‖2 = limn→∞ ‖fn‖2 < ∞. So f ∈ L2

a(Ω) and fn → f in
the L2

a(Ω) norm.

2.2. Constructions of Banach Spaces

The following easy proposition is basic to functional analysis.

2.2.1. PROPOSITION. LetX and Y be normed vector spaces, and let T : X →
Y be a linear map. The following are equivalent:

(1) ‖T‖ := sup
‖x‖≤1

‖Tx‖ <∞. i.e. T is bounded.

(2) T is Lipschitz, and hence uniformly continuous.

(3) T is continuous.

(4) T is continuous at x = 0.

PROOF. (1)⇒(2). ‖Tx1 − Tx2‖ = ‖T (x1 − x2)‖ ≤ ‖T‖ ‖x1 − x2‖. So F is
Lipschitz with constant ‖T‖. In particular, given ε > 0, if ‖x1 − x2‖ < ε/‖T‖,
then ‖Tx1 − Tx2‖ < ε. So T is uniformly continuous.

(2)⇒(3)⇒(4) is trivial.
(4)⇒(1) is equivalent to ¬(1)⇒ ¬(4). So suppose that ‖T‖ = ∞. Then there

are xn ∈ X with ‖xn‖ ≤ 1 and ‖Txn‖ > n2. Hence 1
nxn → 0 but ‖T ( 1

nxn)‖ →
∞. So T is not continuous at x = 0. �
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2.2.2. DEFINITION. Let X and Y be normed vector spaces. Then the space of
bounded linear operators from X to Y is

B(X,Y ) = {T : X → Y continuous linear maps} with ‖T‖ = sup
‖x‖≤1

‖Tx‖.

When Y = X , we write B(X) for B(X,X). When Y = F is the scalar field for
X , we write X∗ for B(X,F). This is called the dual space of X . Elements of X∗

are called (continuous linear) functionals.

It is easy to check that ‖ · ‖ is a norm. This is left to the reader.

2.2.3. PROPOSITION. Let X be a normed vector space and let Y be a Banach
space. Then B(X,Y ) is a Banach space.

PROOF. We will verify completeness. Let (Tn)n≥1 be a Cauchy sequence in
B(X,Y ). For ε > 0, there is an Nε so that if Nε ≤ n < m, then ‖Tm − Tn‖ < ε.
Hence for each x ∈ X ,

‖Tmx− Tnx‖ ≤ ‖Tm − Tn‖ ‖x‖ < ε‖x‖.

This means that (Tnx) is a Cauchy sequence in Y for every x ∈ X . Since Y is
complete, we may define Tx := lim

n→∞
Tnx. It is easy to check that T is linear.

Moreover if n ≥ Nε and ‖x‖ ≤ 1,

‖Tx− Tnx‖ = lim
m→∞

‖Tmx− Tnx‖ ≤ ε.

It follows that ‖T‖ ≤ ‖TNε‖+ ε <∞ and that ‖T − Tn‖ → 0 and n→∞. Thus
B(X,Y ) is complete. �

2.2.4. THEOREM. Let 1 < p < ∞ and let q satisfy 1
p +

1
q = 1. Then the map

taking y = (yj) ∈ lq to the linear functional ϕy(x) =
∑

j≥1 xjyj is an isometric
map onto l∗p.

PROOF. Let ej denote the element of lp with a 1 in the jth entry and 0s else-
where. If y = (yj) ∈ lq and x =

∑N
j=1 xjej , then ϕy(x) :=

∑N
j=1 xjyj . By

Hölder’s inequality,

|ϕy(x)| ≤
N∑
j=1

|xj | |yj | ≤ ‖x‖p ‖y‖q.

This shows that ‖ϕy‖ ≤ ‖y‖q on the span{ej : j ≥ 1}, and so it extends by
continuity to all of lp, and indeed, ϕy(x) :=

∑∞
j=1 xjyj converges absolutely for
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all x ∈ lp. This shows that ‖ϕy‖ ≤ ‖y‖q. Taking xj = sign(yj)|yj |q/p, we obtain

‖x‖pp =
∑
j≥1

|yj |q = ‖y‖qq <∞;

so that x ∈ lp with ‖x‖p = ‖y‖q/pq . Evaluating ϕy at x/‖x‖p shows

‖ϕy‖ ≥
|ϕy(x)|
‖x‖p

=
1

‖y‖q/pq

∑
j≥1

|yj |q/p |yj |q/q

=
1

‖y‖q/pq

∑
j≥1

|yj |q = ‖y‖q(1−1/p)
q = ‖y‖q.

Therefore the map y → ϕy is an isometric map of lq into l∗p.
If ϕ ∈ l∗p, let yj = ϕ(ej). Again we define xj = sign(yj)|yj |q/p. For any

finite N , we have uN =
∑N

j=1 xjej ∈ lp and vN =
∑N

j=1 yjfj ∈ lq, where fj
is the sequence in lq with a 1 in the jth entry and 0s elsewhere. By the previous
paragraph, ‖uN‖p = ‖vN‖q/pq and

‖ϕ‖ ≥ |ϕ(uN )|
‖uN‖p

= ‖vN‖q.

Hence y = (yj) satisfies

‖y‖q = lim
N→∞

‖vN‖q ≤ ‖ϕ‖ <∞.

So y ∈ lq. Moreover for any x =
∑N

j=1 xjej ∈ span{ej : j ≥ 1}, we have

ϕ(x) =

N∑
j=1

xjϕ(ej) =

N∑
j=1

xjyj = ϕy(x).

Thus the two continuous functionals ϕ and ϕy agree on a dense subset of lp, and
thus they are equal. This shows that the isometry from lq into l∗p is surjective. �

2.2.5. REMARKS. Theorem 2.2.4 is a very special case of a theorem of Riesz
which is established in a course on measure theory. Namely that if 1 < p < ∞,
then Lp(µ)∗ = Lq(µ). This is also true for p = 1 (with q =∞) provided that µ is
σ-finite.

The other big theorem on dual spaces from measure theory is the Riesz Rep-
resentation Theorem. If X is a locally compact Hausdorff space, then C0(X)∗ =
M(X), the space of complex (finite) regular Borel measures on X .

2.2.6. EXAMPLE. c∗0 = l1. Again let ej denote the sequence with a 1 in the jth
coordinate and 0s elsewhere; and let fj be the corresponding basis in l1. If ϕ ∈ c∗0,
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let aj = ϕ(ej). Then

‖ϕ‖ ≥ ϕ
(
a1
|a1| , . . . ,

aj
|aj | , . . . ,

an
|an| , 0, 0 . . . ,

)
=

n∑
j=1

|aj |.

Letting n → ∞, we deduce that y = (aj) belongs to l1 and ‖y‖1 ≤ ‖ϕ‖. More-
over ϕ(x) = ϕy(x) =

∑
j≥1 xjaj . Conversely, each y ∈ l1 determines a linear

functional with ‖ϕy‖ = ‖y‖1.
Now consider B(c0). If T ∈ B(c0), define an infinite matrix

[
tij
]

by Tej =∑
i≥1 tijei. The columns Tej belong to c0, so limi→∞ tij = 0. Also the row

(ti1, ti2, ti3, . . . ) acts on a vector x ∈ c0 by ϕi(x) =
∑

j≥1 tijxj = ϕfi(Tx). This
determines the ith coordinate of Tx =

∑
i≥1 ϕi(x)ei. So each ϕi = ϕfi ◦ T is a

continuous linear functional on c0, so there is a vector yi ∈ l1 so that ϕi = ϕyi .
Moreover ‖ϕi‖ = ‖yi‖1 ≤ ‖T‖. In fact,

B(c0) =
{
T =

[
tij
]

: (tij)i≥1 ∈ c0 for j ≥ 1 and sup
i≥1

∑
j≥1

|tij | <∞
}
.

To see this, note that the boundedness of the rows in the l1 norm ensures that T is
a bounded linear map from c0 into l∞. The condition on the columns ensures that
Tej ∈ c0 for g ≥ 1. So T span{ej : j ≥ 1} ⊂ c0. The subspace span{ej : j ≥ 1}
is dense in c0 and T is continuous. Thus, since c0 is closed in l∞, the range of T is
contained in c0. Therefore T ∈ B(c0).

This is a rather special property of c0. There are very few Banach spaces where
the space of bounded linear maps can be simply characterized.

An easy way to obtain a new Banach space from another is to take a closed
subspace, which as the term suggests is a subspace which is norm closed. Since
a closed subset of a complete metric space is complete, a closed subspace of a
Banach space is a Banach space.

2.2.7. EXAMPLE. Let A(D) = {f ∈ C(T) : f̂(n) = 0 for n < 0}. Here T
is the unit circle T = {eiθ : θ ∈ [−π, π]}. The (complex) Fourier coefficients of
f ∈ C(T) are given by

f̂(n) =
1

2π

∫ π

−π
f(eiθ)e−inθ dθ for n ∈ Z.

The linear functionals ϕn(f) = f̂(n) are continuous since |f̂(n)| ≤ ‖f‖∞, so
‖ϕn‖ ≤ 1. They are exactly norm 1 since ‖einθ‖∞ = 1 and ϕn(einθ) = 1. Hence
the kernel, kerϕn, is a closed subspace. It follows that A(D) =

⋂
n<0 kerϕn is a

closed subspace of C(T).
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Every continuous function f ∈ C(T) extends uniquely to a harmonic function
on the open disk by

f̃(reiθ) =
1

2π

∫ π

−π
f(eit)Pr(θ − t) dt

=
1

2π

∫ π

−π
f(eit)

1− r2

1−2r cos(θ − t)+r2 dt

=

∞∑
n=−∞

f̂(n)r|n|einθ.

Poisson’s Theorem shows that f̃(reiθ) converges uniformly to f(eiθ) as r → 1.
Hence f̃ extends to be continuous on the closed disk, and coincides with f on the
boundary circle. For f ∈ A(D), all negative Fourier coefficients vanish. Thus,
writing z = reiθ, we get that f̃(z) =

∑
n≥0 f̂(n)z

n. This power series converges
on the open unit disk D, and converges uniformly when |z| ≤ r < 1. So for
f ∈ A(D), f̃(z) is analytic on D and continuous on D. Conversely every function
which has these properties has a power series which converges on the open disk.
By Cauchy’s Theorem, f(z) for z ∈ D is determined by the boundary values.
Indeed, analytic functions are harmonic, so this is the Poisson extension of the
boundary values. It is clear that each fr(eiθ) lies in A(D) since the Fourier series
converges uniformly. They converge uniformly to f(eiθ) by continuity on D, and
so f ∈ A(D).

The third construction in this section is the notion of a quotient space.

2.2.8. DEFINITION. Let X be a Banach space and let M be a closed subspace.
Then X/M is a vector space. Define a norm on X/M by

‖x+M‖ = inf{‖x−m‖ : m ∈M}.

2.2.9. PROPOSITION. Let X be a Banach space and let M be a closed sub-
space. Then X/M is a Banach space.

PROOF. First check that this is a bona fide norm. Note that ‖x+M‖ = 0 only
if there are mn ∈ M with ‖x−mn‖ → 0. That means that x lies in M = M . So
x +M = 0̇ is the zero element. Positive homogeneity and the triangle inequality
are straightforward.

For completeness, let ẋn = xn+M for n ≥ 1 be a Cauchy sequence in X/M .
Find a subsequence ẋni so that ‖ẋni − ẋni+1‖ < 2−i. Recursively choose mi ∈M
so that x′ni = xni −mi satisfy ‖x′ni − x

′
ni+1
‖ < 2−i. Then (x′ni)i≥1 is Cauchy in

X . Let x be the limit. Then it is clear that ẋni converge to ẋ. A standard argument
now shows that the whole sequence converges to ẋ. Hence X/M is complete, and
thus is a Banach space. �
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2.2.10. PROPOSITION. Let X be a Banach space and let M be a proper
closed subspace. Define a linear map Q : X → X/M by Qx = ẋ. Then
Q ∈ B(X,X/M) is surjective, ‖Q‖ = 1 and kerQ =M .

PROOF. It is clear that Q is a linear surjection with kerQ = M . Moreover,
since ‖ẋ‖ ≤ ‖x‖, we have ‖Q‖ ≤ 1. Since M is proper, pick x ∈ X \M ; so that
ẋ 6= 0̇. Replace x by x/‖ẋ‖ so that 1 = ‖ẋ‖ = inf{‖x −m‖ : m ∈ M}. Choose
mn ∈ M so that ‖x −mn‖ → 1. Then ‖Q‖ ≥ supn≥1

‖ẋ‖
‖x−mn‖ = 1. Therefore

‖Q‖ = 1. �

The map Q : X → X/M is called the quotient map.

2.2.11. EXAMPLE. Let X be a compact Hausdorff space, and let E be a closed
subset of X . Then I(E) = {f ∈ C(X) : f |E = 0} is a closed subspace (and in
fact, an ideal). Consider C(X)/I(E).

Let h ∈ C(X). Then

‖ḣ‖ = inf{‖h− f‖∞ : f |E = 0} ≥ sup
x∈E
|h(x)| = ‖h|E‖∞.

On the other hand, suppose that ‖h|E‖∞ = 1. Define a continuous function g :

C → D by g(z) =

{
z if |z| ≤ 1
z
|z| if |z| > 1

. Then g(h(x)) has norm 1, and g|E = h|E .

Then f = h − g ◦ h vanishes on E, so f ∈ I(E). Moreover h − f = g, so that
‖ḣ‖ ≤ ‖g‖∞ = 1. We deduce that ‖ḣ‖ = ‖h|E‖∞.

Let Q : C(X) → C(X)/I(E) be the quotient map. Define a linear map
T : C(X)/I(E) → C(E) by T ḣ = h|E . This makes sense since h − f |E =
h|E for all f ∈ I(E). Moreover we have just shown that ‖T ḣ‖ = ‖ḣ‖ for all
h ∈ C(X)/I(E). That is, T is an isometry. Observe that TQ = R, where R is
the restriction map Rh = h|E from C(X) onto C(E). Also T maps onto C(E)
by Tietze’s Extension Theorem. So C(X)/C(E) is isometrically isomorphic tp
C(E).

The final construction in this section is the notion of a direct sum.

2.2.12. DEFINITION. Let X and Y be Banach spaces. Consider the direct
sum X ⊕p Y = {(x, y) : x ∈ X, y ∈ Y }. For 1 ≤ p ≤ ∞, let X ⊕p Y
endow the direct sum with the norm ‖(x, y)‖p =

(
‖x‖p + ‖y‖p

)1/p if p < ∞ and
‖(x, y)‖∞ = max{‖x‖, ‖y‖}.

The following result is straightforward, and the proof is left to the reader.
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2.2.13. PROPOSITION. Let X and Y be Banach spaces. Then X ⊕p Y is a
Banach space for 1 ≤ p ≤ ∞. Moreover

‖(x, y)‖∞ ≤ ‖(x, y)‖p ≤ ‖(x, y)‖1 ≤ 2‖(x, y)‖∞.

We say that two norms on X are equivalent if there are constanst 0 < C1 ≤
C2 <∞ so that C1‖x‖2 ≤ ‖x‖1 ≤ C2‖x‖2 for all x ∈ X .

2.2.14. PROPOSITION. Let X be a finite dimensional vector space. Then any
two norms onX are equivalent. In particular, X is complete in any norm. So every
finite dimensional subspace of a Banach space is closed.

PROOF. Let F be the field of scalars for X . Fix a basis x1, . . . , xn for X , and
consider a norm ‖ · ‖ on X . Define a linear isomorphism T : (Fn, ‖ · ‖2)→ X by
T
∑n

i=1 aiei =
∑n

i=1 aixi. Then for u =
∑n

i=1 aiei ∈ Fn,

‖Tu‖ =
∥∥ n∑
i=1

aixi
∥∥ ≤ n∑

i=1

|ai| ‖xi‖ ≤ ‖u‖2
( n∑
i=1

‖xi‖2)1/2
= C‖u‖2

by the Cauchy-Schwarz inequality. Therefore T is a continuous linear bijection.
Let S = {u ∈ Fn : ‖u‖2 = 1} be the unit sphere. This is compact, and

therefore TS is compact in X . Since 0 6∈ TS, the continuous function f(x) = ‖x‖
attains a minimum value on TS, say minu∈S ‖Tu‖ = r > 0. It follows that
T−1br(X) ⊂ b1(Fn); for if ‖T−1x‖ = t ≥ 1, then x/t ∈ br(X) and T−1(x/t)
would belong to S So ‖T−1‖ ≤ 1

r . Therefore T is an isomorphism, and hence a
biLipschitz homeomorphism. It follows that (X, ‖ · ‖) is complete, and this norm
is equivalent to the Euclidean norm ‖x‖2 := ‖T−1x‖2.

If |||·||| is another norm on X , then it is also equivalent to ‖ · ‖2, and thus is
equivalent to ‖ · ‖. If X is a finite dimensional subspace of a Banach space Y , then
X is complete in this norm, and hence it is closed in Y . �

2.2.15. PROPOSITION. The closed unit ball of a Banach space is compact if
and only if it is finite dimensional.

PROOF. If X has finite dimension n, then the norm is equivalent to the Eu-
clidean norm on Fn. Thus every closed bounded set is compact.

If X has infinite dimension, we can recursively choose a sequence of unit vec-
tors (xn)n≥1 so that dist(xn+1, span{x1, . . . , xn}) > 1

2 . Suppose that x1, . . . , xn
are chosen, and let Mn = span{x1, . . . , xn}. Then Mn is closed, and X/Mn is an
infinite dimensional Banach space. Let ẋ = x+Mn ∈ X/Mn with

1
2 < ‖ẋ‖ = inf

m∈Mn

‖x+m‖ < 1.
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Choose x + m so that ‖x + m‖ < 1; and define xn+1 = x+m
‖x+m‖ . Then there is

no finite 1
4 -net in the unit ball since a point can be within 1

4 of only a single xn.
Therefore b1(X) is not compact. �

2.3. Hilbert spaces

2.3.1. DEFINITION. In an inner product space, x ⊥ y means 〈x, y〉 = 0 and
the vectors are orthogonal. A set {eα : α ∈ A} is orthonormal if 〈eα, eβ〉 = δαβ .
If S ⊂ H , then S⊥ = {x ∈ H : x ⊥ y for all y ∈ S}.

If x ⊥ y, then ‖x + y‖2 = ‖x‖2 + ‖y‖2, the Pythagorean law. Therefore if
e1, . . . , en are orthonormal, then

∥∥∑n
i=1 aiei

∥∥2
=
∑n

i=1 |ai|2.

2.3.2. DEFINITION. A series
∑

α∈A aαeα converges unconditionally in a Hilbert
space if for the upward directed poset Λ of finite subsets F ⊂ A (ordered by inclu-
sion), the net xF =

∑
α∈F aαeα converges.

2.3.3. THEOREM. Let H be a Hilbert space, let {eα : α ∈ A} be a non-empty
orthonormal set in H , and let M = span{eα : α ∈ A}. Then

(1) The set {eα :α ∈ A} is linearly independent; and

dist
(
eα, span{eβ : β 6= α}

)
= 1.

(2) (Bessel’s inequality) If x ∈ H and aα = 〈x, eα〉, then
∑
α∈A
|aα|2 ≤ ‖x‖2.

(3) If aα ∈ C and
∑

α∈A |aα|2 = L2 < ∞, then
∑

α∈A aαeα converges
unconditionally to a vector x with ‖x‖ = L. Moreover 〈x, eα〉 = aα.

(4) If x ∈ H , let aα = 〈x, eα〉 and define Px =
∑

α∈A aαeα. Then P is in
B(H) with ||P || = 1, P 2 = P and P (H) =M .

(5) kerP =M⊥. Also Px = x if and only if x ∈M . And M +M⊥ = H .

(6) (Parsevel’s identity): If y ∈M , then ‖y‖ =
(∑

α∈A |〈y, eα〉|2
)1/2

.

The operator P constructed here is the orthogonal projection of H onto M .

PROOF. (1) Elements of span{eα : α ∈ A} (before closure) have the form∑
β∈F aβeβ for F ⊂ A finite. By the Pythagorean law, if F ⊂ A \ {α} is finite,

‖eα −
∑
β∈F

aβeβ‖2 = 1 +
∑
β∈F
|aβ|2.
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Thus the minimum value, 1, is obtained when aβ = 0 for all β 6= α. This extends
to the closure by continuity of the norm. In particular, {eα : α ∈ A} are linearly
independent.

(2) For F ⊂ A finite, let xF =
∑

α∈F aαeα. Then

0 ≤ ‖x− xF ‖2 = ‖x‖2 − 2 Re〈x, xF 〉+ ‖xF ‖2

= ‖x‖2 − 2
∑
α∈F
|aα|2 +

∑
α∈F
|aα|2 = ‖x‖2 −

∑
α∈F
|aα|2.

Taking the sup over F ⊂ A yields
∑

α∈A |aα|2 ≤ ‖x‖2.
(3) Again define xF =

∑
α∈F aαeα. Then ‖xF ‖2 =

∑
α∈F |aα|2 ≤ L2.

Note that L2 = supF⊂A,
Ffinite

‖xF ‖2. Given ε > 0, choose F0 ⊂ A finite so that

‖xF0‖2 > L2 − ε. Then for F,G ≥ F0,

‖xF − xG‖2 =
∑

α∈F4G
|aα|2 ≤

∑
α∈A\F0

|aα|2 < L2 − (L2 − ε) = ε.

Therefore {xF }Λ is a Cauchy net. Since H is complete, it has a limit x ∈ H .
Since each xF ∈ M and M is closed, x ∈ M . Hence ‖x‖2 = limΛ ‖xF ‖2 = L2.
Compute 〈x, eα〉 = limΛ〈xF , eα〉 = aα since 〈xF , eα〉 = aα when F ≥ {α}.

(4) By (2) and (3), for each x ∈ H with aα = 〈x, eα〉, the sum Px =∑
α∈A aαeα is well defined and lies in M . The map P is evidently linear. More-

over ‖Px‖2 =
∑

α∈A |aα|2 ≤ ‖x‖2 by (3) and Bessel’s inequality. Therefore
‖P‖ ≤ 1. One can check that Peα = eα, and thus ‖P‖ = 1. (3) also shows
that 〈Px, eα〉 = aα. Therefore P 2x = Px. The range of P contains the unclosed
span{eα : α ∈ A}, and P

∑
α∈F aαeα =

∑
α∈F aαeα. That is, P is the identity

on this subspace. By continuity, Py = y for all y ∈M .
(5) Px = 0 iff 〈x, eα〉 = 0 for all α ∈ A iff 〈x,

∑
α∈F aαeα〉 = 0 for all

vectors in span{eα : α ∈ A} iff 〈x, y〉 = 0 for all y ∈ M by continuity iff
x ∈ M⊥. We showed that Py = y for y ∈ M , and since Px ∈ M , we have
Px = x only if x ∈ M . If x ∈ H , then x = Px + (I − P )x, and Px ∈ M and
P (I − P )x = (P − P 2)x = 0, so (I − P )x ∈M⊥. Hence M +M⊥ = H .

(6) This is immediate from (3) and (5). �

2.3.4. DEFINITION. An orthonormal basis for a Hilbert space H is an or-
thonormal set {eα : α ∈ A} such that span{eα : α ∈ A} = H .

2.3.5. PROPOSITION. Every Hilbert space has an orthonormal basis.

PROOF. Order the collectiionO of all orthonormal sets by inclusion. ThenO is
inductive because if C is a chain of orthonormal sets, then the union is an orthonor-
mal set containing every element of C. By Zorn’s Lemma, there is a maximal or-
thonormal set, say {eα : α ∈ A}. Let M = span{eα : α ∈ A}. If M = H , we are
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done. Otherwise M⊥ 6= {0}. Let f be a unit vector in M⊥. Then {f, eα : α ∈ A}
is a larger orthonormal set, contradicting the maximality of {eα : α ∈ A}. Hence
we must have M = H . �

2.3.6. THEOREM. Let H be a Hilbert space. For each ϕ ∈ H∗, there is a
unique vector y ∈ H so that ϕ(x) = 〈x, y〉. The map ϒ : H∗ → H given
by ϒ(ϕ) = y is a conjugate linear isometry of H∗ onto H . In particular, H∗ is a
Hilbert space with the inner product 〈ϕ,ψ〉 = 〈ϒϕ,ϒψ〉. The set {ϒ−1eα : α ∈ A}
forms an orthonormal basis for H∗.

PROOF. Let {eα : α ∈ A} be an orthonormal basis forH . Define aα = ϕ(eα).
For every finite set F ⊂ A, let yF =

∑
α∈F aαeα. Then

|ϕ(yF )| =
∑
α∈F
|aα|2 ≤ ‖ϕ‖ ‖yF ‖ = ‖ϕ‖

(∑
α∈F
|aα|2

)1/2
.

Hence
∑

α∈F |aα|2 ≤ ‖ϕ‖2. Taking the supremum over all finite subsets F yields∑
α∈A |aα|2 ≤ ‖ϕ‖2. Therefore y =

∑
α∈A aαeα belongs to H by Theorem 2.3.3,

and ‖y‖ ≤ ‖ϕ‖.
If x =

∑
α∈F bαeα, then

ϕ(x) =
∑
α∈F

bαaα = 〈x, y〉.

Therefore ϕ agrees with the linear functional ψ(x) = 〈x, y〉 on the algebraic span
of the basis, which is dense in H . Both are continuous, so they are equal. Note that
|ϕ(x)| = |〈x, y〉| ≤ ‖x‖ ‖y‖. Take the supremum over all x ∈ H with ‖x‖ ≤ 1 to
get ‖ϕ‖ ≤ ‖y‖. Hence ‖y‖ = ‖ϕ‖. The uniqueness of y follows from the fact that
any vector determining the functional ϕ must satisfy

〈y, eα〉 = 〈eα, y〉 = ϕ(eα) = aα.

By Theorem 2.3.3, y =
∑

α∈A aαeα.
Therefore there is a map ϒ : H∗ → H given by ϒϕ = y. It is isometric because

‖ϕ‖ = ‖y‖. It is surjective because for each y ∈ H , ψ(x) = 〈x.y〉 belongs to H∗

and ϒϕ = y. However this is not a linear map. If ψ ∈ H∗ with ϒψ = z and
λ, µ ∈ C, then

(λϕ+ µψ)(x) = λ〈x, y〉+ µx, z = 〈x, λ̄y + µ̄z〉.

Thus
ϒ(λϕ+ µψ) = λ̄y + µ̄z = λ̄ϒϕ+ µ̄ϒψ.

This shows that ϒ is a conjugate linear map.
Now define an inner product on H∗ by 〈ϕ,ψ〉 = 〈ϒϕ,ϒψ〉. It is easy to check

that this satisfies the properties of an inner product including linearity in the first
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variable. It is also clear that {ϒ−1eα : α ∈ A} is orthonormal. Moreover since ϒ is
isometric,

span{ϒ−1eα : α ∈ A} = ϒ
−1span{eα : α ∈ A} = ϒ

−1H = H∗.

So {ϒ−1eα : α ∈ A} is an orthonormal basis. �

2.3.7. DEFINITION. The dimension of a Hilbert space H is the cardinality of
an orthonormal basis.

2.3.8. PROPOSITION. The dimension of a Hilbert space is well defined.

PROOF. We need to show that any two orthonormal bases have the same car-
dinality. If H is finite dimensional, this is just the cardinality of a basis, which is
shown to be well defined in linear algebra.

If H is infinite dimensional, let {eα : α ∈ A} and {fβ : β ∈ B} be two
orthonormal cases. For each α ∈ A, let Bα = {β ∈ B : 〈eα, fβ〉 6= 0}. Then
because

1 = ‖eα‖2 =
∑
β∈Bα

|〈eα, fβ〉|2,

it follows that Bα is non-empty and countable or finite. Indeed, there can be at
most n βs such that |〈eα, fβ〉|2 ≥ 1

n . Thus there are at most countably many in
Bα. Also B =

⋃
α∈ABα because similarly every fβ has non-zero inner product

with some eα. Therefore |B| ≤ |A|ℵ0 = |A|. Similarly |A| ≤ |B|. So by the
Schroeder-Bernstein Theorem, |A| = |B|. �

The following easy result is left as an exercise.

2.3.9. PROPOSITION. Two Hilbert spaces are (isometrically) isomorphic if
and only if they have the same dimension.

2.3.10. REMARK. IfH andK are Hilbert spaces, thenH⊕2K is also a Hilbert
space. We will write this as H ⊕K. Then H and K are orthogonal complements
in the direct sum.

2.3.11. DEFINITION. A unitary operator U ∈ B(H,K) from one Hilbert
space H to another, K, is a surjective isometry.

Note that U is a linear isomorphism which preserves norm. That means that is
also preserves the inner product. This follows from the polarization identity:

〈x, y〉 = 1
4

∑
ε∈{±1,±i}

ε‖x+ εy‖2 or 〈x, y〉 = 1
2
(
‖x+ y‖2 − ‖x− y‖2)
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in the complex and real cases, respectively. Since U preserves norms, it preserves
the inner product as well.

2.3.12. EXAMPLE. Let H = L2(T), the space of square integrable functions
(modulo almost everywhere equality) with respect to Lebesgue measure 1

2π dθ. For
n ∈ Z, let en(z) = zn = einθ. Note that

〈en, em〉 =
1

2π

∫ π

−π
einθeimθ dθ =

1
2π

∫ π

−π
ei(n−m)θ dθ =

{
1 if n = m

0 if n 6= m
.

So {en : n ∈ Z} is an orthonormal set.

It is a fact that the trigonometric polynomials of the form
N∑

n=−N
ane

inθ for

an ∈ C and N ∈ N is uniformly dense in C(T). This is a classical theorem
of Weierstrass, which also follows from Féjer’s Theorem or the Stone-Weierstrass
Theorem. It is also a fact from measure theory that C(T) is dense in L2(T) in the
2-norm. This follows from Lusin’s Theorem. Hence {en : n ∈ Z} has dense linear
span. Therefore {en : n ∈ Z} is an orthonormal basis.

Consider the linear map U : L2(T) → l2(Z) given by Uf =
(
f̂(n)

)
n≥1 that

takes a function to it Fourier series:

f̂(n) =
1

2π

∫ π

−π
f(eiθ)e−inθ dθ = 〈f, en〉.

This is the Fourier operator. This map takes the orthonormal basis {en : n ∈ Z}
onto the standard basis {δn : n ∈ Z} for l2(Z). The Parseval identity shows that U
is an isometry. The range is therefore closed, and is dense, so is surjective. Thus U
is unitary.

2.4. Category Theorems

2.4.1. DEFINITION. A subset A ⊂ X of a topological space X is nowhere
dense if A has no interior. A subset of a complete metric space is first category if it
is the countable union of nowhere dense sets.

Recall the following important result from real analysis.

2.4.2. BAIRE CATEGORY THEOREM. A non-empty complete metric space
X is not a countable union of nowhere dense sets. Indeed, if Un are dense open
subsets of a complete metric space X , then

⋂
n≥1 Un is dense in X .
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PROOF. Note thatUn = An
c is a dense open set, and

(⋃
n≥1 An

)c
=
⋂
n≥1 Un.

Let x ∈ X and r > 0. We will find a point in br(x) ∩
⋂
n≥1 Un.

Since A1 has no interior, V1 := br(x) ∩ U1 is non-empty and open. Thus there
is a point x1 ∈ X and 0 < r1 < r/2 so that br1(x1) ⊂ V1. Proceed recursively. At
stage n, we will have x1, . . . , xn and r1, . . . , rn so that ri < r/2i and

bri(xi) ⊂ Vi = bri−1(xi−1) ∩ Ui for 1 ≤ i ≤ n.
Set Vn+1 = brn(xn)∩Un+1. SinceAn+1 is nowhere dense, this is a non-empty open
set. So we may find a point xn+1 and an rn+1 < rn/2 so that brn+1(xn+1) ⊂ Vn+1.
This completes the inductive step.

The balls brn(xn) form a decreasing nested sequence of closed sets. We claim
that the sequence (xn)n≥1 is Cauchy. Indeed, if N ≤ m < n, then xn, xm lie
in brN (xN ) and hence d(xn, xm) ≤ 2rN < 21−Nr. Since X is complete, this
sequence has a limit, say x0 = lim

n→∞
xn. Hence x0 belongs to

⋂
n≥1 brn(xn). Since

brn(xn) is disjoint from An, we have x0 ∈
⋂
n≥1 Un. Moreover, x0 ∈ V1 ⊂ br(x),

so that d(x, x0) < r. Therefore
⋂
n≥1 Un is dense in X . �

The following important result is sometimes called the Uniform Boundedness
Principle.

2.4.3. BANACH-STEINHAUS THEOREM. Let X be a Banach space, let Y
be a normed vector space, and let A ⊂ B(X,Y ). Suppose that for each x ∈ A,
supA∈A ‖Ax‖ = Kx <∞. Then supA∈A ‖A‖ <∞.

PROOF. Let Xn = {x ∈ X : Kx ≤ n}. This is a closed set since if xk ∈ Xn

and xk → x and A ∈ A, then ‖Ax‖ = limk→∞ ‖Axk‖ ≤ n. By assumption,
X =

⋃
n≥1 Xn. By the Baire Category Theorem, there is an n0 so that An0 has

interior, say br(x0) ⊂ An0 . If ‖x‖ < 1, then x0 + rx ∈ An0 . Hence

‖Ax‖ = 1
r
‖A(x0 + rx)−Ax0‖ ≤

2n0

r
.

Therefore supA∈A ‖A‖ ≤
2n0
r . �

2.4.4. COROLLARY. Let X be a Banach space, let Y be a normed vector
space, and let A ⊂ B(X,Y ) such that supA∈A ‖A‖ = ∞. Then B = {x ∈ X :
Ax is bounded} is first category.

PROOF. B =
⋃
n≥1 Bn where Bn = {x : supA∈A ‖Ax‖ ≤ n}. As in the

previous proof, Bn is closed. If some Bn0 has interior, then as in the previous
proof, A is bounded. Since it isn’t bounded, each Bn is nowhere dense. Hence B
is first category. �
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2.4.5. COROLLARY. If X and Y are Banach spaces, Tn ∈ B(X,Y ) and
lim
n→∞

Tnx exists for every x ∈ X , then Tx := lim
n→∞

Tnx belongs to B(X,Y ) and

‖T‖ ≤ sup ‖Tn‖ <∞.

PROOF. Apply the uniform boundedness principle to {Tn : n ≥ 1}. Since
convergent sequences are bounded, {Tnx : n ≥ 1} is bounded for each x ∈ X .
Therefore sup ‖Tn‖ = M < ∞. The map T is clearly linear and ‖T‖ ≤ M , so
T ∈ B(X,Y ). �

Now we establish a second important result using the Baire Category Theorem.

2.4.6. OPEN MAPPING THEOREM. Let X and Y be Banach spaces, and let
T ∈ B(X,Y ). If TX = Y , then T is open; i.e. if U ⊂ X is open, then TU is open.

PROOF. Observe that Y = TX =
⋃
n≥1 Tbn(X) =

⋃
n≥1 Tbn(X), where

br(X) = br(0X). Since Y is complete, the Baire Category Theorem shows that
there is some n so that Tbn(X) = nTb1(X) has interior. Thus Tb1(X) has interior,
so it contains br(y0) for some y0 ∈ Y and r > 0. Therefore

Tb1(X) = 1
2Tb1(X)− 1

2Tb1(X) ⊃ 1
2br(y0)− 1

2br(y0) = br(0Y ).

We claim that for ε > 0, Tb1(X) ⊂ Tb1+ε(X). Let y ∈ Tb1(X). Pick
x1 ∈ b1(X) with ‖y − Tx1‖ < εr

2 . Then y2 := y − Tx1 ∈ Tbε/2(X). So
there is an x2 ∈ X with ‖x2‖ < ε

2 so that ‖y − Tx1 − Tx2‖ < εr
4 . Recursively

we find xn ∈ X with ‖xn‖ < 21−nε so that
∥∥y −∑n

k=1 Txk
∥∥ < 2−nεr. Let

x =
∑

k≥1 xk. Then ‖x‖ < 1 +
∑

k≥1 21−kε = 1 + ε. By continuity, Tx = y. So
br(Y ) ⊂ Tb1(X) ⊂ Tb1+ε(X).

Now if U is open in X and x ∈ U , then bρ(x) ⊂ U for some ρ > 0. Hence
TU ⊃ Tbρ(x) ⊃ brρ(Tx). Therefore TU is open. �

One of the most cited consequences of the Open Mapping Theorem (OMT) is
the following.

2.4.7. BANACH ISOMORPHISM THEOREM. Let X and Y be Banach
spaces, and let T ∈ B(X,Y ). If T is a bijection, then T is invertible.

PROOF. Clearly T−1 is a well-defined linear map. We need to show that it
is continuous. By the OMT, T is open. So Tb1(X) ⊃ br(Y ) for some r > 0.
Therefore T−1b1(Y ) ⊂ b1/r(X). That is, ‖T−1‖ ≤ 1

r . �

There are many other consequences of the Open Mapping Theorem, and we
collect a few here.
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2.4.8. COROLLARY. Let X and Y be Banach spaces, and let T ∈ B(X,Y ). If
T maps X onto Y , then Y ' X/ kerT .

PROOF. Since T is continuous, kerT is a closed subspace of X , and thus
X/ kerT is a Banach space. Define S : X/ kerT → Y by S(x + kerT ) = Tx.
This is well defined, linear and bijective. Moreover if ẋ = x+ kerT ,

‖Sẋ‖ = inf{‖Tv‖ : v ∈ x+ kerT}
≤ inf{‖T‖ ‖v‖ : v ∈ x+ kerT} = ‖T‖ ‖ẋ‖.

So ‖S‖ ≤ ‖T‖ < ∞. Thus S is continuous, and so is an isomorphism by the
Banach Isomorphism Theorem. �

2.4.9. COROLLARY. Let X be a Banach space with two complete norms ‖ · ‖1
and ‖ · ‖2. If there is a constant C so that ‖x‖1 ≤ C‖x‖2 for all x ∈ X , then there
is a constant C ′ so that ‖x‖2 ≤ C ′‖x‖1.

PROOF. Consider the identity map id : (X, ‖·‖2)→ (X, ‖·‖1). By hypothesis
this is a continuous bijection. Hence the inverse map is continuous by the Banach
Isomorphism Theorem. �

2.4.10. DEFINITION. A linear map T : D ⊂ X → Y , where D is a not
necessarily closed subspace of X , is a closed linear map if the graph G(T ) =
{(x, Tx) : x ∈ D} is closed in X ⊕∞ Y .

2.4.11. CLOSED GRAPH THEOREM. Let X and Y be Banach spaces, and
let T : X → Y be a linear map defined on all of X . If T is closed, then T is
continuous.

PROOF. Since G(T ) is a closed subspace ofX⊕∞Y , it is a Banach space. The
coordinate projections π1 : G(T )→ X and π2 : G(T )→ Y are continuous. More-
over π1 is a bijection. By the Banach Isomorphism Theorem, π−1

1 is continuous.
Therefore T = π−1

1 π2 is continuous. �

2.4.12. COROLLARY. Let X and Y be Banach spaces, and let T : X → Y be
a linear map defined on all of X . Then T is continuous if

(‡) xn ∈ X, xn → 0 and Txn → y =⇒ y = 0.

PROOF. We show that condition (‡) implies that T is closed. Suppose that
(xn, Txn) ∈ G(T ) converge to (x0, y0) ∈ X ⊕∞ Y . Then xn − x0 → 0 and
T (xn − x0) → y0 − Tx0. By (‡), Tx0 = y0, so that (x0, y0) ∈ G(T ). Thus G(T )
is closed. Hence T is continuous by the Closed Graph Theorem. �
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2.4.13. EXAMPLE. Hellinger-Toeplitz. Let T be a linear operator on a Hilbert
space H such that 〈Tx, y〉 = 〈x, Ty〉 for all x, y ∈ H . Suppose that xn ∈ H ,
xn → 0 and Txn → y0. Then

‖y0‖2 = lim
n→∞

〈Txn, y0〉 = lim
n→∞

〈xn, T y0〉 = 0.

Thus y0 = 0. By the Closed Graph Theorem, T is continuous.

2.5. Fourier series

If f ∈ L1(T), the Fourier coefficients are

f̂(n) =
1

2π

∫ π

−π
f(eiθ)e−inθ dθ for n ∈ Z.

It is easy to see that |f̂(n)| ≤ ‖f‖1. The Riemann-Lebesgue Lemma states that
lim
|n|→∞

|f̂(n)| = 0. This follows from the density of the trigonometric polynomials.

Hence Γf =
(
f̂(n)

)
n∈Z belongs to c0(Z).

Define sn(f)(eit) =
∑n

k=−n f̂(k)e
ikt be the partial sums of the Fourier series.

Compute

sn(f)(e
it) =

n∑
k=−n

1
2π

∫ π

−π
f(eiθ)e−ikθ dθeikt

=
1

2π

∫ π

−π
f(eiθ)

n∑
k=−n

eik(t−θ) dθ =
1

2π

∫ π

−π
f(eiθ)Dn(t− θ) dθ

and we sum the geometric series to get

Dn(t) =
n∑

k=−n
eikt =

ei(n+1)t − e−int

eit − 1
=
ei(n+

1
2 )t − e−i(n+

1
2 )t

eit/2 − e−it/2

=
ei(n+

1
2 )t − e−i(n+

1
2 )t

2i
· 2i
eit/2 − e−it/2 =

sin(n+ 1
2)t

sin 1
2 t

.

Now we apply this when f ∈ C(T). It is a classical result that there are
continuous functions such that the Fourier series does not converge at some points.
In fact, this behaviour is typical.

2.5.1. THEOREM. For t0 ∈ [−π, π], the set

{f ∈ C(T) : sn(f)(eit0)→ f(eit0)}

is first category.
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PROOF. The map ϕn(f) = sn(f)(e
it0) =

1
2π

∫ π

−π
f(eiθ)Dn(t0 − θ) dθ is a

continuous linear functional on C(T). We will show that ‖ϕn‖ = ‖Dn‖1 → ∞.
Clearly if ‖f‖∞ ≤ 1, then

|ϕn(f)| ≤
1

2π

∫ π

−π
|Dn(t0 − θ)| dθ ≤ ‖Dn‖1.

For ε > 0, define

fε(t) =


1 if Dn(t0 − θ) ≥ ε
−1 if Dn(t0 − θ) ≤ −ε
p.w.linear in between

Then ‖fε‖∞ = 1 and for ε sufficiently small, ϕn(fε) ≈ ‖Dn‖1. Now we estimate
this norm.

‖Dn‖1 =

∫ π

−π
|Dn(t)| dt =

1
π

∫ π

0

| sin(n+ 1
2)t|

sin 1
2 t

≥ 1
π

∫ π

0

| sin(n+ 1
2)t|

t/2
=

2
π

∫ (n+ 1
2 )π

0
| sinx| dx

x

=
2
π

∫ π/2

0
sinx

dx

x
+

2n∑
k=1

1
kπ/2

2
π

∫ (k+1)π/2

kπ/2
| sinx| dx

≥ 4
π2

2n∑
k=1

1
k
≈ 4
π2 ln 2n→∞.

Therefore A = {ϕn : n ≥ 1} is unbounded. By Corollary 2.4.4,

{f ∈ C(T) : sn(f)(eit0) is bounded}

is first category. This contains any f whose Fourier series converges at eit0 . �

2.5.2. THEOREM. The map Γ : L1(T) → c0(Z) is continuous and one to one,
but is not surjective.

PROOF. Clearly Γ is linear, and ‖Γf‖∞ = sup |f̂(n)| ≤ ‖f‖1, so Γ is norm 1.
The Riemann-Lebesgue Lemma shows that the range of Γ lies in c0(Z).

For f ∈ L1(T), define fr(eiθ) =
∑
n∈Z

f̂(n)r|n|einθ. This series converges

absolutely and uniformly to a continuous function for 0 ≤ r < 1. To see that Γ is
injective, we quote a result from Fourier analysis: fr → f in L1(T) as r → 1−.
This shows that f can be recovered from its Fourier series, and thus Γ is one to one.

If Γ were onto, then the Banach Isomorphism Theorem would show that Γ−1

is continuous; i.e. there would be a constant C so that ‖f‖1 ≤ C‖Γf‖∞. However
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we saw in the previous proof that ‖Dn‖1 → ∞ while D̂n(k) =

{
1 if |k| ≤ n
0 if |k| > n.

So ‖D̂n‖∞ = 1 and ‖ΓD̂n‖∞ = 1. Thus Γ−1 is not bounded. Therefore Γ is not
surjective. �

2.6. The Hahn-Banach Theorems

2.6.1. DEFINITION. Let X be a vector space. A function p : X → R is
sublinear if p(tx) = tp(x) for t ≥ 0 and p(x+ y) ≤ p(x) + p(y) for x, y ∈ X .

2.6.2. EXAMPLES.
(1) On any normed space, p(x) = ‖x‖ is sublinear.
(2) If 0 ∈ U ⊂ X is open and convex, then X =

⋃
n≥1 nU . The Minkowski

functional is

pU (x) = inf{t > 0 : x ∈ tU}.

Note that if x ∈ sU and y ∈ tU , then x+ y ∈ (s+ t)U by convexity of U . That is,
x
s and y

t are in U , so s
s+t

x
s +

t
s+t

y
t = x+y

s+t ∈ U . Positive homogeneity is clear. So
pU is sublinear.

We start with a general result showing that functionals dominated by a sublinear
functional on a subspace can be extended to one on the whole space. It starts with
a “soft” part using Zorn’s Lemma, followed by a “hard” part where an explicit
extension is constructed increasing the space by one dimension.

2.6.3. THEOREM (Hahn-Banach). Let X be a R vector space, and let M0
be a subspace (no topology). Let p be a sublinear map on X . Suppose that f0 :
M → R is linear and f0(x) ≤ p(x) for x ∈ M0. Then there is a linear functional
f : X → R so that f |M0 = f0 and f(x) ≤ p(x) for all x ∈ X .

PROOF. Consider pairs (f,M) where M0 ⊂ M ⊂ X is a subspace and f :
M → R is a linear functional such that f |M0 = f0 and f(x) ≤ p(x) for all x ∈M .
Say f1,M1) ≤ (f2,M2) is M1 ⊂ M2 and f2|M1 = f1. This is a partial order on
the collection of all such pairs.

We will show that it is inductive. Suppose that {(fα,Mα) : α ∈ A} is a
chain. Let M =

⋃
α∈AMα and set f =

⋃
α∈A fα. Then it is easy to see that

(fα,Mα) ≤ (f,M) for all α ∈ A. Hence by Zorn’s Lemma, there exists a maximal
element, say (f,M).

Suppose thatM 6= X . Pick x ∈ X \M . We will try to extend f to a functional
f ′ on M ′ = M + Rx by setting f ′(x) = a. We obtain necessary and sufficient
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conditions on a:

f ′(m+ tx) = f(m) + ta ≤ p(m+ tx) for all m ∈M and t ∈ R.
This is true for t = 0. When t > 0, we set m′ = m/t and obtain

a ≤ p(m+ tx)− f(m)

t
= p(m′ + x)− f(m′) for all m′ ∈M.

When t < 0, we set m′ = m/|t| and obtain

f(m)− p(m+ tx)

|t|
= f(m′)− p(m′ − x) ≤ a for all m′ ∈M.

Therefore

sup
m∈M

f(m)− p(m− x) ≤ a ∈ inf
m∈M

p(m+ x)− f(m).

Such a value a exists if and only if the LHS ≤ RHS.
If LHS > RHS, there are vectors m1,m2 ∈M so that

f(m1)− p(m1 − x) > p(m2 + x)− f(m2).

Rearranging yields

f(m1 +m2) > p(m1 − x) + p(m2 + x) ≥ p(m1 +m2).

This contradicts the condition on f . So we must have LHS ≤ RHS. Choosing any
value of a satisfying the inequality yields an extension to (f ′,M ′). This contradicts
the maximality of (f,M). So we have M = X , which completes the proof. �

2.6.4. HAHN-BANACH THEOREM. Let X be a normed space and let M be
a (not necessarily closed) subspace of X . Suppose that f0 is a continuous linear
functional on M . Then there is an f ∈ X∗ with f |M = f0 and ‖f‖ = ‖f0‖.

PROOF. Real case. Let p(x) = ‖f0‖ ‖x‖. This is a sublinear functional, and
f0(m) ≤ ‖f0‖ ‖m‖ = p(m) for all m ∈ M . By Theorem 2.6.3, there is an
extension f : X → R so that f |M = f0 and

±f(x) = f(±x) ≤ p(±x) = ‖f0‖ ‖x‖.
Thus |f(x)| ≤ ‖f0‖ ‖x‖. So ‖f‖ = ‖f0‖.

Complex case. Consider X as a real Banach space. Let g0(x) = Re f0(x) for
x ∈ M . Extend g0 to a real linear functional g on X with ‖g‖ = ‖g0‖ ≤ ‖f0‖.
Define f(x) = g(x) + ig(−ix). Then f : X → C is real linear, and

f(ix) = g(ix)− ig(x) = i
(
g(x) + ig(−ix)

)
= if(x).

Therefore f is complex linear. Now if x ∈M ,

f(x) = g(x) + ig(−ix) = Re f0(x) + iRe f0(−ix)
= Re f0(x) + iRe−if0(x) = Re f0(x) + i Im f0(x) = f0(x).
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Thus f extends f0. Finally, if f(x) = eiθ|f(x)|, then

|f(x)| = f(e−iθx) = g(e−iθx) ≤ ‖g0‖ ‖e−iθx‖ ≤ ‖f0‖ ‖x‖.

Hence ‖f‖ ≤ ‖f0‖. �

2.6.5. COROLLARY. Let X be a Banach space. If x0 ∈ X , then there is an
f ∈ X∗ with ‖f‖ = 1 and f(x0) = ‖x0‖. Hence

sup
‖f‖=1
f∈X∗

|f(x)| = ‖x‖ for all x ∈ X.

PROOF. Define f0 on M = Cx0 by f0(λx0) = λ‖x0‖. Then ‖f0‖ = 1 and
f0(x0) = ‖x0‖. By Hahn-Banach, extend f0 to some f ∈ X∗ with ‖f‖ = ‖f0‖.
This proves the non-trivial part of the equality in the supremum. �

2.6.6. COROLLARY. If X be a Banach space, then X∗ separates points of X .

PROOF. If x 6= y, there is some f ∈ X∗ so that f(x− y) = ‖x− y‖ > 0. So
f(x) 6= f(x). �

2.6.7. COROLLARY. IfX be a Banach space, thenX imbeds isometrically into
X∗∗ by ι : x→ x̂ where x̂(f) := f(x).

PROOF. Clearly ι is linear. Moreover

‖x̂‖ = sup
‖f‖=1
f∈X∗

|x̂(f)| = sup
‖f‖=1
f∈X∗

|f(x)| = ‖x‖.

Hence this map is an isometry. �

2.6.8. DEFINITION. A Banach space X is reflexive if ιX = X∗∗.

2.6.9. REMARK. Hilbert spaces are reflexive by two applications of Theo-
rem 2.3.6. The Riesz Theorem that Lp(µ)∗ = Lq(µ) for 1 < p <∞ and 1

p+
1
q = 1

shows that Lp(µ) is reflexive. Finite dimensional Banach spaces are reflexive be-
cause if V is n-dimensional, then so is V ∗ and V ∗∗. So ιX is an n-dimensional
subspace of X∗∗, and therefore they are equal.

The space c0 is not reflexive since c∗0 = l1 and l∗1 = l∞. If L1(µ) is infinite
dimensional, then it is not reflexive either. Similarly C(X) is not reflexive if it is
infinite dimensional.

We will often drop the ι and consider X as a canonical subspace of X∗∗.
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2.6.10. COROLLARY. If X be a Banach space, M is a closed subspace of X
and x0 ∈ X \ M , then there is a functional f ∈ X∗ with ‖f‖ = 1 such that
f(x0) = dist(x0,M).

PROOF. Let Y = X/M and ẋ0 = x0 +M ∈ Y . By definition of the quotient
norm, ‖ẋ0‖ = dist(x0,M). By Corollary 2.6.5, there is a functional g ∈ Y ∗ with
‖g‖ = 1 and g(ẋ0) = ‖ẋ0‖. Define f = gQ where Q : X → Y is the quotient
map. Then ‖f‖ ≤ ‖g‖ ‖Q‖ = 1 and f(x0) = g(ẋ0) = ‖ẋ0‖ = dist(x0,M). �

2.6.11. DEFINITION. If X is a Banach space and Y ⊂ X , the annihilator of
Y in X∗ is Y ⊥ = {f ∈ X∗ : f |Y = 0}. If Z ⊂ X∗, the preannihilator of Z in X
is Z⊥ = {x ∈ X : x̂|Z = 0} = Z⊥ ∩X .

2.6.12. LEMMA. If Y ⊂ X , then Y ⊥ is a weak-∗ closed subspace of X∗. If
Z ⊂ X∗, then Z⊥ is a norm closed subspace of X . Moreover

(Y ⊥)⊥ = spanY and (Z⊥)
⊥ = spanZw

∗
.

PROOF. The first two statements are straightforward. Suppose that M =
spanY . Then Y ⊥ = M⊥. Suppose that x 6∈ M . Then by Corollary 2.6.10,
there is an f ∈ M⊥ so that f(x) 6= 0. Hence x 6∈ (M⊥)⊥. That is (M⊥)⊥ = M .
The last claim is similar. �

2.6.13. PROPOSITION. Let M be a closed subspace of a Banach space X .
Then there are canonical isometric isomorphisms

M∗ ' X∗/M⊥ and (X/M)∗ 'M⊥.

PROOF. Let R : X∗ → M∗ be the restriction map Rf = f |M . Then kerR =
M⊥. Thus there is a well-defined map R̃ : X∗/M⊥ →M∗ given by R̃(f+M⊥) =
Rf . The Hahn-Banach Theorem shows that if h ∈ M∗, then there is a functional
f ∈ X∗ with ‖f‖ = ‖h‖ and f |M = h. Thus h = Rf = R̃(f +M⊥). Moreover
‖h‖ ≤ ‖f +M⊥‖ ≤ ‖f‖ = ‖h‖. Therefore the map R̃ is a surjective isometry;
and hence an isometric isomorphism.

Let Q : X → X/M be the quotient map. Define a map Q∗ : (X/M)∗ →M⊥

by Q∗f = f ◦Q. Indeed, Q∗f is a linear functional on X that annihilates M , and
thus belongs to M⊥. On the other hand, if g ∈ M⊥, define f(x +M) = g(x).
This is easily seen to be well defined, and Q∗f = g. So Q∗ is surjective. Now
‖Q∗f‖ = ‖fQ‖ ≤ ‖f‖ ‖Q‖ = ‖f‖. On the other hand, suppose thatQ∗f = g and
1 > ‖x+M‖ = infm∈M ‖x+m‖. Then there is some y = x+m with ‖y‖ < 1.
Thus |f(x +M)| = |g(y)| < ‖g‖. Taking the supremum over all x +M in the
open unit ball yields ‖f‖ ≤ ‖g‖. Therefore Q∗ is a surjective isometry, and thus an
isometric isomorphism. �
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2.6.14. PROPOSITION. X is reflexive if and only if X∗ is reflexive.

PROOF. If X is reflexive, then X∗∗∗ = (X∗∗)∗ = X∗. So X∗ is reflexive.
If X∗∗ 6= ιX , pick z ∈ X∗∗ \ ιX . By the previous Corollary, there is a

functional f ∈ X∗∗∗ such that f |X = 0 and f(z) 6= 0. So f ∈ X∗∗∗ \ ιX∗. �

2.6.15. PROPOSITION. If X is reflexive, then all closed subspaces and quo-
tients of X are reflexive.

PROOF. Let Y ⊂ X be a closed subspace. Let Φ ∈ Y ∗∗. By Hahn-Banach, it
has an extension of the same norm to an element Φ̃ ∈ X∗∗. Since X is reflexive,
there is some x ∈ X so that ιx|Y ∗ = Φ̃. Thus Φ̃ is τX∗ continuous. Hence
Φ = Φ̃|Y ∗ is τY ∗ continuous; and thus belongs to Y . Therefore Y is reflexive.

Now (X/Y )∗ = Y ⊥ ⊂ X∗. By the first part, Y ⊥ is reflexive. Therefore X/Y
is reflexive by Proposition 2.6.14. �

Here is one more result, which combines the Hahn-Banach Theorem with the
Uniform Boundedness Principle.

2.6.16. PROPOSITION. LetX be a Banach space. A subsetA ⊂ X is bounded
if and only if f(A) is bounded for each f ∈ X∗.

PROOF. Clearly if A is bounded, then f(A) is bounded for f ∈ X∗. Con-
versely, we identify A with ιA ⊂ X∗∗, and consider it as a subset of B(X∗,F).
The hypothesis is that it is bounded on each f ∈ X∗. By the Banach-Steinhaus
Theorem, ιA is bounded. Since ι is isometric by Corollary 2.6.7, A is bounded. �

2.6.17. EXAMPLE. Banach Limits. There is a linear functional L ∈ l∞(R)∗
such that

(1) lim infxn ≤ L((xn)) ≤ lim supxn, and

(2) If yn+k = xn for n ≥ N and some k ∈ Z, then L((yn)) = L((xn)).

This yields a generalized limit since L((xn)) = limxn when the limit exists, and it
is translation invariant: L((xn+1)) = L((xn)).

PROOF. Let S be the shift map: if x = (xn), then (Sx)n = xn+1; i.e., Sx =
(xn+1). Let M = {x− Sx : x ∈ l∞(R)}. This is a subspace because S is linear.

Claim: dist(1,M) = 1, where 1 = (1, 1, 1, . . . ). Indeed, ‖1 − 0‖ = 1.
Suppose that ‖1 − (x − Sx)‖ ≤ r < 1. Then |1 − (xn − xn+1)| ≤ r, so that
xn+1 ≤ xn − (1 − r). Recursively we get that xn+1 ≤ x1 − n(1 − r). So (xn)
is not bounded, a contradiction. By Corollary 2.6.10, there is a linear functional
L ∈ l∞(R)∗ with 1 = ‖L‖ = L(1) and L|M = 0.



44 Banach Spaces

Claim: c0 ⊂M ⊂ kerL. If x ∈ c0, then

x− Snx = (x− Sx) + (Sx− S2x) + · · ·+ (Sn−1x− Snx) ∈M for n ≥ 1.

Moreover limn→∞ S
nx = 0. Therefore x ∈M .

Thus L(Skx) = L(x) and the initial terms of the sequence are irrelevant to
L(x), so (2) holds. Let x ∈ l∞(R) and let α = lim infxn and β = lim supxn. If
α = β, i.e. if limn→∞ xn = α, then x− α1 ∈ c0; so that L(x) = α. If α < β, let
y = 2

β−α
(
x− α+β

2 1
)
; so that lim inf yn = −1 and lim sup yn = 1. Then there is a

z ∈ c0 so that ‖y − z‖∞ = 1. Thus L(y) = L(y − z) ∈ [−1, 1]. Rescaling, we get
that α ≤ L(x) ≤ β. �

If we want a functional on complex l∞, we just complexify: L̃(x + iy) :=
L(x) + iL(y). You can check that ‖L̃‖ = 1 and that it is translation invariant, kills
c0, and yields the limit value when it exists.

2.6.18. EXAMPLE. Runge’s Theorem. Let K ⊂ C be a compact set such
that C \ K is connected. Then every function f(z) which is analytic on an open
neighbourhood U ⊃ K is a uniform limit of polynomials on K.

PROOF. Let P (K) be the closure of the polynomials in C(K) and let R(K)
be the closure of the rational functions with poles in Kc. There is a union C of
finitely many closed curves in U \ K so that the winding number of C satisfies

indC(z) =

{
1 if z ∈ K
0 if z ∈ U c

. Therefore by Cauchy’s Theorem, for z ∈ K,

f(z) =
1

2πi

∫
C

f(w)

w − z
dw ≈ 1

2πi

∑ f(wk)

wk − z
(wk − wk−1)

where the last term is a Riemann sum that uniformly approximates the integral for

z ∈ K. It follows that f |K lies in the closure, span{ 1
a−z
∣∣
K

: a ∈ Kc} ⊂ R(K).
Suppose that |a| > M := sup{|z| : z ∈ K}. Then

1
a− z

=
1
a

1
1− z/a

=
1
a

∑
n≥0

(z
a

)n
.

This series converges uniformly on K, and thus 1
a−z
∣∣
K
∈ P (K).

Now let ϕ ∈ C(K)∗ such that kerϕ ⊃ P (K). Define h(a) = ϕ( 1
w−z ) for

a ∈ C \K. Claim: h is analytic on C \K. Suppose that b2r(a) ⊂ C \K. Then for
|w| < r,

1
(a+ w)− z

=
1

a− z
1

1− w
z−a

=
∑
n≥0

−1
(z − a)n+1w

n.
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This converges uniformly for z ∈ K because |w| ≤ r < 2r ≤ |z − a|. Hence we
can apply ϕ to get

h(a+ w) =
∑
n≥0

ϕ
( −1
(z − a)n+1

)
wn.

Since this is valid for |w| < r, h is analytic near a. Now h vanishes on {a : |a| >
M}, so h = 0 on the connected component containing this annulus, which is C\K
by hypothesis. Hence kerϕ ⊃ span{ 1

a−z
∣∣
K

: a ∈ Kc}.
We deduce that ϕ(f) = 0. However if f 6∈ P (K), there would be a functional

ϕ annihilating P (K) but non-zero on f . Therefore f ∈ P (K). In particular, this
applies to any rational function with poles off of K. So R(K) = P (K). �

2.7. Complemented Subspaces

2.7.1. DEFINITION. Let X be a Banach space. A closed subspace Y ⊂ X
is complemented if there is a closed subspace Z ⊂ X so that Y ∩ Z = {0} and
Y + Z = X . This is called an internal direct sum; and we write X = Y u Z.

Define T : Y ⊕1 Z → X by T (y, z) = y+ z. By assumption, T is a bijection.
Indeed, if T (y, z) = 0, then y = −z ∈ Y ∩Z = {0}, so (y, z) = (0, 0). Therefore
T is one to one. It is onto by the second condition. Also

‖y + z‖ ≤ ‖y‖+ ‖z‖ = ‖(y, z)‖.

So ‖T‖ ≤ 1. By Banach’s Isomorphism Theorem, T is an isomorphism; i.e. T−1

is continuous. Thus X ' Y ⊕ Z. In particular, Z ' X/Y .
Define P : Y ⊕1Z → Y ⊕1 0 by P (y, z) = (y, 0). This is idempotent: P 2 = P

and ‖P‖ = 1. Then TPT−1 is a continuous projection of X onto Y with kernel
Z. It is easy to see that this is the unique idempotent with this property.

Conversely suppose that Q ∈ B(X) is a continuous idempotent with range Y ;
and let Z = kerQ = Ran(I−Q). Then X 3 x = Qx+(I−Q)x ∈ Y +Z; and if
x ∈ Y ∩Z, then x = (I−Q)x′ = Qx = Q(I−Q)x′ = 0. So Y is complemented.

2.7.2. EXAMPLE. X∗ is always complemented in X∗∗∗. Let ι : X∗ → X∗∗∗

be the canonical injection, and let R : X∗∗∗ → X∗ be the restriction map (Rϕ) =
ϕ|X . Note that Rι = IX∗ . Then P = ιR is a continuous projection of X∗∗∗ onto
X∗ because P 2 = ι(Rι)R = P .

Now we will show that a familiar subspace of a Banach space is not comple-
mented.
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2.7.3. LEMMA. There are uncountably many subsets {Ar ⊂ N : r ∈ R} such
that Ar ∩As is a finite set if r 6= s.

PROOF. List Q = {qn : n ≥ 1}. For each r ∈ R, pick a sequence (qn(r,i))i≥1
of rational numbers with r as its limit. Let Ar = {n(r, i) : i ≥ 1}. Sequences
converging to distinct points can only have finitely many terms in common. �

2.7.4. THEOREM. c0 is not complemented in l∞.

PROOF. Suppose that l∞ ' c0 ⊕ Z where Z ' l∞/c0. Observe that if
z = (zn) + c0 ∈ Z, then ‖z‖ = lim sup |zn|. Let Ar be the sets constructed in
Lemma 2.7.3, and let xr = χAr + c0 ∈ l∞/c0. Claim: if r1, . . . , rn are distinct,∥∥∑n

i=1 aixri
∥∥ = max{|ai| : 1 ≤ i ≤ n}. Let Bi = Ari \

⋃
j 6=iAjj ; so Ari \Bi is

finite and B1, . . . , Bn are disjoint and infinite. Thus xri = χBi + c0. Hence∥∥ n∑
i=1

aixri
∥∥ ≤ ∥∥ n∑

i=1

aiχBi + c0
∥∥ = max{|ai| : 1 ≤ i ≤ n}.

Now suppose that T : l∞/c0 → l∞ is a continuous one to one map into l∞.
Let yr = Txr 6= 0; so there is an integer nr so that yr(nr) 6= 0. Now

R =
⋃

n,k∈N
{r : |yr(n)| > 1/k}.

Since this is a countable union, there is some n, k so that {r : |yr(n)| > 1/k}
is uncountable. Let rj for j ≥ 1 be distinct reals in this set. Write yrj (n) =

eiθj |yrj (n)|. Then
∥∥∑N

j=1 e
−iθjxri

∥∥ = max{|e−iθj |} = 1, but∥∥∥T N∑
j=1

e−iθjxri

∥∥∥ ≥ ∣∣∣ N∑
j=1

e−iθjyri(n)
∣∣∣ ≥ N

k
.

This tends to∞ as N →∞, and thus T is not bounded. This contradiction shows
that c0 is not complemented in l∞. �

We can parlay this result into a more general fact.

2.7.5. THEOREM. c0 is not isomorphic to a complemented subspace of any
dual space X∗.

PROOF. Suppose thatX∗ ' c0⊕1Z for some complementary Banach spaceZ.
Then X∗∗∗ ' l∞⊕1 Z

∗∗. Let J : c0 → X∗ be a continuous injection onto a closed
subspace of X , and let Q be a projection of X∗ onto Jc0. Let R : X∗∗∗ → X∗ be
the restriction map to X . Define

P = J−1QRJ∗∗ : l∞
J∗∗−→ X∗∗∗

R−→ X∗
J−1Q−→ c0

ι−→ l∞.
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Then if x ∈ c0,

Px = ιJ−1QRJx = ιJ−1QJx = ιJ−1Jx = ιx

because Jc0 ⊂ X∗ and R|X∗ = IX∗ and Jx = QJx. Therefore P 2 = P , and this
is a continuous projection of l∞ onto c0, which is impossible by Theorem 2.7.4. �

2.7.6. COROLLARY. If (K, d) is an infinite compact metric space, then C(K)
is not a dual space.

PROOF. Pick a convergent sequence of distinct points in K, say (xi)i≥1 with
limi→∞ xi = x0. Define ri = min{d(xi, xj) : j 6= i}. Then ri > 0. Define
gi(x) = 1

ri
max{0, ri − d(x, xi)}. Then these are positive functions of norm 1

with disjoint supports: gigj = 0 if i 6= j. Define J : c0 → C(K) by j((ai)) =∑
i≥1 aigi. Because ai → 0, this sum converges uniformly, and thus belongs to

C(K) and Ja(xi) = ai and Ja(x0) = 0. Moreover ‖Ja‖∞ = ‖a‖∞; i.e, J is an
isometry. In particular it has closed range, say Y .

Define T : C(K) → I(x0) = {f : f(x0) = 0} by TF = f − f(x0). Then
define S : I(x0) → c0 by Sf = (f(xi))i≥1. Note that STJa = SJa = a
for a ∈ c0 Let P = JST and note that P 2 = J(STJ)ST = JST = P is a
continuous projection onto Y .

Since c0 is isomorphic to a complemented subspace of C(K), Theorem 2.7.5
shows that C(K) is not a dual space. �

Exercises for Chapter 2

1. (a) Prove that no infinite dimensional Banach space has a countable basis as a
vector space (i.e. a collection {en : n ≥ 1} so that every vector in X is a
finite linear combination of {en : n ≥ 1}).

(b) Let X be an infinite dimensional Banach space. Recursively construct a
sequence of unit vectors xn so that dist(xn, span{xi : i < n}) > 1 − 2−n.
Hence deduce that the unit ball of X is not compact.

2. (a) Prove that l∗1 = l∞.
(b) Describe all infinite matrices T =

[
tij
]∞
i,j=1 which act as bounded operators

from l1 to itself and find a formula for ‖T‖.

3. Recall that L2
a(D) is the Hilbert space of analytic functions on the open unit

disc which are square integrable with respect to area measure. Let ζn(z) = zn

for n ≥ 0. Find constants αn so that {αnζn : n ≥ 0} is an orthonormal basis
for L2

a(D). Use this basis to find vectors kw ∈ L2
a(D) so that 〈h, kw〉 = h(w)

for each z ∈ D and h ∈ L2
a(D). Be sure to sum the series and express kw as a

closed form function.
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4. Let H be a Hilbert space which is a vector space of functions on a set X
endowed with an inner product with the property that the linear functionals
εx(f) = f(x) are continuous for each x ∈ X .
(a) Show that for each x ∈ X , there is an element kx ∈ H so that 〈f, kx〉 =

f(x) for x ∈ H . Prove that the closed linear span of {kx : x ∈ X} is H .
(b) A multiplier of H is a function h on X so that hf ∈ H for every f ∈ H .

Prove that the linear map Mhf = hf is continuous.

5. A basis for a Banach space X is a sequence {en : n ≥ 1} such that for each
x ∈ X , there are unique scalars {cn} such that x = limn→∞

∑n
i=1 ciei. For

convenience, normalize so that ‖en‖ = 1 for n ≥ 1.
(a) Show that ϕn(x) = cn is a linear functional.
(b) Define Snx =

∑n
i=1 ciei, and set |||x||| = supn≥1 ‖Snx‖. Prove that |||·||| is a

norm.
(c) Show that (X, |||·|||) is complete.
(d) Prove that the identity map T from (X, |||·|||) to (X‖ · ‖) is an isomorphism.

Hence deduce that supn≥1 ‖Sn‖ = ‖T−1‖ and that each ϕn is continuous.

6. Letϕ(f) =
∫ 1

0
f(t) dt for f ∈ CR[0, 1]. Let Φ be any Hahn–Banach extension

of ϕ to the Banach spaceBR[0, 1] of all bounded real-valued functions on [0, 1]
with the sup norm.
(a) What are the possible values for Φ(χ[0,.5])?
(b) What are the possible values for Φ(χQ∩[0,1])?

7. Let X be a separable Banach space.
(a) Show that X is isometrically isomorphic to a subspace of l∞.

HINT: find a countable set of linear functionals {ϕn} of norm one so that
sup |ϕn(x)| = ‖x‖ for all x ∈ X .

(b) Show that X is isometrically isomorphic to a quotient of l1.
HINT: define a norm one linear map of l1 onto X so that the image of
the unit ball of l1 is dense in the ball of X . Prove that the quotient norm
coincides with the norm on X .

8. (a) Let X be a Banach space. If Y is a weak-∗ closed subspace of X∗, let
Y⊥ = {x ∈ X : f(x) = 0 for all f ∈ Y }. Show that Y = (Y⊥)

⊥.
(b) Hence show that Y is a dual space; and that the weak-∗ topology on Y as

this dual space coincides with the weak-∗ topology of X∗ restricted to Y .



CHAPTER 3

LCTVSs and Weak Topologies

3.1. Locally convex topological vector spaces

3.1.1. DEFINITION. A seminorm on a vector space V is a function p : V →
[0,∞) which is positive homogeneous and satisfies the triangle inequality, but non-
zero vectors of norm 0 are allowed.

3.1.2. DEFINITION. A locally convex topological vector space (LCTVS) is a
vector spaceX over F ∈ {R,C} together with a family P of seminorms onX such
that p(x) = 0 for all p ∈ P implies that x = 0. Put a topology τP on X generated
by the convex sets

U(x0, p, r) = {x ∈ X : p(x− x0) < r} for x0 ∈ X, p ∈ P and r > 0.

3.1.3. THEOREM. Let X be a LCTVS.

(1) A neighbourhood base at 0 is provided by the convex open sets

UF,r = {x ∈ X : p(x) < r, p ∈ F} for F ⊂ P and r > 0.

The neighbourhood base at x0 has the form x0 + UF,r.

(2) X is Hausdorff.

(3) X ×X 3 (x, y)→ x+ y ∈ X is continuous.

(4) F×X 3 (α, x)→ αx ∈ X is continuous.

(5) A net (xλ)Λ in X converges to x if and only if p(x − xλ) → 0 for all
p ∈ P .

PROOF. Observe that τP has a base obtained from finite intersections of sets
U(xi, pi, ri) for 1 ≤ i ≤ n. Suppose that 0 ∈ U =

⋂n
i=1 U(xi, pi, ri). Let

r = min1≤i≤n ri− pi(xi− 0) and F = {p1, . . . , pn}. Then 0 ∈ UF,r ⊂ U because
if x ∈ UF,r, then pi(xi − x) ≤ pi(xi) + pi(x) < pi(xi) + ri − p(xi) = ri; whence
x ∈ U . So the sets UF,r provide a neighbourhood base around 0. The topology is
translation invariant because U(x0, p, r) = x0 + U(0, p, r).

If x 6= y, then x − y 6= 0 so there is some p ∈ P so that p(x − y) = r > 0.
Hence U(x, p, r/2) and U(y, p, r/2) are disjoint open sets separating x and y.

49
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Suppose that x0, y0 ∈ X and x0 + y0 ∈ U is open. Let A(x, y) = x + y be
the addition map. Choose F ⊂ P and r > 0 so that x0 + y0 + UF,r ⊂ U . Claim:
(x0 +UF,r/2)× (y0 +UF,r/2) ⊂ A−1(x0 + y0 +UF,r). Indeed, if x ∈ x0 +UF,r/2
and y ∈ y0 + UF,r/2, then for p ∈ F ,

p(x0 + y0 − x+ y) ≤ p(x0 − x) + p(y0 − y) <
r

2
+
r

2
= r.

HenceA is continuous. The proof that scalar multiplication is continuous is similar.
Observe that limΛ xλ = x means that for all finite F ⊂ P and r > 0, there

is a λ0 ∈ Λ so that xλ ∈ x + UF,r for all λ ≥ λ0. Taking F = {p} shows
that limΛ p(x − xλ) = 0 for all p ∈ P . Conversely, when this holds, given F =
{p1, . . . , pn} and r, we can choose λi so that pi(x− xλ) < r for λ ≥ λi. Select λ0
so that λ0 ≥ λi. Then for λ ≥ λ0, xλ ∈ x+ UF,r. �

3.1.4. EXAMPLES.
(1) Any normed space (X, ‖ · ‖) is a LCTVS.

(2) LetX be a Banach space, and let Y ⊂ X∗ be a (not necessarily closed) subspace
which separates points of X . Define seminorms pf (x) = |f(x)| for f ∈ Y . These
seminorms determine the topology (X, τY ). Note that since Y is closed under
scalar multiplication, UF,r = U 1

r
U,1. So the open sets UF := UF,1 form a base of

neighbourhoods of 0.
If Z is a topological space, a map T : Z → (X, τY ) is continuous if and only

if f ◦ T is continuous for all f ∈ Y . This follows from Corollary 1.7.4.
Important special cases are (X, τX∗), the weak topology on X , and (X∗, τX),

the weak-∗ topology on X∗.

(3) Two other important examples are topologies on B(X,Y ) where X,Y are Ba-
nach spaces. The weak operator topology is (B(X,Y ),WOT) = (B(X,Y ), τZ)
where Z is the set of linear functions

fx,ϕ(T ) = ϕ(Tx) for x ∈ X and ϕ ∈ Y ∗.

Then Tλ
WOT−→ T if ϕ(Tλx)→ ϕ(Tx) for all x ∈ X and ϕ ∈ Y ∗.

The strong operator topology on B(X,Y ) is (B(X,Y ), SOT) given by the
seminorms px(T ) = ‖Tx‖ for x ∈ X . Then Tλ

SOT−→ T if Tλx → Tx for all
x ∈ X . This is the topology of pointwise convergence.

(4) Fréchet spaces. Let X be a LCTVS given by a countable family of seminorms
{pi : i ≥ 1}. Then there is a translation invariant metric on X which yields the
same topology. Define

d(x, y) =
∑
i≥1

2−i
pi(x− y)

1 + p(x− y)
for x, y ∈ X.
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Since this depends only on x−y, it is translation invariant. The function f(t) = t
1+t

is increasing. Therefore

p(x+ y)

1 + p(x+ y)
≤ p(x) + p(y)

1 + p(x) + p(y)
≤ p(x)

1 + p(x)
+

p(y)

1 + p(y)
.

This is valid for each pi, and so d satisfies the triangle inequality. Since d(x, y) = 0
only if pi(x − y) = 0 for all i ≥ 1, this implies that x = y. Hence d is a metric.
Now xλ → x if and only if pi(x− xλ)→ 0 for i ≥ 1 if and only if pi(x−xλ)

1+p(x−xλ) → 0

for i ≥ 1. If d(x, xλ) → 0, then clearly pi(x−xλ)
1+p(x−xλ) → 0 for i ≥ 1. Conversely, if

pi(x−xλ)
1+p(x−xλ) → 0 for i ≥ 1 and ε > 0, choose N so that 2−N < ε/2. Then choose

λ0 ∈ Λ so that pi(x−xλ)
1+p(x−xλ) <

ε
2 for 1 ≤ i ≤ N and λ ≥ λ0. Then

d(xλ, x) <

N∑
i=1

ε

2
2−i +

∑
i>N

2−i <
ε

2
+ 2N < ε.

Therefore the topology on X is equivalent to the metric topology given by d.
We say X is a Fréchet space if it is complete in this metric. It is an easy

exercise to show that a sequence is Cauchy in this metric if and only if it is Cauchy
in each seminorm pi for i ≥ 1.

Let Ω ⊂ C be an open subset of the complex plane. Let H(Ω) be the space of
analytic functions on Ω. For each compactK ⊂ Ω, define pK(f) = supz∈K |f(z)|.
Then P = {pK : K ⊂ Ω, compact} is a family of seminorms that makes H(Ω) a
LCTVS. Observe that fλ → f in H(Ω) if and only if fλ converges to f uniformly
on compact subsets of Ω, often called u.c.c. convergence. It is straightforward to
show that the u.c.c. limit of analytic functions is analytic. It is not necessary to use
all compact sets. Define Kn = {z ∈ Ω : |z| ≤ n, dist(z,Ωc) ≥ 1

n}. Then each
Kn is compact, Kn ⊂ Kn+1, and

⋃
n≥1 intKn = Ω. Thus for any compact set

K ⊂ Ω, there is some n so that K ⊂ Kn. It follows that the seminorms pKn for
n ≥ 1 determine the topology. Since H(Ω) is complete in the topology of u.c.c.
convergence, it is a Fréchet space.

3.1.5. PROPOSITION. Let X be an LCTVS, and let f : X → F be a linear
map. The following are equivalent

(1) f is continuous.

(2) f is continuous at 0.

(3) ker f is closed.

(4) There is a finite subset F = {p1, . . . , pn} ⊂ P and ti ∈ R+ so that
|f(x)| ≤

∑n
i=1 tipi(x) for all x ∈ X .
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PROOF. Clearly (1) implies (2). If (2) holds and xλ ∈ ker f such that xλ → x,
then x − xλ → 0. Thus f(x) − f(xλ) → 0 by continuity at 0, Since f(xλ) = 0,
we have f(x) = 0, so ker f is closed.

Suppose that (3) holds. We may assume that f 6= 0. Pick an x0 ∈ X so that
f(x0) = 1. Since ker f is closed, there is a neighbourhood x0 +UF,r disjoint from
ker f . Since x0 + UF,r is convex, so is f(x0 + UF,r) = 1 + f(UF,r). Therefore
−1 6∈ f(UF,r). However UF,r is balanced, meaning that if x ∈ UF,r and |λ| ≤ 1
for λ ∈ F, then λx ∈ UF,r. This is because pi(λx) = |λ|pi(x) ≤ pi(x) < r
for pi ∈ F . Therefore f(UF,r) ⊂ D = {z ∈ F : |z| < 1}. It follows that if∑n

i=1 pi(x) < r, then pi(x) < r for 1 ≤ i ≤ n, and so |f(x)| < 1. Scaling shows
that |f(x)| ≤

∑n
i=1

1
rpi(x). So (4) holds.

Suppose that (4) holds: |f(x)| ≤
∑n

i=1 tipi(x) for all x ∈ X . Then if xλ → x,
then pi(x− xλ)→ 0 and so |f(x)− f(xλ)| ≤

∑n
i=1 tipi(x− xλ)→ 0. Therefore

f(xλ)→ f(x), and f is continuous. �

We will write X∗ for the vector space of continuous linear functionals on a
LCTVS X . We will not discuss the topology on X∗.

We now prove a useful lemma.

3.1.6. LEMMA. Let f1, . . . , fn be linear functionals on a LCTVS X . Sup-
pose that f is a linear functional on X such that ker f ⊃

⋂n
i=1 ker fi. Then

f ∈ span{f1, . . . , fn}.

PROOF. We may assume that f1, . . . , fn are linearly independent because if
say fn =

∑n−1
i=1 aifi, then ker fn ⊃

⋂n−1
i=1 ker fi. Thus there is no loss in dropping

fn from the list.
Define T : X → Fn by Tx = (f1(x), . . . , fn(x)). By linear independence,

this map is surjective. Note that kerT =
⋂n
i=1 ker fi. So X/ kerT ' Fn. Since

ker f ⊃
⋂n
i=1 ker fi, there is a well defined functional f̃ on X/ kerT ' Fn given

by f̃(x+ kerT ) = f(x). Now every linear functional on Fn has the form ϕ(y) =∑n
i=1 aiyi. It follows that there are scalars ai so that f(x) =

∑n
i=1 aifi(x). Hence

f ∈ span{f1, . . . , fn}. �

3.1.7. COROLLARY. A linear functional f : (X, τY )→ F is continuous if and
only if f ∈ Y .

PROOF. By definition, if f ∈ Y , then it is continuous. On the other hand,
if f is continuous, then by Proposition 3.1.5, if f is continuous, then there are
f1, . . . , fn ∈ Y so that |f(x) ≤

∑n
i=1 ti|fi(x)|. This forces ker f ⊃

⋂n
i=1 ker fi.

Hence by Lemma 3.1.6, f lies in span{f1, . . . , fn} ⊂ Y . �

Under certain circumstances, convergent sequences must be bounded.
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3.1.8. LEMMA. Let X be a Banach space, and let Y be a closed subspace of
X∗ which norms X , i.e. sup{|f(x)| : f ∈ Y, ‖f‖ ≤ 1} = ‖x‖. Then if a sequence
xn

τY−→ x, then {xn : n ≥ 1} is bounded.

PROOF. Consider x̂n as linear functionals on Y by x̂n(f) = f(xn). The norm-
ing condition ensures that ‖x̂n‖ = ‖xn‖. Now xn

τY−→ xmeans that x̂n(f)→ x̂(f)
for all f ∈ Y . By the Banach-Steinhaus Theorem, {x̂n : n ≥ 1} is bounded.
Therefore {xn : n ≥ 1} is bounded. �

3.1.9. REMARK. This lemma applies in particular to the weak topology τX∗ on
X and to the weak-∗ topology (X∗, τX).

If Y is not closed in X∗, then the continuous functionals on (X, τY ) is not
complete. An example of this is the weak operator topology on B(X,Y ) (Exam-
ple 3.1.4) when X,Y are infinite dimensional. So Lemma 3.1.8 does not apply
directly. However in this case, the conclusion is still valid. It is obtained using two
applications of the Banach-Steinhaus Theorem using the completeness of X and Y
separately.

3.1.10. EXAMPLE. Since l1 = c∗0, it has an associated weak-∗ topology τc0 .
Caveat: l1 has many different preduals, and hence many different weak-∗ topolo-
gies. Claim: a bounded net (xλ)Λ converges τc0 to x0 if and only if each coordinate
xλ,i → x0,i for i ≥ 1. One direction is clear since the element εi ∈ c0 with a 1 in the
ith coordinate and 0s elsewhere is in c0; whence xλ,i = εi(xλ)→ εi(x0) = x0,i.

Conversely, suppose that supΛ ‖xλ‖1 = M and that xλ,i → x0,i for i ≥ 1. Let
y = (yi) ∈ c0 and ε > 0. Pick K so that supi>K |yi| < ε. Then pick λ0 so that
for λ ≥ λ0,

∑K
i=1 |xλ,i − x0,i| |yi| < ε, which is possible since the first K terms

|xλ,i − x0,i| each converge to 0. Then for λ ≥ λ0, since ‖xλ − x0‖ ≤M + ‖x‖,

|〈xλ−x0, y〉| ≤
K∑
i=1

|xλ,i−x0,i| |yi|+
∑
i>K

|xλ,i−x0,i| |yi|

≤ ε+(M+‖x‖)ε.

Since ε > 0 is arbitrary, this shows that the net (xλ)Λ converges in τc0 to x0.
Next we construct an unbounded net that converges to 0 in τc0 . Let Λ =

{F ⊂ c0 : |F | < ∞} ordered by inclusion. Use the Axiom of Choice to pick
xF ∈

⋂
y∈F ker y with ‖xF ‖1 = |F |. Since each ker y has codimension 1, this

intersection has finite codimension, and hence is non-zero. This is clearly an
unbounded net. However for any y ∈ c0 and F ⊂ {y}, 〈xF , y〉 = 0. Hence

(xF )Λ

τc0−→ 0.
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3.2. Geometric Hahn-Banach Theorem

A subspace M ⊂ X has finite codimension if there are finitely many vec-
tors x1, . . . , xn such that X = span{M,x1, . . . , xn}; and the codimension is the
minimal number n which works. If f 6= 0 is a linear functional on X (not nec-
essarily continuous), then pick some x0 with f(x0) = 1. Then we can write
x = (x − f(x)x0) + f(x)x0 ∈ ker f + Fx0 for every x ∈ X . So ker f has
codimension 1. By Proposition 3.1.5, ker f is closed precisely when it is continu-
ous. So if f is discontinuous, ker f = X . It is easy to check that the intersection of
finitely many subspaces of finite codimension is still finite codimension.

3.2.1. DEFINITION. A setA is affine if x, y ∈ A, t ∈ R, then tx+(1−t)y ∈ A.
A hyperplane is an affine set of the form H = {x : Re f(x) = a} for f linear and
a ∈ R.

In the real case, H is a translate of a codimension 1 subspace. In the complex
case, it is the translate of a real codimension 1 subspace, ker Re f . In either case,
H is closed if and only if f is continuous. A hyperplane splits the spaceX into two
halves H+ = {x : Re f(x) > a} and H− = {x : Re f(x) < a}.

3.2.2. LEMMA. Let X be a LCTVS, 0 ∈ U an open convex set, and let pU be
the Minkowski functional pU = inf{r > 0 : x ∈ rU}. Then pU is continuous and
{x : pU (x) < 1} = U .

PROOF. Since 0 ∈ U and U is convex, rU ⊂ sU if 0 < r < s. Hence if
pU (x) < 1, then there is r < 1 so that x ∈ rU ⊂ U . Conversely, if x ∈ U , then
since (t, x) → tx is continuous, there is some ε > 0 so that (1 + ε)x ∈ U . Hence
pU (x) ≤ 1

1+ε < 1.
Suppose that V ⊂ R is open and pU (x0) = t0 ⊂ (t0 − r, t0 + r) ⊂ V . If

x ∈ x0 + r(U ∩−U), then pU (x− x0) < r and pU (x0 − x) < r. By sublinearity,

p(x) ≤ p(x− x0) + p(x0) < p(x0) + r

and

p(x0) ≤ p(x0 − x) + p(x) < p(x) + r.

Combining, we get |pU (x)− pU (x0)| < r. Therefore x0 + r(U ∩−U) ⊂ p−1
U (V ).

Hence pU is continuous. �

3.2.3. HYPERPLANE THEOREM. Let X be a LCTVS and let U ⊂ X be an
open convex set such that 0 6∈ U . Then there is a continuous functional f ∈ X∗ so
that Re f(x) > 0 for all x ∈ U ; i.e.H = {x : Re f(x) = 0} is a closed hyperplane
through 0 which is disjoint from U .
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PROOF. Case: F = R. Fix x0 ∈ U . Then V = x0 − U is an open convex
neighbourhood of 0. By Lemma 3.2.2, pV is continuous. Since x0 6∈ V , we have
that pV (x0) ≥ 1. Define f0(tx0) = t for t ∈ R. Then

f0(tx0) =

{
t ≤ tpV (x0) = pV (tx0) if t ≥ 0
t ≤ 0 ≤ pV (tx0) if t < 0.

So f0 ≤ pV on Rx0. By the Hahn-Banach Theorem 2.6.3, there is a linear func-
tional f on X so that f(x) ≤ pV (x) for all x ∈ X and f(x0) = 1. Note that

f−1(b1(0)) = {x : |f(x)| < 1} = {x : f(x) < 1} ∩ {x : f(−x) < 1}
⊇ {x : pV (x) < 1} ∩ {x : pV (−x) < 1} = V ∩ −V.

Thus f−1(b1(0)) contains an open neighbourhood of 0. Therefore f is continuous.
Finally if x ∈ U , then x0 − x ∈ V , so that f(x0 − x) < pV (x0 − x) < 1. Hence
f(x) > f(x0)− 1 = 0.

Case: F = C. Treat X as a real vector space and find a continuous real func-
tional f using the real case. Set g(x) = f(x) + if(−ix). As in the proof of
the Hahn-Banach Theorem, g is a continuous, complex linear functional such that
Re g = f . Thus if x ∈ U , we have Re g(x) = f(x) > 0. �

The following two special cases are immediate.

3.2.4. COROLLARY. If X is a Banach space, U ⊂ X is convex and open, and
0 6∈ U , then there is some f ∈ X∗ so that Re f(x) > 0 for all x ∈ U .

3.2.5. COROLLARY. If X is a Banach space, Y ⊂ X∗ separates points, U ⊂
X is convex and τY -open, and 0 6∈ U , then there is some f ∈ Y so that Re f(x) > 0
for all x ∈ U .

3.2.6. SEPARATION THEOREM. Let X be a LCTVS and let A,B be disjoint
convex subsets of X . If A is open, then there is a continuous linear functional
f ∈ X∗ and α ∈ R so that

Re f(b) ≤ α < Re f(a) for all a ∈ A, b ∈ B.

PROOF. Let U = A − B = {a − b : a ∈ A, b ∈ B} =
⋃
b∈B A − b. This is

open, convex and 0 6∈ U . By the Hyperplane Theorem, there is an f ∈ X∗ so that
Re f(x) > 0 for all x ∈ U . Thus for a ∈ A and b ∈ B,

0 < Re f(a− b) = Re f(a)− Re f(b).

Hence
sup
b∈B

Re f(b) := α ≤ inf
a∈A

Re f(a).



56 LCTVSs and Weak Topologies

Now f(A) is open. Indeed, suppose that a ∈ UF,r(a) ⊂ A. If UF,r(0) ⊂ ker f ,
then ker f ⊃

⋃
n≥1 U(F, nr)(0) = X and so f = 0. This isn’t possible, and

thus f(UF,r(0)) contains some z 6= 0. Since UF,r(0) is balanced and convex, so is
f(UF,r(0)); and so f(UF,r(0)) contains an open disc about 0. It follows that f(A)
is open, and thus the infimum infa∈A Re f(a) is not attained. Therefore α < f(a)
for all a ∈ A. �

The following is immediate.

3.2.7. COROLLARY. Let X be a LCTVS and let A,B be disjoint open convex
subsets of X . Then there is a continuous linear functional f ∈ X∗ and α ∈ R so
that

Re f(b) < α < Re f(a) for all a ∈ A, b ∈ B.

3.2.8. LEMMA. Let X be a LCTVS. Suppose that K is a compact subset of X ,
V is open in X and K ⊂ V . Then there is a convex open neighbourhood U 3 0
such that K + U ⊂ V .

PROOF. For each x ∈ K, there is a basic neighbourhood x + U(Fx, rx) ⊂
V . The sets {x + U(Fx,

rx
2 ) : x ∈ K} cover K, so there is a finite subcover

xi+U(Fi,
ri
2 ) for 1 ≤ i ≤ n. Let F =

⋃n
i=1 Fi and r = min{ri : 1 ≤ i ≤ n}; and

set U = U(F, r2). If x ∈ K, then x ∈ xi + U(Fi,
ri
2 ) for some i. Then

x+ U ⊂ xi + U(Fi,
ri
2 ) + U(F, r2)

⊂ xi + U(Fi,
ri
2 ) + U(Fi,

ri
2 ) = xi + U(Fi, ri) ⊂ V.

Hence K + U ⊂ V . �

3.2.9. COROLLARY. Let X be a LCTVS and let A,B be disjoint closed convex
subsets of X . If B is compact, then there is an f ∈ X∗ and β < α ∈ R so that

sup
b∈B

Re f(b) := β < α := inf
a∈A

Re f(a).

PROOF. By Lemma 3.2.8, there is a convex open setU 3 0 so thatB+U ⊂ Ac.
Then B + U is convex and open, and disjoint from A. Hence there is f ∈ X∗ and
α ∈ R so that

Re f(b) < α = inf
a∈A

Re f(a) for all b ∈ B + U.

Since B is compact and f is continuous, the value β = supb∈B Re f(b) is attained,
and thus β < α. �
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3.2.10. EXAMPLE. Consider (l1, τc0). Let {δi : i ≥ 1} be the standard basis
for l1. Define

A =
{
x = (xn) ∈ l1 :

∑
n≥1

xn = 0
}

and B = {δ1}.

ClearlyA andB are disjoint convex sets, andB is compact. However no functional
f ∈ c0 = (l1, τc0)

∗ separates A from B. Indeed, suppose that 0 6= f = (an) ∈ c0,
say am 6= 0. Then δm − δn ∈ A, and f(δm − δn) = am − an → am 6= 0. So the
subspace A is not contained in ker f , whence f(A) = C. Therefore f(δ1) cannot
be disjoint from f(A).

What went wrong is that A is not closed in the τc0 topology. Indeed, A = ker g
where g = (1, 1, 1, . . . ) ∈ l∞ = l∗1 . By Proposition 3.1.5, A is not τc0 closed.

On the other hand, A is norm closed. The functional g separates A and B since
supa∈A Re g(a) = 0 < 1 = g(δ1).

Taking A = {x} and B = {y} yields:

3.2.11. COROLLARY. Let X be a LCTVS. Then X∗ separates points of X .

3.2.12. DEFINITION. Let X be a LCTVS and let A ⊂ X . The convex hull of
A, conv(A), consists of all points x =

∑n
i=1 tixi for n ≥ 1, xi ∈ X , and ti ≥ 0

such that
∑n

i=1 ti = 1. Let conv(A) denote the closure of conv(A).

3.2.13. COROLLARY. Let X be a LCTVS and let A ⊂ X . Then the closed
convex hull of A is the intersection of all closed half-spaces containing A:

conv(A) =
⋂{
{x : Re f(x) ≤ α} : f ∈ X∗, sup

a∈A
Re f(x) = α <∞

}
.

Hence if A is closed and convex, then x ∈ A if and only if

Re f(x) ≤ sup
a∈A

Re f(x) for all f ∈ X∗.

PROOF. The intersection of closed convex sets is closed and convex, and con-
tains A by design. If x 6∈ conv(A), then by Corollary 3.2.9, there is f ∈ X∗ so that
Re f(x) > α = supa∈A Re f(x). Thus the intersection is exactly conv(A). �

3.2.14. PROPOSITION.
(1) Every norm closed convex set in a Banach space X is weakly closed.

(2) Every norm closed ball in X∗ is weak-∗ closed.

PROOF. A closed half space

{x : Re f(x) ≤ α} = f−1({z ∈ C : Re z ≤ α})
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for f ∈ X∗ is weakly closed. Thus a closed convex set is weakly closed by Corol-
lary 3.2.13. The ball

br(x∗0) = {x
∗ ∈ X∗ : ‖x∗ − x∗0‖ ≤ r} =

⋂
x∈b1(X)

{x∗ ∈ X∗ : |x̂(x∗ − x∗0)| ≤ r}

is the intersection of weak-∗ closed sets. �

3.2.15. GOLDSTINE’S THEOREM. Let X be a Banach space. Then b1(X)
is weak-∗ dense in b1(X

∗∗). In particular, X is weak-∗ dense in X∗∗.

PROOF. LetA = ιb1(X)
τX∗ . This set is τX∗-closed and convex. It is contained

in b1(X∗∗) because the closed ball is also weak-∗ closed by Proposition 3.2.14. If
A is strictly smaller, let x∗∗ ∈ b1(X∗∗) \ A. By Corollary 3.2.9, there is some
f ∈ X∗ so that

sup
a∈A

Re f(a) = α < f(x∗∗) ≤ ‖f‖.

However
α = sup

x∈b1(X)

Re f(x) = ‖f‖.

This contradiction establishes the claim. �

3.3. Compactness in Weak Topologies

The unit ball of any infinite dimensional Banach space is not compact. A useful
substitute is that the unit ball of a dual space is weak-∗ compact. This sometimes
allows us to use compactness in the Banach space setting.

3.3.1. BANACH-ALAOGLU THEOREM. Let X be a Banach space. Then the
closed unit ball of X∗ is weak-∗ compact.

PROOF. For each x ∈ X , let Dx = {z ∈ F : |z| ≤ ‖x‖}. These are compact
sets, and so by Tychonoff’s Theorem 1.7.7, D =

∏
x∈X Dx is compact. Define

Φ : (b1(X∗), τX)→ D by Φ(f)(x) = f(x) for x ∈ X.
Claim 1: Φ is continuous. A basic open set in D is given by x1, . . . , xn ∈ X

and Ui ⊂ Dxi open,

U = {d ∈ D : d(xi) ∈ Ui, 1 ≤ i ≤ n}.
Then

Φ
−1(U) = {f ∈ b1(X∗) : f(xi) ∈ Ui} = b1(X∗) ∩

n⋂
i=1

f−1(Ui).
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This is the intersection of finitely many weak-∗ open sets with b1(X∗), so it is
weak-∗ open in the relative topology.

Claim 2: Φ is one to one. This is because X separates points of X∗.
Claim 3: Φ(b1(X∗)) is closed in D. Suppose that fλ ∈ b1(X∗) is a net such

that Φ(fλ) = dλ converges in D to d ∈ D. Then d : X → F by evaluation at
each coordinate, and d(x) ∈ Dx, so |d(x)| ≤ ‖x‖. Check to see that d is linear: if
x, y ∈ X and α, β ∈ F, then

d(αx+ βy) = lim
Λ
fλ(αx+ βy) = lim

Λ
αfλ(x) + βfλ(y) = αd(x) + βd(y).

Hence d ∈ X∗ and ‖d‖ ≤ 1. Therefore Φ(b1(X∗)) is a closed subset of a compact
set, and thus it is compact.

Claim 4: Φ−1 is continuous on Φ(b1(X∗)), so that Φ is a homeomorphism
onto its image. A basic weak-∗ open set in X∗ has the form

V = {f ∈ X∗ : f(xi) ∈ Ui, 1 ≤ i ≤ n} for Ui open in F.
Observe that

Φ(V ∩ b1(X∗)) = {d ∈ D : d(xi) ∈ Ui, 1 ≤ i ≤ n} ∩Φ(b1(X∗)).

This is relatively open in Φ(b1(X∗)). Therefore b1(X∗) is the continuous image of
a compact set, and hence it is compact. �

3.3.2. COROLLARY. If X is a reflexive Banach space, then every norm-closed
bounded convex set is weakly compact.

PROOF. A closed convex set X is weakly closed by Proposition 3.2.14(1).
Since it is bounded, it is contained in a large closed ball, which is weak-∗ com-
pact by the Banach-Alaoglu Theore. Since X is reflexive, the weak and weak-∗
topologies are the same. So C is a weakly closed subset of a weakly compact set,
and thus is weakly compact. �

3.3.3. COROLLARY. (b1(X), τX∗) is compact if and only if X is reflexive.

PROOF. We just proved the only if direction, so suppose that b1(X) is weakly
compact. By Goldstine’s Theorem, ι(b1(X), τX∗) is dense in (b1(X∗∗), τX∗).
Since b1(X) is weakly compact and ι is continuous, the image is compact and
therefore closed. Hence b1(X∗∗) = b1(X), and X∗∗ = X . �

3.4. Extreme points

3.4.1. DEFINITION. Let K be a convex set in a vector space V . Then F ⊂ K
is a face of K if x, y ∈ K, 0 < t < 1 and tx+(1− t)y ∈ F implies that x, y ∈ F .
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A point x ∈ K is an extreme point of K if {x} is a face. Let ext(K) denote the set
of all extreme points of K.

3.4.2. EXAMPLES.
(1) Let K = {(x, y) ∈ R2 : y ≥ 0, x2 + y2 ≤ 1} be a semicircle. Then F =
[−1, 1]×{0} is a face. The extreme points are {(x, y) ∈ R2 : y ≥ 0, x2+y2 = 1}.
Note that intK is convex and has no extreme points. Also R is convex and has no
extreme points. So we look for extreme points in closed bounded (often compact)
convex sets.

(2) Let C = {(x, y, 0) ∈ R3 : x2 + y2 = 1}. Let K = conv(C ∪ {(0, 1,±1)}).
Then K is compact. F = {(0, 1, z) : |z| ≤ 1} is a face. The extreme points are
{(0, 1,±1)} ∪ C \ {(0, 1, 0)}. Thus extK is not closed.

(3) A Banach space (X, ‖ · ‖) is strictly convex if ‖x‖ = ‖y‖ =
∥∥x+y

2

∥∥ implies that
x = y. Examples include Hilbert spaces and Lp(µ) for 1 < p <∞. If 1 = ‖f‖p =
‖g‖p and 2 = ‖f+g‖p ≤ ‖f‖p+‖g‖p = 2, then equality in the triangle inequality
shows that f = g. When X is strictly convex, ext b1(X) = {x ∈ X : ‖x‖ = 1}.

(4) Consider K = b1(L1(0, 1)). Let f ∈ L1(0, 1) with ‖f‖1 = 1. Then there is
some t0 ∈ (0, 1) so that

∫ t0
0 |f | dx = 1

2 . Let f1 = 2fχ[0,t0) and f2 = 2fχ[t0,1).
Then ‖f1‖1 = ‖f2‖1 = 1 and f = 1

2(f1 + f2). Therefore K has no extreme points.

(4) Let K ⊂ Rn be a compact convex set. Then extK 6= ∅ because f(x) = ‖x‖2
2

is continuous and takes its maximum on K at some point x0. This is extreme in the
unit ball of radius ‖x‖, and so is also extreme in K.

It is a theorem of Carathéodory that if E ⊂ Rn, every point in conv(E) is a
convex combination of at most n+ 1 points of E. This can be used to prove a the-
orem of Minkowski: in finite dimensions, a compact convex set K = conv(extK)
without closure.

3.4.3. KREIN-MILMAN THEOREM. Let X be a LCTVS, and let K ⊂ X be
a compact convex set. Then conv(extK) = K.

PROOF. Let F be the set of closed faces of K ordered by containment; i.e.
F ≤ G if F ⊃ G. This is a poset. Let’s show that it is inductive. Suppose
that C = {Fα : α ∈ A} is a chain of faces. Then C has the finite intersection
property because the intersection of finitely many faces in C equals the smallest
one. By compactness of K, F =

⋂
α∈A Fα is non-empty. Suppose that x, y ∈ K,

0 < t < 1 and tx+(1− t)y ∈ F . Then tx+(1− t)y ∈ Fα for α ∈ A. As each Fα
is a face, x, y ∈ Fα; and thus x, y ∈ F . Thus F is a face, and is an upper bound for
C. By Zorn’s Lemma, F contains a maximal element, i.e. a minimal face, say F0.
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We claim that F0 is a single point. It not, then since X∗ separates points of
X , there is a continuous linear functional f on X which is not constant on F0. By
scaling, we may suppose that Re f is not constant on F0. Let α = supx∈F0

Re f(x)
and G = {x ∈ F0 : Re f(x) = α}. Then G is a proper face of F0, contradicting
minimality. Hence F0 = {x0} is an extreme point. Therefore extK 6= ∅.

LetL = conv(extK). This is a closed convex subset ofK, and thus is compact.
If L 6= K, pick x ∈ K \L. By the Separation Theorem, there is an f ∈ X∗ so that

sup
x∈L

Re f(x) = α < Re f(x) ≤ sup
x∈K

Re f(x) = β.

By compactness, the supremum is attained, so F = {x ∈ K : Re f(x) = β} is
non-empty. It is easy to see that F is a compact face ofK. Hence F has an extreme
point x0. A face of a face is a face, x0 ∈ extK, contradicting the definition of L.
Therefore K = conv(extK). �

3.4.4. COROLLARY (Krein-Milman). Let X be a Banach space. The closed
unit ball of X∗ is the weak-∗ closed convex hull of its extreme points.

PROOF. By the Banach-Alaoglu Theorem, b1(X∗) is weak-∗ compact and con-
vex. Thus the Krein-Milman Theorem applies in (X∗, τX). �

3.4.5. COROLLARY. c0 and L1(0, 1) are not dual spaces.

PROOF. The unit balls have no extreme points. �

3.4.6. EXAMPLE. C[0, 1]∗ = M [0, 1] is the space of complex regular Borel
measures on [0, 1]. The point masses δx for x ∈ [0, 1] are extreme in K =

b1(M [0, 1]), as are eiθδx. If µ is a complex measure with ‖µ‖ = 1 which is
not supported on a single point, then there is a Borel set A ⊂ [0, 1] so that 0 <
|µ|(A) < 1. Set µ1(B) = 1

|µ|(A)µ(B ∩ A) and µ2(B) = 1
|µ|(Ac)µ(B ∩ A

c). Then
µ = |µ|(A)µ1 + (1 − |µ|(A))µ2; so it is not extreme. Thus extK = {eiθδx : θ ∈
R, x ∈ [0, 1]}. Now conv(extK) is the set of atomic measures of norm at most 1,
not the whole ball. This is the intersection of K with the norm-closed subspace of
atomic measures. The weak-∗ closure is needed to obtain the other points in K.

Same works for M(X) = C0(X)∗ where X is any locally compact Hausdorff
space.

3.4.7. LEMMA. If K1, . . . ,Kn are compact convex sets in a LCTVS X , then
conv(K1 ∪ · · · ∪Kn) is compact.

PROOF. It is enough to establish the n = 2 case, since the general case then
follows from repeated application.
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Consider a point x in conv(K1 ∪ K2) given by xj ∈ K1 ∪ K2, 0 < tj < 1
for 1 ≤ j ≤ m,

∑m
j=1 tj = 1 and x =

∑m
j=1 tjxj . Let A1 = {j : xj ∈ K1} and

A2 = {1, . . . ,m} \ A1. Let s1 =
∑

j∈A1
tj and s2 = 1 − s1 =

∑
j∈A2

tj . Then

yi =
∑

j∈Ai
tj
si
xj is a convex combination of {xj : j ∈ Ai}, and hence it belongs

to Ki. Finally x = s1y1 + s2y2.
It follows from this analysis that the map Φ : K1 ×K2 × [0, 1]→ X given by

Φ(x1, x2, s) = sx1 + (1 − s)x2 maps onto conv(K1 ∪K2). It is clear that Φ is a
continuous map from a compact set into X . Therefore the image is compact. �

There is a partial converse to the Krein-Milman Theorem.

3.4.8. THEOREM (Milman). LetX be a LCTVS, and letK ⊂ X be a compact
convex set. Suppose that E ⊂ K is closed and conv(E) = K. Then extK ⊂ E.

PROOF. Suppose that x0 ∈ extK \E. Since E is closed, there is a neighbour-
hood x0 + U(F, r) which is disjoint from E. Now {x+ U(F, r/2) : x ∈ E} is an
open cover of E, which is compact, so there is a finite subcover xi+U(F, r/2) for
1 ≤ i ≤ n. Let Ki = conv(E ∩ xi + U(F, r/2)). This is contained in the convex
set xi + U(F, r/2), and thus x0 6∈ Ki. Then

conv(E) ⊂ conv(K1 ∪ · · · ∪Kn) ⊂ conv(E) = K.

By Lemma 3.4.7, the middle term is compact, so that conv(K1∪· · ·∪Kn) = K. In
particular, x0 is a convex combination of points inK1∪· · ·∪Kn, which contradicts
the fact that x0 is extreme and not in this union. Therefore extK ⊂ E. �

As an application of the new ideas in this course, we provide a proof of the
Stone-Weierstrass Theorem due to de Bruijn.

3.4.9. STONE-WEIERSTRASS THEOREM. Let X be a compact Hausdorff
space. Suppose that A is a closed subalgebra of CR(X) which separates points
and doesn’t vanish at any point in X . Then A = CR(X).

PROOF. Suppose that A 6= CR(X). Then by the Hahn-Banach Theorem, A⊥

is a non-zero weak-∗ closed subspace of CR(X)∗. LetK = b1(CR(X)∗)∩A⊥. By
the Banach-Alaoglu Theorem and the weak-∗ closure of A⊥, K is weak-∗ compact
and convex. By the Krein-Milman Theorem, K has an extreme point, say ψ. By
the Riesz Representation Theorem, there is a finite regular signed Borel measure µ
on X with ‖µ‖ = 1 so that ψ(f) =

∫
f dµ.

Claim: the support of µ is a single point. If not, let x, y be distinct points in
supp(µ). Since A separates points, there is some f ∈ A so that f(x) 6= f(y).
Scaling and adding a constant produces a function g ∈ A+ R1 so that 0 ≤ g ≤ 1
and g(x) 6= g(y). Then gµ is not a scalar multiple of µ. Note that gµ ∈ A⊥

since for h ∈ A,
∫
hg dµ = 0 because hg ∈ A. Let µ1 = gµ/‖g‖1 and µ2 =
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(1− g)µ/‖1− g‖1 where ‖g‖1 =
∫
g dµ and ‖g‖1 + ‖1− g‖1 = 1. Then µ1 and

µ2 lie in A⊥ and have norm 1, so belong to K. Then µ = ‖g‖1µ1 + ‖1− g‖1µ2 is
not extreme. This contradiction shows that µ is supported on a single point, say x0.
That is, µ = eiθδx0 .

Since A does not vanish at x0, there is some f ∈ A so that ψ(f) =
∫
f dµ =

eiθf(x0) 6= 0. This contradicts the fact that ψ ∈ A⊥. Therefore the original
assumption was incorrect, and A = CR(X). �

3.5. The Krein-Smulian Theorem

In this section, we establish a useful result for checking weak-∗ closure of
unbounded convex sets, including subspaces.

3.5.1. DEFINITION. For A ⊂ X , define the polar of A to be

A◦ = {f ∈ X∗ : Re f(x) ≤ 1 for x ∈ A}.

Note that A◦ is always a weak-∗ closed convex set. In particular, observe that
br(X)

◦
= b1/r(X∗).

3.5.2. KREIN-SMULIAN THEOREM. Let X be a Banach space, and let
K ⊂ X∗ be a convex set. Then K is weak-∗ closed if and only of K ∩ br(X∗) is
weak-∗ closed for all r > 0.

PROOF. The only if direction is trivial.
Suppose that K ∩ br(X∗) is weak-∗ compact for all r > 0. Then K is norm

closed because norm convergent sequences are bounded, and so lie in the closed
set K ∩ br(X∗) for some large r. Let f ∈ Kc and choose an ε > 0 so that
bε(f) ∩ K = ∅. After translating and scaling, we may suppose that f = 0 and
ε = 1, so b1(0) ∩K = ∅. We need to show that 0 6∈ Kw∗.

We will choose finite sets {An : n ≥ 2} in X so that

An ⊂ b 1
n−1

(X) and bn(X∗) ∩K ∩ (A2 ∪ · · · ∪An)◦ = ∅.

We can begin with A1 = ∅ and note that b1(X∗) ∩ K = ∅. Suppose that
A2, . . . , An have been chosen with these properties. LetD = bn+1(X∗)∩K∩(A1∪
· · ·∪An)◦. This is weak-∗ compact and convex, and by assumption,D∩bn(X∗) =
∅. Now bn(X∗) = b1/n(X)

◦
, so

∅ = D ∩ bn(X∗) = D ∩
⋂
x∈X
‖x‖≤1/n

{x}◦.
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By compactness of D and the FIP, there is a finite subset An+1 ⊂ b1/n(X) so that
D ∩A◦n+1 = ∅. This completes the induction.

List
⋃
n≥2 An = {x1, x2, . . . } as a countable set with limi→∞ xi = 0. Define a

linear map T : X∗ → c0 by (Tf) =
(
f(xi)

)
i≥1. We have ‖T‖ = supi≥1 ‖xi‖ ≤ 1.

If f ∈ K, then ‖f‖ ≤ n for n large enough, and thus f 6∈ (A1 ∪ · · · ∪ An)◦.
Hence there is some xi ∈ A1 ∪ · · · ∪ An so that Re f(xi) > 1; so that ‖Tf‖ > 1.
Therefore TK is convex and TK∩b1(c0) = ∅. Since b1(c0) is open, the Separation
Theorem yields ϕ = (a1, a2, . . . ) ∈ c∗0 = l1 so that

sup
z∈b1(c0)

Reϕ(z) = ‖ϕ‖1 ≤ inf
f∈K

Reϕ(Tf) = inf
f∈K

Re
∑
i≥1

aif(xi) = inf
f∈K

Re f(x0)

where x0 =
∑

i≥1 aixi, which converges since the {xi, i ≥ 1} is bounded and∑
|ai| = ‖ϕ‖1 <∞. Therefore x0 ∈ X and Re f(x0) ≥ ‖ϕ‖1 > 0 for all f ∈ K.

It follows that 0 6∈ Kw∗. Hence K is weak-∗ closed. �

When K is a subspace, K ∩ br(X∗) = r(K ∩ b1(X∗)). So the following is
immediate.

3.5.3. COROLLARY. If Y is a subspace of a dual space X∗, then Y is weak-∗
closed if and only if Y ∩ b1(X∗) is weak-∗ closed.

3.5.4. COROLLARY. For ϕ ∈ X∗∗, the following are equivalent:

(1) ϕ ∈ ιX .

(2) ϕ is continuous on (X∗, τX); i.e. ϕ is weak-∗ continuous.

(3) ϕ is weak-∗ continuous on b1(X∗).

PROOF. The equivalence of (1) and (2) is Lemma 3.1.7. Clearly (2) implies
(3). To show that (3) implies (2), Proposition 3.1.5 shows that it suffices to show
that kerϕ is weak-∗ closed. Now (3) implies that kerϕ∩ b1(X∗) is weak-∗ closed.
So the previous Corollary completes the proof. �

3.5.5. DEFINITION. A subset K ⊂ X of a LCTVS X is sequentially closed
if whenever a sequence xn in K has a limit x, then x ∈ K. So a subset K is
weak-∗ sequentially closed in a Banach dual space X∗ if it is sequentially closed in
(X∗, τX).

3.5.6. LEMMA. LetX be a Banach space. Suppose that Y ⊂ X∗ is a separable
subspace which separates points of X . Then (b1(X), τY ) is metrizable.
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PROOF. Let {gn : n ≥ 1} be a dense subset of b1(Y ). Define a metric on
b1(X) by

d(x, y) =
∑
n≥1

2−n|gn(x− y)| for x, y ∈ b1(X).

This is definite since Y separates points, and the triangle inequality follows since
each term satisfies the triangle inequality. Let βr(x) denote the d-ball about x of
radius r.

Suppose that x ∈ b1(X), U is relatively open in (b1(X), τY ) and x ∈ U . Find
a finite F = {f1, . . . , fm} ⊂ b1(Y ) and r > 0 so that x + U(F, r) ∩ b1(X) ⊂ U .
For each i, select ni so that ‖fi − gni‖ < r

4 and let N = max{ni : 1 ≤ i ≤ m}.
Suppose that y ∈ b1(X) and d(x, y) < ε = 2−1−Nr. Then

|fi(y)− fi(x)| ≤ |(fi − gni)(y)|+ |fni(y − x)|+ |(fi − gni)(x)|

<
r

4
+ 2nid(y, x) +

r

4
≤ r

2
+ 2N2−1−Nr = r.

Therefore βε(x) ⊂ x+ U(F, r) ⊂ U .
Conversely, suppose that V is d-open and x ∈ V . Find an ε > 0 such that

βε(x) ⊂ V . Find N so that 21−N < ε
2 , and let F = {g1, . . . , gN}. Suppose that

y ∈ x+ U(F, ε/2). Then

d(y, x) =
∑
n≥1

2−n|fn(y − x)|

<
N∑
n=1

2−n
ε

2
+
∑
n>N

2−n2‖fn‖ <
ε

2
+ 21−N < ε.

Thus x+ U(F, ε/2) ⊂ βε(x),
This shows that (b1(X), τY ) and (b1(X), d) have the same open sets, and hence

they determine the same topology. �

3.5.7. COROLLARY. Let X be a separable Banach space. Suppose that a
convex K ⊂ X∗ is weak-∗ sequentially closed. Then K is weak-∗ closed.

PROOF. By the Krein-Smulian Theorem, K is weak-∗ closed if and only if
K ∩ bn(X∗) is weak-∗ closed for n ≥ 1. But (b1(X∗), τX) is metrizable by
Lemma 3.5.6. In a metric space, a set is closed if and only if it is sequentially
closed. �

3.5.1. Preduals. A predual of a Banach space X is a Banach space Y such
that Y ∗ is isometrically isomorphic to X . We have seen that some Banach spaces
are not dual spaces. When a Banach space is a dual space, it may have a unique
predual, or it may have many non-isomorphic preduals. Since every predual of X
has a canonical imbedding into X∗, we can try to identify subspaces of X∗ which
are preduals of X .
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3.5.8. EXAMPLE. Consider l1. We know that c∗0 = l1, but it has a plethora of
preduals. We only mention a special class. Consider C(K) where K is a countable
locally compact metric space. Then the Riesz Representation Theorem states that
C(K)∗ = M(K), the space of complex regular Borel measures on K. Since K is
countable, every measure has the form µ =

∑
x∈K axδx with ‖µ‖ =

∑
x∈K |ax|.

It is clear thatM(K) is isometrically isomorphic to l1. These spaces yield a variety
of different Banach spaces. In particular the space

c = {a1, a2, . . . ) : lim
n→∞

an = a0 exists} ' C(K) for K = {0, 1
n

: n ≥ 1}.

is not isomorphic to c0.

3.5.9. PROPOSITION. Let X is a Banach space, then a closed subspace Y of
X∗ satisfies Y ∗ = X if and only if

(1) Y norms X , and

(2) b1(X) is τY -compact.

PROOF. If X = Y ∗, then (1) is immediate and (2) follows from the Banach-
Alaoglu Theorem.

Assume that (1) and (2) hold. Let J : X → Y ∗ by Jx(y) = y(x). By (1), J
is isometric: ‖Jx‖ = sup‖y‖≤1, y∈Y |y(x)| = ‖x‖. Since Y ⊂ X∗, (JY )⊥ = {0}.
Also J is continuous from (X, τY ) to (Y ∗, τY ). Indeed, if E is a finite subset of Y ,
then U(E, r) = {f ∈ Y ∗ : |f(y)| < r, y ∈ E} is a basis open neighbourhood of 0.
Then J−1U(E, r) = {x ∈ X : |y(x)| < r, y ∈ E} is τY -open inX . By (2), b1(X)

is τY -compact. Therefore Jb1(X) is τY -compact in Y ∗; and hence it is weak-∗
closed. The isometric property ensures that Jb1(X) = b1(JX) = JX ∩ b1(Y ∗).
By the Krein-Smulian Theorem, JX is weak-∗ closed in Y ∗. Finally, by the Hahn-
Banach Theorem, JX=((JX)⊥)

⊥={0}⊥=Y ∗. So X is isometric to Y ∗. �

3.5.10. EXAMPLE. We will show that l∞ has a unique predual, namely l1. Let
εn be the sequence in l∞ with a 1 in the nth coordinate and zeros elsewhere; and
let δn be the corresponding sequence in l1. If l∞ = Y ∗, then b1(l∞) is τY -compact.
Therefore b1(εn) ∩ b1(−εn) = b1(ker δn) is τY -compact. By the Krein-Smulian
Theorem, ker δn is τY - closed. By Proposition 3.1.5 and Lemma 3.1.7., δn ∈ Y .
Therefore l1 = span{δn : n ≥ 1} ⊆ Y . If Y 6= l1, there is some 0 6= ϕ ∈ l∞ = Y ∗

such that ϕ|l1 = 0. This is impossible, and therefore Y = l1.
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Exercises for Chapter 3

1. Show that if (xλ)λ∈Λ is a net in a Banach space X which converges weakly
to x, then there is a sequence of points in the convex hull of the net which
converges to x in norm.
HINT: show that the convex hull of the net intersects b1/n(x).

2. (a) Let X be a Banach space, and let Y be a closed subspace of X∗ which
norms X . Show that a sequence in X which converges in the τY topology
must be bounded.

(b) Let H be a Hilbert space. Show that if a sequence Tn ∈ B(H) converges
to T in the weak operator topology, then {Tn} is bounded. Note: the set of
functionals determining this topology is not closed, so the proof from part
(a) doesn’t apply.

3. (a) Suppose that ϕ is a continuous functional on (B(H), SOT). Show that there
are vectors xi, yi ∈ H for 1 ≤ i ≤ n so that ϕ(T ) =

∑n
i=1〈Txi, yi〉.

HINT: use that ϕ−1(D) is SOT-open to show that there are vectors xi for
1 ≤ i ≤ n so that ϕ factors through the map Φ : B(H) → H(n) given by
Φ(T ) = (Tx1, Tx2, . . . , Txn).

(b) Conclude that (B(H), SOT) and (B(H),WOT) have the same continuous
linear functionals. Deduce that these two topologies have the same closed
convex sets.

(c) Consider the operator Mz on L2(T) given by Mzf = zf , (where z is the
function z(eiθ) = eiθ). Show that Mn

z converges to 0 in the WOT topology,
but not in the SOT topology. So these two locally convex topologies are
different.

4. Let X be a separable Banach space. Prove that (b1(X∗), τX) is metrizable.
HINT: pick a countable dense subset {xn : n ≥ 1} of b1(X). Define d(ϕ,ψ) =∑

n≥1 2−n|(ϕ− ψ)(xn)|.

5. Let H be a Hilbert space. Prove that the closed unit ball of B(H) is compact in
the weak operator topology. HINT: modify the proof of the Banach-Alaoglu
Theorem.

6. Find all extreme points of the closed unit ball of (complex) lp for 1 ≤ p <∞.
Compute the norm-closed convex hull of ext(b1(lp)).
HINT: equality in Minkowski’s inequality.

7. Describe all extreme points of the closed unit ball of C(K) where K is the
Cantor set. What is the norm-closed convex hull of ext(b1(C(K))?

8. If C1, . . . , Cn are compact convex subsets of a LCTVS X , prove that
conv(C1 ∪ · · · ∪ Cn) is compact.
HINT: write the convex hull as the continuous image of some compact set.
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9. (a) Show that the space s of all complex sequences with the seminorms pn(x) =
|xn| for n ≥ 1 is a Frechet space.

(b) Let s0 be the subspace of s which are zero except finitely often. Put the τs
topology on s0. Show that s∗ = s0 and s∗0 = s.

10. The following deals with convex sets in finite dimensional spaces.
(a) Show that if S ⊂ Rn, then every element of conv(S) is a convex combina-

tion of n+ 1 elements of S. HINT: if s1, . . . , sm ∈ S with m ≥ n+ 2, use
the linear dependence of si − sm for 1 ≤ i ≤ m− 1.

(b) Hence show that the (non-closed) convex hull of a compact set is compact.
(c) Show that if s1, . . . , sm are points in Rn with m ≥ n+2, then you can split
{1, . . . ,m} into two disjoint sets I and J so that conv(I) ∩ conv(J) 6= ∅.

(d) (Helly’s Theorem) Let Ck be compact convex subsets of Rn for k ≥ 1.
Suppose that any n + 1 of these sets have non-empty intersection. Show
that ∩k≥1Ck is non-empty.
HINT: Use part (c) and induction to show that any m sets intersect.

11. (a) Show that a sequence xn = (xn,i)i≥1 in lp, 1 < p < ∞, converges weakly
to 0 if and only if (1) sup

{
‖xn‖p : n ≥ 1

}
<∞ and (2) lim

n→∞
xn,i = 0 for

all i ≥ 1.
(b) Show that a sequence xn = (xn,i)i≥1 in l1 converges weakly if and only if

it converges in norm.
(c) Find a bounded net in l1 which converges weakly to 0 but does not converge

in norm.

12. (a) A Banach space is uniformly convex if for every ε > 0, there is a δ > 0 so
that if ‖x‖ ≤ 1, ‖y‖ ≤ 1 and ‖x−y‖ > ε, then ‖(x+y)/2‖ < 1−δ. Show
that Hilbert space is uniformly convex, but c0 is not uniformly convex.

(b) Show that every uniformly convex Banach space is reflexive.
HINT: Given z ∈ X∗∗ with ‖z‖ = 1. Let ε > 0, get δ > 0 from
the uniformly convexity. Pick f ∈ b1(X

∗) so that |f(z) − 1| < δ. Let
C = {x ∈ b1(X) : |f(x)− 1| < δ}. Show that z is in the weak* closure of
C in X∗∗. Prove that ‖x−y‖ < ε for all x, y ∈ C. Hence deduce that there
is an x ∈ C so that ‖z − x‖ ≤ ε.



CHAPTER 4

Linear Operators

4.1. Adjoint Operators

4.1.1. DEFINITION. Let X,Y be Banach spaces. If T ∈ B(X,Y ), define the
adjoint operator T ∗ ∈ B(Y ∗, X∗) by

(T ∗g)(x) = g(Tx) for g ∈ Y ∗ and x ∈ X.

We sometimes write the pairing between a Banach space and its adjoint as a
bilinear form: 〈x, f〉 = f(x) for x ∈ X and f ∈ X∗. Unlike an inner product, this
form is linear in each variable separately:

〈a1x1+a2x2, f〉 = a1〈x1, f〉+a2〈x2, f〉 for x1, x2 ∈ X, a1, a2 ∈ F and f ∈ X∗

and

〈x, b1f1+b2, f2〉 = b1〈x, f1〉+b2〈x, f2〉 for x ∈ X, b1, b2 ∈ F and f1, f2 ∈ X∗.

Using this notation, we get

〈x, T ∗g〉 = 〈Tx, g〉 for g ∈ Y ∗ and x ∈ X.

4.1.2. THEOREM. Let X,Y, Z be Banach spaces, and let T ∈ B(X,Y ) and
S ∈ B(Y,Z).

(1) ‖T ∗‖ = ‖T‖.
(2) The map T → T ∗ is linear.

(3) I∗X = IX∗ .

(4) (ST )∗ = T ∗S∗.

(5) T ∗ is weak-∗–weak-∗ continuous; i.e. T ∗ is continuous from (Y ∗, τY ) to
(X∗, τX).

(6) T ∗∗|X = T .

69
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PROOF. (1) The Hahn-Banach Theorem is used for the second last equality:

‖T ∗‖ = sup
‖g‖≤1
g∈Y ∗

‖T ∗g‖ = sup
‖g‖≤1
g∈Y ∗

sup
‖x‖≤1
x∈X

|〈x, T ∗g〉|

= sup
‖x‖≤1
x∈X

sup
‖g‖≤1
g∈Y ∗

|〈Tx, g〉| = sup
‖x‖≤1
x∈X

‖Tx‖ = ‖T‖.

(2) For T1, T2 ∈ B(X,Y ), a1, a2 ∈ F and g ∈ Y ∗,
〈x, (a1T1 + a2T2)

∗g〉 = 〈a1T1 + a2T2)x, g〉 = a1〈T1x, g〉+ a2〈T2x2, g〉
= a1〈x, T ∗1 g〉+ a2〈x2, T

∗
2 g〉 = 〈x, a1T

∗
1 + a2T

∗
2 g〉.

Therefore (a1T1 + a2T2)
∗ = a1T

∗
1 + a2T

∗
2 .

(3) I∗Xf(x) = f(IXx) = f(x) = IX∗f(x) for x ∈ X and f ∈ X∗. Thus
I∗X = IX∗ .

(4) For h ∈ Z∗, S∗h ∈ Y ∗ and T ∗S∗h ∈ X∗. And for x ∈ X ,

〈x, T ∗S∗h〉 = 〈Tx, S∗h〉 = 〈STx, h〉 = 〈x, (ST )∗h〉.
Therefore (ST )∗ = T ∗S∗.

(5) Let (gλ)Λ be a net in Y ∗ converging weak-∗ to g. Then for x ∈ X ,

〈x, T ∗gλ〉 = 〈Tx, gλ〉 → 〈Tx, g〉 = 〈x, T ∗g〉.

Therefore T ∗gλ
w∗−→ T ∗g. So T ∗ is weak-∗–weak-∗ continuous.

(6) For x ∈ X and g ∈ Y ∗,
〈T ∗∗x, g〉 = 〈x, T ∗g〉 = 〈Tx, g〉.

Therefore T ∗∗|X = T . �

4.1.3. EXAMPLE. Let T : Cm → Cn. Fix a basis e1, . . . , em for Cm and
f1, . . . , fn forCn. Then T has an n×mmatrix T =

[
tij
]

so that Tej =
∑n

i=1 tijfi.
NowCm∗ has a dual basis δ1, . . . , δm given by δj(ei) = δij . SimilarlyCn∗ has dual
basis ε1, . . . , εn. Then we calculate:

(T ∗εj)(ei) = εj(Tei) = εj

n∑
k=1

tkifk = tji.

Thus T ∗εj =
∑m

i=1 tjiδi. Hence the matrix for T ∗ with respect to the dual bases is
the m× n matrix

[
tji
]
=
[
tij
]t, which is the transpose of the matrix for T .

4.1.4. PROPOSITION. Let X,Y be Banach spaces and let T : X → Y be a
linear map. Then T is bounded (norm continuous) if and only if it is weak–weak
continuous (i.e. from (X, τX∗) to (Y, τY ∗)).
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PROOF. Suppose that T is norm continuous. Let x0 ∈ X . IfG ⊂ Y ∗ is a finite
set and r > 0, then Tx0 + U(G, r) is a basic τY ∗-open neighbourhood of Tx0.
Now

T−1(Tx0 + U(G, r)) = x0 + T−1({y ∈ Y : |g(y)| < r, g ∈ G})
= x0 + {x ∈ X : |g(Tx)| = (T ∗g(x)| < r, g ∈ G}
= x0 + U(T ∗G, r)

is τX∗ open. Hence T is weak–weak continuous.
Conversely, suppose that T is weak–weak continuous. This is equivalent to

saying that g ◦ T is weakly continuous on X for all g ∈ Y ∗; i.e. g ◦ T ∈ X∗.
Therefore sup‖x‖≤1 ‖g(Tx)‖ = |g ◦ T | < ∞ for all g ∈ Y ∗. By the Banach-
Steinhaus Theorem, ‖T‖ = sup‖x‖≤1 ‖Tx‖ <∞. So T is bounded. �

4.1.5. PROPOSITION. Let X,Y be Banach spaces and let T : Y ∗ → X∗ be a
linear map. Then T = S∗ for some S ∈ B(X,Y ) if and only if it is weak-∗–weak-∗
continuous (i.e. from (Y ∗, τY ) to (X∗, τX)).

PROOF. The direct direction is Theorem 4.1.2(5).
Suppose that T is weak-∗–weak-∗ continuous. Hence x̂ ◦ T is weak-∗ contin-

uous on Y ∗ for every x ∈ X , so that x̂ ◦ T ∈ Y . Therefore

sup
‖g‖≤1

|(Tg)(x)| = ‖x̂ ◦ T‖ <∞ for all x ∈ X.

By the Banach-Steinhaus Theorem, ‖T‖ = sup‖g‖≤1 ‖Tg‖ <∞. So T is bounded.
Therefore T ∗ : X∗∗ → Y ∗∗. We will show that T ∗X ⊂ Y . Let x ∈ X and

g ∈ Y ∗; and T ∗x̂ = y ∈ Y ∗∗. Then

y(g) = (T ∗x̂)(g) = x̂(Tg) = Tg(x).

If we show that y is a τY -continuous functional on Y ∗, then it belongs to Y . Let
(gλ)Λ be a net such which converges weak-∗ to g. Then since T is weak-∗–weak-∗
continuous, (Tgλ)Λ converges weak-∗ to Tg. Thus

y(gλ) = Tgλ(x)→ Tg(x) = y(g).

This shows that y is a τY continuous linear functional on Y ∗ and hence y ∈ Y ; i.e.
T ∗X ⊂ Y .

Let S = T ∗|X ∈ B(X,Y ). Then for x ∈ X and g ∈ Y ∗,

(S∗g)(x) = g(Sx) = g(T ∗x) = (T ∗x̂)(g) = x̂(Tg) = (Tg)(x).

This is true for all x ∈ X and g ∈ Y ∗, and therefore S∗ = T . �

4.1.6. EXAMPLES.
(1) One might suspect that RanT ∗ is always weak-∗ closed, but this is not true.
Let T ∈ B(l1) given by T (xn) = ( 1

nxn). Then it is easy to see that T ∗ ∈ B(l∞)
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also is given by T ∗(yn) = ( 1
nyn). Then RanT ∗ ⊂ c0, and it is easy to check that

RanT ∗ = c0. This is weak-∗ dense in l∞; and in particular is not weak-∗ closed.

(2) Let X be a Banach space. Let ιX : X → X∗∗ and ιX∗ : X∗ → X∗∗∗ be
the canonical injections. Then ι∗X : X∗∗∗ → X∗ is the restriction map to X ,
i.e., ι∗XΦ(x) = Φ(ιXx) = Φ|X(x). Hence it it follows that ι∗XιX∗ = IX∗ . Let
P = ιX∗ι

∗
X ∈ B(X∗∗∗). Then

P 2 = ιX∗(ι
∗
XιX∗)ι

∗
X = ιX∗IX∗ι

∗
X = P.

Moreover RanP is contained in Ran ιX∗ and if Φ = ιX∗f , then

PΦ = ιX∗(ι
∗
XιX∗)f = ιX∗f = Φ.

Thus P is the canonical projection ofX∗∗∗ ontoX∗. Also ‖P‖ ≤ ‖ιX∗‖ ‖ι∗X‖ = 1,
so that ‖P‖ = 1.

4.1.7. LEMMA. Let T ∈ B(X,Y ). Then

kerT ∗ = (RanT )⊥ and kerT = (RanT ∗)⊥.

PROOF. Let g ∈ Y ∗. Then

g ⊥ RanT ⇐⇒ 0 = 〈Tx, g〉 = 〈x, T ∗g〉 for all x ∈ X ⇐⇒ T ∗g = 0.

Similarly, for x ∈ X ,

x ⊥ RanT ∗ ⇐⇒ 0 = 〈x, T ∗g〉 = 〈Tx, g〉 for all g ∈ Y ∗ ⇐⇒ Tx = 0.

The last equivalence is a consequence of the Hahn-Banach Theorem. �

4.2. The Hilbert space Adjoint

When studying operators on a Hilbert space, there is a different operation which
is also called the adjoint. This can lead to some confusion at first. The notion
is based on Theorem 2.3.6 that the dual of a Hilbert space is conjugate linearly
isomorphic to the original space.

4.2.1. DEFINITION. Let H,K be Hilbert spaces. A bounded sesquilinear form
on H × K is a map [·, ·] : H × K → F which is linear in the first variable and
conjugate linear in the second variable which satisfies |[x, y]| ≤ C‖x‖ ‖y‖ for all
x ∈ H and y ∈ K.

4.2.2. PROPOSITION. Let H,K be Hilbert spaces. Suppose that there is a
sesquilinear form [·, ·] onH×K bounded by C. Then there is a unique operatorB
in B(K,H) so that [x, y] = 〈x,By〉 for x ∈ H and y ∈ K. Moreover ‖B‖ ≤ C.
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PROOF. Fix y ∈ K, and define a linear functional ϕy(x) = [x, y] on H . Note
that

‖ϕy‖ = sup
‖x‖≤1

∣∣[x, y]∣∣ ≤ sup
‖x‖≤1

C‖x‖ ‖y‖ = C‖y‖.

By Theorem 2.3.6, there is a unique vector B(y) ∈ H so that [x, y] = 〈x,B(y)〉;
and ‖B(y)‖ = ‖ϕy‖ ≤ C‖y‖. At this point, B is just a function from K to H .
However it is clear that B is uniquely defined.

We verify that B is linear: if y1, y2 ∈ K and λ1, λ2 ∈ F, then

〈x,B(λ1y1 + λ2y2)〉 = [x, λ1y1 + λ2y2] = λ1[x, y1] + λ2[x, y2]

= λ1〈x,B(y1)〉+ λ2〈x,B(y2)〉 = 〈x, λ1B(y1) + λ2B(y2)〉.

This holds for all x ∈ H , and thus B(λ1y1 + λ2y2) = λ1B(y1) + λ2B(y2). That
is, B is a linear map. We already have shown that ‖B‖ ≤ C. �

If T ∈ B(H,K), there is a sesquilinear form on H × K given by [x, y] =
〈Tx, y〉; and [x, y]| ≤ ‖T‖ ‖x‖ ‖y‖. An immediate application of this proposition,
there is a unique operator B ∈ B(K,H) so that 〈Tx, y〉 = 〈x,By〉.

4.2.3. DEFINITION. Let H,K be Hilbert spaces. If T ∈ B(H,K), the Hilbert
space adjoint or just adjoint of T is the unique operator T ∗ ∈ B(K,H) such that
〈Tx, y〉 = 〈x, T ∗y〉 for all x ∈ H and y ∈ K.

The proof of the following proposition is very similar to the proof of Theo-
rem 4.1.2. The details are left to the reader.

4.2.4. PROPOSITION. Let H,K,L be Hilbert spaces. If S, T ∈ B(H,K) and
R ∈ B(K,L), then

(1) ‖T ∗‖ = ‖T‖.
(2) (λS + µT )∗ = λ̄S∗ + µ̄T ∗ for λ, µ ∈ F. So the adjoint is a conjugate

linear map.

(3) I∗H = IH .

(4) (RT )∗ = T ∗R∗.

(5) T ∗∗ = T .

4.2.5. EXAMPLE. Let T ∈ B(H) where dimH = n <∞. Fix an orthonormal
basis e1, . . . , en. Then T has a matrix

[
tij
]

with respect to this basis. Then

〈T ∗ej , ei〉 = 〈ej , T ei〉 = tji for 1 ≤ i, j ≤ n.

Therefore T ∗ has the matrix
[
tji
]
, which is the conjugate transpose of

[
tij
]
.
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4.3. Invertible Operators and the Spectrum

4.3.1. DEFINITION. An operator T ∈ B(X,Y ) is bounded below if there is
some ε > 0 so that ‖Tx‖ ≥ ε‖x‖ for x ∈ X .

4.3.2. EXAMPLES.
(1) Let K ∈ B(lp) for 1 ≤ p < ∞ given by K(xn) = ( 1

nxn). Then K is one-to-
one, and the range of K is dense since it contains the standard basis {en : n ≥ 1}.
It is not bounded below since ‖Ken‖ = 1

n → 0. Also K is not surjective because
RanK does not contain x = (n−1−1/p). You can easily check that x ∈ lp but
(n−1/p) does not. So K is not invertible.

(2) Let S ∈ B(lp) for 1 ≤ p < ∞ given by S(xn) = (0, x1, x2, . . . ), known as a
unilateral shift. Then S is isometric: ‖Sx‖p = ‖x‖p. In particular, S is bounded
below, and hence one-to-one. The range of S is {x = (xn) : x1 = 0}, which is a
proper closed subspace. Thus S is not surjective, and hence is not invertible.

(3) Let T ∈ B(lp) be given by T (xn) = (x2, x3, x4, . . . ). This is the backward
shift. Then kerT = Ce1, and thus T is not invertible. However T is surjective.
Moreover, TS = I . So S is left invertible and T is right invertible, but neither
is invertible. Now ST (x1, x2, x3, . . . ) = (0, x2, x3, . . . ); so ST has kernel and
proper closed range.

(4) Let T ∈Mn = B(Cn), the space of n×n matrices. Then T is invertible if and
only if it is one-to-one if and only if it is surjective. Thus if T is either left or right
invertible, then T is invertible. The previous examples show that these results for
invertible matrices all fail for operators on infinite dimensional spaces.

4.3.3. PROPOSITION. Let T ∈ B(X,Y ). The following are equivalent:

(1) T is invertible.

(2) T is one-to-one and onto.

(3) T is bounded below and has dense range.

(4) T and T ∗ are bounded below.

(5) T ∗ is invertible.

PROOF. (1) implies (2) is clear; and (2) implies (1) is the Banach Isomorphism
Theorem.

(1) implies (3) because RanT = Y and ‖x‖ = ‖T−1(Tx)‖ ≤ ‖T−1‖ ‖Tx‖.
Thus ‖Tx‖ ≥ 1

‖T−1‖‖x‖ is bounded below.
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(3) implies (2). Clearly bounded below implies one-to-one. We have that
‖Tx‖ ≥ ε0‖x‖ for some ε0 > 0. Let y ∈ Y . Since T has dense range, there
is a sequence (xn) ∈ X so that Txn = yn → y. Since yn converges, it is a
Cauchy sequence. So given ε > 0, there is an N so that N ≤ m < n implies that
‖T (xm − xn)‖ = ‖ym − yn‖ < εε0. Therefore ‖xm − xn‖ < ε. So (xn) is also
Cauchy. Since X is complete, x = limxn exists. Therefore Tx = limTxn = y.
Hence T is onto.

(1) implies (5). We have that T−1T = IX and TT−1 = IY . Taking adjoints
yields T ∗T−1∗ = IX∗ and T−1∗T ∗ = IY ∗ . The first identity shows that T ∗ is
surjective, and the second shows that it is injective. Thus T ∗ is invertible.

(5) implies (4). Since T ∗ is invertible, it is bounded below. Also T ∗∗ is in-
vertible, and hence bounded below. Since T = T ∗∗|X , we see that T is bounded
below.

(4) implies (3). We have T is bounded below; and (RanT )⊥ = kerT ∗ = {0}
by Lemma 4.1.7 and the fact that T ∗ is bounded below. It follows from the Hahn-
Banach Theorem that RanT is dense because if M = RanT is a proper subspace,
then there is a non-zero linear functional g ∈ Y ∗ in M⊥, and hence in kerT ∗. �

When we discuss the spectrum of a linear operator, we will always work in
complex vector spaces. In the study of matrices, the eigenvalues of a real matrix
may be complex. Things are more convenient when we assume that C is our field.

4.3.4. DEFINITION. Let T ∈ B(X) where X is a complex Banach space.

(1) The spectrum of T is σ(T ) = {λ ∈ C : λI − T is not invertible}.
(2) The resolvent of T is ρ(T ) = C \ σ(T ).
(3) The resolvent function of T on ρ(T ) is R(T, λ) = (λI − T )−1.

(4) The point spectrum of T is σp(T ) = {λ ∈ C : ker(λI − T ) 6= {0}}, the
eigenvalues of T .

(5) The approximate point spectrum of T is

π(T ) = {λ ∈ C : λI − T is not bounded below}.
(6) The compression spectrum of T is

γ(T ) = {λ ∈ C : Ran(λI − T ) is not dense in X}.

By Proposition 4.3.3, σ(T ) = π(T ) ∪ γ(T ).

4.3.5. PROPOSITION. Let X be a Banach space. Then B(X)−1 is open and
contains b1(I).
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PROOF. If ‖A‖ < 1, then (I − A)−1 =
∑

n≥0 A
n. This series converges in

B(X) because ∑
n≥0

‖An‖ ≤
∑
n≥0

‖A‖n =
1

1− ‖A‖
<∞.

Then one sees that

(I −A)
∑
n≥0

An = lim
N→∞

(I −A)
N∑
n=0

An = lim
N→∞

I −AN+1 = I.

Similarly,
∑

n≥0 A
n(I −A) = I . So b1(I) ⊂ B(X)−1.

Now suppose that T is invertible and ‖A‖ < 1/‖T−1‖. Then

T −A = T (I − T−1A).

Since ‖T−1A‖ ≤ ‖T−1‖ ‖A‖ < 1, it follows that (I − T−1A) is invertible. So
(T − A)−1 = (I − T−1A)−1T−1. Thus b1/‖T−1‖(T ) ⊂ B(X)−1. Therefore
B(X)−1 is open. �

4.3.6. PROPOSITION. Let T ∈ B(X). Then σ(T ) is a compact subset of
b‖T‖(0). Thus ρ(T ) is open.

PROOF. Let f : C → B(X) by f(λ) = λI − T . Clearly f is continuous, and
thus ρ(T ) = f−1(B(X)−1) is open. Therefore σ(T ) is closed. If |λ| > ‖T‖, then

λI − T = λ(I − λ−1T ) and ‖λ−1T‖ = ‖T‖
|λ|

< 1.

Therefore
(λI − T )−1 = λ−1

∑
n≥0

(λ−1T )n =
∑
n≥0

λ−n−1Tn.

Thus σ(T ) ⊂ b‖T‖(0) and is closed; whence it is compact. �

4.3.7. PROPOSITION. The map T → T−1 is continuous on B(X)−1.

PROOF. If Tk → I , write Tk = I−Ak where ‖Ak‖ → 0. Once ‖Ak‖ < 1, we
have that

‖I − (I −Ak)−1‖ =
∥∥∑
n≥1

Ank
∥∥ ≤∑

n≥1

‖Ak‖n =
‖Ak‖

1− ‖Ak‖
→ 0.

Hence the inverse map is continuous at I . Now suppose that T is invertible and
Sk → T . Then SkT−1 → I since multiplication is continuous. Then TS−1

k → I

by continuity of the inverse at I . Left multiplying by T−1 yields S−1
k → T−1. �
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4.3.8. EXAMPLES.
(1) Let H = Lp(0, 1) for 1 ≤ p < ∞, and let f ∈ L∞(0, 1). Define the multipli-
cation operator Mfh = fh. Recall that

‖f‖∞ = ess sup |f | = sup
{
r : m({x : |f(x)| > r}) > 0

}
.

Claim: ‖Mf‖ = ‖f‖∞. Indeed, if ‖h‖p ≤ 1, then

‖Mfh‖p =
∫
|f |p|h|p dm ≤ ‖f‖p∞

∫
|h|p dm ≤ ‖f‖p∞.

So ‖Mf‖ ≤ ‖f‖∞. Conversely, if r < ‖f‖∞, then Ar = {x : |f(x)| > r} has

positive measure. Let h =
sign(f)
m(Ar)1/p

χAr . Then ‖h‖p = 1 and

‖Mfh‖p =
∥∥∥ |f |√

m(Ar)
χAr

∥∥∥
p
> r‖h‖p = r.

Therefore ‖Mf‖ ≥ ‖f‖∞, and hence we have equality.
Next note that if g ∈ L∞, then MfMg = Mfg = MgMf . So the map from

L∞(0, 1) into B(Lp(0, 1)) is an isometric algebra isomorphism. Define

ess ran(f) =
{
λ ∈ C : m

(
f−1(bε(λ))

)
> 0 for all ε > 0

}
.

If λ 6∈ ess ran(f), then there is some ε > 0 so that f−1(bε(λ)) has measure 0. Thus
g = (λ− f)−1 is essentially bounded by ε−1, and thus lies in L∞(0, 1). Therefore
(λI −Mf )Mg = Mg(λI −Mf ) = M1 = I . Consequently, σ(Mf ) ⊂ ess ran(f).
On the other hand, if λ ∈ ess ran(f), then Aε = f−1(bε(λ)) has positive measure
for all ε > 0. Observe that

‖(λI −Mf )χAε‖ = ‖(λ− f)χAε‖ < ε‖χAε‖.

Therefore λI −Mf is not bounded below, and hence it is not invertible. Hence
σ(Mf ) = ess ran(f). Note that the entire spectrum is approximate point spectrum.

The operator Mx has no point spectrum because if xh = λh a.e., we need
h = 0 a.e.. Also Ran(λI −Mx) is always dense since it is onto unless λ ∈ [0, 1],
and in that case, Ran(λI −Mx) contains Lp(0, λ− ε)+Lp(λ+ ε, 1) for all ε > 0.
The union of these subspaces is dense in Lp(0, 1). So Mx has no compression
spectrum. So σ(Mx) = π(Mx) = [0, 1] and σp(Mx) = ∅ = γ(Mx).

ConsiderM∗f ∈ B(Lq(0, 1) where 1
p+

1
q = 1. If h ∈ Lp(0, 1) and k ∈ Lq(0, 1),

then

〈Mfh, k〉 =
∫
(fh)k dm =

∫
h(fk) dm = 〈h,M∗f k〉.

Thus M∗f =Mf ∈ B(Lq(0, 1).
In the case of p = 2, we are in the Hilbert space situation where the adjoint is

defined differently. For h, k ∈ L2(0, 1)

〈Mfh, k〉 =
∫
(fh)k dm =

∫
h(fk) dm = 〈h, fk〉 = 〈h,Mfk〉.
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Thus M∗f = Mf̄ in this situation. Since MfM
∗
f = M|f |2 = M∗fMf , we say that

Mf is a normal operator.

(2) A similar but easier analysis can be carried out for the diagonal operators on
lp for 1 ≤ p < ∞. Given a bounded sequence (dn) ∈ l∞, define D ∈ B(lp) by
D(an) = (dnan). It is left to the reader to show that σp(D) = {dn : n ≥ 1} and
σ(D) = {dn : n ≥ 1}. We will write D = diag(d1, d2, d3, . . . ) since the ‘matrix’
of D is diagonal.

(3) Shifts. Let S and T be the forward and backward shifts on lp for 1 ≤ p < ∞
defined in Example 4.3.2(2,3). We saw that S is an isometry with proper closed
range, and so is not invertible. Also TS = I but kerST = Ce1. We claim that
σ(S) = σ(T ) = D. Since ‖S‖ = ‖T‖ = 1, their spectra are contained in the
closed disc. If |λ| < 1, let xλ = (1, λ, λ2, . . . ). Then

‖xλ‖pp =
∑
n≥0

|λ|np = 1
1− |λ|p

<∞.

Observe that Txλ = (λ, λ2, λ3, . . . ) = λxλ. Hence σp(T ) ⊃ D, and hence σ(T ) =
D. Even though lp is separable, T has uncountably many eigenvalues. However Sp
does not have any eigenvalues at all: if λ(an) = S(an) = (0, a1, a2, . . . ), then
λ = 0; but S is an isometry, so has no kernel.

Next we identify the adjoint. We will write Sp and Tp for the shifts on lp. We
calculate the adjoints of Sp and Tp. Suppose that h = (an) ∈ lp and k = (bn) ∈ lq,
where where 1

p +
1
q = 1. Then

〈Sph, k〉 =
∞∑
n=2

anbn+1 = 〈(an), (b2, b3, . . . )〉 = 〈h, Tqk〉.

Therefore S∗p = Tq. The calculation to show that T ∗p = Sq is similar. Now compute
for λ ∈ D and h ∈ lp,

〈(λI − Sp)h, xλ〉 = 〈h, (I − Tq)xλ〉 = 0.

(You can check that T∞xλ = λxλ in the p = 1 case.) Therefore Ran(λI − Sp)
annihilates the non-zero vector xλ ∈ lq, and therefore the closure of this range is
proper. Hence λI − Sp is not invertible. So γ(Sp) ⊃ D and σ(Sp) = D.

4.4. Analyticity and the Resolvent

The theory of analytic functions plays an important role in functional analysis.
There are at least two natural definitions of what that should mean.
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4.4.1. DEFINITION. Let Ω ⊂ C be open., and let X be a Banach space. A
function f : Ω → X is weakly analytic if ϕ ◦ f : Ω → C is analytic for all
ϕ ∈ X∗. The function f is strongly analytic if for every z0 ∈ Ω, there is a sequence
(xn)n≥0 ⊂ X so that f(z) =

∑
n≥0 xn(z − z0)

n on a ball br(z0) for r > 0.

Clearly a strongly analytic function is weakly analytic. The converse is also
true. We don’t need this for our study of the spectrum because we can prove directly
that the resolvent function is strongly analytic.

4.4.2. THEOREM. Let X be a Banach space, and let T ∈ B(X). Then

(1)
R(T, λ)−R(T, µ)

λ− µ
= −R(T, λ)R(T, µ) for λ, µ ∈ ρ(T ).

(2) λ→ R(T, λ) is strongly analytic.

(3) lim|λ|→∞R(T, λ) = 0.

PROOF. Note that λI − T and (µI − T )−1 commute for λ ∈ C and µ ∈ ρ(T ).
Thus (1) follows from rearranging the identity

(R(T, λ)−R(T, µ))(λI − T )(µI − T ) = (µI − T )− (λI − T ) = µ− λ.

For (2), for z0 ∈ ρ(T ) and |w| < ‖R(T, z0)‖−1,(
(z0 + w)I − T

)−1
=
(
(z0I − T )− wI

)−1
=
(
(z0I − T )(I − wR(T, z0)

)−1

= R(T, z0)
(
I − wR(T, z0)

)−1

= R(T, z0)
∑
n≥0

R(T, z0)
nwn =

∑
n≥0

R(T, z0)
n+1wn.

(3) For |λ| > ‖T‖, we have

‖R(T, λ)‖ =
∥∥∑
n≥0

λ−n−1Tn
∥∥ ≤ 1
|λ| − ‖T‖

.

This converges to 0 as |λ| → ∞. �

4.4.3. THEOREM. Let X be a Banach space. If T ∈ B(X), then σ(T ) is
non-empty.

PROOF. If σ(T ) is empty, then R(T, λ) is an entire function (an analytic func-
tion defined on all of C). Since lim|λ|→∞ ‖R(T, λ)‖ = 0, we see that R(T, λ)
is bounded. Therefore for each ϕ ∈ X∗, ϕ ◦ R(T, λ) is a bounded entire func-
tion. Thus this function is constant by Liouville’s Theorem. By the Hahn-Banach
Theorem, R(T, λ) is constant. This is absurd, and so the spectrum is non-empty. �
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4.4.4. PROPOSITION. Let T ∈ B(X). If λ ∈ ρ(T ), then

‖R(T, λ)‖ ≥ 1
dist(λ, σ(T ))

.

Hence the boundary of the spectrum, ∂σ(T ), is in the approximate point spectrum
π(T ).

PROOF. Pick λ0 ∈ σ(T ) so that |λ− λ0| = dist(λ, σ(T )). Then

(λ0I − T )(λI − T )−1 = (λ0 − λ)(λI − T )−1 + I

is not invertible. It follows that |λ0 − λ| ‖λI − T )−1‖ ≥ 1. Therefore

‖λI − T )−1‖ ≥ 1
|λ0 − λ|

=
1

dist(λ, σ(T ))
.

Fix λ0 ∈ ∂σ(T ). For ε > 0 there is a point λ ∈ ρ(T ) with |λ − λ0| < ε.
Hence ‖R(T, λ)‖ > 1/ε. So there is some vector x ∈ X with ‖x‖ = 1 and
‖y‖ = ‖R(T, λ)X‖ > 1/ε. Hence

‖(λI − T )y‖
‖y‖

=
‖x‖
‖y‖

< ε.

Therefore
‖(λ0I − T )y‖

‖y‖
≤ |λ0 − λ|‖y‖+ ‖x‖

‖y‖
< |λ0 − λ|+ ε < 2ε.

Hence λ0I − T is not bounded below. �

4.4.5. THEOREM (Spectral Mapping for Rational Funcions). Let f(z) =
p(z)
q(z) be a rational function with no poles in σ(T ). Then σ(f(T )) = f(σ(T )).

PROOF. We may suppose that p and q have no common factors. Write q(z) =∏n
i=1(z − αi) where αi ∈ ρ(T ). Therefore q(T ) is invertible, so that f(T ) =

p(T )q(T )−1 is defined. For λ ∈ C,

λ− f(z) = pλ(z)

q(z)
=

(z − β1) . . . (z − βm)
(z − α1) . . . (z − αn)

.

Thus λI − T =
∏m
j=1(T − βjI) q(T )−1. Therefore λ ∈ σ(f(T )) if and only if

some βj ∈ σ(T ) if and only if there is β ∈ σ(T ) so that 0 =
pλ(β)

q(β)
= λ− f(β) if

and only if λ ∈ f(σ(T )). �

4.4.6. DEFINITION. The spectral radius of T is

spr(T ) = sup{|λ| : λ ∈ σ(T )}.

4.4.7. THEOREM. Let T ∈ B(X). Then spr(T ) = limn→∞ ‖Tn‖1/n.
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PROOF. By the Spectral Mapping Theorem, σ(Tn) = σ(T )n, and hence
spr(Tn) = spr(T )n. Therefore

spr(T ) = spr(Tn)1/n ≤ ‖Tn‖1/n.

Hence spr(T ) ≤ infn≥1 ‖Tn‖1/n.
Now R(T, λ) is analytic on ρ(T ) ⊃ {λ : |λ| > spr(T )}. The Laurent expan-

sion about∞ is the series R(T, λ) =
∑

n≥0 T
nλ−n−1. We know that this is valid

for |λ| > ‖T‖. However the function is analytic on the larger annulus |λ| > spr(T ).
So by analogy with the scalar case, we expect that this should converge absolutely
and uniformly if |λ| ≥ r > spr(T ).

To see that this is indeed correct, note that for ϕ ∈ X∗,

ϕ(R(T, λ)) =
∑
n≥0

ϕ(Tn)λ−n−1

is analytic on {λ : |λ| > spr(T )}, and therefore this series converges absolutely
for |λ| > spr(T ). In particular, |ϕ(Tn)λ−n−1| → 0; whence |ϕ(Tn)λ−n−1| ≤ C
for n ≥ 0. Therefore |ϕ(Tn)| ≤ Crn+1 for any r > spr(T ). Rearranging, we
get that supn≥0

∣∣ϕ(Tnrn )∣∣ ≤ Cr < ∞. By the Banach-Steinhaus Theorem, we get
supn≥0

∥∥Tn
rn

∥∥ = C ′ < ∞. Therefore ‖Tn‖ ≤ C ′rn; whence lim sup ‖Tn‖1/n ≤ r
for any r > spr(T ). This means that

lim sup ‖Tn‖1/n ≤ spr(T ) ≤ lim inf ‖Tn‖1/n.

Therefore spr(T ) = limn→∞ ‖Tn‖1/n. �

We prove a lemma which will prove useful later.

4.4.8. LEMMA. Suppose that X = Y u Z, and T ∈ B(X) satisfies TY ⊂ Y
and TZ ⊂ Z. Then σ(T ) = σ(T |Y ) ∪ σ(T |Z).

PROOF. If λ ∈ ρ(T ), then (λI − T )Y ⊂ Y and (λI − T )Z ⊂ Z. But λI − T
is surjective, and hence (λI − T )Y = Y and (λI − T )Z = Z. Also ker(λI −
T ) = {0}, so that (λI − T )|Y is a continuous bijection on Y and (λI − T )|Z
is a continuous bijection on Z. So both are invertible by Banach’s Isomorphism
Theorem. Hence ρ(T ) ⊂ ρ(T |Y ) ∩ ρ(T |Z).

Conversely, suppose that λ ∈ ρ(T |Y )∩ρ(T |Z). Let A = (λI−T )|−1
Y ∈ B(Y )

and B = (λI − T )|−1
Z ∈ B(Z). Define S ∈ B(X) by S(y + z) = Ay + Bz for

x = y + z ∈ X . Then for y ∈ Y and z ∈ Z,

S(λI − T )(y + z) = A(λI − T )|Y y +B(λI − T )|Zz = y + z

and
(λI − T )S(y + z) = (λI − T )|YAy + (λI − T )|ZBz = y + z.

Thus S = (λI − T )−1. Therefore ρ(T |Y ) ∩ ρ(T |Z) ⊂ ρ(T ). �
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Exercises for Chapter 4

1. If A,B,C,D ∈ B(H), then T =

[
A B
C D

]
is a bounded operator on the

Hilbert space H ⊕ H given by
[
A B
C D

] [
x
y

]
=

[
Ax+By
Cx+Dy

]
. Likewise let

S =

[
W X
Y Z

]
.

(a) Show that every operator T in B(H⊕H) has this form, and show that TS
is computed by matrix multiplication.

(b) Find T ∗. (This is the Hilbert space adjoint.)
(c) Find all operatorsE ∈ B(H⊕H) such thatE = E2 and RanE = H⊕{0}.
(d) If A is invertible, show that T is invertible if and only if D − CA−1B is

also invertible.

HINT: find X and Y to factor T =

[
A 0
C I

] [
I 0
0 X

] [
I Y
0 I

]
.

2. Prove that a weakly analytic function is strongly analytic as follows.
(a) For z0 ∈ br(z0) ⊂ Ω, show that

{
ϕ
(f(z0+w)−f(z0)

w

)
: 0 < |w| ≤ r

}
is a

bounded set for each ϕ ∈ X∗.

(b) Show that f is continuous on br(z0).

(c) Define xn = 1
2πrn

∫ 2π
0 f(z0 + reiθ)e−inθ dθ as a Riemann integral.

(d) Show that f(z0 + w) =
∑

n≥0 xnw
n for |w| < r.

3. Recall that T ∈ B(l1) has a matrix
[
tij
]

such that the columns are uniformly
bounded Chapter 2, Exercise (2)). Show that T is the adjoint of an operator
S ∈ B(c0) if and only if the rows of the matrix are in c0.

4. (a) A weighted shift on a Hilbert space H acts on an orthonormal basis {en :
n ≥ 1} by Wen = wnen+1 for n ≥ 1, where {wn} is a bounded sequence
in C. Compute ‖W‖.

(b) Show that there is a diagonal unitary Uθ so that UθWU∗θ = eiθW for each
θ ∈ (0, 2π). Deduce that σ(W ) has circular symmetry.

(c) The Kakutani shift WK has weights wn = 1/gcd(n, 2n) for n ≥ 1. Com-
pute spr(WK).

(d) LetWk be the weighted shift with weights wn = 1/gcd(n, 2n) if 2k doesn’t
divide n, and w2km = 0 for m ≥ 1. Compute the spectral radius of Wk.

(e) Show that lim
k→∞

Wk = WK . Deduce that spectral radius is not continuous

on B(H).
.



CHAPTER 5

Compact Operators

In this chapter, X,Y, Z will denote Banach spaces; and H,K will be Hilbert
spaces.

5.1. Compact Operators

5.1.1. DEFINITION. Let X,Y be Banach spaces. An operator T ∈ B(X,Y ) is
a compact operator if Tb1(X) is compact in Y . We write K(X,Y ) for the set of
all compact operators in B(X,Y ), and we write K(X) for K(X,X).

5.1.2. THEOREM. K(X,Y ) is a norm closed B(Y )–B(X) bimodule. In par-
ticular, K(X) is a closed 2-sided ideal of B(X).

PROOF. LetK1,K2 ∈ K(X,Y ) be compact operators, and let Ci = Kib1(X).
Then C1 × C2 is compact. If λ1, λ2 ∈ C, then λ1C1 + λ2C2 is compact because
it is the continuous image of C1 × C2 under the map (x, y) → λ1x+ λ2y. There-
fore (λ1K1 + λ2K2)b1(X) ⊂ λ1C1 + λ2C2. A closed subset of a compact set is
compact, and therefore λ1K1 +λ2K2 is compact. Hence K(X,Y ) is a subspace of
B(X,Y ).

If S ∈ B(Y ), T ∈ B(X) and K ∈ K(X,Y ), then

SKTb1(X) ⊂ SKb‖T‖(X) = S‖T‖Kb1(X)

is the continuous image of a compact set, and hence is compact. Thus K(X,Y ) is
a B(Y )–B(X) bimodule.

Finally we show thatK(X,Y ) is norm closed. So suppose thatKn ∈ K(X,Y )
and Kn → K ∈ B(X,Y ). Let ε > 0. Pick N so that ‖K −KN‖ < ε/3. Since
KNb1(X) has compact closure, it is totally bounded. Thus we can pick yi = KNxi
with ‖xi‖ < 1 for 1 ≤ i ≤ m to be a finite ε/3-net for KNb1(X). Let y′i = Kxi
in Kb1(X). For any x ∈ b1(X), there is some i so that ‖KNx −KNxi‖ < ε/3.
Hence

‖Kx− y′i‖ ≤ ‖(K −KN )x‖+ ‖KNx−KNxi‖+ ‖(KN −K)xi‖

<
ε

3
+
ε

3
+
ε

3
= ε.

83
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Thus y′i for 1 ≤ i ≤ m is an ε-net for Kb1(X); and therefore Kb1(X) is compact.
Hence K is a compact operator. �

5.1.3. EXAMPLE. Finite rank operators are compact. Suppose F ∈ B(X,Y )
has finite rank. Then RanF =M is an n-dimensional subspace of Y , and therefore
it is closed. Hence Fb1(X) is a closed bounded subset of M ' Cn. Thus it is
compact. So F is compact.

We can deduce that any limit of finite rank operators is also compact. Consider
a diagonal operator D = diag(d1, d2, . . . ) on lp for 1 ≤ p ≤ ∞ is given by
D(an) = (dnan). We have seen that D is bounded if and only if sup |dn| < ∞.
We claim that it is compact if and only of limn→∞ dn = 0. If the limit exists and
is 0, then given ε > 0, there is an N so that |dn| < ε for all n > N . The diagonal
operator DN = diag(d1, . . . , dN , 0, 0 . . . ) is finite rank, and thus compact. Also
‖D −DN‖ = supn>N |dn| < ε. Hence D = limn→∞Dn is compact.

On the other hand, if 0 is not the limit, then there is some δ > 0 and a sequence
ni → ∞ so that |dni | ≥ δ for i ≥ 1. The vectors Deni = dnieni all belong to
Db1(X) and ‖Deni − Denj‖ = ‖dnieni − dnjenj‖ ≥ 21/pδ. Therefore Db1(X)
is not totally bounded, because there is no finite δ net. So D is not compact.

5.1.4. EXAMPLE. Integral Operators. Let k(x, y) ∈ L2((0, 1)2), and define
an operator K ∈ B(L2(0, 1)) by

Kh(x) =

∫ 1

0
h(y)k(x, y) dy.

This is a Hilbert-Schmidt integral operator. Compute using Cauchy-Schwarz

‖Kh‖2
2 =

∫ 1

0

∣∣∣ ∫ 1

0
h(y)k(x, y) dy

∣∣∣2 dx ≤ ∫ 1

0

(
‖h‖2 ‖k(x, ·)‖2

)2
dx

= ‖h‖2
2

∫ 1

0

∫ 1

0
|k(x, y)|2 dy dx = ‖k‖2

2 ‖h‖2
2.

Therefore ‖K‖ ≤ ‖k‖2.
Let {ei(x) : i ≥ 1} be an orthonormal basis for L2(0, 1). Then {ei(x)ej(y) :

i, j ≥ 1} is an orthonormal basis for L2((0, 1)2). Write k =
∑∞

i,j=1 aijei(x)ej(y),
where ‖k‖2

2 =
∑∞

i,j=1 |aij |2. Let kN (x, y) =
∑N

i,j=1 aijei(x)ej(y). Define KN ∈
B(X,Y ) by

KNh(x) =

∫ 1

0
h(y)kN (x, y) dy =

N∑
i,j=1

aij

∫ 1

0
h(y)ei(x)ej(y) dy

=

N∑
i,j=1

aij〈h, ej〉ei(x).
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This operator is finite rank, with RanKN ⊂ span{ei : 1 ≤ i ≤ N}. By the first
paragraph, ‖K − KN‖ = ‖k − kN‖2 =

∑
i>N or j>N |aij |2 → 0 as N → ∞.

Therefore K is a norm limit of finite rank operators, and thus is compact.

5.1.5. EXAMPLE. Volterra Operator. Define an operator V ∈ B(L2(0, 1)) by

V h(x) =

∫ x

0
h(y) dy.

This is a Hilbert-Schmidt integral operator with kernel k(x, y) =

{
1 if y ≤ x
0 if y > x

.

Therefore ‖V ‖ ≤ ‖k‖2 =
1√
2

.

First we show that V has no eigenvalues. Suppose that

λh(x) = V h(x) =

∫ x

0
h(y) dy.

If λ = 0, then h = 0 a.e. If λ 6= 0, then h(x) = λ−1
∫ x

0
h(y) dy. The RHS

is a continuous function, and hence h ∈ C[0, 1] with h(0) = 0. Then by the
Fundamental Theorem of Calculus, the RHS is differentiable. Therefore h′(x) =

λ−1h(x). This implies that h(x) = cex/λ. Since h(0) = 0 = c, we have h = 0.
Therefore σp(V ) = ∅.

Now we compute the powers of V .

V 2h(x) =

∫ x

0

∫ y

0
h(t) dt dy =

∫ x

0

∫ x

t
dy h(t) dt =

∫ x

0
(x− t)h(t) dt.

V 3h(x)=

∫ x

0

∫ y

0
(y−t)h(t) dt dy=

∫ x

0

∫ x

t
(y−t) dy h(t) dt=

∫ x

0

(x−t)2

2
h(t) dt.

We will show by induction that V nh(x) =

∫ x

0

(x− t)n−1

(n− 1)!
h(t) dt. This holds for

n = 1, 2, 3 and assuming the formula for V n,

V n+1h(x)=

∫ x

0

∫ y

0

(y−t)n−1

(n− 1)!
h(t) dt dy

=

∫ x

0

∫ x

t

(y−t)n−1

(n− 1)!
dy h(t) dt=

∫ x

0

(y−t)n

n!
h(t) dt.

Now from Example 5.1.4, we know that

‖V n‖ ≤
∥∥(x− t)n−1

(n− 1)!
χt≤x

∥∥
2 ≤

1
(n− 1)!

.

Therefore spr(V ) ≤ limn→∞
( 1
(n−1)!

)1/n
= 0. Hence σ(V ) = {0}. An operator

with spectrum {0} is called quasinilpotent.
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5.1.6. PROPOSITION. Let H be a Hilbert space. Then every K ∈ K(H) is a
limit of finite rank operators.

PROOF. Let ε = 1
n . Choose an ε-net for Kb1(H), say y1, . . . , ym. Let Pn be

the orthogonal projection onto span{y1, . . . , ym}. Then Pn is finite rank, and thus
PnK is also finite rank. Compute:

‖K − PnK‖ = sup
‖x‖≤1

‖P⊥n Kx‖ ≤ sup
‖x‖≤1

min
i≤m
‖Kx− yi‖ ≤

1
n
.

Therefore PnK converge to K in norm. �

5.1.7. REMARK. This same argument will work in any Banach space X in
which there is a sequence (or net) of finite rank projections (Pn) which are uni-
formly bounded and converge strongly to the identity, i.e., Pnx → x for every
x ∈ X . This includes lp for 1 ≤ p < ∞. Here the projection Pn onto the span of
the first n standard basis vectors does the job.

The existence of Banach spaces in which there are compact operators that are
not limits of finite rank operators is a difficult result.

5.1.8. THEOREM (Schauder). LetX,Y be Banach spaces. Then T ∈ B(X,Y )
is compact if and only if T ∗ ∈ B(Y ∗, X∗) is compact.

PROOF. Assume that T is compact, and let K = Tb1(X). This is a compact
metric space. Define R : b1(Y ∗) → C(K) be the restriction map ψ → ψ|K . If
ψ ∈ b1(Y ∗), |ψ(y1) − ψ(y2)| ≤ ‖y1 − y2‖. So the functions Rψ are bounded
(by ‖T‖) and equicontinuous (all have Lipschitz constant 1). By the Arzela-Ascoli
Theorem, Rb1(Y ∗) is compact in C(K).

Therefore if {ψn : n ≥ 1} is any sequence in b1(Y ∗), there is a subsequence
ψni such that Rψni converge uniformly. That is, ψni |K converge uniformly to a
function Ψ ∈ C(K). This implies ψni(Tx) = T ∗ψni(x) converges uniformly to
Ψ(Tx) = Ψ ◦ T (x) for x ∈ b1(X). Hence ϕ = Ψ ◦ T ∈ X∗ and T ∗ψni → ϕ
uniformly over the unit ball; i.e. converges in norm. This shows that T ∗b1(Y

∗) is
precompact; whence T ∗ is a compact operator.

The converse is now easy. If T ∗ is compact, then T ∗∗ is compact. Then
considering X as a subspace of X∗∗ and Y as a subspace of Y ∗∗, we see that
Tb1(X) ⊂ T ∗∗b1(X∗∗). This is a closed subset of a compact set, and hence is
compact. Therefore T is a compact operator. �

5.1.9. REMARK. For the Hilbert space adjoint, there is an easier proof based on
Proposition 5.1.6. If T is compact in B(H), then T = limn→∞ Fn where Fn are
finite rank. Then T ∗ = limn→∞ F

∗
n is also a limit of finite rank operators, and thus

is compact.
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5.2. Structure of Compact Operators

5.2.1. LEMMA. Let X be a Banach space, and let V be a closed subspace such
that either V or dimX/V is finite dimensional. Then V is complemented.

PROOF. If dimV = n < ∞, let v1, . . . , vn be a basis for V . There is a
dual basis ϕ1, . . . , ϕn for V ∗ given by ϕi(vj) = δij . Using the Hahn-Banach
Theorem, we can extend eachϕj to some ϕ̃j ∈ X∗. Then P =

∑n
i=1 viϕi ∈ B(X).

Observe that Px =
∑n

i=1 viϕi(x) ∈ V and Pvj = vj . Therefore P is a continuous
idempotent with range V . Hence X = V u kerP .

If dimX/V = n < ∞, let ẋ1, . . . , ẋn be a basis for X/V . Choose xi ∈ X
so that ẋi = xi + V . Let W = span{x1, . . . , xn}. Then V +W = X because if
x ∈ X , then ẋ := x + V =

∑n
i=1 aiẋi. Therefore x −

∑n
i=1 aixi ∈ V . Also if

x ∈ V ∩W , write x =
∑n

i=1 aixi then ẋ =
∑n

i=1 aiẋi = 0; so that all ai = 0 and
so x = 0. Therefore X = V uW . �

5.2.2. KEY LEMMA. Let K ∈ K(X). Suppose that there are closed subspaces
V0 ( V1 ( V2 ( . . . and scalars αi ∈ C so that (αiI −K)Vi ⊂ Vi−1 for i ≥ 1.
Then limi→∞ αi = 0.

PROOF. Choose unit vectors xi ∈ Vi with dist(xi, Vi−1) ≥ 1
2 for i ≥ 1. Then

Kxi = αixi + yi where yi ∈ Vi−1. Suppose that there is a subsequence with
|αin | ≥ δ > 0 for i1 < i2 < . . . . Then if m < n, since yin −Kxim ∈ Vin−1,

‖Kxin −Kxim‖ = ‖αinxin + (yin −Kxim)‖ ≥
1
2
|αin | ≥

δ

2
.

This shows that Kb1(X) is not compact, a contradiction. �

Write null(T ) = dim kerT for the nullity of T ∈ B(X).

5.2.3. THEOREM. Let K ∈ K(X). Then for λ 6= 0, ker(λI − K) is finite
dimensional and Ran(λI −K) is closed and finite codimension.

PROOF. By replacing λI−K by I−λ−1K and K by λ−1K, we may suppose
that λ = 1. Let B = b1(X) ∩ ker(I −K). Then the unit ball of N = ker(I −K)

is B = KB ⊂ Kb1(X) which is compact. Therefore null(I − K) < ∞ by
Proposition 2.2.15.

Choose a complement for N so that X = N u V . Then I −K|V is injective
and Ran(I −K) = (I −K)V . Claim: (I −K)|V is bounded below. If not, there
are unit vectors vn ∈ V so that ‖(I − K)vn‖ → 0. By compactness, there is a
subsequence vni so that Kvni → y. Since (I −K)vni → 0, we get that vni → y.
Therefore ‖y‖ = limi→∞ ‖vni‖ = 1 and (I −K)y = limi→∞(I −K)vni = 0. So
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y ∈ V ∩N , which is impossible. Hence I −K is bounded below on V , and thus
R = (I −K)V = Ran(I −K) is closed.

If X/R is infinite dimensional, choose vectors xi ∈ X so that ẋi = xi +R are
linearly independent for i ≥ 1. Define Rn = span{R, x1, . . . , xn}. Then Rn/R is
finite dimensional, and thus closed in X/R; so that Rn = Q−1(Rn/R) is closed
because it is the preimage of a closed subspace by the quotient map. Clearly

R ( R1 ( Rn ( Rn+1 ( . . .

However (I − K)Rn ⊂ Ran(I − K) = R. By the Key Lemma, we have that
limn→∞ 1 = 0 which is absurd. Therefore R has finite codimension. �

5.2.4. DEFINITION. If S ⊂ B(X), the commutant of S is

S ′ = {T ∈ B(X) : TS = ST for all S ∈ S}.
We write S ′′ for (S ′)′.

Note that S ′ is an algebra (a vector space closed under multiplication) contain-
ing the identity. Moreover it is closed in the weak operator topology.

5.2.5. THEOREM. Let K ∈ K(X). Then for λ 6= 0, there is an integer n0 so
that

N(λ) := ker(λI −K)n0 = ker(λI −K)n0+k

and
R(λ) := Ran(λI −K)n0 = Ran(λI −K)n0+k

for k ≥ 1. Moreover X = N(λ)uR(λ). The subspaces Nn = ker(λI −K)n and
Rn = Ran(λI −K)n are invariant for {K}′ and

null(λI −K)n = dimX/Ran(λI −K)n = null(λI −K∗)n for n ≥ 1.

PROOF. Let Nn = ker(λI −K)n for n ≥ 0. Since (λI −K)n = λnI −Kn

where Kn is compact, these are finite dimensional subspaces. Note that Nn−1 ⊂
Nn and (λI − K)Nn ⊂ Nn−1 for n ≥ 1. If Nn ) Nn−1 for all n ≥ 1, the Key
Lemma would imply that limn→∞ λ = 0, which is absurd. Therefore for some
smallest n0 ≥ 0, Nn0 = Nn0+1. We show by induction that Nn0 = Nn0+k for
k ≥ 1. It is valid for k = 1. Suppose that it holds for k. If x ∈ Nn0+k+1, then
(λI −K)x ∈ Nn0+k = Nn0 . Therefore x ∈ Nn0+1 = Nn0 . So Nn0+k+1 = Nn0 .

Now let Rn = Ran((λI − K)n) for n ≥ 0. Since (λI − K)n = λnI − Kn

where Kn is compact, these are closed subspaces of finite codimension. Note that
Rn−1 ⊃ Rn and (λI − K)Rn−1 = Rn for n ≥ 1. Therefore by Lemma 4.1.7,
N∗n := R⊥n = ker(λI − K∗)n are finite dimensional subspaces of X∗ such that
N∗n−1 ⊂ N∗n and (λI −K∗)N∗n ⊂ N∗n−1. By Schauder’s Theorem, K∗ is compact.
So arguing as in the previous paragraph, there is a least integerm0 so thatN∗m0+k

=
N∗m0

and thus Rm0+k = Rm0 for all k ≥ 1.
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Let p = max{m0, n0} (they turn out to be equal). Note that if T ∈ {K}′ and
x ∈ Nk, then 0 = T (λI − K)kx = (λI − K)kTx; whence TNk ⊂ Nk. Also
if y = (λI − K)kx ∈ Rk, then Ty = T (λI − K)kx = (λI − K)kTx; whence
TRk ⊂ Rk. So Nk and Rk are {K}′ invariant subspaces for each k ≥ 1.

Let x ∈ X . Since (λI − K)px ∈ Rp = R2p, there is a vector y ∈ X so
that (λI − K)px = (λI − K)2py. Let z = x − (λI − K)py. Observe that
(λI − K)pz = (λI − K)px − (λI − K)2py = 0; whence z ∈ Np. Therefore
x = z + (λI − K)py ∈ Np + Rp. On the other hand, if x ∈ Np ∩ Rp, there is
y ∈ X so that (λI −K)py = x. Therefore (λI −K)2py = (λI −K)px = 0, so
that y ∈ N2p = Np. Hence x = 0. So Np ∩Rp = {0}. Therefore X = Np uRp.

Next observe that Rp = (λI − K)pNp + (λI − K)pRp = (λI − K)pRp.
Therefore (λI −K)p maps Rp one to one and onto itself. That is, (λI −K)p|Rp is
invertible. Since λI −K maps Rp into itself, it is also bijective on Rp. Therefore
λI −K = (λI −K)|Np u (λI −K)|Rp , and Fλ = (λI −K)|Np acts on a finite
dimensional space, and is nilpotent of order at most p. It follows that σ(Fλ) = {0}
and so σ(K|Np) = {λ}.

Since (λI −K)|Rp is invertible, we have that

ker(λI −K)n = ker(λI −K)n|Np
and

X/Ran(λI −K)n = Np/Ran(λI −K)n|Np .
For a linear mapA on a finite dimensional spaceN , we have null(A)+dim RanA =
dimN . Therefore null(A) = dimN/RanA = null(A∗). In particular

null(λI −K)n = dimX/Ran(λI −K)n = null(λI −K∗)n for n ≥ 1.

In particular, we have m0 = n0. �

5.2.6. REMARK. Since (λI − K)|N (λ) is nilpotent on a finite dimensional
space, we have σ(K|N(λ)) = {λ}. By a familiar result in linear algebra, this
restriction is similar to a sum of Jordan blocks for the eigenvalue λ.

This theorem was the main technical result. We put everything together in the
following.

5.2.7. STRUCTURE OF COMPACT OPERATORS. Let X be an infinite
dimensional Banach space, and let K ∈ K(X). Then

(1) 0 ∈ σ(K). If 0 6= λ ∈ σ(K), then λ ∈ σp(K).

(2) The spectrum is finite or is a countable set {0, λn : n ≥ 1} such that
limn→∞ λn = 0.

(3) For each λ ∈ σ(K) \ {0}, there is an integer nλ so that

N(λ) = ker(λI −K)nλ = ker(λI −K)nλ+k for k ≥ 1,
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R(λ) = Ran(λI −K)nλ = Ran(λI −K)nλ+k for k ≥ 1,

N(λ) is finite dimensional, R(λ) is closed and X = N(λ)uR(λ).

(4) σ(K|N(λ)) = {λ} and σ(K|R(λ)) = σ(K) \ {λ}.
(5) There is a unique finite rank idempotent Eλ in {K}′′ with range N(λ)

and kernel R(λ) = Ran(λI −K)nλ , both invariant for {K}′.
(6) If λ, µ ∈ σ(K) \ {0} are distinct, then EλEµ = 0.

PROOF. Compact operators can never be surjective because the Open Mapping
Theorem would then show that Kb1(X) contains a ball br(X). So 0 ∈ σ(K).
Theorem 5.2.5 shows that if λ 6= 0, then either ker(λI −K) 6= {0} or λI −K is
invertible. Thus σ(K) = σp(K)∪{0}. If λ ∈ σ(K)\{0}, thenX = N(λ)uR(λ)
where both N(λ) and R(λ) are {K}′-invariant. By Lemma 4.4.8,

σ(K) = σ(K|N(λ)) ∪ σ(K|R(λ)) = {λ} ∪ σ(K|R(λ)).

Since (λI − K)|R(λ) is invertible, σ(K|R(λ)) = σ(K) \ {λ}. Therefore λ is an
isolated point of the spectrum, and hence the spectrum is at most countable. If
σ(K) \ {0} = {λn : n ≥ 1} is countable, pick a unit vector xn ∈ ker(λnI −K).
Define Vn = span{x1, . . . , xn}. Observe that Vn−1 ( Vn and (λn−K)Vn ⊂ Vn−1
for n ≥ 1. By the Key Lemma, limn→∞ λn = 0.

For (5), there is a unique idempotent with range N(λ) and kernel R(λ) by
Section 2.7. If T ∈ {K}′, then T leaves the range and kernel of Eλ invariant. That
means that

TEλ = EλTEλ and T (I − Eλ) = (I − Eλ)T (I − Eλ).

This implies that TEλ = EλTEλ = EλT . Thus Eλ ∈ {K}′′.
Suppose that µ is another non-zero point in σ(K). Then Eµ ∈ {K}′′ ⊂ {K}′,

and henceEµEλ = EλEµ. Therefore Ran(EµEλ) ⊂ N(λ)∩N(µ) = {0} because
(λI−K)n(λ) annihilatesN(λ) while (µI−K)n(µ) is invertible onN(λ). Therefore
EλEµ = 0. �

5.3. Fredholm Operators

5.3.1. DEFINITION. An operator T ∈ B(X,Y ) is Fredholm if null(T ) < ∞,
RanT is closed and has finite codimension. The Fredholm index of T is

indT = null(T )− dim(Y/TX) = null(T )− null(T ∗).
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5.3.2. REMARKS. The fact that RanT is closed is automatic. Suppose that
Y = span{TX, y1, . . . , ym} where dim(Y/TX) = m. Define

S : X/ kerT ⊕ Cm → Y by S(ẋ, a) = Tx+
m∑
i=1

aiyi.

This is a continuous bijection, and hence an isomorphism. Therefore TX =
S(X/ kerT ) is closed.

5.3.3. EXAMPLES.
(1) Every invertible operator is Fredholm of index 0.

(2) The unilateral shift S ∈ B(lp) for 1 ≤ p < ∞ is an isometry, and thus has no
kernel and has closed range. Since lp/Slp ' C, we see that S is Fredholm and
indS = −1. Similarly if T is the backward shift, then T lp = lp and kerT = Ce1.
So T is Fredholm and indT = 1. Recall that TS = I and ST = I − e1δ1 both lie
in I +K(lp). (Here δi(an) = ai and (e1δ1)(x) = δ1(x)e1.)

5.3.4. PROPOSITION. If λ 6= 0 and K ∈ K(X), then λI −K is Fredholm and
ind(λI −K) = 0.

PROOF. By Theorem 5.2.5, λI−K has closed range of finite codimension, and
null(λI −K) = null(λI −K∗). Hence

ind(λI −K) = null(λI −K)− null(λI −K∗) = 0. �

5.3.5. THEOREM. The set F(X,Y ) of Fredholm operators in B(X,Y ) is open.
Index is a continuous integer valued function, and hence is locally constant.

PROOF. Let T be Fredholm. Set N = kerT and choose a closed complement
V ; so that X = N u V . Then TV = TX . Since TX is closed and has finite
codimension, choose a finite dimensional subspace W so that Y = TX u W .
Define T̃ : V ⊕1 W → Y by T̃ (v, w) = Tv + w. Note that

‖T̃ (v, w)‖ ≤ ‖Tv‖+ ‖w‖ ≤ max{‖T‖, 1}(‖v‖+ ‖w‖).

So T̃ is continuous. It is easy to check that T̃ is a bijection, and hence it is invertible
by the Banach Isomorphism Theorem.

Now suppose that S ∈ B(X,Y ) such that ‖S − T‖ < 1/‖T̃−1‖. Define
S̃ : V ⊕W → Y by S̃(v, w) = Sv + w. Then S̃ is continuous and

‖S̃ − T̃‖ = ‖(S − T )|V ‖ < 1/‖T̃−1‖.

Therefore S̃ is invertible. It follows that SV = S̃V is closed and

Y = S̃(V ⊕W ) = SV uW.
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Therefore dimY/SX ≤ dimY/SV = dimW < ∞. Also kerS ∩ V = {0}, and
so the quotient Q : X → X/V is injective on kerS; so that

nullS ≤ dimX/V = dimN <∞.
Therefore S is Fredholm.

The subspace V u kerS = Q−1((kerS+V )/V ) is closed and finite codimen-
sion. Choose a finite dimensional complement Z so that X = V u kerS u Z =
kerS u (V u Z). Then SX = SV u SZ because S is injective on V u Z and
Z is finite dimensional. Let P : Y = SV uW → W be the projection onto W
with kernel SV . Then PSX = PSZ ' Z because S is injective on Z and P is
injective on SZ. Therefore

Y/SX = (Y/SV )/(SX/SV ) 'W/PSZ.
We compute

indS = nullS − dimY/SX

= nullS − (dimW − dimZ)

= dim(kerS u Z)− dimW

= nullT − dimY/TX = indT.

Thus index is constant on an open ball around T , so that it is locally constant,
whence continuous. �

5.3.6. COROLLARY. Fredholm index is constant on connected components of
F(X,Y ).

We also get the following result which is a consequence of our proof. We
showed that if ‖S − T‖ < 1/‖T̃−1‖, then nullS ≤ nullT .

5.3.7. COROLLARY. If T ∈ B(X,Y ) is Fredholm, then lim supS→T nullS ≤
nullT .

Let π : B(X) → B(X)/K(X) be the quotient map. This is a Banach space,
and since K(X) is an ideal, it is also a ring. Multiplication is continuous: if a, b ∈
B(X)/K(X) then we can choose A,B ∈ B(X) so that π(A) = a and ‖A‖ <
(1 + ε)‖a‖ and π(B) = b and ‖B‖ < (1 + ε)‖b‖. Then

‖ab‖ = ‖π(AB)‖ ≤ ‖A‖ ‖B‖ < (1 + ε)2‖a‖ ‖b‖.
This is called a Banach algebra when it is a Banach space and a ring in which
multiplication is continuous. In particular, we can talk about invertible elements in
B(X)/K(X).

5.3.8. ATKINSON’S THEOREM. T ∈ B(X) is Fredholm if and only if π(T )
is invertible in B(X)/K(X).
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PROOF. Suppose that T is Fredholm. Let N = kerT and let V be a comple-
ment forN , so thatX = NuV . Also TX = TV is closed with finite codimension,
and we pick a (finite dimensional) complementW so thatX = TV uW . If we con-
sider T |V as an element of B(V, TV ), then this is a continuous bijection. Hence
by Banach’s Isomorphism Theorem, it has a continuous inverse S ∈ B(TV, V ).
Define S̃ ∈ B(X) by S̃(Tv + w) = v for v ∈ V and w ∈ W . Note that
S̃T (u + v) = S̃Tv = v for u ∈ N and v ∈ V . This is S̃T = PV is the pro-
jectiion of X onto V with kernel N , Now I − PV = PN is finite rank. Therefore
π(S̃)π(T ) = π(I − PN ) = π(I). Similarly, T S̃(Tv +w) = Tv = PTV (Tv +w)
is the projection onto TV with kernel W . Again I − PTV = PW is finite rank, so
that π(T )π(S̃) = π(I). Therefore π(T ) is invertible.

Conversely, suppose that π(T ) has an inverse π(S) inB(X)/K(X). Then there
are compact operators K,L ∈ K(X) so that ST = I +K and TS = I + L. Then
kerT ⊆ ker I +K is finite dimensional and RanT ⊇ Ran(I + L), so it has finite
codimension. Therefore T is Fredholm. �

5.3.9. COROLLARY. If T ∈ B(X) is Fredholm and K ∈ K(X), then T +K is
Fredholm and ind(T +K) = ind(T ).

PROOF. By Atkinson’s Theorem, π(T + K) = π(T ) is invertible and hence
T +K is Fredholm. Thus T + tK for 0 ≤ t ≤ 1 is a continuous path of Fredholm
operators. Since index is locally constant, we have ind(T +K) = ind(T ). �

It follows that the following definition is well defined.

5.3.10. DEFINITION. If a ∈ B(X)/K(X) is invertible, define ind(a) = ind(T )
for any T with π(T ) = a.

5.3.11. THEOREM. If T ∈ B(X,Y ) and S ∈ B(Y,Z) are both Fredholm, then
ST is Fredholm and ind(ST ) = ind(S) + ind(T ).

PROOF. As before, let NS = kerS and choose a complement Y0 ⊂ Y so that
Y = NS u Y0. Also choose a finite dimensional complement Z0 for SY so that
Z = SY u Z0. Choose a complement X0 for NT = kerT so that X = NT uX0.
Finally we reqiure a complement W for TX in Y , but we do this carefully in
two steps. First choose a complement W0 ⊂ NS for NS ∩ TX in NS so that
NS = (NS ∩ TX) uW0. Note that W0 ∩ TX ⊂ W0 ∩ (NS ∩ TX) = {0}, so
that TX +W0 = TX uW0 = TX + NS . Now choose a complement W1 for
TX +NS , so that Y = TX uW0 uW1.

Recall that TX = TV and T |V maps V bijectively onto TX . We compute

kerST = kerT + {v ∈ V : Tv ∈ NS} = NT u (T |V )−1(NS ∩ TX).
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Therefore null(ST ) = null(T ) + dim(NS ∩ TX). Next,

SY = S(TX uW0 uW1) = STX u SW1.

The latter sum is a direct sum because if w1 ∈W1 and Sw1 = STx, then w1− Tx
lies in NS , and hence w1 ∈ W1 ∩ (NS + TX) = {0}. Moreover, W1 does not
intersect NS , so that S is injective on W1. Therefore

dimZ/SY = dimZ/(STX u SW1) = dimZ/STX − dimW1.

Finally we can calculate

indST = nullST − dimZ/STX

= nullT + dim(NS ∩ TX)−
(

dimZ/SY + dimW1
)

= nullT+
(

dim(NS ∩ TX)+dimW0
)
−dim(W0 uW1)−dimZ/SY

= nullT + nullS − dimY/TX − dimZ/SY = indS + indT. �

The invertible elements of any ring form a group under multiplication. When
we restate Theorem 5.3.11 as a result about B(X)/K(X), we obtain:

5.3.12. COROLLARY. The Fredholm index is a homomorphism from the group
(B(X)/K(X))−1 into (Z,+).

5.4. Normal Operators

5.4.1. DEFINITION. Let H be a Hilbert space. An operator T ∈ B(H) is self-
adjoint if T ∗ = T . It is positive if T ∗ = T and 〈Tx, x〉 ≥ 0 for x ∈ H . It is unitary
if T ∗ = T−1. And it is normal if T ∗T = TT ∗.

5.4.2. REMARKS.
(1) If T : H → H is everywhere defined and formally self-adjoint, meaning that
〈Tx, y〉 = 〈x, Ty〉 for all x, y ∈ H , then T is automatically bounded. See Exam-
ple 2.4.13. This is known as the Hellinger-Toeplitz Theorem.

(2) IfH is a complex Hilbert space and T ∈ B(H) satisfies 〈Tx, x〉 ≥ 0 for x ∈ H ,
then the polarization identity shows that

〈Tx, y〉 = 1
4

3∑
k=0

ik〈T (x+ iky), x+ iky〉

and

〈T ∗x, y〉 = 〈x, Ty〉 = 〈Ty, x〉 = 1
4

3∑
k=0

ik〈T (y + ikx), y + ikx〉
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=
1
4

3∑
k=0

(−i)k〈T (y + ikx), y + ikx〉

=
1
4

3∑
k=0

(−i)k〈T (x+ (−i)ky), x+ (−i)ky〉 = 〈Tx, y〉

Hence T ∗ = T is automatically self-adjoint.
If H is a real Hilbert space, then T =

[ 0 −1
1 0

]
∈M2(R) satisfies〈[0 −1

1 0

] [
x
y

]
,

[
x
y

]〉
= −yx+ xy = 0

for all (x, y) ∈ R2. However this matrix represents a 90 degree rotation, and is
clearly not self-adjoint because T ∗ =

[ 0 1
−1 0

]
= −T even though 〈Tx, x〉 ≥ 0 for

all x ∈ R2.

(3) If U is unitary, then 〈Ux,Uy〉 = 〈U∗Ux, y〉 = 〈x, y〉. Thus unitary maps are
invertible isometries and they preserve the inner product.

5.4.3. EXAMPLES.
(1) In Example 4.3.8(1), we showed that the multiplication operatorMf onL2(0, 1)
is bounded when f ∈ L∞(0, 1) and that M∗f =Mf̄ . It is clear that this is a normal
operator. It is self-adjoint if and only if f = f̄ a.e., i.e., when f is real valued. It is
positive if and only if f ≥ 0 a.e.. And it is unitary if and only if |f |2 = 1 a.e.

A similar analysis applies to D = diag(d1, d2, d3, ] . . . ) ∈ B(l2).

(2) If A ∈ B(H), then A∗A is positive. Indeed, (A∗A)∗ = A∗A∗∗ = A∗A and
〈A∗Ax, x〉 = 〈Ax,Ax〉 = ‖Ax‖2 ≥ 0. Moreover ‖A∗A‖ ≤ ‖A∗‖ ‖A‖ = ‖A‖2

and

‖A∗A‖ = sup
‖x‖≤1

‖A∗Ax‖ ≥ sup
‖x‖≤1

〈A∗Ax, x〉 = sup
‖x‖≤1

‖Ax‖2 = ‖A‖2.

Hence ‖A∗A‖ = ‖A‖2.

5.4.4. PROPOSITION. Let N ∈ B(H) be a normal operator. Then

(1) ‖Nx‖ = ‖N∗x‖ for all x ∈ H .

(2) ‖N‖ = spr(N).

(3) ker(λI−N) = ker(λI−N)n = ker(λI−N)∗ for all λ ∈ C and n ≥ 1.

(4) ker(λI −N)⊥ = Ran(λI −N) for all λ ∈ C.

(5) ker(λI −N) ⊥ ker(µI −N) if λ 6= µ ∈ C.

(6) If p ∈ C[z] is a polynomial, then ‖p(N)‖ = sup
{
|p(λ)| : λ ∈ σ(N)

}
.
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PROOF. ‖Nx‖2 = 〈Nx,Nx〉 = 〈N∗Nx, x〉
= 〈NN∗x, x〉 = 〈N∗x,N∗x〉 = ‖N∗x‖2.

So (1) holds. For (2), ‖N2x‖ = ‖N∗(Nx)‖ ≥ 〈N∗Nx, x〉 = ‖Nx‖2. Taking the
supremum over ‖x‖ ≤ 1 yields ‖N2‖ ≥ ‖N‖2, while ‖N2‖ ≤ ‖N‖2 is true for all
operators. Thus ‖N2‖ = ‖N‖2. Iterating this yields ‖N2k‖ = ‖N‖2k for k ≥ 1.
Therefore

spr(N) = lim
k→∞

‖N2k‖1/2k = ‖N‖.

Since λI −N is normal, we have by (1) that ‖(λI −N)x‖ = ‖(λI −N)∗x‖.
In particular, x ∈ ker(λI −N) if and only if x ∈ ker(λI −N)∗. Also by the proof
of (2), ‖(λI −N)2kx‖ ≥ ‖(λI −N)x‖2k . Hence x ∈ ker(λI −N)2k implies that
x ∈ ker(λI−N). The other inclusion is trivial. So ker(λI−N)2k = ker(λI−N).
Hence ker(λI −N)n = ker(λI −N) for all n ≥ 1. So (3) holds.

(4) Ran(λI −N) =
(

ker(λI −N)∗
)⊥

=
(

ker(λI −N)
)⊥.

(5) If x ∈ ker(λI −N) and y ∈ ker(µI −N), then Nx = λx and Ny = µy,
whence N∗y = µy. Hence

λ〈x, y〉 = 〈Nx, y〉 = 〈x,N∗y〉 = 〈x, µy〉 = µ〈x, y〉.

Since λ 6= µ, this forces 〈x, y〉 = 0. Therefore ker(λI −N) ⊥ ker(µI −N).
(6) It is easy to check that p(N) is normal. By the Spectral Mapping Theorem,

σ(p(N)) = p(σ(N)). Therefore

‖p(N)‖=spr(p(N))=sup{|µ| : µ ∈ σ(p(N))}=sup{|p(λ)| : λ ∈ σ(N)}. �

5.4.5. COROLLARY. If a normal operator N is Fredholm, then indN = 0.

PROOF. Compute: indN = nullN − nullN∗ = 0. �

5.4.6. SPECTRAL THEOREM FOR COMPACT NORMAL OPERATORS.
Suppose that K ∈ B(H) is compact and normal. Let σ(K) = {λn : n ≥ 0} where
λ0 = 0 = limn→∞ λn. Let Mn = ker(λnI − K) for n ≥ 0. These are finite
dimensional for n ≥ 1 and Mn ⊥ Mn for m 6= n. Moreover H =

∑⊕
n≥0 Mn and

K =
∑

n≥0 λnPMn is diagonalizable by an orthonormal basis.

PROOF. By the Structure Theorem for Compact Operators 5.2.7, σ(K) con-
tains 0, and is either finite or countable, {λn : n ≥ 0}, where λ0 = 0 = limn→∞ λn.
For each 0 6= λn ∈ σ(K) \ {0}, the space Mn = ker(λnI −K) = ker(λnI −K)2

is finite dimensional. By Proposition 5.4.4(5), Mm ⊥Mn for 1 ≤ m < n.
Let N =

∑⊕
n≥1 Mn be the orthogonal direct sum of Mn for n ≥ 1. Then

this subspace is invariant for K, and by Proposition 5.4.4(3), it is also invariant for
K∗. By Proposition 5.4.4(4), N⊥ =

⋂
n≥1 Ran(λnI −K), which is also invariant
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for K and K∗. So H = N ⊕ N⊥ and K '
[
K|N 0

0 K|
N⊥

]
because both N and

N⊥ are invariant. It is easy to check that K∗ '
[
K∗|N 0

0 K∗|
N⊥

]
. Computation of

0 = K∗K − KK∗ shows that K|N and K|N⊥ are both normal. All of the non-
zero eigenvectors of K lie in N , so that σ(K|N⊥) = {0}. By Proposition 5.4.4(2),
‖K|N⊥‖ = 0. So K|N⊥ = 0, which shows that N⊥ = kerK = M0 and thus
H =

∑⊕
n≥0 Mn.

Let PMn be the orthogonal projection onto Mn. Then L =
∑

n≥0 λnPMn is
a normal operator with ker(λnI − L) = Mn for n ≥ 0. These spaces sum to
the whole space, so L and K agree on each Mn, and therefore on all of H . If we
choose an orthonormal basis for each Mn, we obtain an orthonormal basis for H
consisting of eigenvalues for K. So K is diagonalized by this basis. �

Let K ∈ K(H) where H is a separable Hilbert space. Then K∗K is a positive
compact operator. Hence it is diagonalizable. Thus there is an orthonormal basis,
say {en : n ≥ 1} so that K∗Ken = s2

nen, where sn ≥ 0 and limn→∞ sn = 0.
Define a positive compact operator by |K|en = snen for n ≥ 1. Then |K|2 =
K∗K. For x ∈ H ,

‖ |K|x‖2 = 〈|K|x, |K|x〉 = 〈|K|2x, x〉
= 〈K∗Kx, x〉 = 〈Kx,Kx〉 = ‖Kx‖2.

Define U0 : Ran |K| → RanK by U0(|K|x) = Kx. This map is isometric, and so
it extends to an isometry from Ran |K| onto RanK. Now (Ran |K|)⊥ = ker |K| =
kerK; so H = Ran |K| ⊕ kerK. Define U ∈ B(H) by

U(x⊕ y) = U0x for x ∈ Ran |K| and y ∈ kerK.

Then by construction, K = U |K|, and U has the property that kerU = kerK
and RanU = RanK. Algebraically, we have U∗U is the orthogonal projection
onto Ran |K| = (kerK)⊥ and UU∗ is the orthogonal projection onto RanK. An
operator like U which is an isometry on the orthogonal complement of its kernel is
called a partial isometry.

We think of the factorizationK = U |K| as the polar decomposition by analogy
with factoring a complex number as z = eiθ|z|. Let S = {n : sn > 0}. Then

kerK=ker |K|=span{en : n 6∈ S}

and
(kerK)⊥=Ran |K|=span{en : n ∈ S}.

Note that fn = Uen for n ∈ S is an orthonormal set because U0 is an isometry. We
can write |K| =

∑
n∈S snene

∗
n. Therefore

K = U |K| = U
∑
n∈S

snene
∗
n =

∑
n∈S

snfne
∗
n.
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The values (sn)n∈S , reordered so that they form a decreasing sequence, are the
singular values of K. If K is finite rank, then we set sk = 0 for k > rankK.

When H is not separable, a compact operator is always supported on a sepa-
rable subspace M = RanK + (kerK)⊥. Thus K also has a polar decomposition,
and the non-zero singular values form a finite or countable set with limit 0.

5.4.7. DEFINITION. The Schatten p-class on H is the set

Sp = {K ∈ K(H) : (sn) ∈ lp}

with norm ‖K‖p := ‖(sn)‖p.

It can be shown that each Sp is an ideal of B(H), and

‖SKT‖p ≤ ‖S‖ ‖K‖p ‖T‖ for K ∈ Sp and S, T ∈ B(H).

It contains all finite rank operators, and thus is operator norm dense in K(H); and
it is complete in the ‖ · ‖p norm. For 1 < p <∞, S∗p = Sq where 1

p +
1
q = 1. And

it is an important theorem that K(H)∗ = S1 and S∗1 = B(H). In particular, B(H)
is a dual space, and so has a weak-∗ topology.

5.5. Invariant Subspaces

5.5.1. DEFINITION. If A ⊂ B(X), a closed subspace M ⊂ X is an invariant
subspace for A if AM ⊂ M for all A ∈ A. It is a proper invariant subspace if
{0} 6=M 6= X . We write LatA = {M : invariant subspaces for A} for the lattice
of invariant subspaces.

LatA is a complete lattice. The operations are intersection, M ∧N =M ∩N ,
and closed span, M ∨N =M +N . It is easy to check that these are both invariant
subspaces. Completeness indicates that we can take the supremum and infimum
over arbitrary subsets of LatA. we have∧

α∈A
Mα =

⋂
α∈A

Mα and
∨
α∈A

Mα =
∑
α∈A

Mα

where in the sum, we allow only finitely many non-zero vectors. Again it is easy to
check that these subspaces are invariant.

The following result has a slick proof due to Hilden. The original result is
actually stronger.

5.5.2. LOMONOSOV’S THEOREM. If 0 6= K ∈ K(X), then {K}′ has a
proper invariant subspace.
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PROOF. If 0 6= λ ∈ σ(K), then M = ker(λI −K) is a non-zero finite dimen-
sional (closed) subspace. If A ∈ {K}′, then for x ∈M ,

(λI −K)Ax = A(λI −K)x = 0.

Thus AM ⊂M ; whence M ∈ Lat{K}′.
Otherwise σ(K) = {0}; so that 0 = spr(K) = limn→∞ ‖Kn‖1/n. We may

normalize so that ‖K‖ = 1. Pick a vector x0 ∈ X so that ‖Kx0‖ = 1 + δ > 1;
so ‖x0‖ > 1. Let S = b1(x0), and note that 0 6∈ S. Define D = KS, which is a
compact set. If x ∈ S,

‖Kx‖ ≥ ‖Kx0‖ − ‖K(x− x0)‖ ≥ ‖Kx0‖ − 1 = δ > 0.

Therefore 0 6∈ D.
Assume that {K}′ has no proper invariant subspace. For any non-zero vector x,

{K}′x is invariant for {K}′ and contains x because {K}′ is an algebra containing
the identity. Thus we have that {K}′x = X . Hence for x ∈ D, there is some
A ∈ {K}′ so that Ax ∈ S. Then UA = A−1(S) is an open neighbourhood of
x. So {UA : A ∈ {K}′} is an open cover of D. Let UA1 , . . . , UAn be a finite
subcover.; i.e., for each x ∈ D, there is some i ≤ n so that Aix ∈ S.

Let M = max{‖Ai‖ : 1 ≤ i ≤ n}. Recursively select a sequence i1, i2, i3, . . .
in {1, 2, . . . , n} so that

AikKAik−1K . . . Ai1Kx0 ∈ S.

Therefore since each Ai ∈ {K}′,

0 < ‖x0‖ − 1 ≤ ‖Aik . . . Ai1K
kx0‖ ≤Mk‖Kk‖ ‖x0‖.

Take the kth root and take a limit to get

1 = lim
k→∞

(‖x0‖ − 1)1/k ≤ lim
k→∞

M‖Kk‖1/k ‖x0‖1/k = 0.

This contradiction shows that proper invariant subspaces must exists. �

5.5.3. EXAMPLE. Consider the Volterra operatos V ∈ B(L2(0, 1)) from Exam-

ple 5.1.5, V h(x) =
∫ x

0
h(t) dt. This is compact and has no eigenvlaues. It has the

invariant subspace Nt = {h ∈ L2(0, 1) : f |(0,t) = 0 a.e.} for 0 ≤ t ≤ 1. In fact,
these are the only invariant subspaces for V .

5.5.4. COROLLARY. IfK ∈ K(X), then there is a maximal chain of subspaces
(with respect to containment) which are invariant for {K}′.

PROOF. By Zorn’s Lemma, there is a maximal chainN of subspaces in Lat{K}′.
If Mα ∈ N for α ∈ A, then M =

∧
Mα ∈ Lat{K}′. Any other subspace N ∈ N

is either larger than some Mα, and hence N ⊃ M , or is contained in all of them,
and hence N ⊂M . In either case, it shows that N ∪ {M} is a chain of subspaces;
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and thus M ∈ N by maximality. Similarly,
∨
Mα ∈ N . Thus the chain N is

complete.
If N ∈ N , let N− =

∨
{M ∈ N : M ( N}. If N− ( N , I claim that

dimN/N− = 1. Otherwise, we define an operator

K̃ ∈ B(N/N−) by K̃(x+N−) = Kx+N−.

Note that K̃b1(N/N−) = Q(Kb1(N)), where Q : N → N/N− is the quotient
map. The continuous image of a compact set is compact, and therefore K̃ is a
compact operator. The algebra {K̃}′ has a proper invariant subspace, say M . Then
Q−1M =: L is invariant for {K}′ and N− ( L ( N . The reason is that for
T ∈ {K}′, the operator T̃ (x + N−) = Tx + N− in B(N/N−) lies in {K̃}′ and
so leaves M invariant. Pulling this back to X shows that L is invariant for T .
However this contradicts the maximality of N . Hence the gap N/N− is either 0 or
1 dimensional.

This chainN must be a maximal chain in the lattice of all subspaces of X . For
ifN∪̇{M} were a larger chain of subspaces, let N− =

∨
{N ∈ N : N ⊂M} and

N+ =
∧
{N ∈ N : M ⊂ N}. Then by completeness, N± ∈ N and N− ( M (

N+. Moreover N− = (N+)− and the gap N+/N− is at least 2-dimensional. This
is false, and hence N is maximal. �

For the rest of this section, we will restrict our attention to operators on Hilbert
space. This is for convenience of presentation.

5.5.5. DEFINITION. A nest of subspaces is a complete chain of subspaces.
The nest algebra T (N ) = {T ∈ B(H) : TN ⊂ N for all N ∈ N}. Again
we define N− =

∨
{M ∈ N : M ( N}. The atoms of N are the subspaces

A = N 	 N− = {x ∈ N : x ⊥ N−} when N− ( N ; and let A denote the set
of all atoms of N . Define ΦA(T ) = PAT |A be the compression of T ∈ T (N ) to
the subspace A. When N is a maximal nest, the atoms are 1-dimensional and so
ΦA(T ) are scalars.

Note that T (N ) is a vector space closed under multiplication and contains I . If
Tα ∈ T (N ) converge in the weak operator topology to T , i.e. 〈Tαx, y〉 → 〈Tx, y〉
for each x, y ∈ H , then for every x ∈ N and y ∈ N⊥, we have 0 = 〈Tαx, y〉, and
thus 0 = 〈Tx, y〉. Therefore Tx ∈ (N⊥)⊥ = N ; so T ∈ T (N ). Therefore T (N )
is a weak operator topology closed algebra of operators. The fact that each N ∈ N
is invariant can be seen as an upper triangular form for elements of T (N ).

We will use the notation of Theorem 5.2.7. The proof will be given in a series
of lemmas.
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5.5.6. RINGROSE’S THEOREM. Suppose that K ∈ K(H) and that N is a
maximal nest in LatK. Let A be the atoms of N . Then

σ(K) = {0} ∪ {ΦA(K) : A ∈ A}.

Moreover each non-zero eigenvalue λ is repeated nλ = dimN(λ) times.

5.5.7. LEMMA. σ(K) = {0} ∪ {ΦA(K) : A ∈ A}.

PROOF. Let A ∈ A such that 0 6= λ = ΦA(K). Write A = N 	 N− for
some N ∈ N . Since A is 1-dimensional, pick a unit vector x ∈ A. Then λ =
ΦA(K) = 〈Kx, x〉. Since N = N− ⊕ Cx, Kx = λx + y for some y ∈ N−.
Hence (λI − K)x = −y ∈ N−. This shows that (λI − K)|N is not surjective,
and so λ ∈ σ(K|N ). By Theorem 5.2.7, λ ∈ σp(K|N ). Thus ker(λI − K) ⊃
ker(λI −K)|N 6= {0}. Hence λ ∈ σ(K).

Conversely suppose that λ ∈ σ(K)\{0}. ThenE = ker(λI−K) is a non-zero
finite dimensional subspace. Thus the sphere S = {x ∈ E : ‖x‖ = 1} is compact.
Let

N =
∧{

M ∈ N : E ∩M 6= {0}
}
.

If E ∩M 6= {0}, then S ∩M is non-zero and compact. This collection has the
finite intersection property because (S ∩M1) ∩ (S ∩M2) = S ∩ (M1 ∩M2), and
M1 ∩M2 is the smaller of M1 and M2. By compactness, the intersection S ∩N is
non-empty. Thus E ∩ N 6= {0}. Therefore λI −K|N has non-trivial kernel, and
thus Ran(λI −K|N ) is a proper closed subspace of N .

Now ifM ∈ N andM < N , thenE∩M = {0}. Hence λI−K|M is injective,
and thus by Theorem 5.2.7, Ran(λI − K|M ) = M . Since N− is the closed span
of M ∈ N with M < N , Ran(λI − K|N−) ⊃

⋃
M<N M . This is dense in N−

and the range is closed, so equals N−. This shows that N− ( N . It follows that
Ran(λI − K|N ) ⊃ N− and is a proper subspace of N . Since A = N 	 N− is
1-dimensional, the range is N−. Therefore 0 = ΦA(λI −K) = λ−ΦA(K). Thus
ΦA(K) = λ. �

5.5.8. LEMMA. Let λ ∈ σ(K) \ {0}, and let M ∈ LatK. Then M is invariant
for Eλ.

PROOF. The restriction K|M is also compact. Let

N = ker(λI−K|M )nλ = N(λ)∩M and R = Ran(λI−K|M )nλ ⊂ R(λ)∩M.

Then by Theorem 5.2.7, M = N u R. Note that Eλ|N = I|N and Eλ|R = 0.
Therefore EλM = N ⊂M . �
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5.5.9. LEMMA. Let λ ∈ σ(K) \ {0}, and let A ∈ A. Then

ΦA(Eλ) =

{
1 if ΦA(K) = λ

0 otherwise.

PROOF. We have H = N(λ) u R(λ) is a direct sum of subspaces in LatK.
Then Kλ := K|N(λ) has the form λIλ + J , where Iλ is the identity on N(λ) and
J ∈ B(N(λ)) is nilpotent. Let L = K|R(λ). This is compact and λ 6∈ σ(L).
With respect to the decomposition H = N(λ)uR(λ), K, Eλ and K + zEλ have
matrices

K =

[
λIλ + J 0

0 L

]
, E =

[
Iλ 0
0 0

]
and K + tEλ =

[
(λ+ z)Iλ + J 0

0 L

]
.

By Lemma 4.4.8,

σ(K + zEλ) = σ((λ+ z)Iλ + J) ∪ σ(L) = {λ+ z} ∪ σ(K) \ {λ}.

For any A ∈ A and t ∈ C, we have that

ΦA(K + zEλ) = ΦA(K) + zΦA(Eλ) ∈ {λ+ z} ∪ σ(K) \ {λ}.

If ΦA(K) = λ, then ΦA(K + zEλ) will be near to λ for small z, and therefore
ΦA(K+zEλ) = λ+z. Thus ΦA(Eλ) = 1. On the other hand, if ΦA(K) = µ 6= λ,
then µ+ zΦA(Eλ) ∈ σ(K) \ {λ} for very large z, and hence ΦA(Eλ) = 0. �

5.5.10. LEMMA. The set A(λ) = {A ∈ A : ΦA(K) = λ} has cardinality
nλ = rankEλ.

PROOF. Let A(λ) = {A1, . . . , An} be a finite or countable set, and define
P =

∑
Ai∈A(λ)Ai. This is an orthogonal projection of rank |A(λ)|. Each Ai =

Ni 	 Ni− = Cei. Then Eλei = ei + yi where yi ∈ Ni−. In particular, if we
order the Ni by containment, then we see that the compression PEλ|PH is upper
triangular with 1’s on the diagonal. Therefore n ≤ rankEλ.

The projection P also lies in T (N ) since either ei ∈ N or ei ∈ N⊥. By choice
of P , we have ΦA(Eλ − P ) = 0 for A ∈ A(λ). Also by construction, ΦA(P ) =
0 = ΦA(Eλ) forA ∈ A\A(λ). By Lemma 5.5.7 applied to the finite rank operator
Eλ−P , σ(Eλ−P ) = {0}. If rankP < rankEλ, there would be a unit vector x in
N(λ) ∩ P⊥H , and (Eλ − P )x = x. Hence |A(λ)| = rankP = rankEλ = nλ. �

For vectors x, y ∈ H , we use the notation xy∗ for the rank one operator
(xy∗)(z) = 〈z, y〉x. This is a natural notation because

xy∗ =


x1
x2
x3
...

 [y1 y2 y3 . . .
]
=


x1y1 x1y2 x1y3 . . .
x2y1 x2y2 x2y3 . . .
x3y1 x3y2 x3y3 . . .

...
...

...
. . .

 .
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Also we have the identity A(xy∗)B = (Ax)(B∗y)∗ for any A,B ∈ B(H).

5.5.11. LEMMA. Let A ⊂ B(H). Then LatA∗ = {M⊥ : M ∈ LatA}.

PROOF. If M ∈ LatA, x ∈ M , y ∈ M⊥ and A ∈ A, then 〈A∗y, x〉 =
〈y,Ax〉 = 0. This shows that A∗M⊥ is orthogonal to M , whence A∗M⊥ ⊂M⊥.
Since A = (A∗)∗, this argument is reversible. �

We finish this section with a useful finite dimensional result.

5.5.12. BURNSIDE’S THEOREM. If A ⊂ Mn is a subalgebra of the n × n
complex matrices. and Ax = Cn for all x 6= 0, then A =Mn.

PROOF. Proceed by induction on n. For n = 1, the only proper subalgebra is
{0}, which doesn’t satisfy the hypothesis. So the result is true. Assume the result
is true for all k < n.

First I show that there is some F ∈ A with 0 < rankF < n. A cannot consist
solely of scalar multiples of I since n ≥ 2, so pick a non-scalar A ∈ A. If A is not
invertible, then 0 < rankA < n as desired. Otherwise pick λ ∈ σ(A), so A−λI is
non-zero and not invertible. The rank is unchanged if we multiply by the invertible
A, so F = A(A− λ) = A2 − λA ∈ A works.

Let M = RanF . The set B = FA|M is an algebra since

(FA|M )(FB|M ) = F (AFB)|M ∈ B for A,B ∈ A.
If 0 6= x ∈ M , then Bx = FAx = FCn = M . By the induction hypothesis,
B = L(M). In particular, B contains a rank one operator R = FA0|M . Therefore
FA0F ∈ A has rank 1, say FA0F = x0y

∗
0 .

Let x, y ∈ Cn. Pick A ∈ A so that Ax0 = x. NowA∗y0 is invariant forA∗, so
by Lemma 5.5.11, it is {0} or Cn. But if A∗y0 = 0, then

0 = 〈A∗y0, x0〉 = 〈y0,Ax0〉
which contradicts that y0 ∈ Ax0. Pick B∗ ∈ A∗ so that B∗y0 = y. Then A
contains A(x0y

∗
0)B = (Ax0)(B

∗y0)
∗ = xy∗. Every matrix is a sum of rank one

matrices, so A =Mn. �
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Exercises for Chapter 5

1. (a) If E = E2 ∈ B(X) is compact, show that E is finite rank.
(b) Show that if f ∈ C[0, 1], then the multiplication operator Mf on L2(0, 1)

is not compact unless f = 0.

2. (a) Let X,Y be Banach spaces. Prove that if K ∈ K(X,Y ) is compact, then
whenever a sequence xn ∈ X converges weakly to x0, the sequence Kxn
converges to Kx0 in norm.

(b) Let X be a separable reflexive Banach space. Suppose T ∈ B(X,Y ) and
whenever a sequence xn ∈ X converges weakly to x0, the sequence Txn
converges to Tx0 in norm. Prove that T is compact. Hint: use the Banach–
Alaoglu Theorem.

(c) Find a non-compact operator T ∈ B(l2) so that lim
n→∞

‖Ten‖ = 0 for the

usual o.n. basis {en}.

3. Let V be a bounded operator on a Hilbert space H .
(a) Show that V is an isometry if and only if V ∗V = I .
(b) Show that the following are equivalent:

(i) U is unitary, (ii) U∗ = U−1, and (iii) U is an isometry and UU∗ = U∗U .

4. Suppose that T ∈ B(X,Y ) is Fredholm. Prove that T ∗ is Fredholm, and find
the relationship between indT and indT ∗.

5. Let S be the unilateral shift on l2. Define T = S ⊕ (S∗ + 1
2I) in B(l2 ⊕ l2).

Compute ind(T − λI) for λ ∈ {−3
4 , 0,

5
4}.

6. The Donaghue operator acts on l2 by Ae0 = 0 and Aen = 2−nen−1 for all
n ≥ 1.
(a) Show that A is compact, and compute ‖A‖.
(b) Show that the proper closed invariant subspaces for A are precisely the

subspacesMn = span{ek : 0 ≤ k ≤ n} for n ≥ 0. HINT: If an invariant
subspace M contains a vector x =

∑
n≥0 xnen with xn 6= 0 infinitely

often, show that e0 ∈ M. Pick ni → ∞ such that |xni | ≥ |xn| for all
n ≥ ni. Consider appropriate multiples of Anix.

7. Let V be the Volterra operator on L2(0, 1), V f(x) =
∫ x

0 f(t) dt.
(a) Express V ∗ as an integral operator.
(b) Suppose that f is an eigenvector of V V ∗. Show that f is C∞ and satisfies

a second order ODE with boundary conditions.
(c) Hence diagonalize V V ∗ and compute ‖V ‖.
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