Functional Analysis
Notes for Pure Math 453

Kenneth R. Davidson

University of Waterloo



CONTENTS

Chapter 1. Set Theory and Topology

1.1.
1.2.
1.3.
1.4.
1.5.
1.6.
1.7.
1.8.

Orders on Sets

The Axiom of Choice
Topological spaces

Nets

Continuity

Compactness

Weak Topologies

Compact Hausdorff Spaces*

Exercises for Chapter 1

Chapter 2. Banach Spaces

2.1.
2.2.
2.3.
2.4.
2.5.
2.6.
2.7.

Examples

Constructions of Banach Spaces
Hilbert spaces

Category Theorems

Fourier series

The Hahn-Banach Theorems
Complemented Subspaces

Exercises for Chapter 2

Chapter 3. LCTVSs and Weak Topologies

3.1
3.2.
3.3.
3.4.
3.5.

Locally convex topological vector spaces
Geometric Hahn-Banach Theorem
Compactness in Weak Topologies
Extreme points

The Krein-Smulian Theorem

Exercises for Chapter 3

Chapter 4. Linear Operators

4.1.
4.2.
4.3.
4.4.

Adjoint Operators

The Hilbert space Adjoint

Invertible Operators and the Spectrum
Analyticity and the Resolvent

Exercises for Chapter 4



ii

Contents

Chapter 5. Compact Operators

5.1.
5.2.
5.3.
54.
5.5.

Compact Operators

Structure of Compact Operators
Fredholm Operators

Normal Operators

Invariant Subspaces

Exercises for Chapter 5

Index

83
83
87
90
94
98
104

105



0.0 Contents



CHAPTER 1

Set Theory and Topology

1.1. Orders on Sets

First we define some important properties of orders which we require.

1.1.1. DEFINITION. A partial order on a set X is a relation < satisfying
(1) z < xforz € X (reflexive)
(2) x < yandy < x implies that z = y (antisymmetric)
(3) x <yandy < zimplies that x < z (transitive).
There need not be a relation between two points z,y € X. We call (X, <) a poset.

A poset (X, <) is a total order if given x,y € X, then either x < y or z > y.
A totally ordered set (X, <) is well ordered if every non-empty subset of X has a
smallest element. Y C X is an initial segment of a well-ordered set X if y < x for
alyeYandz € X\ Y.

A poset is upward directed if for x|, 2, € X, thereisay € X sothatz; <y
and 2, < y. A totally ordered subset C' of a poset X is called a chain. A poset is
inductive if for every chain C' C X, there is a upper bound y € X for C' so that
x < yforevery x € C.

1.1.2. EXAMPLES.

(1) Let X be a set, and let P(X) denote the collection of all subsets of X. Put a
relation on P(X) by setting A < B if A C B. Itis easy to see that this is a partial
order. Moreover it is upward directed because given A, B € P(X), AU B is an
upper bound. Indeed this set is inductive because if C C P(X) is a chain, then
B = J 4¢c A is an upper bound for C.

(2) The real line R is totally ordered but not well ordered. For example (0, 1) has
no least element.

(3) The natural numbers N is well ordered.

(4) If (X, <) is well ordered and infinite, then X has a least element x;. Also
X \{z} has aleast element . Recursively, we define z,, | to be the least element
of X \ {z1,...,2,}. Then N = {x,, : n € N} is an initial segment of X which is
order isomorphic to N. This can be continued if N # X. Set x,, to be the minimal
element of X \ N, and set 4 to be the minimal element of X \ { N U{z,}}, etc.
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1.2 The Axiom of Choice 3

1.2. The Axiom of Choice

The Axiom of Choice (AC) seems very natural, but it has some surprising con-
sequences. It is known to be independent of the usual axioms of set theory (which
we do not study), meaning that one can safely assume that it is valid, but can equally
well assume other axioms instead which contradict AC. Most mathematicians other
than set theorists and logicians assume the Axiom of Choice because it has many
important positive consequences.

1.2.1. DEFINITION.

Axiom of Choice: for each non-empty set X, there is a choice function
c:P(X)\ {9} > X sothatc(A) € Aforg # A C X.

Well Ordering Principle: every set X has a well-order.

Zorn’s Lemma: every inductive partial order (P, <) has a maximal element.

All of these properties are useful. Zorn’s Lemma may seem to be the least
intuitive. But in fact, it is probably the most useful of the three. The following
result shows that they are all equivalent.

1.2.2. THEOREM. The following are equivalent:
(1) Axiom of Choice
(2) Well Ordering Principle

(3) Zorn’s Lemma

PROOF. (2) implies (1). Put a well-order < on X. For each non-empty set A,
define ¢(A) to be the least element in A in this order.
(3) implies (2). Let X be a set. Let

P ={(F,<p): F CX, <p isawell-order on F'}.

Say that (F, <p) < (G,<q) if F C G, <p=<¢|rxr and F is an initial segment
of G. It is easy to check that this is a partial order.

We will show that (P, <) is inductive: suppose that C = {(F\,<p,) : A € A}
is a chain in P. Define G = U)\GA F) and <g= U/\GA <F,. By the latter, I mean
that if z,y € G, then there are \,x € Asothatx € F) andy € F),. Since C is
totally ordered, either F\ C F), or F, C F\;say z,y € F. Thensince F) is a well
order, either v <p, y, v = y or y <p, . Moreover, if I\ C F}, then since the
orders <p, and <p, agree on F), the order on z and y is independent of the choice
of A. So (G, <) is a total order. Finally if A is a non-empty subset of G, then
there is some A so that AN F # @. Let a be the least element of A N F) in <f, .
Then because F) is an initial segment of G, the element @ satisfies a < b for all
b € A\ F). Therefore a is the least element of A in (G, <¢). So G is well ordered.
It is now clear that (G, <() is an upper bound for C. Therefore P is inductive.
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By Zorn’s Lemma, P has a maximal element (F,<p). If FF # X, letz €
X \ F. Define a well orderon G = F U{z} bya <g bifb=zorifa,b € F
and a <p b. Then G is well ordered and F' is an initial segment of G. Thus
(F,<r) S (G, <q), contradicting the maximality of (F, <p). Therefore F' = X
and we have a well order on X.

(1) implies (3). Let (P, <) be an inductive partial order. Suppose that P has
no maximal elements. Then for each x € P, theset U, = {y € P : z < y}is
non-empty. By the Axiom of Choice, there is a choice function ¢ on non-empty
subsets of P. Define f(x) = ¢(Us).

For each chain C C P, let U¢ denote the non-empty set of all upper bounds for
C. Define a function g(C) = ¢(U¢). Then h(C) = f(g(C)) is a strict upper bound
forC.Ifx €C,set I(C,z) ={yeC:y <z}

We will say (for this proof only) that A C P is conforming if (A, <) is well
ordered and for every x € A, h(I(A,z)) = x. In particular, if a; is the least
element of A, then I(A,a;) = @ and a; = h(9). Also if a; is the least element of
A\ {a1}, then I(A,az) = {a1} and ay = h(a;).

We claim that if A, B are conforming subsets of P, then either A is an initial
segment of B or B is an initial segment of A. To this end, let X consist of all
initial segments which are common to A and B. Then C' = |J X is the largest
initial segment common to A and B. If C' € { A, B}, then we are done. Otherwise
let a be the least element of A\ C and let b be the least element of B \ C. Then
I(A,a) = C = I(B,b). Since A and B are conforming, a = h(C) = b. Therefore
C U {a} is a larger initial segment of both A and B, a contradiction. So either
C=AorC =B.

Now D = [J{A : A is conforming} must be the largest conforming subset of
P. However DUh(D) is a strictly larger conforming set! This contradiction shows
that the assumption that P has no maximal elements must be false. So (3) holds. B

1.3. Topological spaces

1.3.1. DEFINITION. A topology T on a set X is a collection of subsets such
that

(1) @, X eT.
(2) If{Ux: A€ A} C 7, then|Jycp Uy € 7.
(3) IfUy,...,U, € 7, then(, U; € 7.

The elements U € 1 are called open sets.

1.3.2. EXAMPLES.
(1) If (X, d) is a metric space, then U is open if for every x € U, there is anr > 0
so that the open ball b, (x) C U.
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(2) If X is any set, the discrete topology has 74 = P(X), the collection of all
subsets of X.

(3) If X is any set, the trivial topology has T = {&, X }.

(4) If (X, <) is a totally ordered set, the order topology is generated by the intervals
(a,b) ={r e X:a<z<b}, (—00,b)={r € X :x <b}and (a,00) = {x €
X :x > a}. The topology consists of arbitrary unions of such intervals.

(5) If (X, 7) is a topology and Y C X, the induced topology on Y is 7|y =
{UNY :U e}

1.3.3. DEFINITION. A set ' C X is closed if F'° is open. If A C X, the
closure of Ais A= ({F : ACF, F closed}. A point in A is called a limit point
of A.

If A C X, then a € A is an interior point of A if there exists U € 7 with
ac€U C A If AC X, the interior of Ais A°orint A= J{U e 7: U C A}.

If x € X, a neighbourhood of x is a set N such that x € N°.

1.3.4. PROPOSITION.

(1)
(2)
(3)
(4)

Finite unions and arbitrary intersections of closed sets are closed.
A is the smallest closed set containing A.
€ Aifand only ifevery U € T withx € U has ANU # @.

3) x
A = A is the complement of the interior of A°.

4

PROOF. Since open sets are closed under arbitrary unions and finite intersec-
tions, the collection of closed sets is closed under arbitrary intersections and finite
unions. Hence the intersection of all closed sets /' O A is closed, and is thus the
smallest closed set containing A. Now = € A if and only if = € F for every closed
F D Aifandonly if z ¢ U if U is open and disjoint from A. Finally

X\A=J{TUer:UnA=g}=J{Uer:UCA}I=4" R

1.3.5. DEFINITION. If ¢ and 7 are two topologies on X, we say that o is a
weaker topology than 7, and 7 is a stronger topology than o, if ¢ C T.

1.3.6. PROPOSITION. IfS C P(X), then there is a weakest topology T con-
taining S. It consists of arbitrary unions of sets which are intersections of finitely
many elements of S.
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PROOF. Clearly if 7 D S is a topology, then it contains all intersections of
finitely many elements of S, and arbitrary unions of these sets. The intersection of
no sets is X by convention, and & is the union of no sets, so they both belong to
7. This collection is clearly closed under arbitrary unions. To check that it is stable
under intersection, observe that if A, ; and Bg ; are in S, then

U Aa,lm"'mAOé,na M U Bﬁ7lm"~mBﬁ,mﬁ
acA peB

= U Aaylﬂ"'ﬂAamaﬂB@]ﬂ“-ﬂBﬂ,mg.

Hence this collection is a topology. By construction, this is the weakest topology
containing S. |

1.3.7. DEFINITION. Say that S C P(X) is a base for a topology 7 if every
open set U € T is the union of elements of S. Also S is a subbase for a topology 7
if the collection of finite intersections of elements of S is a base for 7.

1.3.8. EXAMPLES.
(1) If (X, d) is a metric space, then {b;/,,(x) : € X, n > 1} is a base for the
topology.

(2) {(r,s) : v < s € Q} is a base for the topology of R.

(3) Let C[0, 1] denote the space of continuous functions on [0, 1]. For each = €
[0,1],a € Candr > 0,letU(x,a,7) = {f € C[0,1] : f(x) € by(a)}. Let T be the
topology generated by these sets. This is the topology of pointwise convergence.
An open neighbourhood of f must contain a set of the form

{9 € Cl0,1] = [g(wi) — f(ai)| <rforl <i<mn}

forxy,...,z, €[0,1] and r > 0.

1.3.9. DEFINITION. A set A is densein X if X = A. X is separable if it has a
countable dense subset. X is first countable if for each x € X, there is a countable
family {U;} C 7 with z € U; which forms a countable base of neighbourhoods
of x; i.e., if x € V is open, then there is some ¢ so that U; C V. X is second
countable if there is a countable family of open sets which is a base for 7.

1.3.10. EXAMPLES.

(1) If (X, d) is a metric space and = € X, then {b;/,(x) : n > 1} is a countable
base of neighbourhoods of z. If X is separable, and {z; : ¢ > 1} is dense in X,
then {51/n(33z‘) i > 1, n> 1} is a base for 7. Indeed, suppose that x € U is
open. Pick r > 0 so that b,(z) C U and z; so that d(z,z;) < 1/n < r/2. Then
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x € by/p(z;) C U. So X is second countable. In particular, compact metric spaces
are separable and so second countable.

(2) Consider the discrete topology 7,4 on a set X. Since the topology is generated
by {{z} : # € X}, X is always first countable. However it is second countable if
and only if X is countable if and only if X is separable.

1.3.11. DEFINITION. A topological space is Ty if 2z # y € X, then there is an
open set containing one of these points, but not the other. A topological space is 1
if points are closed. A topological space is Hausdorff or T; if for all x,# y € X,
there are open sets U > xand V 2 ysothat U NV = &.

1.3.12. EXAMPLES.

(1) Let X = {0,1}. Let 7 = {@, {0}, X }. Then {1} is closed, but {0} is not, and
{0} = X. Also {0} is an open neighbourhood of 0 disjoint from 1. This space is
Ty but not 77.

(2)Let X =[0,1) U {a,b}. Let the open sets in 7 be U C [0, 1) which are open in
the usual metric on [0, 1) together with sets U U (r, 1) U {a}, U U (r,1) U {b} and
UU(r,1)U{a,b} for r < 1. Here the points {a} and {b} are closed because the
complement is open. However if a € U and b € V are open sets, then U NV D
(r,1) for some r < 1. That means that you cannot separate a and b from one
another by open sets, so it is not Hausdorft.

(3) Metric spaces are Hausdorff because if x # y € (X, d), then d(z,y) = r > 0.
So b, />(z) and b, /> (y) are disjoint open sets.

1.4. Nets

Sequences are not sufficient for dealing with convergence in general topolog-
ical spaces, including many that arise in normal contexts. The replacement is the
notion of a net, which you can think of as a very wide and very long generalized
sequence.

1.4.1. DEFINITION. A net in X is an upward directed poset A with a function
j A — X,say xx = j(A). We usually write the net as (z))a. A net (z))a
converges to x in (X, 1) if for every open set U > z, there is A\g € A so that
x) € U for every A > X\g. We write limp x) = x.

A subnet (y)r of (x))a is given by a cofinal function ¢ : I' — A so that
Yy = Ty(~)» Where we say that ¢ is cofinal if for all A € A, there is ayo € I so that
() > Aforall v > 5. It is convenient if ¢ is monotone, meaning that y; < 7,
implies that (1) < (72). But this is not necessary.



8 Set Theory and Topology

We present a detailed example to explain why nets are needed, and how to use
them.

1.4.2. EXAMPLE. Let X = Njx Nj. Declare that U C X is openif (0,0) &€ U;
and that a set U > (0,0) is open if {m : 7 ' (m) N U is cofinite in Np} is cofinite
in Ny. It is easy to verify that this defines a topology.

(a) X is Hausdorff because {(m,n)} is openif m+n > 1 and {(m,n)}¢ is an
open neighbourhood of (0, 0).

(b) (0,0) € X\ {(0,0)} because every open set U > (0,0) intersects X \
{(0,0)}.

(c) However no sequence zj = (my,ng) in X \ {(0,0)} converges to (0,0).
There are two cases. If {my, : k > 1} is bounded, pick mg so that my = my infin-
itely often. The set U = {(m,n) : m # mo} U {(0,0)} is an open neighbourhood
of (0,0), and the sequence is not eventually in U. Otherwise, there is a sequence
k; — oo so that my, < my,,, fori > 1. Then U = X \ {wy, : i > 1} is an open
neighbourhood of (0, 0), and the sequence is not eventually in U.

(d) There is a net in X \ {(0,0)} converging to (0,0). Let A = {U € 7 :
(0,0) € U} where U < V if U D V. (We say that A is ordered by containment.)
This is directed because U, V < U N V. Order X \ {(0,0)} by

(0,1),(1,0),(0,2),(1,1),(2,0),(0,3),(1,2),(2,1),(3,0),....

Define g to be the least element in this list which belongs to U. (This avoids any
issues with the Axiom of Choice.) Then (z¢) converges to (0,0) because given an
open neighbourhood U > (0,0), we have xy € V' C U whenever U < V.

(e) The sequence (0, 1), (1,0),(0,2),(1,1),(2,0),(0,3),(1,2), (2,1), ... has
a subnet converging to (0,0). Let A be the net just constructed. Define (U) = xy/
considered as an element in this sequence. To see that this map is cofinal, let
(mo, no) be in this sequence, and set Ny = mg + no. Let

Up=X\{(m,n): 1 <m+n < Ny}

Then if Uy < U, it follows that zyy = (m,n) with m + n > Ny and thus ¢(U)
follows (mg, ng) in the sequence. Therefore this is a subnet of the sequence which
converges to (0,0).

1.4.3. PROPOSITION. Let A C X. Then x € A if and only if there is a net
(ax)a in A such that limp ay = x.

PROOF. Suppose that z € A. By Proposition 1.3.4(3), every open neighbour-
hood U of z intersects A. Let O(z) be the open neighbourhoods of x ordered by
containment. By the Axiom of Choice, we can pick a point a;; € A N U for each
U € O(z). The net (ay)o(z) converges to x by construction.
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Conversely, suppose that (a))a is a net in A such that limy a) = x. Then for
any neighbourhood U of z, there is a A so that a) € U. In particular, ANU # &.
Hence by Proposition 1.3.4(3), z € A. |

1.5. Continuity

1.5.1. DEFINITION. A function f : (X,7) — (Y, 0) between topological
spaces is continuous if for all V' C Y open, the set f~!(V) is open in X. Say that
f is a homeomorphism if f is a bijection such that both f and f~! are continuous.

1.5.2. EXAMPLES.

(1) The identity maps (X, discrete) —» (X, 7) — (X, trivial) is a continuous
bijection, however in both cases Lj_l will be discontinuous provided that 7 satisfies
{2, X} 7S PX).

(2) A function f : (X, trivial) — R is continuous only if it is constant, while
every function f : (X, discrete) — R is continuous. On the other hand, a function
f + R — (X, discrete) is continuous only if it is constant, while every function
f R — (X, trivial) is continuous.

() f:(—1,1) = Rby f(z) = tan %5 is a homeomorphism.

(4) Consider Example 1.3.12(1): X = {0, 1} and 7 = {&, X, {0}}.If f : X > R
is continuous, then f~!(b,(f(1))) is open and contains 1, so f~!(b.(f(1)) = X.
Therefore f is constant.

(5) Consider Example 1.3.12(2): X = [0,1)U{a,b}. Ifa € U and b € V are open
sets, then U NV D (r, 1) for some r < 1. Hence if f : X — R is continuous, then

FHb(F(@) N f (be(£(b)) D (1, 1) forsome r < 1.
This can only happen if f(a) = f(b).

1.5.3. THEOREM. Let f : (X,7) — (Y, 0). Then f is continuous if and only if
whenever (x))a is a net in X converging to x, it follows that f(x) = limy f(x)).

PROOF. Suppose that f is continuous, and let (x))a be a net in X converging
to 2. Let V be an open neighbourhood of f(z). Then U = f~!(V) is an open
neighbourhood of z. By convergence, there is a A\g € A so that ) € U for all
A > Xo. Hence f(z)) € f(U) C V for all A > Xg. That means that f(x) =
limp f(z)).

Conversely, suppose f is not continuous. Thus there is an open set V' C Y
such that U = f~!(V) is not open. Then U¢ N U contains a point z. By Proposi-
tion 1.4.3, there is a net ()4 in U€ with limit . Therefore f(zy) € f(U€) C V©.
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Since V¢ is closed, any limit point of this net must remain in V¢ by Proposi-
tion 1.4.3. Therefore it cannot converge to f(x) which lies in V. So f(z) #

limp f(2). n

1.5.4. DEFINITION. Let C°(X) and C}(X) or C®(X,R) denote the normed
vector space of bounded continuous functions from X into C and R, respectively,
with norm || f||cc = supy |f(z)|. Similarly, C(X) and Cr(X) or C(X,R) denote
the vector space of continuous functions from X into C and R, respectively.

1.5.5. PROPOSITION. If C*(X) separates points of X, i.e., for x # y in
X, there is a continuous function f € C°(X) so that f(z) # f(y), then X is
Hausdorff.

PROOF. If f(z) = cand f(y) = fandr = |a — ]|/2 > O, thenz € U =
Y b(a)andy € V = f~1(b.(8) and U NV = 2. [ |

Consider the Examples 1.5.2 (4) and (5) in light of this proposition.
Recall that f,, € C?(X) converge uniformly to a function f if || f — f,lcc — O.
The following standard result for metric spaces extends easily.

1.5.6. PROPOSITION. The uniform limit f of a sequence f, € C*(X) is con-
tinuous.

PROOF. Let U be open in C and let # € f~!(U). Then there is an 7 > 0 so
that b,(f(x)) C U. Choose n so large that ||f — fu|lcc < /3. Thenz € V =

fo 1O j3(fa(2))) is open. If y € V, then [ fn(y) — fa(2)] < /3,50
[Fy) = F@)] <1 @) = @)+ [fn(y) = fu(@)] 4 [ fu(z) — [ (2)]
<UF = fallso + 5+ If = fullo <1
Hence f(y) € b.(f(x)) C U. Thus V C f~'(U). So f is continuous. |
The norm || f|| o makes C®(X) into a normed vector space. In view of Propo-

sition 1.5.5, the following is most interesting when X is Hausdorff.

1.5.7. THEOREM. For any topological space, C*(X) is complete.

PROOF. Let (f,),>1 be a Cauchy sequence in C?(X). If ¢ > 0, there is an
N so thatif N < m < n, then ||, — fiml|loo < &. In particular, for z € X, the
sequence (fn(z)), -, is Cauchy in C. So we may define f(x) = limy, o0 fn(z)
pointwise. However for m > N,

F(@) = Fn(@)] = T [fa(@) = fn(a)] < e
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Hence ||f — fm|lco < €. So convergence is uniform. By Proposition 1.5.6, f
is continuous. Also ||f|lec = limy, o0 || fullee < o0, and so f lies in C?(X).
Therefore C*(X) is complete. [

1.6. Compactness

1.6.1. DEFINITION. An open cover of aset A C X is a collection of open sets
{Ux : XA € A} such that A C |J, Uy. A set A is compact if every open cover has a
finite subcover, i.e., a finite subset U}, , ..., U, suchthat A C U?:l Uy,.

1.6.2. EXAMPLE. In 1.3.12(1), the point {0} is compact but not closed.

1.6.3. PROPOSITION. If X is compact and A C X is closed, then A is com-
pact.

If X is Hausdorffand A C X is compact, then A is closed. Moreover, if v & A,
there are disjoint open sets U D AandV > x.

PROOF. If U = {U, : A € A} is an open cover of A, then I/ U {A} is an open
cover of X. By compactness, it has a finite subcover Uy ,...,U),, A°. Hence
Uy, ..., Uy, covers A; whence A is compact.

Suppose that X is Hausdorff and A C X is compact, and let z € A€. For each
a € A, there are open sets a € U, and z € V, so that U, NV, = @&. Clearly
{U, : a € A} is an open cover of A. By compactness, there is a finite subcover
Uags--,Uq,. Let V. =", Va,. Then z € V is open, and

VﬁACOVﬂUai:Q.

=1

Hence z ¢ A. So A is closed. Moreover A C U = I Ug,andUNV = 2. W

1.6.4. DEFINITION. A family {A) : A € A} of subsets of X has the finite
intersection property (FIP) if whenever \j,..., A\, are finitely many elements of
A, then | Ay, # 2.

1.6.5. PROPOSITION. Let X be a topological space. The following are equiv-
alent:

(1) X is compact.

(2) every family F = {Ay : X\ € A} of closed sets with FIP has non-empty
intersection (| F := [\, A\ # @.

(3) every net in X has a convergent subnet.
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PROOF. Suppose that X is compact and F has FIP. Define open sets Uy = AS.
IfONF = @, then Uy = (NF)* = X. SoU = {Uy : X € A}isan
open cover of X. By compactness, there is a finite subcover U, ..., U, . Hence
Ny Ax, = (UL, Uy,)© = @, contradicting FIP. Therefore (| F # @.

Conversely, suppose that i/ = {Uy : A € A} is an open cover of X. Define
closed sets Ay = U§. If there is no finite subcover, then (\_; Ay, = (U, Uy,)" #
@; and thus F = {A) : A € A} has FIP. But then (|F # @. Therefore
UaUx = (ﬂ F )c # X, contradicting the fact that I/ is an open cover. Hence
F does not have FIP, so there is a finite set Ay, , ..., Ay, such that (), Ay, = @.
Hence i, Uy, = (N, 4»,)° = X. Therefore X is compact.

Suppose that (3) holds. Consider a collection F = {C, : o € A} of closed
sets with the FIP. Let A = {F' C A : F is finite, non-empty } ordered by inclusion,
ie., F < Gif FF C G. This is an upward directed poset: Fi, Fp < Fj; U F3. For
each F' € A, use the Axiom of Choice to select a point zp € ﬂae r Cq. This is
possible since the finite intersection is non-empty. Then ()4 is a net in X. Let
(y4)r be a subnet with limit ; where ¢ : I' — A and y, = z,(,). Forany a € A,
there is a 7, € I so that v > ~, implies that ¢(y) > {a}. Hence y, € C, for
all v > ~,. Since C,, is closed, the limit point € C,,. This holds for all « € A.
Therefore = € () F. Thus (2) holds.

Conversely suppose that (2) holds. Let () be a net in X. For each A € A,
define C) = {x, : > A}. Then F = {C) : A € A} is a collection of non-
empty closed sets. It has FIP because if Ay,...,\, € A, the upward directed
property ensures that there is some Ao € A so that \; < Ao for 1 < ¢ < n. Hence
Ni; Cx, D C\, # @. Therefore, there is a point = € (), Ch.

Now we build a subnet with limit z. Let O(z) be the set of all open neigh-
bourhoods of z. Let I' = A x O(x) with order (\,U) < (u, V) if A < p and
UDV. Let Sy ={p € A:p > Xandz, € U}. This set is non-empty
because z € C\ NU = {z, : p > A} N U; and thus by Proposition 1.4.3, z, € U
for some p1 > A. Use the Axiom of Choice to select 1 = (A, U) € Sy for
each (\,U) € I. The map ¢ : I’ — A is cofinal because if Ay € A, then every
(A U) = (o, X) will have (N, U) = 1 > X > Ao. So yx v = T\ ) defines a
subnet (y.r)r of (z))a.

Finally we claim that limry, ;;) = . Indeed, let U € O(x) be any open
neighbourhood of z. Fix some Ao € A. Whenever (\,V) > (X,U), we have
yx,v € V C U. Thus this net converges to . |

1.6.6. PROPOSITION. If f : (X,7) — (Y,0) is continuous and A C X is
compact, then f(A) is compact.

PROOF. Let {V) : A € A} is an open cover of f(A) in Y. Define Uy =
f~Y(V). These are open sets by continuity, and they cover A. Thus there is a
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finite subcover Uy, , ..., U),. Thensince V) D f(U)), it follows that Vy ,..., V),
covers f(A). Hence f(A) is compact. [

The following important consequence follows directly.

1.6.7. EXTREME VALUE THEOREM. If (X, 7) is compact and f € C(X),
then | f| attains it maximum. In particular, || f||co < 0.

1.6.8. COROLLARY. If X is a compact topological space, then || - ||« is a norm
on C(X); and C(X) is complete.

1.7. Weak Topologies

1.7.1. DEFINITION. Givenaset X, let F = {fy: X — (Yo, 7a) | @ € A} be
a family of functions. There is a weakest topology 7 in which each f,, is contin-
uous called the weak topology determined by F. This is the topology generated by
{f1(U) : U € 74, a € A}. A base for this topology is given by

(MO NNl U c o € A, U € 10y, n > 1,

1.7.2. EXAMPLE. If (X,,7,) are topological spaces for « € A, we define the
product space tobe X = [[, Xo = {2 = (z4) : 2o € X} with the weakest
topology 7 which makes the coordinate projections 7, : X — X, by mo(z) = x4
continuous.

The sets 7, ' (U) = HﬁeA\{a} Xg x U for U € 7, are open and form a
subbase for the topology. The product topology 7 consist of arbitrary unions of
finite intersections of the subbase. Soif o, ..., o, € Aand U; € 7,,, then the sets
of the form

U1 X oo X Un X H Xﬁ
BeA\{a;,1<i<n}
form a base for the topology.

If A is finite, this is a familiar construction in the metric space case. Indeed, if
(X, d;) are metric spaces for 1 < i < n, then

D((z1,---,zn), (Y1, .- yn)) = max {d;(z;,y;) 1 1 <i<n}

is a metric on the product, and the metric topology coincides with the product
topology.

When A is infinite, it often requires the Axiom of Choice to be able to say that
X is non-empty.
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1.7.3. PROPOSITION. Let F be a family of functions fo : X — (Yo, Ta) for
a € A. Then a net (x)) converges to x € (X, 7r) if and only if fo(z)) = fol(z)
forall o € A.

PROOF. If (z))po — « in (X, 7£), then since each f, is continuous by defini-
tion, fo(z)) — fa(z) by Theorem 1.5.3.

Conversely, let U be an open neighbourhood of x. Then z has a basic open
neighbourhood z € V = f 1 (U) N ---N f31(U,) C U for some o; € A and
Ui € Ta,. Foreach 1 < i < n, there is some \; € A so that f,,(xy) € U; for all
A > ). Since A is upward directed, there is some A\g > A; for 1 < ¢ < n. When
A > Ao, fa;(zx) € U; for 1 < i < n. Therefore x, € V C U. It follows that
(x)A converges to x. |

1.7.4. COROLLARY. Let F be a family of functions fo, : X — (Ya,Ta) for
a € A Then g : (Y,7) — (X, 7x) is continuous if and only if fo, 09 :Y — Y,
are continuous for all o € A.

PROOF. The composition of continuous functions is continuous. So if g is
continuous, so are f, o g for all @« € A. Conversely, suppose that a net (yx)a
converges to y € Y. By continuity, f,(g(yx)) converges to f,(g(y)) in Y, for
all &« € A. By Proposition 1.7.3, g(y») converges to g(y) in Y. Therefore g is
continuous by Theorem 1.5.3. |

1.7.5. PROPOSITION. Let F be a family of functions fo : X — (Ya,Ta)
for a € A. If the Y, are all Hausdorff and F separates points, then (X, Tr) is
Hausdorff.

PROOF. Let x # y € X. Since F separates points, there is some « so that
fa(x) # faly). Since Y, is Hausdorff, there are disjoint open neighbourhoods
U > fo(z)and V > f4(y). Therefore f7'(U) > x and f;'(V) > y are disjoint
open sets in X. Thus X is Hausdorff. |

1.7.6. COROLLARY. If (X4, 7o) are Hausdorff spaces for o € A, then X =
[1oca Xa is Hausdorff in the product topology.

1.7.7. TYCHONOFF’S THEOREM. The product of compact spaces is com-
pact.

PROOF. Let X = [],c4 Xao where each X, is compact. Suppose that there is
an open cover with no finite subcover. Order

P = {U : open cover with no finite subcover}
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by inclusion. If C = {Us : B € B} isachainin P, letU’ = (Jzc 5 Up. This is an
open cover of X. If it has a finite subcover Uy, ..., Uy, the chain property shows
that there is some 3 so that U; € Ug for 1 < i < n. Hence Ug contains a finite
subcover, contrary to fact. Therefore ¢/ € P is an upper bound for C. Therefore
‘P is inductive. By Zorn’s Lemma, there is a maximal open cover Uy with no finite
subcover.

We claim the U has the following properties:

(WU € Uyand V' C U is open, then V' € Uy. This is because V' can’t help cover
anything that U doesn’t cover.

Q) If Uy, Uy € Uy, then Uy UU, € Uy. This is because Uy UU; can’t cover anything
not covered by U; and U, together.

(3) If V1, V, are open and VNV, € Uy, then one of V; € Uy. Indeed, if both V; & Uy,
then {V;,Up} has a finite subcover, necessarily of the form V; UU, U --- U U, =
X =V, UUps1U...Upin. Howeverthen X = (ViNVa)UU U+ - UUpiy is
a finite subcover from U, a contradiction.

Foreacha € A, let Y, = {U € 7o : 7, ' (U) € Up} and let Y, = |J V. Then
Y, # X,. For otherwise, ), would be an open cover of X, and hence would
have a finite subcover Uy, ..., U,. Then 7, ' (U}), ..., 7 (U,) would be a finite
subcover from Uy. Hence X, \ Yy, is non-empty for each o € A. By the Axiom of
Choice, there is a point x = (z,) € X sothat z, € X, \ Y, foreach o € A. There
must be a set U € Uy with z € U. Hence there is a basic open neighbourhood
z eV =mal(U)n---na(Uy) C U. Therefore, N_, 7,1 (Us) € Uy by
property (1). Repeated application of property (3) now shows that there is some ¢
so that TrOjil (Ui) € Up. But this means that z,, € Y,,, contrary to our construction
of . This contradiction shows that every open cover has a finite subcover. |

We finish off this section by showing that Tychonoff’s Theorem implies the
Axiom of Choice. So it is in fact equivalent to Choice, since Choice was used to
prove Tychonoff’s Theorem.

1.7.8. THEOREM. Tychonoff’s Theorem is equivalent to the Axiom of Choice.

PROOF. Beyond basic rules of set theory, we used the Axiom of Choice and
the equivalent Zorn’s Lemma to establish Tychonoft’s Theorem.

Conversely, suppose that X, for & € A are non-empty sets. Define topological
spaces Y, = XoU{pa}, where we have added a distinguished point p, with the
topology 7, = {&,{pa}, Xa,Ya}. Clearly each Y, is compact because every
cover is finite. By Tychonoff’s Theorem, Y = [, 4 Y, is compact. Since X,
is closed, C, = X, x [] Bta Y3 is closed in Y. A closed subset of a compact
set is compact, so C,, is compact. The collection 7 = {C, : a € A} has FIP
because if i, ..., ay, are given, we can choose z; € X, for 1 < i < n. Then
NieyCa; 2 = (z1,...,2n,p8) : B € A\ {ai,...,a,}. By Proposition 1.6.5,
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the intersection C' = (1,4 Co is non-empty. Let x = (z,) be a point in the
intersection. Note that z, € X, for all « € A. Thus ¢(a) = x4 is a choice
function. Hence AC holds. |

1.8. Compact Hausdorff Spaces*

1.8.1. DEFINITION. A topological space is normal if given disjoint closed sets
A, B, there are disjoint open sets U D Aand V D B.

1.8.2. PROPOSITION. Compact Hausdorff spaces are normal.

PROOF. Let A, B be disjoint closed subsets of a compact Hausdorff space X.
Then A and B are compact by Proposition 1.6.3. Moreover since X is Hausdorff,
that same Proposition shows that for each point x € B, there are disjoint open sets
Uy D Aand V, > z. The collection {V,, : = € B} is an open cover of B. Let
Viy, .., Va, be afinite subcover. Set V = J!" |V, and U = (", Uy,. These are
disjoint open sets with A C U and B C V. |

Now we prove that normal Hausdorff spaces have lots of continuous functions.

1.8.3. URYSOHN’S LEMMA. Let X be a normal Hausdorff space, and let A
and B be disjoint closed sets. Then there is a continuous function f : X — [0, 1]
such that f|4 = 0and f|p = 1.

PROOF. Normality implies the following property: if A is closed and W is
open and A C W, then there is an open set U such that A C U C U C W. To see
this, take B = W€, Use normality to find disjoint open sets U D Aand V D B.
ThenU C V¢ C W.

Start with Uy = B°. Find an open U, so that A C Uy, C Uy, C Uy
Repeating this procedure recursively, we find open sets Uy, jon for 1 < k < 2" and
n > 1 so that

AC Uk/Z" C Uk/zn C U(k+1)/2n for 1<k<2".
Let D = {k/2" : 1 < k < 2" n > 1}. Define f(x) = inf{r € D : z € U, } if
x€Uyand fl[p=1.Clearly 0 < f < land f|4 = 0.
Claim: f is continuous. Note that

£71([0,1) = U U, isopenfort € [0,1].
r<t,reD
Also for0 <t < 1,since t < r < s forr,s € D implies that U, C Us,,

o= o) = ) t= () T

r>t,reD r>t,reD r>t,reD
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This is closed, and therefore f~!((t,1]) = (ﬂr>t7 +ep Ur)® is open. Hence,

71 ((s,t)) is open for s < ¢, and so f is continuous. [

1.8.4. REMARK. If (X,d) is a metric space and A and B are disjoint closed
sets, define
d(xz, A
fla) = A
d(z,A) + d(z, B)
This satisfies the conclusion of Urysohn’s Lemma.

1.8.5. COROLLARY. If X is a compact Hausdorff space, C(X) separates
points.

Urysohn’s Lemma implies the following significant strengthening.

1.8.6. TIETZE’S EXTENSION THEOREM. Let X be a normal Hausdorff
space, and let A C X be a closed set. If f : A — [a,b] is continuous, there is a
continuous function F' : X — [a,b] such that F|4 = f.

PROOF. After scaling, we may assume that the range is [—1,1]. Let A; =
f7Y([~1,—4]) and B; = f~!([3,1]). By Urysohn’s Lemma, there is a function

g X — [—%, %] sothat gi|a, = —% and g1|p, = % Then f; = f—gi|a hasrange
in [—3, 2]. Repeat the process, setting A; = f; ' ([—%, —2]) and B, = f;'([3,3]),
and finding ¢ : X — [—%, %] with g2]4, = —% and 2|, = %.

Then f, = fi — g| has range in [— (%)2, (%)2] Recursively we obtain func-

tions g, : X — [-2-37",2-3""]so that f,, = f — > ", gn|a has range in
[—(%)n, (%)n] Letg =3, gn Then g4 = f and

lgloe <3 lgnlloo = 32237 = 1. .

n>1 n>1

Exercises for Chapter 1

1. (a) Show that compact subsets of Hausdorff spaces are closed.
(b) Let h : X — Y be a continuous bijection of X onto Y. Suppose that X is
compact and Y is Hausdorff. Prove that X and Y are homeomorphic.

2. 1Ina topological space X, say that a net (x))aea has x as a cluster point if for
each A9 € A and each open neighbourhood U > z, there is some A > )\j so
that x) € U. Prove that x is a cluster point of this net if and only if there is a
subnet with limit z. Be explicit about use of the Axiom of Choice.



18

Set Theory and Topology

Let V' be the vector space of complex valued functions on R. Put a topology
7 on V with a subbase given by U; o, = {f € V : |f(t) —a| < r} for
teR,acC,r>0.

(a) Show that a net (f))xea in V' converges if and only if lim f)(¢) exists for
each t € R. In particular, e;(f) := f(¢) is a continuous function on V' for
eacht € R.

(b) Let E = {f € V : f(t) = 2 except for finitely many ¢ € R}. Construct a
net in £ with limit 0.

(c) Show that no sequence of points in £ can converge to 0.

Let RE, the set of real functions on R, have the product topology.

(a) Show that a net (f))xea converges if and only if lim f)(z) exists for each
z e R.

(b) Let E = {f € R® : f(x) = 2 except finitely often}. Show that the zero
function z is in the closure of E.

(c) Construct a net in £ with limit z.

(d) Show that no sequence of points in E can converge to z.

Consider R with its usual metric topology 7, which is also the order topology

on R. Let Y be a subset of R. Consider the topology p on Y induced by the

topology on R, and let o be the order topology on Y given by the induced order.

(a) What relationship always holds between p and o?

(b) Find a subset Y where these two topologies are different.

(c) Find reasonable conditions on Y which ensure that these two topologies
agree. Remark. Try to find necessary and sufficient conditions. Reasonable
means that your conditions should handle the cases where Y is open, closed,
Q and your example in part (b).

(a) Prove that there is an uncountable well-ordered set € such that the initial
segments I(a) = {x € Qp : * < a} are countable for every a € Q.
Endow Qg with the order topology.

HINT: well-order R and select an appropriate initial segment.

(b) Show that every increasing sequence in £ converges.

(c) Show that every sequence in Qg has a convergent subsequence (i.e. Q is
sequentially compact).

(d) Show that Qg is not compact.

(e) Show that every continuous function f : Q¢ — R is eventually constant.
HINT: show there is an aj, € Q so that if b > ai, then | f(b) — f(ax)| < %-

The Moore plane is T' = {(x,y) : © € R, y > 0} where for each (x,y)
with y > 0, the usual open balls B, ((z,y)) of radius » < y are open; and for
(z,0) € R={(x,0) : z € R}, the sets {(z,0)} U B,((x,r)) are open.

(a) Show that this determines a Hausdorff topology.

(b) Show that I' is separable, but that R with the induced topology is not.

(c) Show that I is separable and first countable, but not second countable.
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(d) Show that Q@ = {(z,0) : z € Q} and I = {(z,0) : = ¢ Q} are disjoint
closed sets; but if I/ C U and Q C V, where U and V are open, then
UNV # @. (T is not normal.)

(e) Show that if C' C I'is closed and p ¢ C, there is a continuous function
f:T —[0,1] sothat f|c =0and f(p) = 1. (T is completely regular.)

A filter on N is a non-empty collection U/ of non-empty subsets of N with the

property thatif A, B € U,then AN B € U andif C D A, then C € U.

(a) Use Zorn’s lemma to show that there exist a maximal filter &/ of N contain-
ing all co-finite sets. (This is known as a free ultrafilter.)

(b) Show that for each A C N, either A € U or A° € U.

(c) Show that there is no subsequence of N such that lim x,, exists for all
1— 00

bounded sequences x = (x,).
(d) For A € U, letng = min{k : k € A}. Prove that n4 is a (cofinal) subnet
of the sequence 1,2, 3, ... with the property that }lirrbll xn,, does exist for all
€

bounded sequences z = (x,).



CHAPTER 2

Banach Spaces

2.1. Examples

2.1.1. DEFINITION. A norm on a vector space V over a field F € {R,C} is a
function || - || : V' — [0, 00) such that

(1) ||lz|| =0 <= z = 0 (definite)
(2) Az|| = |A]||z|| for all A € F and z € V (positive homogeneous)

(3) lle +yll < |12 + || (triangle inequality)
A Banach space is a complete normed vector space.

2.1.2. EXAMPLES.

(1) C(X), the space of continuous complex valued functions on a compact Haus-
dorff space X with || f||oc = sup,cx |f(x)]. A sequence is Cauchy in the sup norm
precisely when it converges uniformly. The uniform limit of continuous functions
is continuous, so C'(X) is complete. Variants include Cr (X ), the real vector space
of real valued continuous functions.

Also if X is a locally compact Hausdorff space, then Cp(X) consists of con-
tinuous functions on X such that K. = {x : | f(z)| > ¢} is compact for all ¢ > 0.
This is also a Banach space with the sup norm. Note that the space C.(X) of con-
tinuous functions on X with compact support, where. supp(f) = {z : f(z) # 0},
is a normed vector space with the sup norm, but it is not complete unless X is
compact. The completion of C.(X) in the sup norm is Cy(X).

A very important example in this family of spaces is

= {(a)iz1 ¢ Jim a; =0} with |(a:) oo = sup ]
1>

1
@ For 1 < p < 00,1, = {(@)iz1 : (@)l = (Do lasl?)"”” < oo} and
loo = {(a:)i>1 : ||(ai)|loc = sup|a;| < co}. Likewiseif I C Ris an interval (finite

1/
or infinite), one can put the p-norm on C,.(I) by || f|, = (/ |f(x)|P dm) " The
I

completion is called L”(I) for 1 < p < oo. Here the measure involved is Lebesgue
measure on /.
In greater generality, if i is a measure on a measure space (X, B), then “LP(u)”

consists of all measurable functions on X such that || f||l, = ( [, |f|P du) P < .

20
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Then we define LP(pu) = “LP(u)”/N where N = {f : f = Oa.e.(u)}. That is,
elements of LP () are equivalence classes of functions. This is necessary so that the
norm is definite. The space L°°(y) consists of all bounded measurable functions
modulo A with || f|lec = esssup|f| = sup{r > 0 : u(|f| > r) > 0}. In all of
these cases, the triangle inequality is called Minkowski’s inequality. Completeness
is a theorem of Riesz usually established in measure theory courses.

When 1 < p < oo, define ¢ so that 1% + é = 1(q = oo for p = 1). Holder’s
inequality states that if f € LP(u) and g € L9(p), then

[ todu| <171, gl

3) C™a,b] = {f(x) : f has n continuous derivatives on [a, b] }.
Define || f||oom = Sr—o | f*||c- In this norm, a sequence f,, — f if and only if

fém converges uniformly to f*) for 0 < k < n. The completeness of C'(™) [a, b]
follows from the fact that the uniform limit of continuous functions is continuous,
and the fact that the Riemann integral of a uniform limit is the uniform limit of the
integral, combined with the Fundamental Theorem of Calculus.

(4) Hilbert spaces. An inner product space is a vector space V over F € {R,C}
with a positive definite sesquilinear form (inner product). That is (x,z) > 0 with
equality only when = = 0; (y,z) = (z,y) and (\z, uy) = Ma(z,y). A norm is
defined by |z|| = (z,z)'/2. A complete inner product space is called a Hilbert
space. The Cauchy-Schwarz inequality is |(x,y)| < ||z ||y||. This is valid in all
inner product spaces. The triangle inequality follows from

lz +yl* = (z +y, 2 +y) = ||z[* + 2Re(z, ) + [|y*
2
< lzll® +2fl2ll lyll + Iyl* = (Il + llyl)™

Examples of Hilbert spaces include I, L?(I) and L?(u1) with (f, g) = / fgdu.

A less obvious example is the following. Let Q be an open subset of C. Define
L2(Q) to be the vector space of all analytic functions on Q such that

1= ([ 5P aa) " <o

where dA = dz dy is planar measure on Q. Define (f, g / f(2)g(z) dA. The

non-obvious fact is completeness.
Let z9p € Q. There is some p > 0 so that b,(29) C . Then using polar
coordinates, (dA = r dr df)

/b z)dA = // f(z0 + re® d@rd’r—/OpZWf(ZO)dHTdr:szf(zo).
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Therefore by Cauchy-Schwarz,

I LG

1/2 1/2
L[ we@raa) ([ aa)”
P bp(ZO) bp(ZO)
v/ = 112
mp? VTp

This says that evaluation of f € L2(Q) at zg is continuous. (This is false for L*()
where elements are only defined a.e.)

Now suppose that f,, is a Cauchy sequence in L2(Q). So for ¢ > 0, there is an
N so that for m,n > N, || fmu — fnll2 < €. Hence for

IN

IN

2 €Q, ={z€Q:dist(z,Q°) > 1},

we have | f,(2) — fu(2)| < €/y/mp. This means that f,(z) is uniformly Cauchy
on Q,, and thus converges uniformly there to a function f(z). That is, f, — f
uniformly on compact subsets of Q. Therefore the limit f(z) is analytic. It is
routine to check that || || = lim,, o0 || full2 < 00. So f € L2(Q) and f, — f in
the L2 () norm.

2.2. Constructions of Banach Spaces

The following easy proposition is basic to functional analysis.

2.2.1. PROPOSITION. Let X andY be normed vector spaces, and let T : X —
Y be a linear map. The following are equivalent:

(1) ||T|| :== sup ||Tz| < oc. i.e. T is bounded.
el <1

(2) T is Lipschitz, and hence uniformly continuous.
(3) T is continuous.

(4) T is continuous at x = 0.

PROOF. (1)=(2). [|[Tz) — Txz|| = ||T(x1 — x2)|| < |T|| ||x1 — x2||. So F is
Lipschitz with constant || T||. In particular, given ¢ > 0, if ||z} — x2|| < &/||T|,
then ||T'x; — T'xz|| < €. So T is uniformly continuous.

(2)=(3)=(4) is trivial.

(4)=-(1) is equivalent to —(1)= —(4). So suppose that || 7’| = co. Then there
are 7, € X with ||z,|| < 1and || T2,|| > n® Hence 1z, — 0but |T(1z,)|| —
00. So T'is not continuous at z = 0. |
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2.2.2. DEFINITION. Let X and Y be normed vector spaces. Then the space of
bounded linear operators from X to Y is

B(X,Y)={T: X — Y continuous linear maps} with ||| = sup ||Tz]||.

llzf|<1

When Y = X, we write B(X) for B(X, X). When Y = F is the scalar field for
X, we write X* for B(X,F). This is called the dual space of X. Elements of X*
are called (continuous linear) functionals.

It is easy to check that || - || is @ norm. This is left to the reader.

2.2.3. PROPOSITION. Let X be a normed vector space and let Y be a Banach
space. Then B(X,Y) is a Banach space.

PROOF. We will verify completeness. Let (7},),>1 be a Cauchy sequence in
B(X,Y). For € > 0, there is an IV, so that if N. < n < m, then ||T,, — T, || < e.
Hence foreach x € X,

[Tmx = Toxl| < [T — Tl [zl < efl]-

This means that (7,,z) is a Cauchy sequence in Y for every z € X. Since Y is
complete, we may define T'x := lim T,x. It is easy to check that T is linear.

n—oo
Moreover if n > N, and ||z|| < 1,
Tz — Thz|| = lim ||Thz —Thz| <e.
m—0o0

It follows that | T'|| < ||Tn.|| + € < oo and that | T — T},|| — 0 and n — oo. Thus
B(X,Y) is complete. |

2.2.4. THEOREM. Let 1 < p < oo and let q satisfy % + é = 1. Then the map
taking y = (y;) € lq to the linear functional py(x) =~ z;y; is an isometric
map onto l,,.

PROOF. Let e; denote the element of /,, with a 1 in the jth entry and Os else-

where. If y = (y;) € l;and x = Z;VZI xje;, then gy (z) = Z;VZI x;y;. By
Hoélder’s inequality,

N
ey (@) < D lil lysl < llllp lyllg-
j=1

This shows that ||p,|| < ||y|lq on the span{e; : 7 > 1}, and so it extends by
continuity to all of /,,, and indeed, ¢, () := } 72, ;y; converges absolutely for
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all z € I,,. This shows that ||, || < ||y||,- Taking x; = sign(y;)|y,|%/P, we obtain

lzlp =D lysl? = llyllg < oc:
i1

so that « € [, with ||z, = Hy||g/p. Evaluating ¢, at z/||z||,, shows

iy ()] 1 / /
oyl > = |y P |y;]9 9
Y I |yl Z/p ; ’ ’
1 _
= i |7 = 1yll2 2 = [lyllq-
lyl|4?
Yllg = j>1

Therefore the map y — ¢, is an isometric map of [, into ;.

If o € 15, let y; = ¢(ej). Again we define 7; = sign(y;)|y;|9/P. For any
finite N, we have uy = Zj-v:lmjej € l,and vy = E;\le yifj € lg, where f;
is the sequence in [, with a 1 in the jth entry and Os elsewhere. By the previous

unllp = lon||4/* and

paragraph,

lo(un)|
HUNHP

el = = [lonllg:

Hence y = (y;) satisfies

=1 < < 00.
lylly = Jim_Joxlly < gl < o0

So y € l,. Moreover for any x = Z;VZI xje; € span{e; : j > 1}, we have

N N
p(x) = ziple;) = > jy; = py(x).
j=1 j=1

Thus the two continuous functionals ¢ and ¢, agree on a dense subset of /,, and
thus they are equal. This shows that the isometry from [, into ; is surjective. W

2.2.5. REMARKS. Theorem 2.2.4 is a very special case of a theorem of Riesz
which is established in a course on measure theory. Namely thatif 1 < p < oo,
then LP(u)* = L%(u). This is also true for p = 1 (with ¢ = 0o) provided that p is
o-finite.

The other big theorem on dual spaces from measure theory is the Riesz Rep-
resentation Theorem. If X is a locally compact Hausdorff space, then Co(X)* =
M (X), the space of complex (finite) regular Borel measures on X.

2.2.6. EXAMPLE. ¢ = [;. Again let e; denote the sequence with a 1 in the jth
coordinate and Os elsewhere; and let f; be the corresponding basis in /1. If ¢ € ¢,



2.2 Constructions of Banach Spaces 25

let a; = ¢(e;). Then

n
loll = o(, s 122,0,0.00,) = > ay].
j=1

J

Letting n — oo, we deduce that y = (a;) belongs to [; and ||y||1 < ||¢||. More-
over p(x) = @y(z) = > ;5 wja;. Conversely, each y € [; determines a linear
functional with ||¢y || = ||y||i.

Now consider B(cg). If T' € B(co), define an infinite matrix [t;;] by Te; =
> ;> tijei. The columns T'e; belong to cp, so lim; o t;; = 0. Also the row
(ti1,tia, tiz, ... ) acts on a vector = € cg by () = ijl tijr; = @y, (Tx). This
determines the ith coordinate of Tx = > ;- ¢i(z)e;. So each p; = ¢y, 0T isa
continuous linear functional on co, so there is a vector y; € [y so that ¢; = @y,.
Moreover ||@;|| = |lyill1 < ||T]|. In fact,

B(CO) = {T = [tij] . (tij)z’zl € Cp fOI‘j 2 1 and Sg[l)z ’tij’ < OO}
=11

To see this, note that the boundedness of the rows in the /; norm ensures that 7" is
a bounded linear map from cp into /.. The condition on the columns ensures that
Tej € co for g > 1. So T'span{e; : j > 1} C ¢o. The subspace span{e; : j > 1}
is dense in ¢y and 7' is continuous. Thus, since ¢y is closed in [, the range of T is
contained in ¢g. Therefore T € B(cy).

This is a rather special property of c¢y. There are very few Banach spaces where
the space of bounded linear maps can be simply characterized.

An easy way to obtain a new Banach space from another is to take a closed
subspace, which as the term suggests is a subspace which is norm closed. Since
a closed subset of a complete metric space is complete, a closed subspace of a
Banach space is a Banach space.

2.2.7. EXAMPLE. Let A(D) =
is the unit circle T = {e? : § € [
f € C(T) are given by

{f € C(T) : f(n) = 0forn < 0}. Here T
7, 7] }. The (complex) Fourier coefficients of

A 1 T ) )
f(n) = / f(eza)e’me dd for ncZ.
2r )
The linear functionals ¢, (f) = f(n) are Cpntinuous since ]f(n)\ < | fllsss s0
|¢n|l < 1. They are exactly norm 1 since ||’ ||o, = 1 and ,,(¢"?) = 1. Hence

the kernel, ker ¢y, is a closed subspace. It follows that A(D) = (1, ., kerpy, is a
closed subspace of C(T).
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Every continuous function f € C(T) extends uniquely to a harmonic function
on the open disk by

f(re?) = % /Zf(eit)Pr(G —t)dt
L [m. 1—r?
T o /ﬂf(e ) 1—2rcos(f —t)+r? dt

= i f(n)r'"lemo.

n=—oo

Poisson’s Theorem shows that f(re') converges uniformly to f(e?) as r — 1.
Hence f extends to be continuous on the closed disk, and coincides with f on the
boundary circle. For f € A(D), all negative Fourier coefficients vanish. Thus,
writing z = re'?, we get that f(z) = 32, -, f(n)2". This power series converges
on the open unit disk D, and converges uniformly when |z| < r < 1. So for
f € A(D), f(z) is analytic on D and continuous on I. Conversely every function
which has these properties has a power series which converges on the open disk.
By Cauchy’s Theorem, f(z) for z € D is determined by the boundary values.
Indeed, analytic functions are harmonic, so this is the Poisson extension of the
boundary values. It is clear that each f,(e?) lies in A(ID) since the Fourier series
converges uniformly. They converge uniformly to f(e?’) by continuity on I, and
so f € A(D).

The third construction in this section is the notion of a quotient space.

2.2.8. DEFINITION. Let X be a Banach space and let M be a closed subspace.
Then X /M is a vector space. Define a norm on X /M by

|z + M| = inf{||z — m| : m € M}.

2.2.9. PROPOSITION. Let X be a Banach space and let M be a closed sub-
space. Then X /M is a Banach space.

PROOF. First check that this is a bona fide norm. Note that ||z 4+ M|| = 0 only
if there are m,, € M with ||z — m,,|| — 0. That means that x lies in M = M. So
x + M = 0 is the zero element. Positive homogeneity and the triangle inequality
are straightforward.

For completeness, let &,, = x,, + M for n > 1 be a Cauchy sequence in X /M.
Find a subsequence iy, so that ||y, — in,,, || < 27". Recursively choose m; € M
so that x;, = xp, — m; satisfy ||z}, — a7, || < 27". Then (2}, );>1 is Cauchy in
X. Let x be the limit. Then it is clear that &,,, converge to ©. A standard argument
now shows that the whole sequence converges to ©. Hence X /M is complete, and
thus is a Banach space. |
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2.2.10. PROPOSITION. Let X be a Banach space and let M be a proper
closed subspace. Define a linear map Q@ : X — X/M by Qx = &. Then
Q € B(X, X/M) is surjective, |Q| = 1 and ker Q = M.

PROOF. It is clear that () is a linear surjection with ker @ = M. Moreover,
since ||Z|| < ||=||, we have ||Q|| < 1. Since M is proper, pick x € X \ M; so that
i # 0. Replace = by x/||Z| so that 1 = ||#|| = inf{||z — m]|| : m € M}. Choose
my, € M so that ||z — my|| — 1. Then ||Q|| > sup,,>; £l — 1. Therefore

dl
l[z—mal

QI = 1. =

The map @ : X — X /M is called the quotient map.

2.2.11. EXAMPLE. Let X be a compact Hausdorff space, and let E be a closed
subset of X. Then I(F) = {f € C(X) : f|lg = 0} is a closed subspace (and in
fact, an ideal). Consider C'(X)/I(E).

Let h € C(X). Then

1Al = inf{[lh — flloo : flp =0} > Sgg\h(x)\ = [[h]Eello-

On the other hand, suppose that ||h|g|lcc = 1. Define a continuous function g :
z iflz] <1
Eoif]s] > 1
Then f = h — g o h vanishes on F, so f € I(F). Moreover h — f = g, so that
Jll < llglloe = 1. We deduce that /] = [|A]].

Let @ : C(X) — C(X)/I(FE) be the quotient map. Define a linear map
T : C(X)/I(E) — C(E) by Th = h|g. This makes sense since h — f|p =
h|g for all f € I(E). Moreover we have just shown that ||Th| = ||A]| for all
h € C(X)/I(F). Thatis, T is an isometry. Observe that TQ) = R, where R is
the restriction map Rh = h|g from C(X) onto C(E). Also T maps onto C(E)
by Tietze’s Extension Theorem. So C(X)/C(E) is isometrically isomorphic tp
C(E).

C = Dbyg(z) = . Then g(h(z)) has norm 1, and g|p = hl|g.

The final construction in this section is the notion of a direct sum.

2.2.12. DEFINITION. Let X and Y be Banach spaces. Consider the direct
sum X @, Y = {(z,y) : v € X,y € Y}. Forl < p < oo, let X @, YV

endow the direct sum with the norm [|(z, y)|, = ([|l||” + ||y||p)1/p if p < oo and
(@, y)lloo = max{]lz], [y}

The following result is straightforward, and the proof is left to the reader.
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2.2.13. PROPOSITION. Let X and Y be Banach spaces. Then X &, Y isa
Banach space for 1 < p < oo. Moreover

1z Y)lloo < Nl 9)llp < N1 9)lh < 2[[(, y)loo-

We say that two norms on X are equivalent if there are constanst 0 < C} <
Cy < oo sothat Cy||z|2 < [|z||i < Cyl|z||2 forall z € X.

2.2.14. PROPOSITION. Let X be a finite dimensional vector space. Then any
two norms on X are equivalent. In particular, X is complete in any norm. So every
finite dimensional subspace of a Banach space is closed.

PROOF. Let F be the field of scalars for X. Fix a basis zy, ..., x, for X, and
consider a norm || - || on X. Define a linear isomorphism 7" : (F", || - ||2) — X by
Ty " ae;=> 1 ax; Thenforu=> " ae; € F",

n n n
1Tul = | il < lail llzall < lullz (Y ll2il?) ' = Clfullz
=1 =1 1=1

by the Cauchy-Schwarz inequality. Therefore 7" is a continuous linear bijection.

Let S = {u € F™ : |jul][z = 1} be the unit sphere. This is compact, and
therefore T'S is compact in X. Since 0 ¢ T'S, the continuous function f(x) = ||z||
attains a minimum value on 7'S, say minyeg ||Tu|| = r > 0. It follows that
T7'b,.(X) C by(F"); forif |T~'z|| =t > 1, then x/t € b.(X) and T~ (x/t)
would belong to S So ||T7!|| < 1. Therefore 7" is an isomorphism, and hence a
biLipschitz homeomorphism. It follows that (X, || - ||) is complete, and this norm
is equivalent to the Euclidean norm ||z||, := |7~ z|),.

If ||-|| is another norm on X, then it is also equivalent to || - |2, and thus is
equivalent to || - ||. If X is a finite dimensional subspace of a Banach space Y, then
X is complete in this norm, and hence it is closed in Y. |

2.2.15. PROPOSITION. The closed unit ball of a Banach space is compact if
and only if it is finite dimensional.

PROOF. If X has finite dimension n, then the norm is equivalent to the Eu-
clidean norm on F™. Thus every closed bounded set is compact.

If X has infinite dimension, we can recursively choose a sequence of unit vec-
tors (5,)p>1 so that dist(zy41,span{z1,...,z,}) > 3. Suppose that z1,...,z,
are chosen, and let M,, = span{zy,...,x,}. Then M, is closed, and X/M,, is an
infinite dimensional Banach space. Let & = x + M,, € X/M,, with

L<|#|= inf |lz+m|<1.
meMy,
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Choose = + m so that ||z + m|| < 1; and define =, = Hiiiﬂll Then there is

no finite i—net in the unit ball since a point can be within % of only a single z,,.

Therefore b; (X) is not compact. [

2.3. Hilbert spaces

2.3.1. DEFINITION. In an inner product space, x L y means (x,y) = 0 and
the vectors are orthogonal. A set {e, : a € A} is orthonormal if (eq, e5) = dag.
IfSC H,then St ={x c H:xz Ly forall yc S}.

If v L y, then ||z + y|> = ||z||*> + ||y||*, the Pythagorean law. Therefore if
€1, ..., ey are orthonormal, then || Y7 | aze;||” = Y0 [aq|*.

2.3.2. DEFINITION. Aseries ) 4 Ga€q converges unconditionally in a Hilbert
space if for the upward directed poset A of finite subsets F' C A (ordered by inclu-
sion), the net rp = ZaeF G0€q CONVErges.

2.3.3. THEOREM. Let H be a Hilbert space, let {e, : o € A} be a non-empty
orthonormal set in H, and let M = span{e,, : « € A}. Then

(1) The set {eq:a € A} is linearly independent; and

dist (eq,span{eg : 8 # a}) = 1.
(2) (Bessel’s inequality) If v € H and a,, = (x,e,), then > |aq|* < ||z]|
acA

(3) Ifaq € Cand ¥ 4laal* = L* < oo, then Y, 4 Gaea converges
unconditionally to a vector x with ||z|| = L. Moreover (z,eq) = aq.

(4) Ifr € H, let aq = (¥, eq) and define Px = 3 4 aqeq. Then P is in
B(H) with ||P|| = 1, P> = Pand P(H) = M.

5) ker P = M*. Also Px = x ifand only if v € M. And M + M+ = H.
(5) if y if
(6) (Parsevel’s identity): If y € M, then |ly|| = (3 e (¥, ea>\2)1/2.

The operator P constructed here is the orthogonal projection of H onto M.

PROOF. (1) Elements of span{e, : a € A} (before closure) have the form
> per apep for ' C A finite. By the Pythagorean law, if F' C A\ {a} is finite,

lea — Y agesl =1+ lagl.

BEF BEF
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Thus the minimum value, 1, is obtained when ag = 0 for all 3 # «. This extends
to the closure by continuity of the norm. In particular, {e, : a € A} are linearly
independent.

(2) For F' C Afinite, let xp = ) . Ga€q. Then

0< lz —aF|* = ||z|* - 2Re(z,zF) + ||lzF

= HxHZ -2 Z |aa‘2 + Z ‘aa’2 = ||33H2 - Z |aa’2-

aclF a€EF a€EF

Taking the sup over F' C A yields Y, 4 |aa|? < ||z
(3) Again define zp = Y. cpaa€a. Then |[zpl> = 3 cplaal* < L2

Note that L? = suppca, ||zr||>. Given ¢ > 0, choose Fy C A finite so that
Ffinite
|zg||? > L? — €. Then for F, G > F,

lor—aclf= 3 JaalP< Y Jaal < 12— (L2 =) =<,
a€EFAG a€A\Fy

Therefore {zr}a is a Cauchy net. Since H is complete, it has a limit z € H.
Since each 2 € M and M is closed, z € M. Hence ||z = limy ||zr|* = L.
Compute (z, eq) = imp(TF, €q) = aq since (xp, eq) = aq When F' > {a}.

(4) By (2) and (3), for each x € H with a, = (z,e,), the sum Pz =
Y e Gatq is well defined and lies in M. The map P is evidently linear. More-
over ||Pz|* = Y .calaal* < [|z]* by (3) and Bessel’s inequality. Therefore
||IP|| < 1. One can check that Pe, = eq, and thus ||P|| = 1. (3) also shows
that (P, e,) = aq. Therefore P2z = Px. The range of P contains the unclosed
span{eq : o € A}, and PY " pGa€a = D ocp Ga€q. Thatis, P is the identity
on this subspace. By continuity, Py = y for all y € M.

(5) Px = 0iff (z,eq) = Oforall a € Aiff (x,) paqes) = 0 for all
vectors in span{e, : o € A} iff (x,y) = O for all y € M by continuity iff
x € M*. We showed that Py = y for y € M, and since Pz € M, we have
Pxr=xzonlyifx € M. Ifx € H, thenx = Px + (I — P)z, and Pz € M and
P(I — P)z = (P - P*x=0,s0 (I — P)v € M+. Hence M + M+ = H.

(6) This is immediate from (3) and (5). |

2.3.4. DEFINITION. An orthonormal basis for a Hilbert space H is an or-
thonormal set {e, : @ € A} such that span{e, : @« € A} = H.

2.3.5. PROPOSITION. Every Hilbert space has an orthonormal basis.

PROOF. Order the collectiion O of all orthonormal sets by inclusion. Then O is
inductive because if C is a chain of orthonormal sets, then the union is an orthonor-
mal set containing every element of C. By Zorn’s Lemma, there is a maximal or-
thonormal set, say {e, : « € A}. Let M = span{e, : o € A}. If M = H, we are
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done. Otherwise M+ # {0}. Let f be a unit vector in M. Then {f,e, : a € A}
is a larger orthonormal set, contradicting the maximality of {e, : « € A}. Hence
we must have M = H. |

2.3.6. THEOREM. Let H be a Hilbert space. For each ¢ € H*, there is a
unique vector y € H so that p(x) = (x,y). The map Y : H* — H given
by Y(p) = y is a conjugate linear isometry of H* onto H. In particular, H* is a

Hilbert space with the inner product (p,)) = (Yo, Y1b). The set {Y e, : o € A}
forms an orthonormal basis for H*.

PROOF. Let {e, : @ € A} be an orthonormal basis for H. Define a, = ¢(e,).
For every finite set F' C A, let yp = ZaGF Gn€q. Then

ewrl = 3 laal? < llol el = ol (3 laal?) "

acF a€F

Hence Y. |aal® < |l¢||*. Taking the supremum over all finite subsets F' yields
> aca laal? < |l¢||*. Therefore y = Y. 4 @aca belongs to H by Theorem 2.3.3,

and [y < [l
Ifz =73 cpbacta,then

p(x) = Z bata = (2, y).

aceF

Therefore ¢ agrees with the linear functional ¢ (z) = (z,y) on the algebraic span
of the basis, which is dense in H. Both are continuous, so they are equal. Note that
lo(@)| = [{z,y)] < ||z| ||y||. Take the supremum over all z € H with ||z|| < 1 to
get ||¢|| < |ly||. Hence ||ly|| = ||¢||. The uniqueness of y follows from the fact that
any vector determining the functional ¢ must satisfy

(y: ea) = {ea,y) = p(ea) = .

By Theorem 2.3.3, y =} c 4 GaCa-

Therefore thereisamap Y : H* — H given by Y = y. It is isometric because
llell = |lyl|- Tt is surjective because for each y € H, ¢ (z) = (z.y) belongs to H*
and Yo = y. However this is not a linear map. If ¢y € H* with Y¢0 = 2z and
A, 1 € C, then

(Mg + ) (z) = Ma,y) + pz, z = (z, Ay + fiz).
Thus
Y(\p + pp) = Ay + iz = A\ + i¥ep.
This shows that T is a conjugate linear map.

Now define an inner product on H* by (p, 1) = (Y, Y1)). Itis easy to check
that this satisfies the properties of an inner product including linearity in the first
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variable. It is also clear that {Y~'e, : a € A} is orthonormal. Moreover since Y is
isometric,

span{Y—le, :a € A} =Y 'span{e, i€ A} =Y"'H = H*.

So {Y~'e, : a € A} is an orthonormal basis. |

2.3.7. DEFINITION. The dimension of a Hilbert space H is the cardinality of
an orthonormal basis.

2.3.8. PROPOSITION. The dimension of a Hilbert space is well defined.

PROOF. We need to show that any two orthonormal bases have the same car-
dinality. If H is finite dimensional, this is just the cardinality of a basis, which is
shown to be well defined in linear algebra.

If H is infinite dimensional, let {e, : « € A} and {f3 : B € B} be two
orthonormal cases. For each o € A, let B, = {8 € B : (eq, fg) # 0}. Then
because

1= lleal?= 3" I(ea S}
BEBa
it follows that B, is non-empty and countable or finite. Indeed, there can be at
most n Bs such that |(eq, f3)|* > 1. Thus there are at most countably many in
Bq. Also B = |J,¢c 4 Ba because similarly every fz has non-zero inner product
with some e,. Therefore |B| < |A|Xy = |A|. Similarly |A| < |BJ|. So by the
Schroeder-Bernstein Theorem, |A| = |B]. [

The following easy result is left as an exercise.

2.3.9. PROPOSITION. Two Hilbert spaces are (isometrically) isomorphic if
and only if they have the same dimension.

2.3.10. REMARK. If H and K are Hilbert spaces, then H ¢, K is also a Hilbert
space. We will write this as H @ K. Then H and K are orthogonal complements
in the direct sum.

2.3.11. DEFINITION. A unitary operator U € B(H, K) from one Hilbert
space H to another, K, is a surjective isometry.

Note that U is a linear isomorphism which preserves norm. That means that is
also preserves the inner product. This follows from the polarization identity:

1 1
wyy=7 D, cleteyl’ or (zy) = (lz+yl®— e —yl?)

ee{£l,£i}



2.4 Category Theorems 33

in the complex and real cases, respectively. Since U preserves norms, it preserves
the inner product as well.

2.3.12. EXAMPLE. Let H = L?(T), the space of square integrable functions
(modulo almost everywhere equality) with respect to Lebesgue measure ﬁ df. For
n € Z,lete,(z) = 2" = ™. Note that

1 4 ind im0 1 T —m)o 1 lfn =m
= — df = — in=m)é gg — .
{en, €m) 27r/ @ ) © 0 ifn#m

—T

So {ey, : n € Z} is an orthonormal set.

N
It is a fact that the trigonometric polynomials of the form ) ane™ for
n=—N

a, € Cand N € N is uniformly dense in C(T). This is a classical theorem
of Weierstrass, which also follows from Féjer’s Theorem or the Stone-Weierstrass
Theorem. It is also a fact from measure theory that C(T) is dense in L?(T) in the
2-norm. This follows from Lusin’s Theorem. Hence {e,, : n € Z} has dense linear
span. Therefore {e,, : n € Z} is an orthonormal basis.

Consider the linear map U : L*(T) — I5(Z) given by Uf = (f(n)), ., that
takes a function to it Fourier series: -

A 1 i

f(n)=— (e ™0 df = (f,ep).
2 J_»

This is the Fourier operator. This map takes the orthonormal basis {e,, : n € Z}

onto the standard basis {J,, : n € Z} for l[,(Z). The Parseval identity shows that U

is an isometry. The range is therefore closed, and is dense, so is surjective. Thus U

is unitary.

2.4. Category Theorems

2.4.1. DEFINITION. A subset A C X of a topological space X is nowhere
dense if A has no interior. A subset of a complete metric space is first category if it
is the countable union of nowhere dense sets.

Recall the following important result from real analysis.

2.4.2. BAIRE CATEGORY THEOREM. A non-empty complete metric space
X is not a countable union of nowhere dense sets. Indeed, if U,, are dense open
subsets of a complete metric space X, then ()~ Uy, is dense in X.
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PROOF. Note thatU,, = A,," is a dense open set, and ( Un>1 A7n) ‘= MNy>1 Un.
Letz € X and » > 0. We will find a point in b,(z) N (),,>1 Un.

Since A has no interior, V; := by(z) N U is non-empty and open. Thus there
isapointz; € X and 0 < r; < r/2sothat b, (1) C V). Proceed recursively. At
stage n, we will have zy,...,z, and rq, ..., 7, so that r; < r/2" and

mcv}:bn,l(xzfl)ﬂUz fOl‘ 1 S’l,é’n,

Set Vi1 = by, (2,)NUp 1. Since A,, 41 is nowhere dense, this is a non-empty open
set. So we may find a point x,,,1 and an r,, | < 7,/2 so that b, . (xn+1) C Vg1,
This completes the inductive step.

The balls b, (z,) form a decreasing nested sequence of closed sets. We claim
that the sequence (z,,),>1 is Cauchy. Indeed, if N < m < n, then z,, x,, lie
in b, (zn) and hence d(z,, ) < 2ry < 2'"Nr. Since X is complete, this
sequence has a limit, say o = nlggo xp. Hence x( belongs to ()~ br,, (xy). Since

by, (x,) is disjoint from A,,, we have zy € ﬂnzl Up,. Moreover, xg € V| C b.(z),
so that d(z, z9) < . Therefore [, Uy is dense in X. [

The following important result is sometimes called the Uniform Boundedness
Principle.

2.4.3. BANACH-STEINHAUS THEOREM. Let X be a Banach space, let Y
be a normed vector space, and let A C B(X,Y). Suppose that for each x € A,
sup gc 4 |Az|| = K, < 0o. Then sup 4 4 ||A|| < oc.

PROOF. Let X,, = {x € X : K, < n}. This is a closed set since if z}, € X,
and x, — z and A € A, then ||Az| = limg_ ||Azk|| < n. By assumption,
X = U,>1 Xn- By the Baire Category Theorem, there is an ng so that Ap, has
interior, say b, (z9) C Ap,. If ||z|| < 1, then zo + rz € A,,. Hence

1 2nyg
|Ax|| = ;HA(.I() +rx) — Azl < —

Therefore sup 4 4 || Al < @ |

2.4.4. COROLLARY. Let X be a Banach space, let Y be a normed vector
space, and let A C B(X,Y') such that sup 4. 4 ||A|| = oo. Then B = {z € X :
Ax is bounded} is first category.

PROOF. B = |J,,~; Bn where B,, = {z : supyc 4 ||Az|| < n}. Asin the
previous proof, By, is closed. If some By, has interior, then as in the previous
proof, A is bounded. Since it isn’t bounded, each B,, is nowhere dense. Hence B
is first category. u
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2.4.5. COROLLARY. If X and Y are Banach spaces, T,, € B(X,Y) and
lim T, x exists for every x € X, then Tx := lim T,x belongs to B(X,Y') and
o0

n— n—oo
171 < sup |70 < o<.

PROOF. Apply the uniform boundedness principle to {7}, : n > 1}. Since
convergent sequences are bounded, {7,z : n > 1} is bounded for each z € X.
Therefore sup | 7,,|| = M < oo. The map T is clearly linear and ||T'|| < M, so
T eB(X,Y). [ |

Now we establish a second important result using the Baire Category Theorem.

2.4.6. OPEN MAPPING THEOREM. Let X andY be Banach spaces, and let
TeB(X,Y) IfTX =Y, thenT is open; i.e. ifU C X is open, then TU is open.

PROOF. Observe that Y = T'X = (J,,~,; T0n(X) = U,>; Tbn(X), where
b-(X) = b,.(0x). Since Y is complete, the Baire Category Theorem shows that
there is some n so that T'b,, (X)) = nT'b; (X) has interior. Thus 7'0; (X ) has interior,
so it contains b, (yo) for some yo € Y and r > 0. Therefore

Thi(X) = 3T01(X) = 3Tb1(X) D 3br(%0) — 5b:(30) = b-(Oy ).

We claim that for ¢ > 0, T0;(X) C Tb;4.(X). Lety € Thi(X). Pick
] € bl(X) with ||y - Tle < % Then 4y, := y — Txy € TbE/Z(X). So
there is an 27 € X with [[22]| < § so that ||y — T'w; — T'xz|| < . Recursively
we find 2, € X with ||z,|| < 2'7" so that ||y — >}, Txy|| < 27"er. Let
=Y 5,2k Then ||z|| < 1+ ,~,2' e = 1 + £. By continuity, Tz = y. So
by (Y) C Th(X) C Thi4e(X).

Now if U is open in X and x € U, then b,(x) C U for some p > 0. Hence
TU D Tb,(x) D byp(Tx). Therefore T'U is open. [

One of the most cited consequences of the Open Mapping Theorem (OMT) is
the following.

2.4.7. BANACH ISOMORPHISM THEOREM. Let X and Y be Banach
spaces, and let T € B(X,Y). If T is a bijection, then T is invertible.

PROOF. Clearly 7! is a well-defined linear map. We need to show that it
is continuous. By the OMT, T is open. So 7b;(X) D b,(Y) for some r > 0.
Therefore 7701 (Y) C by ,.(X). Thatis, T[] < 1. [ |

There are many other consequences of the Open Mapping Theorem, and we
collect a few here.
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2.4.8. COROLLARY. Let X andY be Banach spaces, and let T € B(X,Y). If
T maps X onto Y, then Y ~ X/ kerT.

PROOF. Since T is continuous, ker7T" is a closed subspace of X, and thus
X/kerT is a Banach space. Define S : X/kerT — Y by S(z + kerT) = Tx.
This is well defined, linear and bijective. Moreover if £ = = + ker T',

|Sz| = inf{||Tv|| : v € x + ker T’}
<t ol v € 2+ ker T} = |7 ]

So ||S|| < |IT'|| < oco. Thus S is continuous, and so is an isomorphism by the
Banach Isomorphism Theorem. |

2.4.9. COROLLARY. Let X be a Banach space with two complete norms || - ||
and || - ||2. If there is a constant C so that ||z|| < C||z||2 for all x € X, then there
is a constant C' so that ||z|, < C'||z||;.

PROOF. Consider the identity mapid : (X, ||-]2) — (X, |- |/1). By hypothesis
this is a continuous bijection. Hence the inverse map is continuous by the Banach
Isomorphism Theorem. |

2.4.10. DEFINITION. A linearmap T : D C X — Y, where D is a not
necessarily closed subspace of X, is a closed linear map if the graph G(T') =
{(z,Tx):x € D}isclosedin X @& Y.

2.4.11. CLOSED GRAPH THEOREM. Let X andY be Banach spaces, and
letT': X — Y be a linear map defined on all of X. If T is closed, then T is
CcOntinuous.

PROOF. Since G(T') is a closed subspace of X ©, Y, it is a Banach space. The
coordinate projections 71 : G(T') — X and 7 : G(T') — Y are continuous. More-
over  is a bijection. By the Banach Isomorphism Theorem, 7 !'is continuous.
Therefore T' = 71’1_17'('2 is continuous. [ |

2.4.12. COROLLARY. Let X andY be Banach spaces, and let T : X — Y be
a linear map defined on all of X. Then T is continuous if

(1) zn€X, 2y —0and Tx, -y — y=0.

PROOF. We show that condition (i) implies that 7" is closed. Suppose that
(xn, Txy) € G(T) converge to (x9,40) € X Boo Y. Then z,, — zp — 0 and
T(xy — xo) — yo — Txo. By (¥), Tzo = o, so that (zo,y0) € G(T'). Thus G(T)
is closed. Hence T is continuous by the Closed Graph Theorem. |



2.5 Fourier series 37

2.4.13. EXAMPLE. Hellinger-Toeplitz. Let T be a linear operator on a Hilbert
space H such that (T'z,y) = (x,Ty) for all x,y € H. Suppose that z,, € H,
z, — 0and T'z,, — 0. Then

lyol|* = lim (Tzp,yo) = lim (z,,, Tyo) = 0.

Thus yo = 0. By the Closed Graph Theorem, T is continuous.

2.5. Fourier series

If f € L'(T), the Fourier coefficients are

N

1 ™ ) )
f(n) = 27T/_W f(e®e ™ dp for neZ.

It is easy to see that |f(n)| < ||f|/;. The Riemann-Lebesgue Lemma states that

‘ 1|im | f(n)| = 0. This follows from the density of the trigonometric polynomials.
n|—00
Hence I'f = (f( )) ;, belongs to co(Z).

Define s,,(f)(€’ ) S, f(Kk)e’™* be the partial sums of the Fourier series.
Compute

0y —ik6 ikt
df
ZQW f e~ dbe

k=—n
1 = 1
- 0 tk(t—0) _ 19 _
=5 f< ) D My = - f( ) Dt — 0) df
k=—n
and we sum the geometric series to get
D) = zn: ikt _ pin+1)t _ —int B pl(n+3)t _ o—i(nt4)t
nA\Y) - et — 1 - eit/2 _ o—it/2
k=—n

B pilnt3)t _ p—i(nt )t 2 ~sin(n + %)t
B 2 etz —e=it/2 sinlt

Now we apply this when f € C(T). It is a classical result that there are
continuous functions such that the Fourier series does not converge at some points.
In fact, this behaviour is typical.

2.5.1. THEOREM. Forty € [—m, 7], the set
{f € O(T) : su(f) (™) = f(e™)}

is first category.
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PROOF. The map ¢, (f) = s,(f)(e0) = — ) f(e9)Dy,(tg — 0) df is a

2m J_
continuous linear functional on C(T). We will show that ||,| = ||Dplli — oo.
Clearly if || f||oo < 1, then

1 T
oD < 5 [ Dalto = 0) 8 < 1Dul).

For ¢ > 0, define
1 if Dy, (to — 0)
fe(t) =< -1 if D,,(to — 0)
p-w.linear in between

>
<

Then || f||c = 1 and for ¢ sufficiently small, ¢,,(f:) =~ ||Dy||1. Now we estimate
this norm.

™ 1 ™ |sin(n+ L)t
I1Dall = [ iDateae =+ [T
—r ™ Jo sin 51

1 (™ |sin(n+3)t| 2 Y
>— | ——=— == | sinz| —
T Jo t/2 T Jo x

(k+1)7/2

2 w/2
=— sma:——i— / | sin x| dz
7T/0 Z kﬂ'/Zﬂ' k)2
2n
4 1 4
> 5D 5~ 2o
k=1
Therefore A = {¢,, : n > 1} is unbounded. By Corollary 2.4.4,

{f € C(T) : s,(f)(e"™) is bounded}

is first category. This contains any f whose Fourier series converges at ', |

2.5.2. THEOREM. The map T : L'(T) — co(Z) is continuous and one to one,
but is not surjective.

PROOF. Clearly I'is linear, and ||T'f|| oo = sup |f(n)| < ||f|1, so I"is norm 1.
The Riemann-Lebesgue Lemma shows that the range of I" lies in co(Z).
For f € L'(T), define f.(¢?’) = S f(n)ri™e™?  This series converges
nez
absolutely and uniformly to a continuous function for 0 < r < 1. To see that I"is

injective, we quote a result from Fourier analysis: f, — fin L'(T) asr — 1.
This shows that f can be recovered from its Fourier series, and thus I" is one to one.

If " were onto, then the Banach Isomorphism Theorem would show that I'~!
is continuous; i.e. there would be a constant C' so that || f||; < C/||T'f||oo. However
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R 1 if k] <
we saw in the previous proof that || D,||; — oo while D, (k) = 1 [kl <n
0 if |k| > n.
So || Dpllee = 1 and |T'D,,|lec = 1. Thus I'~! is not bounded. Therefore I" is not
surjective. |

2.6. The Hahn-Banach Theorems

2.6.1. DEFINITION. Let X be a vector space. A function p : X — R is
sublinear if p(tz) = tp(x) for t > 0 and p(z + y) < p(z) + p(y) for z,y € X.

2.6.2. EXAMPLES.

(1) On any normed space, p(z) = ||x|| is sublinear.

(2)If0 € U C X is open and convex, then X = |J,~, nU. The Minkowski
functional is B

pu(x) =inf{t >0: 2 € tU}.
Note thatif x € sU and y € tU, then z +y € (s +t)U by convexity of U. That is,

z Y i sz t Yy _ Tty it ity
P apd ; arein U,s0 ;5% + 577 = 53¢ € U. Positive homogeneity is clear. So
py is sublinear.

We start with a general result showing that functionals dominated by a sublinear
functional on a subspace can be extended to one on the whole space. It starts with
a “soft” part using Zorn’s Lemma, followed by a “hard” part where an explicit
extension is constructed increasing the space by one dimension.

2.6.3. THEOREM (Hahn-Banach). Let X be a R vector space, and let My
be a subspace (no topology). Let p be a sublinear map on X. Suppose that f :
M — R is linear and fo(x) < p(z) for © € My. Then there is a linear functional
f:X = Rsothat flp, = foand f(z) < p(z) forall z € X.

PROOF. Consider pairs (f, M) where My C M C X is a subspace and f :
M — Ris alinear functional such that f|;, = foand f(z) < p(x) forall z € M.
Say fi, M) < (f2, Mp) is My C M, and fa|p, = fi. This is a partial order on
the collection of all such pairs.

We will show that it is inductive. Suppose that {(fo, My) : « € A} is a
chain. Let M = (J,c4 Mo and set f = (J,c4 fo- Then it is easy to see that
(fas Ma) < (f, M) forall @ € A. Hence by Zorn’s Lemma, there exists a maximal
element, say (f, M).

Suppose that M # X. Pick x € X \ M. We will try to extend f to a functional
f on M" = M + Rz by setting f'(x) = a. We obtain necessary and sufficient
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conditions on a:
f'(m+tx) = f(m)+ta <p(m+tx) forall me Mandt e R.
This is true for t = 0. When ¢ > 0, we set m’ = m /¢t and obtain
p(m +tx) — f(m)
t
When t < 0, we set m’ = m/|t| and obtain

f(m) — p(m + tx)
i

a< =p(m +x)— f(m') forall m' € M.

= f(m') —p(m' —z) <a forall m' € M.

Therefore

sup f(m) —p(m —z) <ae€ inf p(m+x)— f(m).
meM meM

Such a value « exists if and only if the LHS < RHS.
If LHS > RHS, there are vectors m, my € M so that
fmi) = p(my —x) > p(ma + x) — f(m2).
Rearranging yields
flmy +my) > p(my — x) + p(ma + ) > p(my + my).

This contradicts the condition on f. So we must have LHS < RHS. Choosing any
value of a satisfying the inequality yields an extension to (f/, M"). This contradicts
the maximality of (f, M). So we have M = X, which completes the proof. |

2.6.4. HAHN-BANACH THEOREM. Let X be a normed space and let M be
a (not necessarily closed) subspace of X. Suppose that fy is a continuous linear
functional on M. Then there is an f € X* with f|ar = fo and ||f|| = || foll-

PROOF. Real case. Let p(x) = || fo|| ||=]|. This is a sublinear functional, and
fo(m) < |l foll |lm|| = p(m) for al m € M. By Theorem 2.6.3, there is an
extension f : X — R so that f|y; = fo and

+f(x) = f(+x) < p(£z) = [ foll =]
Thus | f(z)| <[l foll llz[l. So [[£]] = [l foll-

Complex case. Consider X as a real Banach space. Let go(z) = Re fo(z) for
x € M. Extend gy to a real linear functional g on X with ||g|| = ||go] < || foll-
Define f(z) = g(z) + ig(—iz). Then f : X — C is real linear, and

fiz) = glix) — ig(x) = i(g(z) + ig(~iz)) = if ().
Therefore f is complex linear. Now if x € M,
f(z) = g(x) +ig(—ix) = Re fo(x) + iRe fo(—iz)
=Re fo(z) +iRe —ifo(x) = Re fo(x) + iIm fo(z) = fo().
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Thus f extends fy. Finally, if f(z) = | f(z)|, then

(@) = fle Px) = g(e x) < llgoll e~ Il < |l fol ll].
Hence [| f[| < [l foll- u
2.6.5. COROLLARY. Let X be a Banach space. If vo € X, then there is an
feX*with||f|| = 1and f(xo) = ||xo||. Hence

sup |f(x)| = ||z|| forall z € X.

I£l1=1
fexr

PROOF. Define fy on M = Czg by fo(Axo) = Al|zo||. Then ||fo| = 1 and

fo(zo) = ||xo||. By Hahn-Banach, extend fj to some f € X* with || f|| = | fol|-
This proves the non-trivial part of the equality in the supremum. |

2.6.6. COROLLARY. If X be a Banach space, then X* separates points of X.

PROOF. If = # y, there is some f € X* so that f(x —y) = ||z — y|| > 0. So
f(z) # f(). u

2.6.7. COROLLARY. If X be a Banach space, then X imbeds isometrically into
X**byi:x — & where 2(f) := f(x).

PROOF. Clearly ¢ is linear. Moreover

12l = sup [2(f)] = sup |f(z)| = [

I£11=1 I£11=1
fex fexr
Hence this map is an isometry. |

2.6.8. DEFINITION. A Banach space X is reflexive if 1 X = X**.

2.6.9. REMARK. Hilbert spaces are reflexive by two applications of Theo-
rem 2.3.6. The Riesz Theorem that LP(u)* = L(u) for 1 < p < oo and %%—é =1
shows that LP(p) is reflexive. Finite dimensional Banach spaces are reflexive be-
cause if V' is n-dimensional, then so is V* and V**. So ¢ X is an n-dimensional
subspace of X**, and therefore they are equal.

The space ¢y is not reflexive since ¢ = I and I} = loo. If L'(p) is infinite
dimensional, then it is not reflexive either. Similarly C'(X) is not reflexive if it is
infinite dimensional.

We will often drop the ¢ and consider X as a canonical subspace of X**.
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2.6.10. COROLLARY. If X be a Banach space, M is a closed subspace of X
and xo € X \ M, then there is a functional f € X* with ||f|| = 1 such that
f(xo) = diSt(ﬂSo, M)

PROOF. Let Y = X/M and &9 = xo + M € Y. By definition of the quotient
norm, ||&o|| = dist(xg, M). By Corollary 2.6.5, there is a functional g € Y* with
llgll = 1 and g(&¢) = ||Z0||. Define f = g@ where @ : X — Y is the quotient
map. Then || £ < [lg]| [Ql = 1 and f(z0) = gio) = o] = dist(zo, M). M

2.6.11. DEFINITION. If X is a Banach space and Y C X, the annihilator of
Yin X*isY+t ={f € X*: fly =0}. If Z C X*, the preannihilator of Z in X
isZ ={reX:%z=0}=2ZtnX.

2.6.12. LEMMA. IfY C X, then Y is a weak-x closed subspace of X*. If
Z C X*, then Z | is a norm closed subspace of X. Moreover

(Y1), =spanY and (Z,)" = span Al

PROOF. The first two statements are straightforward. Suppose that M =
spanY. Then Y+ = M. Suppose that z ¢ M. Then by Corollary 2.6.10,
there is an f € M+ so that f(z) # 0. Hence z ¢ (M*), . Thatis (M), = M.
The last claim is similar. |

2.6.13. PROPOSITION. Let M be a closed subspace of a Banach space X.
Then there are canonical isometric isomorphisms

M*~ X*/M* and (X/M)* ~ M=,

PROOF. Let R : X* — M* be the restriction map Rf = f|a;. Then ker R =
M. Thus there is a well-defined map R : X* /ML — M* givenby R(f+M~1) =
Rf. The Hahn-Banach Theorem shows that if h € M™, then there is a functional
f € X* with || f|| = ||h|| and f|as = h. Thus h = Rf = R(f + M~). Moreover
Al < |If + M*| < |IfIl = ||k||. Therefore the map R is a surjective isometry;
and hence an isometric isomorphism.

Let Q : X — X/M be the quotient map. Define a map Q* : (X/M)* — M~
by Q*f = f o Q. Indeed, Q* f is a linear functional on X that annihilates M, and
thus belongs to M. On the other hand, if g € M*, define f(z + M) = g(z).
This is easily seen to be well defined, and Q*f = ¢. So Q* is surjective. Now
Q"I = l7QI < |[fI|QIl = [I/]]- On the other hand, suppose that Q* f = g and
1 > ||z + M|| = inf,enr || + m||. Then there is some y = x + m with [|y|| < 1.
Thus |f(x + M)| = |g(y)| < |lg||. Taking the supremum over all x + M in the
open unit ball yields || f|| < ||g||. Therefore Q* is a surjective isometry, and thus an
isometric isomorphism. |
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2.6.14. PROPOSITION. X is reflexive if and only if X* is reflexive.

PROOF. If X is reflexive, then X*** = (X**)* = X™*. So X* is reflexive.
If X** # X, pick z € X** \ +X. By the previous Corollary, there is a
functional f € X*** such that f|x = 0and f(z) # 0. So f € X\ 1 X*. [

2.6.15. PROPOSITION. If X is reflexive, then all closed subspaces and quo-
tients of X are reflexive.

PROOF. Let Y C X be a closed subspace. Let & € Y**. By Hahn-Banach, it
has an extension of the same norm to an element ® € X**. Since X is reflexive,
there is some x € X so that tz|y- = ®. Thus ® is 7x+ continuous. Hence
b = &)‘y* is Ty« continuous; and thus belongs to Y. Therefore Y is reflexive.

Now (X/Y)* = Y+ C X*. By the first part, Y+ is reflexive. Therefore X/Y
is reflexive by Proposition 2.6.14. |

Here is one more result, which combines the Hahn-Banach Theorem with the
Uniform Boundedness Principle.

2.6.16. PROPOSITION. Let X be a Banach space. A subset A C X is bounded
if and only if f(A) is bounded for each f € X*.

PROOF. Clearly if A is bounded, then f(A) is bounded for f € X*. Con-
versely, we identify A with 1A C X**, and consider it as a subset of B(X*,F).
The hypothesis is that it is bounded on each f € X*. By the Banach-Steinhaus
Theorem, ¢ A is bounded. Since ¢ is isometric by Corollary 2.6.7, A is bounded. H

2.6.17. EXAMPLE. Banach Limits. There is a linear functional L € I (R)*
such that

(1) liminfz,, < L((xy,)) < limsup x,, and
(2) If ypir = xp, forn > N and some k € Z, then L((y)) = L((xy)).

This yields a generalized limit since L((x,)) = lim x,, when the limit exists, and it
is translation invariant: L((zp+1)) = L((zy)).

PROOF. Let S be the shift map: if x = (z,), then (Sx), = zp41; ie., Sz =
(pt1)- Let M = {xz — Sz : © € [oo(R)}. This is a subspace because S is linear.

Claim: dist(1,M) = 1, where 1 = (1,1,1,...). Indeed, |1 — 0] = 1.
Suppose that |1 — (z — Sz)|| < r < 1. Then |1 — (2, — Zp41)| < 7, so that
Tn+1 < xp — (1 —r). Recursively we get that 2,1 < 21 — n(l — 7). So (z,)
is not bounded, a contradiction. By Corollary 2.6.10, there is a linear functional
L el(R)*with1 =|[L|| = L(1) and L|ps = 0.
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Claim: co C M C ker L. If x € ¢, then
x—S"r = (x—Sz)+ (Sx—S%x)+---+(S" e —S"x)e M for n>1.

Moreover lim,,_,o, S"x = 0. Therefore z € M.

Thus L(S*z) = L(x) and the initial terms of the sequence are irrelevant to
L(x), so (2) holds. Let z € Io(R) and let & = liminfz,, and 8 = limsup x,,. If
a = B, ie. if lim,_ 00 x, = a, then z — al € ¢p; so that L(z) = a. If o < 3, let

Y= 62a(a: — a—wl) so that liminfy, = —1 and limsup y,, = 1. Then there is a
2 € ¢psothat ||y — z||oo = 1. Thus L(y) = L(y — 2) € [—1, 1]. Rescaling, we get
that « < L(z) < . [

If we want a functional on complex .., we just complexify: L(x + iy) =
L(z) 4+ ¢L(y). You can check that || L|| = 1 and that it is translation invariant, kills
co, and yields the limit value when it exists.

2.6.18. EXAMPLE. Runge’s Theorem. Let K C C be a compact set such
that C \ K is connected. Then every function f(z) which is analytic on an open
neighbourhood U D K is a uniform limit of polynomials on K.

PROOF. Let P(K) be the closure of the polynomials in C'(K') and let R(K)
be the closure of the rational functions with poles in K¢. There is a union C of
finitely many closed curves in U \ K so that the winding number of C satisfies

1 if K
inde(2) = 0 %fz i - Therefore by Cauchy’s Theorem, for z € K,
if z

16 = g [ A w5 L0 ()

2mi Cw—z w

where the last term is a Riemann sum that uniformly approximates the integral for
a€ K¢} C R(K).

z € K. It follows that f| lies in the closure, span{_—1—
Suppose that |a| > M := sup{|z| : z € K'}. Then

I 11 I 2
a—z_al—z/a_az(a)'

n>0

i

This series converges uniformly on K, and thus — } x € P(K).

Now let ¢ € C(K)* such that kerp D P(K). Define h(a) = ¢(L) for
a € C\ K. Claim: h is analytic on C\ K. Suppose that by,-(a) C C\ K. Then for
lw| <7,

1 1

1
(a+w)—z a—z1-2

—1
Z (z — a)n+1wn'

n>0
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This converges uniformly for z € K because |w| < r < 2r < |z — a|. Hence we
can apply ¢ to get

h(a+w) = 7;)<p<(z__al)n+l)w”.

Since this is valid for |w| < r, h is analytic near a. Now h vanishes on {a : |a| >
M}, so h = 0 on the connected component containing this annulus, which is C\ K

by hypothesis. Hence ker ¢ D span{ aiz ’K ta € K¢}
We deduce that o(f) = 0. However if f ¢ P(K), there would be a functional
 annihilating P(K) but non-zero on f. Therefore f € P(K). In particular, this

applies to any rational function with poles off of K. So R(K) = P(K). [

2.7. Complemented Subspaces

2.7.1. DEFINITION. Let X be a Banach space. A closed subspace Y C X
is complemented if there is a closed subspace Z C X sothat Y N Z = {0} and
Y + Z = X. This is called an internal direct sum; and we write X =Y 4 Z.

Define T :Y &, Z — X by T(y, z) = y + z. By assumption, 7" is a bijection.
Indeed, if T'(y,z) = 0,theny = —z € Y NZ = {0}, so (y, z) = (0,0). Therefore
T is one to one. It is onto by the second condition. Also

1y + 2l < llyll + [I2[l = lI(y, 2) -

So ||T|| < 1. By Banach’s Isomorphism Theorem, 7" is an isomorphism; i.e. 7!
is continuous. Thus X ~ Y @ Z. In particular, Z ~ X/Y.

Define P: Y @®1Z — Y @®;0by P(y, z) = (y,0). This is idlempotent: P> = P
and ||P|| = 1. Then TPT~! is a continuous projection of X onto Y with kernel
Z. It is easy to see that this is the unique idempotent with this property.

Conversely suppose that Q € B(X) is a continuous idempotent with range Y';
andlet Z =kerQQ =Ran(/ — Q). Then X 52 = Qz+ ([ —Q)r € Y + Z; and if
zeYNnZthenx = (I -Q)r' = Qz = QI —Q)x’ =0. SoY is complemented.

2.7.2. EXAMPLE. X* is always complemented in X***, Let ; : X* — X***
be the canonical injection, and let R : X*** — X™ be the restriction map (Ry) =

¢|x. Note that Rt = Ix~. Then P = (R is a continuous projection of X*** onto
X* because P> = 1(R.)R = P.

Now we will show that a familiar subspace of a Banach space is not comple-
mented.
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2.7.3. LEMMA. There are uncountably many subsets {A, C N : r € R} such
that A, N Ag is a finite set if v # s.

PROOF. List Q = {g, : n > 1}. For each r € R, pick a sequence (gyri))i>1
of rational numbers with r as its limit. Let A, = {n(r,i) : ¢ > 1}. Sequences
converging to distinct points can only have finitely many terms in common. |

2.7.4. THEOREM. c is not complemented in l .

PROOF. Suppose that loo ~ ¢y & Z where Z =~ ly/cy. Observe that if
z = (2zn) + co € Z, then ||z|| = limsup |z,|. Let A, be the sets constructed in
Lemma 2.7.3, and let z, = X4, + ¢o € loo/co. Claim: if ry,..., r, are distinct,
| > aiwr,|| = max{|a;| : 1 <i < n}. Let B = Ay, \ Ujzi Ajjs 80 A, \ By is
finite and By, ..., B, are disjoint and infinite. Thus x,, = Xp, + co. Hence

n n
1> aiae || < || aixs, + oo = max{a;| : 1 < i < n}.

i=1 i=1

Now suppose that 7' : I /co — l is a continuous one to one map into lo..
Let y, = Tz, # 0; so there is an integer n, so that y,.(n,) # 0. Now

R= | {r:lu(n)l > 1/k}.
n,keN

Since this is a countable union, there is some n, k so that {r : |y,(n)| > 1/k}
is uncountable. Let r; for j > 1 be distinct reals in this set. Write y,,(n) =

€3y, (n)|. Then || Zjvzl e ®ig,,|| = max{|e™ |} =1, but

Hszzle—zej;Uri > )jz:le_ZGjy”(n)’ > ?

This tends to oo as N — oo, and thus 7" is not bounded. This contradiction shows
that ¢y is not complemented in /.. |

We can parlay this result into a more general fact.

2.7.5. THEOREM. c is not isomorphic to a complemented subspace of any
dual space X*.

PROOF. Suppose that X* ~ ¢y Z for some complementary Banach space Z.
Then X*** ~ [, @ Z**. Let J : cp — X* be a continuous injection onto a closed
subspace of X, and let () be a projection of X* onto Jc¢g. Let R : X*** — X* be
the restriction map to X . Define

ok —1
P=J QR 1, L5 xo By xo T 0 g
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Then if x € ¢,
Pr=1J 'QRJz =1J7'QJx = 1T " Jx = 1z

because Jcy C X* and R|x+ = Ix+ and Jx = QJx. Therefore P? = P, and this
is a continuous projection of [, onto cy, which is impossible by Theorem 2.7.4. B

2.7.6. COROLLARY. [If (K,d) is an infinite compact metric space, then C(K)
is not a dual space.

PROOF. Pick a convergent sequence of distinct points in K, say (x;);> with
lim; o0 ; = xo. Define r; = min{d(x;,x;) : j # i}. Then r; > 0. Define

gi(z) = L max{0,r; — d(x,2;)}. Then these are positive functions of norm 1

with disjoiilt supports: g;g; = 0if i # j. Define J : ¢g — C(K) by j((a;)) =
> ;> @ig;. Because a; — 0, this sum converges uniformly, and thus belongs to
C(K) and Ja(z;) = a; and Ja(z¢) = 0. Moreover ||Jal|oo = ||a]|co; i€, J is an
isometry. In particular it has closed range, say Y.

Define ' : C(K) — I(zo) = {f : f(x0) =0} by TF = f — f(zp). Then
define S : I(xg) — co by Sf = (f(x;))i>1. Note that ST Ja = SJa = a
for a € cy Let P = JST and note that P> = J(STJ)ST = JST = Pisa
continuous projection onto Y.

Since ¢y is isomorphic to a complemented subspace of C'(K), Theorem 2.7.5
shows that C'(K) is not a dual space. [

Exercises for Chapter 2

1. (a) Prove that no infinite dimensional Banach space has a countable basis as a
vector space (i.e. a collection {e,, : n > 1} so that every vector in X is a
finite linear combination of {e,, : n > 1}).
(b) Let X be an infinite dimensional Banach space. Recursively construct a
sequence of unit vectors x,, so that dist(z,, span{z; : i < n}) > 1—-27".
Hence deduce that the unit ball of X is not compact.

2. (a) Prove that [T = .

(b) Describe all infinite matrices 7' = [¢;;] ;)3,:1 which act as bounded operators
from /; to itself and find a formula for ||T||.

3. Recall that L2(ID) is the Hilbert space of analytic functions on the open unit
disc which are square integrable with respect to area measure. Let (,(z) = 2"
for n > 0. Find constants «,, so that {«,,(,, : n > 0} is an orthonormal basis
for L2 (D). Use this basis to find vectors k,, € L2(D) so that (h, k,) = h(w)
for each z € D and h € L2(D). Be sure to sum the series and express k,, as a
closed form function.



48

Banach Spaces

Let H be a Hilbert space which is a vector space of functions on a set X

endowed with an inner product with the property that the linear functionals

ex(f) = f(x) are continuous for each x € X.

(a) Show that for each = € X, there is an element k, € H so that (f, k,) =
f(zx) for x € H. Prove that the closed linear span of {k, : x € X} is H.

(b) A multiplier of H is a function h on X so that hf € H for every f € H.
Prove that the linear map M}y, f = hf is continuous.

A basis for a Banach space X is a sequence {e,, : n > 1} such that for each

z € X, there are unique scalars {c,} such that x = lim, oo y ;- ¢;€;. For

convenience, normalize so that ||e,|| = 1 forn > 1.

(a) Show that ¢, () = ¢, is a linear functional.

(b) Define S,z = )" | c;e;, and set ||z]| = sup,,~; || Snx||. Prove that ||-|| is a
norm.

(c) Show that (X, ||-||) is complete.

(d) Prove that the identity map 7 from (X, ||-[|) to (X|| - ||) is an isomorphism.
Hence deduce that sup, - ||S,|| = ||7~"|| and that each ¢,, is continuous.

1
Leto(f) = / f(t)dtfor f € Cr0, 1]. Let ® be any Hahn—Banach extension

of ¢ to the Ba(r)lach space Bg|0, 1] of all bounded real-valued functions on [0, 1]
with the sup norm.

(a) What are the possible values for ®(X[o 5))?

(b) What are the possible values for @(Xgno,1))?

Let X be a separable Banach space.

(a) Show that X is isometrically isomorphic to a subspace of /.
HINT: find a countable set of linear functionals {¢,,} of norm one so that
sup |on(z)| = ||z|| forall z € X.

(b) Show that X is isometrically isomorphic to a quotient of ;.
HINT: define a norm one linear map of /; onfo X so that the image of
the unit ball of /; is dense in the ball of X. Prove that the quotient norm
coincides with the norm on X.

(a) Let X be a Banach space. If Y is a weak-* closed subspace of X*, let
Y, ={x € X: f(x)=0 forall f<€Y}. ShowthatY = (Y )*.

(b) Hence show that Y is a dual space; and that the weak-* topology on Y as
this dual space coincides with the weak-* topology of X ™ restricted to Y.



CHAPTER 3

LCTYVSs and Weak Topologies

3.1. Locally convex topological vector spaces

3.1.1. DEFINITION. A seminorm on a vector space V is a functionp : V —
[0, 00) which is positive homogeneous and satisfies the triangle inequality, but non-
zero vectors of norm O are allowed.

3.1.2. DEFINITION. A locally convex topological vector space (LCTVS) is a
vector space X over F € {R, C} together with a family PP of seminorms on X such
that p(z) = 0 for all p € P implies that z = 0. Put a topology 7p on X generated
by the convex sets

Ul(zo,p,7) ={zx € X :plx —xp) <r} for zo€ X,pe Pandr > 0.

3.1.3. THEOREM. Let X be a LCTVS.
(1) A neighbourhood base at 0 is provided by the convex open sets

Upp={xeX:px)<r,peF} for FCPandr >D0.

The neighbourhood base at xo has the form xo + Up,..
2) X is Hausdorff.
3

(2)

(3) X x X 5 (z,y) = = +y € X is continuous.
(4) Fx X 35 (a,x) = azx € X is continuous.
(5)

5) A net (xzx)a in X converges to x if and only if p(x — z)) — 0 for all
p € P.

PROOF. Observe that 7p has a base obtained from finite intersections of sets
Uz, pi,ri) for 1 < i < n. Suppose that 0 € U = (", U(xs,ps,ri). Let
r = minj<;<nr; — pi(z; —0) and F = {p1,...,pp}. Then 0 € Up, C U because
if v € Up,, then p;(x; — x) < pi(x;) + pi(z) < pi(z;) +ri — p(z;) = r;; whence
x € U. So the sets Up, provide a neighbourhood base around 0. The topology is
translation invariant because U (zg, p, ) = zo + U (0, p, 7).

If z # y, then z — y # 0 so there is some p € P so that p(z —y) = r > 0.
Hence U (x, p,r/2) and U (y, p, r/2) are disjoint open sets separating x and y.

49
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Suppose that zg,yo € X and 2o + yo € U is open. Let A(z,y) = = + y be
the addition map. Choose ' C P and r > 0 so that xo + yo + Up, C U. Claim:
(xo + UFJ“/Z) X (y() + UF,r/2) C Ail(iﬁo + Yo+ UF,r)- Indeed, if z € g+ UF,T/Z
and y € yo + Up,. 2, then for p € F,

T T
p(ﬂfo+yo—fc+y)Sp(xo—w)+p(yo—y)<§+5=7“-

Hence A is continuous. The proof that scalar multiplication is continuous is similar.

Observe that limy )y = = means that for all finite ' C P and » > 0, there
isa A € Asothat xy € x + Up, forall A\ > X\g. Taking F' = {p} shows
that limp p(z — x)) = O for all p € P. Conversely, when this holds, given F' =
{p1,...,pn} and r, we can choose \; so that p;(z — x)) < r for A > \;. Select )¢
so that A\g > A;. Then for A > o, x € v + Up,. |

3.1.4. EXAMPLES.
(1) Any normed space (X, || - ||) is a LCTVS.

(2) Let X be a Banach space, andlet Y C X™ be a (not necessarily closed) subspace
which separates points of X. Define seminorms p¢(z) = |f(x)| for f € Y. These
seminorms determine the topology (X, 7y). Note that since Y is closed under
scalar multiplication, Ur, = U1 Ul So the open sets Up := Up, form a base of
neighbourhoods of 0. '

If Z is a topological space, amap T : Z — (X, 1y ) is continuous if and only
if f o T is continuous for all f € Y. This follows from Corollary 1.7.4.

Important special cases are (X, 7x~), the weak topology on X, and (X*, 7x),
the weak-* topology on X *.

(3) Two other important examples are topologies on B(X,Y") where X,Y are Ba-
nach spaces. The weak operator topology is (B(X,Y),woT) = (B(X,Y),7z)
where Z is the set of linear functions

Jro(T) =@(Tz) for z€ XandpeY™.

Then Ty = T'if p(Thz) — p(Tx) forallz € X and p € Y*.

The strong operator topology on B(X,Y) is (B(X,Y),s0T) given by the
seminorms p,(T) = |Tz| for z € X. Then T % T if Tha — Tz for all
x € X. This is the topology of pointwise convergence.

(4) Fréchet spaces. Let X be a LCTVS given by a countable family of seminorms
{pi : i > 1}. Then there is a translation invariant metric on X which yields the
same topology. Define

i pilr—y)
d = E 27— 77 A X.
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Since this depends only on x—y, it is translation invariant. The function f(t) =
is increasing. Therefore

T+t

riety) _ _p@+ply) __pl) Pl
L+p(+y) = 1+p(@)+p(y) ~ L+p)  1+p(y)

This is valid for each p;, and so d satisfies the triangle inequality. Since d(x,y) = 0
only if p;(x — y) = 0 for all ¢ > 1, this implies that z = y. Hence d is a metric.

Now z» — x if and only if p;(z — z) — 0 for i > 1 if and only if % —~0
fori > 1. If d(z,z)) — 0, then clearly % — 0 for i > 1. Conversely, if

% — 0fori > 1 and ¢ > 0, choose N so that 2=" < ¢/2. Then choose

)\oeAsothatﬁr"(:ﬁif“)<%f0rlgigNand)\z)\o.Then

plz—zy)

N
d(zy, ) < Z%z*i +Y 2 < §+2N <e
i=1 i>N

Therefore the topology on X is equivalent to the metric topology given by d.

We say X is a Fréchet space if it is complete in this metric. It is an easy
exercise to show that a sequence is Cauchy in this metric if and only if it is Cauchy
in each seminorm p; for ¢ > 1.

Let Q C C be an open subset of the complex plane. Let H () be the space of
analytic functions on Q. For each compact K C Q, define px (f) = sup,cx | f(2)].
Then P = {px : K C Q, compact} is a family of seminorms that makes H (Q) a
LCTVS. Observe that fy — f in H(Q) if and only if f) converges to f uniformly
on compact subsets of Q, often called u.c.c. convergence. It is straightforward to
show that the u.c.c. limit of analytic functions is analytic. It is not necessary to use
all compact sets. Define K,, = {z € Q : |z| < n, dist(z,Q°) > 1}. Then each
K, is compact, K,, C K,;1, and Un>1 int K, = Q. Thus for any compact set
K C Q, there is some n so that K C K,,. It follows that the seminorms Pk, for
n > 1 determine the topology. Since H(Q) is complete in the topology of u.c.c.
convergence, it is a Fréchet space.

3.1.5. PROPOSITION. Let X be an LCTVS, and let f : X — T be a linear
map. The following are equivalent

(1) f is continuous.

(2) f is continuous at 0.
(3) ker f is closed.
(4)

4) There is a finite subset F = {py,...,pn} C P andt; € R" so that
|f(x)] <> tipi(x) forall x € X.
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PROOF. Clearly (1) implies (2). If (2) holds and x) € ker f such that z\ — z,
then x — xy — 0. Thus f(z) — f(xx) — 0 by continuity at 0, Since f(z)) = 0,
we have f(z) = 0, so ker f is closed.

Suppose that (3) holds. We may assume that f % 0. Pick an zp € X so that
f(zo) = 1. Since ker f is closed, there is a neighbourhood = + Up, disjoint from
ker f. Since zo + Up, is convex, so is f(xo + Up,) = 1 + f(Up,). Therefore
—1 & f(Ur,). However Up, is balanced, meaning that if € Up, and || < 1
for A\ € F, then Az € Up,. This is because p;(Az) = |[Api(z) < pi(z) < r
for p; € F. Therefore f(Ur,) C D = {2 € F : |z| < 1}. It follows that if
Yo pi(z) < r, then pi(x) < rforl <i<mn,andso|f(x)| < 1. Scaling shows
that | f(z)| < 327, 1pi(z). So (4) holds.

Suppose that (4) holds: | f(z)| < >, tipi(z) forallz € X. Thenif z) — =,
then p;(x —z)) — Oand so | f(z) — f(zx)] < D1, tipi(x — zx) — 0. Therefore
f(zx) — f(x),and f is continuous. |

We will write X* for the vector space of continuous linear functionals on a
LCTVS X. We will not discuss the topology on X*.
We now prove a useful lemma.

3.1.6. LEMMA. Let f1,..., fn be linear functionals on a LCTVS X. Sup-
pose that f is a linear functional on X such that ker f O (., ker f;. Then

f S span{flv'-'vfn}‘

PROOF. We may assume that fi,..., f, are linearly independent because if
say fn = Zf:_ll a; f;, then ker f;, D ﬂ?z_ll ker f;. Thus there is no loss in dropping
fn from the list.

Define T : X — F" by Tx = (fi(x),..., fu(z)). By linear independence,
this map is surjective. Note that ker 7" = (., ker f;. So X/kerT ~ F". Since
ker f D (i, ker f;, there is a well defined functional fonX /kerT ~ F™ given
by f(z + kerT) = f(x). Now every linear functional on F” has the form (1) =
>, ay;. It follows that there are scalars a; so that f(z) = > 1" | a;f;(z). Hence

f €span{fi,..., fu}. [ |

3.1.7. COROLLARY. A linear functional f : (X, 1y) — F is continuous if and
onlyif feY.

PROOF. By definition, if f € Y, then it is continuous. On the other hand,
if f is continuous, then by Proposition 3.1.5, if f is continuous, then there are
fisooosfn € Ysothat |f(z) < >0 t;] fi(x)|. This forces ker f D (), ker f;.
Hence by Lemma 3.1.6, f lies in span{ fi,..., fo,} C Y. [

Under certain circumstances, convergent sequences must be bounded.
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3.1.8. LEMMA. Let X be a Banach space, and let Y be a closed subspace of
X* which norms X, i.e. sup{|f(z)| : f €Y, ||f|| < 1} = ||z||. Then if a sequence

Ty — 1, then {x,, : n > 1} is bounded.

PROOF. Consider £,, as linear functionals on Y by Z,,(f) = f(z,). The norm-

ing condition ensures that || £,|| = ||z, ||. Now x,, —= z means that 2,,(f) — 2(f)
for all f € Y. By the Banach-Steinhaus Theorem, {#, : n > 1} is bounded.
Therefore {z,, : n > 1} is bounded. [ |

3.1.9. REMARK. This lemma applies in particular to the weak topology Tx+ on
X and to the weak-* topology (X*, Tx).

If Y is not closed in X*, then the continuous functionals on (X, 7y) is not
complete. An example of this is the weak operator topology on B(X,Y") (Exam-
ple 3.1.4) when X,Y are infinite dimensional. So Lemma 3.1.8 does not apply
directly. However in this case, the conclusion is still valid. It is obtained using two
applications of the Banach-Steinhaus Theorem using the completeness of X and Y
separately.

3.1.10. EXAMPLE. Since [; = ¢, it has an associated weak-* topology Tc,.
Caveat: [; has many different preduals, and hence many different weak-* topolo-
gies. Claim: a bounded net (z )4 converges 7, to o if and only if each coordinate
Z; — To; fori > 1. One direction is clear since the element ; € co witha 1 in the
ith coordinate and Os elsewhere is in co; whence z) ; = €;(z)) — €;(20) = 2.
Conversely, suppose that sup, ||z |1 = M and that ) ; — x; fori > 1. Let
y = (yi) € cop and € > 0. Pick K so that sup,- j |y;| < €. Then pick Ao so that

for A > )\, Zfil |zx; — 04| |yi] < e, which is possible since the first K terms

|zx,; — xo,i| each converge to 0. Then for A > X, since ||z) — zo|| < M + ||z,
K
[(@a—z0,0)] <D lexi—zoal lyil + > |zai—zo. il
i=1 i>K

< e+ (M+|z|)e.

Since € > 0 is arbitrary, this shows that the net (z)A converges in 7., to xo.

Next we construct an unbounded net that converges to 0 in 7,,. Let A =
{F C ¢ : |F| < oo} ordered by inclusion. Use the Axiom of Choice to pick
zp € (,erkery with [[zp|i = [F|. Since each kery has codimension 1, this
intersection has finite codimension, and hence is non-zero. This is clearly an
unbounded net. However for any y € ¢p and F' C {y}, (xp,y) = 0. Hence

(TF)A —2 0.
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3.2. Geometric Hahn-Banach Theorem

A subspace M C X has finite codimension if there are finitely many vec-
tors xp,...,xy, such that X = span{M,z,...,z,}; and the codimension is the
minimal number n which works. If f ## 0 is a linear functional on X (not nec-
essarily continuous), then pick some zp with f(zp) = 1. Then we can write
z = (v — f(x)xo) + f(x)xg € ker f + Fag for every z € X. So ker f has
codimension 1. By Proposition 3.1.5, ker f is closed precisely when it is continu-
ous. So if f is discontinuous, ker f = X. It is easy to check that the intersection of
finitely many subspaces of finite codimension is still finite codimension.

3.2.1. DEFINITION. Aset Aisaffineifz,y € A,t € R, thentz+(1—t)y € A.
A hyperplane is an affine set of the form H = {z : Re f(x) = a} for f linear and
a €R.

In the real case, H is a translate of a codimension 1 subspace. In the complex
case, it is the translate of a real codimension I subspace, ker Re f. In either case,
H is closed if and only if f is continuous. A hyperplane splits the space X into two
halves H" = {x : Re f(z) > a} and H~ = {z : Re f(z) < a}.

3.2.2. LEMMA. Let X be a LCTVS, 0 € U an open convex set, and let py be
the Minkowski functional pyy = inf{r > 0 : = € rU}. Then py is continuous and
{z:py(z) <1} =U.

PROOF. Since 0 € U and U is convex, U C sU if 0 < r < s. Hence if
pu(x) < 1, then there is r < 1 so that x € rU C U. Conversely, if x € U, then
since (¢,x) — tx is continuous, there is some € > 0 so that (1 + )z € U. Hence
pu(x) < ﬁ < 1L

Suppose that V' C R is open and py(zg) = to C (to — rto+7) C V. If

x € o+ r(UN-=U), then py(x — zo) < r and py(zo — =) < r. By sublinearity,
p(z) < p(z — 20) + p(z0) < p20) + 7

and
p(wo) < plxo — ) + p(x) < p(z) +r.

Combining, we get |py (z) — py(zo)| < 7. Therefore 2o +r(UN—-U) C pal(V).

Hence py is continuous. n

3.2.3. HYPERPLANE THEOREM. Let X be a LCTVS and let U C X be an
open convex set such that O & U. Then there is a continuous functional f € X* so
thatRe f(x) > Oforallz € U, i.e. H = {x : Re f(x) = 0} is a closed hyperplane
through 0 which is disjoint from U.
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PROOF. Case: F =R. Fix z9 € U. Then V = z9 — U is an open convex
neighbourhood of 0. By Lemma 3.2.2, py is continuous. Since zo ¢ V, we have
that py (o) > 1. Define fo(txo) = ¢ for t € R. Then

t <tpy(xog) =pv(tey) ift>0
Jo(txo) = .
tSngv(tl‘o) if t <O.

So fo < py on Rzy. By the Hahn-Banach Theorem 2.6.3, there is a linear func-
tional f on X so that f(z) < py(z) forall z € X and f(zo) = 1. Note that

FH0) = {z 1 [f(2)] < 1} ={z: f(z) < 1} N{z: f(-2) <1}
D{z:py(x)<l1}n{z:py(—z)<1}=VnNn-V

Thus f~!(b;(0)) contains an open neighbourhood of 0. Therefore f is continuous.
Finally if z € U, then xy — z € V, so that f(zo — x) < py(xz¢o — z) < 1. Hence
f(@) > f(zo) —1=0.

Case: F = C. Treat X as a real vector space and find a continuous real func-
tional f using the real case. Set g(x) = f(x) + if(—ix). As in the proof of
the Hahn-Banach Theorem, g is a continuous, complex linear functional such that
Reg = f. Thusif z € U, we have Re g(z) = f(z) > 0. [

The following two special cases are immediate.

3.2.4. COROLLARY. If X is a Banach space, U C X is convex and open, and
0 &€ U, then there is some f € X* so thatRe f(x) > 0 forall x € U.

3.2.5. COROLLARY. If X is a Banach space, Y C X* separates points, U C
X is convex and Ty -open, and 0 & U, then there is some f € Y sothatRe f(x) >0
forallx € U.

3.2.6. SEPARATION THEOREM. Let X be a LCTVS and let A, B be disjoint
convex subsets of X. If A is open, then there is a continuous linear functional
f e X*and a € R so that

Re f(b) <a <Ref(a) forall ac A, be B.
PROOF. LetU = A—-B={a—-b:ac A bec B} =J,cpA—0b Thisis

open, convex and 0 ¢ U. By the Hyperplane Theorem, there is an f € X* so that
Re f(z) > Oforall z € U. Thus fora € Aand b € B,

0 <Re f(a—b) =Re f(a) — Re f(b).

Hence

supRe f(b) := a < inf Re f(a).
beB a€A
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Now f(A) is open. Indeed, suppose that a € Ug,(a) C A. If Up,-(0) C ker f,
then ker f O |U,,~; U(F,nr)(0) = X and so f = 0. This isn’t possible, and
thus f(Ur,-(0)) contains some z # 0. Since Ur.(0) is balanced and convex, so is
f(Ur,(0)); and so f(Ur,(0)) contains an open disc about 0. It follows that f(A)
is open, and thus the infimum inf,c 4 Re f(a) is not attained. Therefore o < f(a)
forall a € A. [

The following is immediate.

3.2.7. COROLLARY. Let X be a LCTVS and let A, B be disjoint open convex
subsets of X. Then there is a continuous linear functional f € X* and a € R so
that

Re f(b) < a <Ref(a) forall ac A, be B.

3.2.8. LEMMA. Let X be a LCTVS. Suppose that K is a compact subset of X,
V is open in X and K C V. Then there is a convex open neighbourhood U > 0
such that K +U C V.

PROOF. For each x € K, there is a basic neighbourhood = + U(Fy,r,) C
V. The sets {x + U(F, %) : © € K} cover K, so there is a finite subcover
i+ U(F;, %) forl <i<n.Let F=J;_, Fyandr = min{r; : 1 <i < n};and

setU =U(F, ). Ifx € K, thenx € x; + U(Fj, %) for some 7. Then

<
.

e+UCx+UF, %) +U(FL)
Cai+U(F;,53) +U(F, %) =2, +U(F;,r) CV.

RIS )

Hence K +U C V. [ |

3.2.9. COROLLARY. Let X be a LCTVS and let A, B be disjoint closed convex
subsets of X. If B is compact, then there isan f € X* and § < o € R so that

supRe f(b) := 8 < a:= inf Re f(a).
beB acA

PROOF. By Lemma 3.2.8, there is a convex open set U > 0 so that B+U C A°.
Then B + U is convex and open, and disjoint from A. Hence there is f € X™* and
a € R so that

Ref(b)<a:in£Ref(a) forall be B+U.
ac

Since B is compact and f is continuous, the value 3 = sup,. g Re f(b) is attained,
and thus 8 < a. [ |
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3.2.10. EXAMPLE. Consider (I;,7.,). Let {0; : ¢ > 1} be the standard basis
for [;. Define

A={z=(zn) €l :Zmn:O} and B ={0;}.
n>1

Clearly A and B are disjoint convex sets, and B is compact. However no functional
f € co=(l1,7)" separates A from B. Indeed, suppose that 0 # f = (a,) € co,
say an, # 0. Then 0, — 0, € A, and f (0, — 9p) = @y — ap, — am # 0. So the
subspace A is not contained in ker f, whence f(A) = C. Therefore f(d;) cannot
be disjoint from f(A).

What went wrong is that A is not closed in the 7, topology. Indeed, A = ker g
where g = (1,1,1,...) € loc = [}. By Proposition 3.1.5, A is not 7, closed.

On the other hand, A is norm closed. The functional g separates A and B since
sup,c4Reg(a) =0 < 1= g(d1).

Taking A = {z} and B = {y} yields:
3.2.11. COROLLARY. Let X be a LCTVS. Then X* separates points of X.

3.2.12. DEFINITION. Let X be a LCTVS and let A C X. The convex hull of
A, conv(A), consists of all points z = "' | t;x; forn > 1, z; € X, and t; > 0
such that " | ¢; = 1. Let conv(A) denote the closure of conv(A).

3.2.13. COROLLARY. Let X be a LCTVS and let A C X. Then the closed
convex hull of A is the intersection of all closed half-spaces containing A:

conv(A) :ﬂ{{m:Ref(a:) <a}:feX* sggRef(m) =a< oo}.

Hence if A is closed and convex, then x € A if and only if
Re f(x) < supRe f(x) forall fe X"
acA

PROOF. The intersection of closed convex sets is closed and convex, and con-
tains A by design. If x ¢ conv(A), then by Corollary 3.2.9, there is f € X™* so that
Re f(x) > o = sup,c 4 Re f(z). Thus the intersection is exactly conv(A). [

3.2.14. PROPOSITION.
(1) Every norm closed convex set in a Banach space X is weakly closed.

(2) Every norm closed ball in X* is weak-x closed.

PROOF. A closed half space
{z:Ref(z)<a}=f'{z€C:Rez<a})
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for f € X™ is weakly closed. Thus a closed convex set is weakly closed by Corol-
lary 3.2.13. The ball

br(zf) = {2 € X* i ||a" —ag]| <r} = ﬂ {z" € X" |2(z" — )| <r}

xebl (X)

is the intersection of weak-* closed sets. [ |

3.2.15. GOLDSTINE’S THEOREM. Let X be a Banach space. Then b;(X)
is weak-* dense in by (X**). In particular, X is weak-+ dense in X **.

PROOF. Let A = tb;(X) ™. This set is 7x~-closed and convex. It is contained
in by (X**) because the closed ball is also weak-* closed by Proposition 3.2.14. If

A is strictly smaller, let z** € b;(X**) \ A. By Corollary 3.2.9, there is some
f € X* sothat

sup Re f(a) = o < f(z™) < [|If]-

acA
However
a= sup Ref(a)=|fl.
.Z’Eb] (X)
This contradiction establishes the claim. [ |

3.3. Compactness in Weak Topologies

The unit ball of any infinite dimensional Banach space is not compact. A useful
substitute is that the unit ball of a dual space is weak-* compact. This sometimes
allows us to use compactness in the Banach space setting.

3.3.1. BANACH-ALAOGLU THEOREM. Let X be a Banach space. Then the
closed unit ball of X* is weak-x compact.

PROOF. Foreach z € X, letD, = {z € F : |z| < ||z||}. These are compact
sets, and so by Tychonoff’s Theorem 1.7.7, D = [ ], x D, is compact. Define

D (bi(X*),7x) =D by @(f)(z)= f(z)forz e X.

Claim 1: & is continuous. A basic open set in D is given by zy,...,x, € X
and U; C D, open,

U:{dE’DZd(aﬁZ‘)EUZ‘, ISZSH}
Then

O (U) ={f € bi(X*): f(z:) € Ui} = bi(X*) N[ ) £~ ().
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This is the intersection of finitely many weak-* open sets with b;(X*), so it is
weak-* open in the relative topology.

Claim 2: @ is one to one. This is because X separates points of X*.

Claim 3: ®(b;(X*)) is closed in D. Suppose that f) € b;(X*) is a net such
that ®(f\) = d converges in Dtod € D. Thend : X — F by evaluation at
each coordinate, and d(z) € Dy, so |d(z)| < ||z||. Check to see that d is linear: if

x,y € X and o, 5 € F, then
d(ax + By) = lim fy(azx + By) = limafy(z) + Bfa(y) = ad(z) + Fd(y).

Hence d € X* and ||d|| < 1. Therefore ®(b; (X*)) is a closed subset of a compact
set, and thus it is compact.

Claim 4: ®~! is continuous on ®(b;(X*)), so that ® is a homeomorphism
onto its image. A basic weak-* open set in X * has the form

V={feX": f(z;) eU;,1 <i<n} for U;openinF.
Observe that
DV N (X*)={deD:d(x;) € U, 1 <i<n}ndb(X*)).

This is relatively open in ®(b; (X *)). Therefore b; (X*) is the continuous image of
a compact set, and hence it is compact. |

3.3.2. COROLLARY. If X is a reflexive Banach space, then every norm-closed
bounded convex set is weakly compact.

PROOF. A closed convex set X is weakly closed by Proposition 3.2.14(1).
Since it is bounded, it is contained in a large closed ball, which is weak-* com-
pact by the Banach-Alaoglu Theore. Since X is reflexive, the weak and weak-x
topologies are the same. So C'is a weakly closed subset of a weakly compact set,
and thus is weakly compact. |

3.3.3. COROLLARY. (b;(X),7x~) is compact if and only if X is reflexive.
PROOF. We just proved the only if direction, so suppose that b; (X ) is weakly
compact. By Goldstine’s Theorem, ¢(b;(X), 7x~+) is dense in (by(X**), Tx+).
Since b;(X) is weakly compact and ¢ is continuous, the image is compact and
therefore closed. Hence by (X**) = b (X), and X** = X. [

3.4. Extreme points

3.4.1. DEFINITION. Let K be a convex set in a vector space V. Then FF C K
isafaceof Kifx,y € K,0<t< landtx+ (1 —t)y € F implies that x,y € F'.
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A point x € K is an extreme point of K if {z} is a face. Let ext(X') denote the set
of all extreme points of K.

3.4.2. EXAMPLES.

(1) Let K = {(v,y) € R? : y > 0, 2> + y*> < 1} be a semicircle. Then F =
[—1,1] x {0} is a face. The extreme points are {(z,y) € R?>: y > 0, 2> +y> = 1}.
Note that int K is convex and has no extreme points. Also R is convex and has no
extreme points. So we look for extreme points in closed bounded (often compact)
convex sets.

(2) Let C = {(z,y,0) € R® : 22 +¢y?> = 1}. Let K = conv(C U {(0,1,%£1)}).
Then K is compact. F' = {(0,1,2) : |z| < 1} is a face. The extreme points are
{(0,1,£1)} uC\ {(0,1,0)}. Thus ext K is not closed.

(3) A Banach space (X, || - ||) is strictly convex if ||z|| = ||y|| = || %5¥|| implies that
x = y. Examples include Hilbert spaces and LP(u) for 1 < p < oo. If 1 = || f||, =
lgllpand2 = || f+gll, < I fllp+1lgll, = 2, then equality in the triangle inequality
shows that f = g. When X is strictly convex, extb;(X) ={z € X : ||z| = 1}.

(4) Consider K = b;(L'(0,1)). Let f € L'(0,1) with ||f||; = 1. Then there is
some ty € (0,1) so that f(fo |f|dz = % Let fi = 2fXo4) and f2 = 2f X}, 1)-
Then || fi|i = || f2]li = L and f = (f1 + f2). Therefore K has no extreme points.

(4) Let K C R™ be a compact convex set. Then ext K # @ because f(z) = ||z||3
is continuous and takes its maximum on K at some point xo. This is extreme in the
unit ball of radius ||z||, and so is also extreme in K.

It is a theorem of Carathéodory that if £ C R", every point in conv(E) is a
convex combination of at most n + 1 points of . This can be used to prove a the-
orem of Minkowski: in finite dimensions, a compact convex set K = conv(ext K)
without closure.

3.4.3. KREIN-MILMAN THEOREM. Let X be a LCTVS, and let K C X be
a compact convex set. Then conv(ext K) = K.

PROOF. Let F be the set of closed faces of K ordered by containment; i.e.
F < Gif F D G. This is a poset. Let’s show that it is inductive. Suppose
that C = {F, : a € A} is a chain of faces. Then C has the finite intersection
property because the intersection of finitely many faces in C equals the smallest
one. By compactness of K, F' = (1,4 Fu is non-empty. Suppose that =,y € K,
O<t<landtz+(1—t)y € F. Thentx+ (1—t)y € F, fora € A. As each F,
is aface, z,y € F,; and thus z,y € F. Thus F'is a face, and is an upper bound for
C. By Zorn’s Lemma, F contains a maximal element, i.e. a minimal face, say Fy.
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We claim that Fy is a single point. It not, then since X* separates points of
X, there is a continuous linear functional f on X which is not constant on Fj. By
scaling, we may suppose that Re f is not constant on Fp. Let & = sup i, Re f(7)
and G = {z € Fy : Re f(z) = a}. Then G is a proper face of Fp, contradicting
minimality. Hence Fy = {z¢} is an extreme point. Therefore ext K # &.

Let L = conv(ext K). This is a closed convex subset of K, and thus is compact.
If L # K, pick z € K \ L. By the Separation Theorem, there is an f € X* so that

supRe f(z) = o < Re f(x) < sup Re f(z) = 5.

zcL rzeK
By compactness, the supremum is attained, so F' = {z € K : Re f(z) = (} is
non-empty. It is easy to see that F' is a compact face of K. Hence F' has an extreme
point zg. A face of a face is a face, x¢ € ext K, contradicting the definition of L.
Therefore K = conv(ext K ). [

3.4.4. COROLLARY (Krein-Milman). Let X be a Banach space. The closed
unit ball of X™ is the weak-x closed convex hull of its extreme points.

PROOF. By the Banach-Alaoglu Theorem, b; (X *) is weak-* compact and con-
vex. Thus the Krein-Milman Theorem applies in (X*, 7x). |

3.4.5. COROLLARY. cjand L'(0,1) are not dual spaces.

PROOF. The unit balls have no extreme points. |

3.4.6. EXAMPLE. C[0,1]* = M]0, 1] is the space of complex regular Borel
measures on [0, 1]. The point masses ¢, for z € [0,1] are extreme in K =
b (M]0,1]), as are €3,. If y is a complex measure with ||u|| = 1 which is
not supported on a single point, then there is a Borel set A C [0, 1] so that 0 <
lul(A) < 1. Set uy(B) = mu(B N A) and up(B) = mM(B N A°). Then
p=|p|(A)ps + (1 — |u|(A))p2; so it is not extreme. Thus ext K = {e?5, : 0 ¢
R,z € [0, 1]}. Now conv(ext K) is the set of atomic measures of norm at most 1,
not the whole ball. This is the intersection of K with the norm-closed subspace of
atomic measures. The weak-* closure is needed to obtain the other points in K.

Same works for M (X) = Cyo(X)* where X is any locally compact Hausdorff
space.

3.4.7. LEMMA. If Ky,..., K, are compact convex sets in a LCTVS X, then
conv(K; U---UK,) is compact.

PROOF. It is enough to establish the n = 2 case, since the general case then
follows from repeated application.
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Consider a point x in conv(K; U K») given by z; € K;1 U K>, 0 < t; < 1
for 1 <j<m, 37" t;=1landz =" t;z;. Let Ay = {j : 2; € K} and

Ay ={1,....m}\ Ay Lets; = Y ;cq tjand s = 1 — sy = 3 ;4 t;. Then

Yi = D jea, Z—JZQ;] is a convex combination of {z; : j € A;}, and hence it belongs
to K;. Finally x = s1y; + sa2y».

It follows from this analysis that the map ® : K} x K x [0,1] — X given by
®(z1,x2,5) = sz + (1 — s)zy maps onto conv(K; U Ky). It is clear that ® is a
continuous map from a compact set into X . Therefore the image is compact. W

There is a partial converse to the Krein-Milman Theorem.

3.4.8. THEOREM (Milman). Let X be a LCTVS, and let K C X be a compact
convex set. Suppose that E C K is closed and conv(E) = K. Thenext K C E.

PROOF. Suppose that xy € ext K \ E. Since F is closed, there is a neighbour-
hood x¢ + U (F, r) which is disjoint from E. Now {x + U(F,r/2) : x € E} is an
open cover of E, which is compact, so there is a finite subcover x; + U (F, r/2) for
1 <i<n.Let K; =conv(E Nx; + U(F,r/2)). This is contained in the convex
set z; + U(F,r/2), and thus zg ¢ K;. Then

conv(E) C conv(K; U---UK,) Cconv(E) = K.

By Lemma 3.4.7, the middle term is compact, so that conv(KU---UK,) = K. In
particular, xg is a convex combination of points in K U- - - U K,, which contradicts
the fact that z is extreme and not in this union. Therefore ext K C E. |

As an application of the new ideas in this course, we provide a proof of the
Stone-Weierstrass Theorem due to de Bruijn.

3.4.9. STONE-WEIERSTRASS THEOREM. Let X be a compact Hausdorff
space. Suppose that A is a closed subalgebra of Cr(X) which separates points
and doesn’t vanish at any point in X. Then A = Cr(X).

PROOF. Suppose that A # Cr(X). Then by the Hahn-Banach Theorem, A+
is a non-zero weak-* closed subspace of Cg(X)*. Let K = b; (Cr(X)*)NAt. By
the Banach-Alaoglu Theorem and the weak- closure of A*, K is weak-* compact
and convex. By the Krein-Milman Theorem, K has an extreme point, say . By
the Riesz Representation Theorem, there is a finite regular signed Borel measure p
on X with ||u|| = 1 sothat(f) = [ fdu.

Claim: the support of y is a single point. If not, let x, y be distinct points in
supp(u). Since A separates points, there is some f € A so that f(x) # f(y).
Scaling and adding a constant produces a function g € A + R1 so that 0 < g < 1
and g(x) # g(y). Then gu is not a scalar multiple of p. Note that gu € A+
since for h € A, [hgdp = 0 because hg € A. Let uy = gu/||glly and o =
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(1= g)u/ 11 — glly where lglly = f gy and lglls + [[1 — gl = 1. Then juy and
p lie in A+ and have norm 1, so belong to K. Then p = ||g||111 + ||1 — g1 is
not extreme. This contradiction shows that y is supported on a single point, say xg.
That is, 1 = €96,,.

Since A does not vanish at z, there is some f € A sothat(f) = [ fdu =
e f(xg) # 0. This contradicts the fact that ¢» € A, Therefore the original
assumption was incorrect, and A = Cr(X). [

3.5. The Krein-Smulian Theorem

In this section, we establish a useful result for checking weak-x closure of
unbounded convex sets, including subspaces.

3.5.1. DEFINITION. For A C X, define the polar of A to be
A°={fe X" :Ref(x) < lforz e A}.

Note that A° is always a weak-x closed convex set. In particular, observe that
b (X)" = by (X7).

3.5.2. KREIN-SMULIAN THEOREM. Let X be a Banach space, and let
K C X* be a convex set. Then K is weak- closed if and only of K N b,.(X*) is
weak-x closed for all r > 0.

PROOF. The only if direction is trivial.

Suppose that K N b, (X*) is weak-* compact for all » > 0. Then K is norm
closed because norm convergent sequences are bounded, and so lie in the closed
set K N b.(X*) for some large r. Let f € K¢ and choose an ¢ > 0 so that
m N K = @&. After translating and scaling, we may suppose that f = 0 and
e=1,50b(0) N K = @. We need to show that 0 & K.

We will choose finite sets {A,, : n» > 2} in X so that

A, Cba (X) and b (X*)NKN(AU---UA,) =2.

n—I1

We can begin with 4] = @ and note that b;(X*) N K = &. Suppose that
Ay, ..., A, have been chosen with these properties. Let D = by, (X*)NKN(A;U
-+-UA,,)°. This is weak-* compact and convex, and by assumption, D Nb,,(X*) =
@. Now by (X*) = by /,(X)", s0

@=Dnb(X*)=Dn [ {z}°

zeX
zlI<1/n
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By compactness of D and the FIP, there is a finite subset Ay, 41 C by, (X) so that
DN A} = @. This completes the induction.

List U,,~, An = {z1,22,... } as a countable set with lim;_,, x; = 0. Define a
linearmap T': X* — ¢co by (T'f) = (f(:)),s,- Wehave | T|| = sup;>, ||z < 1.

If f € K, then ||f|| < n for n large enough, and thus f ¢ (A; U---U A,)°.
Hence there is some z; € Ay U--- U A, so that Re f(z;) > 1; so that | Tf|| > 1.
Therefore T'K is convex and 'K Nb;(cy) = . Since by (co) is open, the Separation
Theorem yields ¢ = (aj, ay,...) € ¢ = so that

sup Re p(z) = < inf Re (T f) = inf Re a; f(x;) = inf Re f(x
0P Ree(z) = Il < jof Re(T) = jof Re> aif(m) = jof Re f(z0)

where zgp = Ziz , a;x;, which converges since the {x;,i > 1} is bounded and
> lail = |l¢lh < oo. Therefore xg € X and Re f(zo) > ||¢||; > O forall f € K.
It follows that 0 ¢ K"". Hence K is weak-x closed. |

When K is a subspace, K N b, (X*) = r(K Nb;(X*)). So the following is
immediate.

3.5.3. COROLLARY. IfY is a subspace of a dual space X*, then'Y is weak-x*
closed if and only if Y N by (X*) is weak-* closed.

3.5.4. COROLLARY. For ¢ € X**, the following are equivalent:

(1) ¢ € 1X.
(2) @ is continuous on (X*,7x); i.e. @ is weak-x continuous.

(3) @ is weak-* continuous on by (X*).

PROOF. The equivalence of (1) and (2) is Lemma 3.1.7. Clearly (2) implies
(3). To show that (3) implies (2), Proposition 3.1.5 shows that it suffices to show

that ker ¢ is weak-* closed. Now (3) implies that ker ¢ N by (X *) is weak-x closed.
So the previous Corollary completes the proof. |

3.5.5. DEFINITION. A subset K C X of a LCTVS X is sequentially closed
if whenever a sequence z, in K has a limit z, then z € K. So a subset K is
weak-* sequentially closed in a Banach dual space X * if it is sequentially closed in
(X*,7x).

3.5.6. LEMMA. Let X be a Banach space. Suppose thatY C X* is a separable
subspace which separates points of X. Then (by(X), 7y) is metrizable.
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PROOF. Let {g, : n > 1} be a dense subset of b;(Y"). Define a metric on
bi(X) by

dz,y) =Y 27"ga(w —y)| for z,y€bi(X).
n>1
This is definite since Y separates points, and the triangle inequality follows since
each term satisfies the triangle inequality. Let 3, (x) denote the d-ball about x of
radius 7.

Suppose that € by (X), U is relatively open in (b; (X ), 7v) and € U. Find
afinite F' = {f1,...,fm} Cbi(Y)andr > Osothat x + U(F,r)Nb;(X) C U.
For each 1, select n; so that || f; — g, || < 7 and let N = max{n; : 1 < i < m}.
Suppose that y € by (X) and d(z,y) < e = 27"V, Then

[fi(y) = fil@)| < [(fi = gn) W) + | fni (v — )| + [(fi = gn) ()]

< £+2”id(y,:c)+£ < g—I—ZNZ_l_Nr:r.

Therefore 5.(x) C z + U(F,r) C U.

Conversely, suppose that V' is d-open and z € V. Find an € > 0 such that
B-(x) € V. Find N so that 2!~V < 5.and let ' = {g1,...,gn}. Suppose that
y € x+ U(F,e/2). Then

d(y,z) =) 27" fuly — o)

n>1

N
-n€ —n € 1-N
<Y 2 S+ > 2l <5 +2 V<o
n=1 n>N
Thus x + U(F,e/2) C B:(x),
This shows that (b1 (X)), 7y') and (b; (X ), d) have the same open sets, and hence
they determine the same topology. |

3.5.7. COROLLARY. Let X be a separable Banach space. Suppose that a
convex K C X* is weak-x sequentially closed. Then K is weak-x closed.

PROOF. By the Krein-Smulian Theorem, K is weak-* closed if and only if
K N b,(X*) is weak-* closed for n > 1. But (b;(X*),7x) is metrizable by
Lemma 3.5.6. In a metric space, a set is closed if and only if it is sequentially
closed. |

3.5.1. Preduals. A predual of a Banach space X is a Banach space Y such
that Y* is isometrically isomorphic to X. We have seen that some Banach spaces
are not dual spaces. When a Banach space is a dual space, it may have a unique
predual, or it may have many non-isomorphic preduals. Since every predual of X
has a canonical imbedding into X*, we can try to identify subspaces of X* which
are preduals of X.
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3.5.8. EXAMPLE. Consider /;. We know that ¢, = [y, but it has a plethora of
preduals. We only mention a special class. Consider C'(K) where K is a countable
locally compact metric space. Then the Riesz Representation Theorem states that
C(K)* = M(K), the space of complex regular Borel measures on K. Since K is
countable, every measure has the form p = > a6, with ||p]| = >, |az|.
It is clear that M (K) is isometrically isomorphic to /;. These spaces yield a variety
of different Banach spaces. In particular the space

c:{al,az,...):nlgngoan:aoexists}:C(K) for K=1{0,1:n>1}.

is not isomorphic to cy.

3.5.9. PROPOSITION. Let X is a Banach space, then a closed subspace Y of
X* satisfies Y* = X if and only if
(1) Y norms X, and

(2) b1(X) is Ty -compact.

PROOF. If X = Y™, then (1) is immediate and (2) follows from the Banach-
Alaoglu Theorem.

Assume that (1) and (2) hold. Let J : X — Y™* by Jz(y) = y(x). By (1), J
is isometric: |[Jz| = supy, <1, yey [y(z)| = [|z[|. Since Y C X*, (JY) = {0}.
Also J is continuous from (X, 7y) to (Y*, 7). Indeed, if E is a finite subset of Y/,
thenU(E,r) ={f € Y* :|f(y)| <r, y € E}isabasis open neighbourhood of 0.
Then J~'U(E,r) = {z € X : |y(x)| <, y € E}is 7y-openin X. By (2), b; (X)
is 7y-compact. Therefore Jb;(X) is Ty-compact in Y*; and hence it is weak-x
closed. The isometric property ensures that Jb;(X) = b1 (JX) = JX Nb (Y*).
By the Krein-Smulian Theorem, J X is weak-* closed in Y*. Finally, by the Hahn-
Banach Theorem, JX = ((JX) )+ ={0}*=Y*. So X is isometric to Y*. |

3.5.10. EXAMPLE. We will show that [, has a unique predual, namely /;. Let
€n, be the sequence in [, with a 1 in the nth coordinate and zeros elsewhere; and
let d,, be the corresponding sequence in . If [, = Y*, then b (l) is Ty -compact.
Therefore by (g,,) N by (—e,) = bi(kerdy,) is 7y-compact. By the Krein-Smulian
Theorem, ker 6, is 7y - closed. By Proposition 3.1.5 and Lemma 3.1.7., §,, € Y.
Therefore [} = span{d,, : n > 1} CY.IfY # ), thereissome 0 # ¢ € .o = Y*
such that ¢|;, = 0. This is impossible, and therefore Y = [;.
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Exercises for Chapter 3

1.

Show that if (x))aeca is a net in a Banach space X which converges weakly
to x, then there is a sequence of points in the convex hull of the net which
converges to  in norm.

HINT: show that the convex hull of the net intersects b; /,, ().

(a) Let X be a Banach space, and let Y be a closed subspace of X* which
norms X. Show that a sequence in X which converges in the 7y topology
must be bounded.

(b) Let H be a Hilbert space. Show that if a sequence T,, € B(H) converges
to 7" in the weak operator topology, then {7, } is bounded. Note: the set of
functionals determining this topology is not closed, so the proof from part
(a) doesn’t apply.

(a) Suppose that ¢ is a continuous functional on (B(H), SOT). Show that there
are vectors z;,y; € H for 1 <i < mnsothat o(T) =Y " | (Tz;, ;).
HINT: use that ¢! (ID) is SOT-open to show that there are vectors x; for
1 < i < n so that ¢ factors through the map ® : B(H) — H™ given by
O(T) =Tz, Txa,...,Txy).

(b) Conclude that (B(H),soT) and (B(H), wWoT) have the same continuous
linear functionals. Deduce that these two topologies have the same closed
convex sets.

(c) Consider the operator M, on L?(T) given by M, f = zf, (where z is the
function z(e") = €'?). Show that M" converges to 0 in the WOT topology,
but not in the SOT topology. So these two locally convex topologies are
different.

Let X be a separable Banach space. Prove that (b;(X*),7x) is metrizable.
HINT: pick a countable dense subset {x,, : n > 1} of b (X). Define d(p, ¥) =

2onz1 27" = ) ().

Let H be a Hilbert space. Prove that the closed unit ball of B(H ) is compact in
the weak operator topology. HINT: modify the proof of the Banach-Alaoglu
Theorem.

Find all extreme points of the closed unit ball of (complex) {,, for 1 < p < oo.

Compute the norm-closed convex hull of ext(b (;)).
HINT: equality in Minkowski’s inequality.

Describe all extreme points of the closed unit ball of C(K) where K is the
Cantor set. What is the norm-closed convex hull of ext(b; (C'(K))?

If Cy,...,C, are compact convex subsets of a LCTVS X, prove that
conv(C, U ---UC,) is compact.
HINT: write the convex hull as the continuous image of some compact set.
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9. (a) Show that the space s of all complex sequences with the seminorms p,, (z) =
|y, | for n > 1 is a Frechet space.
(b) Let s be the subspace of s which are zero except finitely often. Put the 75
topology on sg. Show that s* = sy and s;; = s.

10. The following deals with convex sets in finite dimensional spaces.

(a) Show that if S C R™, then every element of conv(S) is a convex combina-
tion of n + 1 elements of S. HINT: if s1,...,s, € Swithm > n+ 2, use
the linear dependence of s; — s, for 1 <7 < m — 1.

(b) Hence show that the (non-closed) convex hull of a compact set is compact.

(c) Show thatif sy, ..., s, are points in R™ with m > n 4 2, then you can split
{1,...,m} into two disjoint sets I and .J so that conv(I) N conv(.J) # &.

(d) (Helly’s Theorem) Let Cj, be compact convex subsets of R™ for & > 1.
Suppose that any n + 1 of these sets have non-empty intersection. Show
that N> C}, is non-empty.

HINT: Use part (c) and induction to show that any m sets intersect.

11. (a) Show that a sequence X,, = (2y,;)i>1 in [y, 1 < p < oo, converges weakly
to 0 if and only if (1) sup {||xn|lp : » > 1} < oo and (2) lim zp; = 0 for
n—oo
all 7 > 1.
(b) Show that a sequence x,, = (xy_;)i>1 in 1 converges weakly if and only if
it converges in norm.
(c) Find a bounded net in [} which converges weakly to 0 but does not converge
in norm.

12. (a) A Banach space is uniformly convex if for every € > 0, there isa § > 0 so
thatif ||z|| < 1, |ly|]| < 1 and ||z —y]|| > &, then ||(x +y)/2|| < 1—0. Show
that Hilbert space is uniformly convex, but ¢y is not uniformly convex.

(b) Show that every uniformly convex Banach space is reflexive.
HINT: Given z € X** with [[z]| = 1. Lete > 0, get 6 > 0 from
the uniformly convexity. Pick f € b;(X™) so that |f(z) — 1| < . Let
C={zxeb(X):]|f(x)— 1] < d}. Show that z is in the weak* closure of
C'in X**. Prove that ||z — y|| < e forall z,y € C. Hence deduce that there
isanz € C'sothat ||z — z|| <e.




CHAPTER 4

Linear Operators

4.1. Adjoint Operators

4.1.1. DEFINITION. Let X,Y be Banach spaces. If T' € B(X,Y), define the
adjoint operator T* € B(Y™*, X*) by

(T*g)(x) =g(Tz) forgeY*andz € X.

We sometimes write the pairing between a Banach space and its adjoint as a
bilinear form: (x, f) = f(z) forx € X and f € X*. Unlike an inner product, this
form is linear in each variable separately:

(ayz1+apmy, f) = ai{xy, f)+ax(za, f) forxy,zp € X, aj,ap € Fand f € X~
and
(01 fi+b2, f) = bi(z, f1) +b(z, o) forz € X, by,br €Fand fi, f» € X"
Using this notation, we get

(x, T*g) = (Tx,g) forge Y andzx € X.

4.1.2. THEOREM. Let X,Y,Z be Banach spaces, and let T € B(X,Y) and
SeB(Y,2).

DT[] = {177

The map T — T* is linear.

)

)

) (ST)* =T*S*

5) T* is weak-x—weak-* continuous; i.e. T* is continuous from (Y, 1y) to
(X, 7x).

(6) T*|x =T.
69
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PROOF. (1) The Hahn-Banach Theorem is used for the second last equality:
17"} = sup [|T"g[| = sup sup [(z,T"g)]
lgll<1 llgll<tlz]|<1
geyYy'™® geY™* zeX
= sup sup [(T'z,g)| = sup [Tzl = |T].
=<1 lgll<1 [z <1
rzeX geY™ zeX

(2)For T, T, € B(X,Y),aj,a € Fand g € Y™,
(x, (a1 Ty + axTh)*g) = (a1 Ty + ax )z, g) = a1 (Thx, g) + ax(Thzz, g9)
= ai(z, TV g) + az(x2, T3 9) = (z, a/TY + ax T3 g).
Therefore (a111 + ax12)* = a1} + a T5.
Q) Ixf(z) = f(Ixx) = f(x) = Ix~f(z) forx € X and f € X*. Thus
Iy = Ix+.
@) Forh e Z*,S*h e Y*and T*S*h € X*. And forx € X,
(x, T*S*h) = (Tx,S*h) = (STx,h) = (x, (ST)*h).
Therefore (ST')* = T*S*.

(5) Let (ga)a be anet in Y* converging weak-x to g. Then for z € X,
(x, T*gy) = (Tx,g9)) = (Tx,g9) = (x, T"g).

Therefore T* gy — T*g. So T* is weak-+—weak-# continuous.

(6) Forxr € X andg € Y™,
(T**z,g) = (x,T"g) = (Tx,g).
Therefore T**|x = T. [

4.1.3. EXAMPLE. LetT : C™ — C". Fix a basis ey,..., e, for C"™ and
fi,-+., fnfor C". Then T has an n xm matrix T = [tij] sothat Te; = > 1" | ti; fi.
Now C™* has a dual basis 91, . . ., 6, given by d;(e;) = d;5. Similarly C™* has dual
basis €1, ..., e,. Then we calculate:

n
(T*sj)(ei) = €j(T6i) =E&j Z tkifk = tji-
k=1
Thus T*e; = > " | t;:0;. Hence the matrix for T* with respect to the dual bases is
the m X n matrix [tﬂ] = [tij] t, which is the transpose of the matrix for 7.

4.1.4. PROPOSITION. Let X,Y be Banach spaces and let T : X — Y be a
linear map. Then T is bounded (norm continuous) if and only if it is weak—weak
continuous (i.e. from (X, 7x~) to (Y, Ty~)).
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PROOF. Suppose that 7" is norm continuous. Let xg € X. If G C Y* is a finite
set and r > 0, then Txp + U(G, 1) is a basic 7y+-open neighbourhood of T'x.
Now

TN Tzg + UG, 7)) =20+ T '{yeY :|gy)| <7, geG})
=z +{r e X :[g(Tz)| = (T"g(z)| <7, g € G}
=x0+ U(T*G,r)
is 7x+ open. Hence 7' is weak—weak continuous.

Conversely, suppose that T" is weak—weak continuous. This is equivalent to
saying that g o T' is weakly continuous on X forall g € Y*;ie. goT € X*.
Therefore sup| < [[9(Tz)|| = [g o T| < oo forall g € Y*. By the Banach-
Steinhaus Theorem, ||T°|| = SUP||z(<1 |Tz|| < co. So T is bounded. |

4.1.5. PROPOSITION. Let X,Y be Banach spaces and let T : Y* — X* be a
linear map. ThenT' = S* for some S € B(X,Y) if and only if it is weak-*—weak-
continuous (i.e. from (Y* 1y) to (X*,7x)).

PROOF. The direct direction is Theorem 4.1.2(5).
Suppose that 7" is weak-+x—weak-* continuous. Hence £ o 1" is weak-* contin-
uous on Y* for every x € X, so that £ oT" € Y. Therefore

sup |(Tg)(z)|=||2oT|| < oo forall ze X.
lgll<1

By the Banach-Steinhaus Theorem, ||T'|| = sup;<; [|T'g|| < co. So T"is bounded.
Therefore 7% : X** — Y**. We will show that 7*X C Y. Let x € X and
geY*and T*2 =y € Y**. Then
ylg) = (T"2)(9) = &(Tg) = Tyg(x).
If we show that y is a Ty -continuous functional on Y*, then it belongs to Y. Let

(gx)a be a net such which converges weak-* to g. Then since T is weak-*—weak-x
continuous, (7'gy)a converges weak-* to T'g. Thus

y(gxr) = Tga(x) = Tg(x) = y(9)-
This shows that y is a 7y continuous linear functional on Y* and hence y € Y; i.e.
"X CY.
Let S =T*|x € B(X,Y). Then forz € X and g € Y,
(5%9)(x) = g(Sz) = g(T"x) = (T"2)(g9) = £(Tg) = (Tg)(x)-
This is true for all z € X and g € Y*, and therefore S* = T. |

4.1.6. EXAMPLES.
(1) One might suspect that RanT™* is always weak-* closed, but this is not true.
Let T' € B(ly) given by T(z,) = (La,,). Then it is easy to see that T* € B(ls)
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also is given by T*(y,) = (Ly,). Then RanT* C co, and it is easy to check that
RanT* = ¢p. This is weak-* dense in /; and in particular is not weak-x closed.

(2) Let X be a Banach space. Let tx : X — X* and tx~ : X* — X** be
the canonical injections. Then /% : X™* — X* is the restriction map to X,
ie., 15xP(x) = P(1xx) = P|x(x). Hence it it follows that (5 tx+ = Ix+. Let
P = 1x+t% € B(X**). Then

P? = i (Uux )ty = tx«Ix=ts = P.
Moreover Ran P is contained in Ran ¢ x= and if ® = ¢t x+« f, then
PO = 1x+«(txix)f =u1xf = .

Thus P is the canonical projection of X*** onto X *. Also || P|| < |Jex+|| ||k = 1.
so that | P|| = 1.

4.1.7. LEMMA. LetT € B(X,Y). Then
kerT* = (RanT)> and kerT = (RanT™), .

PROOF. Let g € Y*. Then

g LRanT <= 0= (Tz,g) = (x,T"g) forall x € X < T*g=0.
Similarly, for x € X,

x L RanT* <= 0= (x,T%¢g) = (Tx,g) forall g€ Y* < Tx =0.

The last equivalence is a consequence of the Hahn-Banach Theorem. |

4.2. The Hilbert space Adjoint

When studying operators on a Hilbert space, there is a different operation which
is also called the adjoint. This can lead to some confusion at first. The notion
is based on Theorem 2.3.6 that the dual of a Hilbert space is conjugate linearly
isomorphic to the original space.

4.2.1. DEFINITION. Let H, K be Hilbert spaces. A bounded sesquilinear form
on H x Kisamap [-,-] : H x K — F which is linear in the first variable and
conjugate linear in the second variable which satisfies |[z,y]| < C||z]| ||y|| for all
re Handy € K.

4.2.2. PROPOSITION. Let H, K be Hilbert spaces. Suppose that there is a
sesquilinear form [-, -] on H x K bounded by C. Then there is a unique operator B
in B(K, H) so that [z,y] = (x, By) forx € H and y € K. Moreover || B|| < C.
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PROOF. Fix y € K, and define a linear functional ¢, () = [z, y] on H. Note
that

leyll = sup |[z,y][ < sup Clla]flyll = Cllyll
Jall<1 Jall<1

By Theorem 2.3.6, there is a unique vector B(y) € H so that [x,y] = (x, B(y));
and ||B(y)|| = [l¢yll < C|lyll. At this point, B is just a function from K to H.
However it is clear that B is uniquely defined.
We verify that B is linear: if y,y, € K and A\, A\, € F, then
(z, Byt + M) = [z, \iyr + Aowa] = Mz, y1] + Xolz, 1]
= Mz, B(y1)) + Xa(z, B(y2)) = (2, M B(y1) + \aB(12)).

This holds for all z € H, and thus B(Ajy; + \ay2) = A\ B(y1) + \2B(y2). That
is, B is a linear map. We already have shown that || B|| < C. |

If T € B(H, K), there is a sesquilinear form on H x K given by [z,y] =
(Tx,y); and [z, y]| < ||T] |||l |ly||- An immediate application of this proposition,
there is a unique operator B € B(K, H) so that (T'x,y) = (x, By).

4.2.3. DEFINITION. Let H, K be Hilbert spaces. If ' € B(H, K), the Hilbert
space adjoint or just adjoint of T is the unique operator 7" € B(K, H) such that
(Tz,y) = (x,T*y) forallx € H andy € K.

The proof of the following proposition is very similar to the proof of Theo-
rem 4.1.2. The details are left to the reader.

4.2.4. PROPOSITION. Let H, K, L be Hilbert spaces. If S,T € B(H,K) and
R e B(K, L), then

() 7= = T

(2) (AS + uT)* = \NS* + aT* for \, u € F. So the adjoint is a conjugate
linear map.

(3) It = Ip.
(4) (RT)* = T*R".
(5) T =T.

4.2.5. EXAMPLE. LetT € B(H) where dim H = n < oo. Fix an orthonormal
basis eq,...,e,. Then T has a matrix [tij] with respect to this basis. Then

(T ej,e;) = (ej, Te;) =t for 1<1i,j<n.

Therefore T has the matrix [ Z;; |, which is the conjugate transpose of [t;;].
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4.3. Invertible Operators and the Spectrum

4.3.1. DEFINITION. An operator T' € B(X,Y) is bounded below if there is
some € > 0 so that | Tz| > ¢||z| forz € X.

4.3.2. EXAMPLES.

(1) Let K € B(lp) for 1 < p < oo given by K (zy,) = (+z). Then K is one-to-
one, and the range of K is dense since it contains the standard basis {e,, : n > 1}.
It is not bounded below since |[Ke,|| = 1 — 0. Also K is not surjective because
Ran K does not contain z = (n~'~!'/?). You can easily check that = € [, but
(n~'/7) does not. So K is not invertible.

(2) Let S € B(l,) for 1 < p < oo given by S(zy,) = (0,21, 22,...), known as a
unilateral shift. Then S is isometric: ||Sxz||, = ||z|/p. In particular, S is bounded
below, and hence one-to-one. The range of S is {x = (z,,) : ;1 = 0}, which is a
proper closed subspace. Thus S is not surjective, and hence is not invertible.

(3) Let T" € B(l,) be given by T'(x,,) = (z2,3,x4,...). This is the backward
shift. Then kerT" = Cej, and thus 7" is not invertible. However 7' is surjective.
Moreover, T'S = I. So S is left invertible and 7T is right invertible, but neither
is invertible. Now ST'(xj,x2,23,...) = (0,22,23,...); so ST has kernel and
proper closed range.

(4) Let T' € M,, = B(C"™), the space of n x n matrices. Then 7 is invertible if and
only if it is one-to-one if and only if it is surjective. Thus if 7" is either left or right
invertible, then 7' is invertible. The previous examples show that these results for
invertible matrices all fail for operators on infinite dimensional spaces.

4.3.3. PROPOSITION. LetT € B(X,Y). The following are equivalent:

1
2

(1) T is invertible.

(2)

(3) T is bounded below and has dense range.
(4)

(5)

T is one-to-one and onto.

4) T and T™* are bounded below.

5) T is invertible.

PROOF. (1) implies (2) is clear; and (2) implies (1) is the Banach Isomorphism
Theorem.

(1) implies (3) because RanT = Y and ||z|| = |7~ (T2)|| < [T~ |||

Thus ||Tz|| > ”T‘—_.”qu is bounded below.
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(3) implies (2). Clearly bounded below implies one-to-one. We have that
|Tx|| > eollx|| for some g > 0. Lety € Y. Since T has dense range, there
is a sequence (z,) € X so that Tz, = y, — y. Since y, converges, it is a
Cauchy sequence. So given € > 0, there is an NV so that N < m < n implies that
T (xm — )|l = [|Ym — ynll < €co. Therefore ||z, — z,|| < €. So () is also
Cauchy. Since X is complete, x = lim z,, exists. Therefore T'x = limT'z,, = y.
Hence 7' is onto.

(1) implies (5). We have that T~!T = Iy and TT~! = Iy. Taking adjoints
yields T*T~'* = Ix« and T~*T* = Iy«. The first identity shows that T* is
surjective, and the second shows that it is injective. Thus 7™ is invertible.

(5) implies (4). Since T™* is invertible, it is bounded below. Also 7T™* is in-
vertible, and hence bounded below. Since T' = T™**|x, we see that 7" is bounded
below.

(4) implies (3). We have T is bounded below; and (RanT')* = ker T* = {0}
by Lemma 4.1.7 and the fact that 7™ is bounded below. It follows from the Hahn-
Banach Theorem that Ran T is dense because if M = RanT is a proper subspace,
then there is a non-zero linear functional g € Y* in M=, and hence inker 7*. W

When we discuss the spectrum of a linear operator, we will always work in
complex vector spaces. In the study of matrices, the eigenvalues of a real matrix
may be complex. Things are more convenient when we assume that C is our field.

4.3.4. DEFINITION. LetT € B(X) where X is a complex Banach space.

(1) The spectrum of T'is o(T') = {\ € C : A\I — T is not invertible}.
(2) The resolvent of T'is p(T) = C\ o(T).

(3) The resolvent function of T on p(T) is R(T,\) = (A — T)~!
(4)

4) The point spectrum of T' is o, (T) = {\ € C : ker(A] — T') # {0}}, the
eigenvalues of T

(5) The approximate point spectrum of T is

m(T) = {\ € C: AI — T is not bounded below}.

(6) The compression spectrum of T' is
Y(T) = {X € C:Ran(AI —T) is not dense in X }.
By Proposition 4.3.3, o(T") = n(T) U~(T).

4.3.5. PROPOSITION. Let X be a Banach space. Then B(X)~! is open and
contains by (I).
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PROOF. If ||A|| < 1, then (I — A)~! = > n>0 A" This series converges in
B(X) because
DoAY lAlt = HAH
n>0 n>0

Then one sees that

N
— n_ 14 _ n_ 1; _ AN+
(I-A4)>) A Jim (I—A)) A= lim I A I.
n>0
Similarly, >3, o A"(I — A) = I. So by (I) € B(X)™!
Now suppose that 7" is invertible and ||A|| < 1/||T~!||. Then
T-A=TI-T7'4).

Since ||T~'A|| < IT7'| |A]l < 1, it follows that (I — T~'A) is invertible. So
(T — A)il = (I — TilA)ilTil. Thus bl/||T—1H(T) C B(X)il Therefore
B(X)~!is open. [

4.3.6. PROPOSITION. Let T € B(X). Then o(T) is a compact subset of
by (0). Thus p(T') is open.

PROOF. Let f : C — B(X) by f(A\) = Al — T Clearly f is continuous, and
thus p(T) = f~1(B(X)™") is open. Therefore o(T') is closed. If |\| > ||T’||, then

M—-T=XI-X'T) and |N\7'T| = H\A\” < 1.
Therefore
M -T)""=x">"(\ => Al
n>0 n>0
Thus o(T') C by7)(0) and is closed; whence it is compact. [

4.3.7. PROPOSITION. The map T — T~ is continuous on B(X ).

PROOF. If T}, — I, write Ty, = I — Ay, where | Ax|| — 0. Once ||Ag|| < 1, we
have that

| A
I A0 = | Az < X = Ao
n>1 n>1

Hence the inverse map is continuous at /. Now suppose that 7' is invertible and
S — T. Then S, T~! — I since multiplication is continuous. Then TS, L
by continuity of the inverse at . Left multiplying by 7! yields S, 71 =
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4.3.8. EXAMPLES.
(1) Let H = LP(0,1) for 1 < p < oo, and let f € L>°(0, 1). Define the multipli-
cation operator M h = fh. Recall that

£l = esssup|f| = sup {r: m({z : [f(2)] > r}) > 0}.
Claim: || My|| = || f||oo- Indeed, if ||h||, < 1, then

IMgnlly = [ 151710 do < 171 [ B don < 5]
So |My|| < ||flleo- Conversely, if 7 < || f|loc, then A, = {z : |f(x)| > r} has

sign(f) _
WXAT. Then Hth =1 and

1y,
Womom i

Therefore | M¢|| > || f||o, and hence we have equality.
Next note that if g € L>, then MM, = My, = MyM;y. So the map from
L*>(0,1) into B(LP(0, 1)) is an isometric algebra isomorphism. Define

esstan(f) = {A e C: m(ffl(be()\))) >0 forall € > 0}.

If X\ ¢ essran(f), then there is some ¢ > 0 so that f~!(b.(\)) has measure 0. Thus
g = (A — f)~!is essentially bounded by ¢!, and thus lies in L°°(0, 1). Therefore
(M — M§)My = My(N — My) = M, = I. Consequently, o (M) C essran(f).
On the other hand, if A € essran(f), then A. = f~!(b-(\)) has positive measure
for all € > 0. Observe that

AL = Mp)Xa || = [[(A = F)xXa.ll <ellXall-

Therefore AI — My is not bounded below, and hence it is not invertible. Hence
o(My) = essran(f). Note that the entire spectrum is approximate point spectrum.

The operator M, has no point spectrum because if xh = Aha.e., we need
h = 0a.e.. Also Ran(AI — M) is always dense since it is onto unless A € [0, 1],
and in that case, Ran(\] — M,,) contains LP(0, A\ — ) + LP(A+¢, 1) forall e > 0.
The union of these subspaces is dense in LP(0,1). So M, has no compression
spectrum. So o (M,) = m(M,) = [0,1] and 0,(M,) = @ = v(M,).

Consider M} € B(L(0, 1) where ]%—Fé =1.Ifh € LP(0,1) and k € L%(0, 1),
then

positive measure. Let h =

IMghl, =

> r||hll, =7
p

(Mysh, k) = /(fh)kdm = /h(fk) dm = (h, M}k).

Thus M7 = My € B(L(0,1).
In the case of p = 2, we are in the Hilbert space situation where the adjoint is
defined differently. For h, k € L*(0, 1)

(Msh, k) = / (fh)k dm = / h(fk)dm = (h, k) = (h, Mk).
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Thu§ M} = My in this situation. Since MyMj; = M ;2 = My My, we say that
M is a normal operator.

(2) A similar but easier analysis can be carried out for the diagonal operators on
l, for 1 < p < co. Given a bounded sequence (d,,) € I, define D € B(l,,) by
D(ay,) = (dnay). Itis left to the reader to show that o,,(D) = {d, : n > 1} and
o(D) = {d, : n > 1}. We will write D = diag(d;, da,d3, ... ) since the ‘matrix’
of D is diagonal.

(3) Shifts. Let S and T" be the forward and backward shifts on [, for 1 < p < 00
defined in Example 4.3.2(2,3). We saw that S is an isometry with proper closed
range, and so is not invertible. Also T'S = I but ker ST = Ce;. We claim that
o(S) = o(T) = D. Since ||S|| = ||T|| = 1, their spectra are contained in the
closed disc. If |A| < 1,letxy = (1,A\,A%,...). Then

1
laallp = SN = o < 0

Observe that Txy = (A, A2, A3,...) = Az,. Hence 0,,(T) D D, and hence o(T) =
D. Even though [, is separable, T has uncountably many eigenvalues. However S,,
does not have any eigenvalues at all: if A(a,) = S(a,) = (0,a;,az,...), then
A = 0; but S is an isometry, so has no kernel.

Next we identify the adjoint. We will write S, and 7T}, for the shifts on /,. We
calculate the adjoints of S, and T},. Suppose that h = (a,,) € I, and k = (by,) € l4,
where where % + é = 1. Then

e e}
(Sph, k) = anbni1 = ((an), (b2, b3, ...)) = (b, Tyk).
n=2
Therefore S; = Tj. The calculation to show that 7)) = S, is similar. Now compute
for A€ Dand h € [,
<(/\I — Sp)h,x)\> = <h, (I — Tq).%')\> =0.

(You can check that Thoxy = Az in the p = 1 case.) Therefore Ran(Al — S,)
annihilates the non-zero vector ) € 4, and therefore the closure of this range is
proper. Hence AI — S, is not invertible. So y(S,) D D and o(S,) = D.

4.4. Analyticity and the Resolvent

The theory of analytic functions plays an important role in functional analysis.
There are at least two natural definitions of what that should mean.
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4.4.1. DEFINITION. Let Q C C be open., and let X be a Banach space. A
function f : Q — X is weakly analytic it ¢ o f : Q — C is analytic for all
p € X*. The function f is strongly analytic if for every zy € €, there is a sequence
(Zn)n>0 C X sothat f(2) = <o xn(z — 20)" on aball b, () for r > 0.

Clearly a strongly analytic function is weakly analytic. The converse is also
true. We don’t need this for our study of the spectrum because we can prove directly
that the resolvent function is strongly analytic.

4.4.2. THEOREM. Let X be a Banach space, and let T € B(X). Then
(1) R(T,\) — R(T, 1)
A—p
(2) X = R(T, \) is strongly analytic.
(3) limwﬁoo R(T, /\) =0.

= —R(T, N R(T, p) for \, pu € p(T).

PROOF. Note that \] — 7T and (I —T)~' commute for A € C and p € p(T).
Thus (1) follows from rearranging the identity
(R(T,\) = R(T, )M = T)(ul —T) = (ul = T) = (\[ = T) = — \
For (2), for zy € p(T) and |w| < || R(T, z0)|| ",
(20 +w)I =T) " = (20l = T) —wI) ™" = ((2oI = T)(I —wR(T, z))) "
= R(T, z0) (I — wR(T, zo))fl
= R(T,20) > R(T, z0)"w" =Y R(T,2)"" 'w".
n>0 n>0
(3) For |A\| > ||T||, we have
1

R(T,\)| = D AL | I Qe
IR NI =Y I T

n>0

This converges to 0 as |A\| — co. [ |

4.4.3. THEOREM. Ler X be a Banach space. If T € B(X), then o(T) is
non-empty.

PROOF. If o(T') is empty, then R(T, \) is an entire function (an analytic func-
tion defined on all of C). Since lim)y_, [|R(T, \)|| = 0, we see that R(T), \)
is bounded. Therefore for each ¢ € X*, ¢ o R(T,\) is a bounded entire func-
tion. Thus this function is constant by Liouville’s Theorem. By the Hahn-Banach
Theorem, R(T, \) is constant. This is absurd, and so the spectrum is non-empty. l
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4.4.4. PROPOSITION. LetT € B(X). If A € p(T), then
” > ;
~ dist(A\, o (7))

Hence the boundary of the spectrum, o (T), is in the approximate point spectrum
w(T).

IR(T;, A)

PROOF. Pick \g € o(T") so that [\ — A\g| = dist(\, 0(T")). Then
Ml —=TYMN =T) " =Xo= NN =T)"" +1
is not invertible. It follows that [\g — A| [[A\] — T)~!|| > 1. Therefore
1 1
Mo — A dist(\, o(T))
Fix Ao € 9o (T). For ¢ > 0 there is a point A € p(7T) with |\ — \o| < e.

Hence ||R(T,\)|| > 1/e. So there is some vector x € X with ||z|| = 1 and
llyl| = [|R(T, \)X|| > 1/e. Hence

M —T
Ii¢ Wil _ ll=ll

lyll |

IN = T)7H| >

Therefore
(ol =Tyl _ [Ao = Alllyll + [[=]]

[yl B [yl
Hence Aol — T is not bounded below. [ |

<|Ao—Al+¢e<2e.

4.4.5. THEOREM (Spectral Mapping for Rational Funcions). Ler f(z) =
% be a rational function with no poles in o(T). Then o(f(T)) = f(o(T)).

PROOF. We may suppose that p and ¢ have no common factors. Write ¢(z) =
[T, (z — ;) where o; € p(T'). Therefore q(T') is invertible, so that f(7T') =

p(?)lq(T)_1 is defined. For A € C,
o mE) =B ()
A=) q(2) (z—ap)...(z —an)
Thus \I — T = [[7%(T — B;1) q(T)~'. Therefore A € o(f(T)) if and only if
B) _ A= f(B)if

q(P)
and only if A € f(o(T)). [

some 3; € o(T') if and only if there is § € o(T') so that 0 =

4.4.6. DEFINITION. The spectral radius of T is
spr(T') = sup{|A| : A € o(T)}.

4.4.7. THEOREM. Let T € B(X). Then spr(T) = lim,, o [|T7||"/™
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PROOF. By the Spectral Mapping Theorem, o(7") = o(T)", and hence
spr(7™) = spr(7T)". Therefore

spr(T) = spr(T™)"/™ < | T(|/".

Hence spr(T) < inf,> | T7||'/™.

Now R(T, \) is analytic on p(7') D {A : |A| > spr(7)}. The Laurent expan-
sion about oo is the series R(T, \) = >, <, T"A™"~1. We know that this is valid
for |A\| > ||T’||. However the function is analytic on the larger annulus |A| > spr(T").
So by analogy with the scalar case, we expect that this should converge absolutely
and uniformly if |A| > r > spr(T).

To see that this is indeed correct, note that for ¢ € X*,

P(R(T,\) =) o(T)A"!

n>0
is analytic on {\ : |A| > spr(T")}, and therefore this series converges absolutely
for [A| > spr(T). In particular, |o(T™)A~""!| — 0; whence |p(T™)A""!| < C
for n > 0. Therefore |p(T™)| < Cr™*! for any » > spr(T). Rearranging, we
get that sup, }cp(%ﬂ < Cr < oo. By the Banach-Steinhaus Theorem, we get
Sup,,>0 Hf—:” = (' < oo. Therefore | T"|| < C'r™; whence limsup |77/ < r
for any r > spr(7’). This means that

limsup ||77]|"/" < spr(T) < liminf ||T7||'/™.
Therefore spr(T') = lim,,_,oo ||T7|'/™. .

We prove a lemma which will prove useful later.

4.4.8. LEMMA. Suppose that X =Y + Z, and T € B(X) satisfies TY C Y
andTZ C Z. Then o(T) = o(T|y) Uo(T|z).

PROOF. If A € p(T), then (A — T)Y C Y and (M —T)Z C Z. But A — T
is surjective, and hence (Al — T)Y = Y and (\] — T)Z = Z. Also ker(A\] —
T) = {0}, so that (\] — T)|y is a continuous bijection on Y and (A — T)|z
is a continuous bijection on Z. So both are invertible by Banach’s Isomorphism
Theorem. Hence p(T') C p(T|y) N p(T|z2).

Conversely, suppose that A € p(T|y)Np(T|z). Let A= (A -T)|y' € B(Y)
and B = (\I - T)|,' € B(Z). Define S € B(X) by S(y + z) = Ay + Bz for
x=y+z€ X.Thenfory € Yandz € Z,

S =T)(y+2) =AM —=T)lyy+ B =T)|zz =y + 2
and

M =T)S(y+2)=A -T)lyAy+ (M =T)[zBz =y + z.
Thus S = (A — T')~ L. Therefore p(T|y) N p(T|z) C p(T). u
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Exercises for Chapter 4

1.

If A,B,C,D € B(H), then T = [él, IB; is a bounded operator on the
. . A B||z| |Ax+ By _
Hilbert space H & H given by { C D] [y] = [ Cu + Dy]' Likewise let
W X
S = v 7|

(a) Show that every operator 7" in B(H & ) has this form, and show that 7'S
is computed by matrix multiplication.

(b) Find T™. (This is the Hilbert space adjoint.)

(c¢) Find all operators E € B(H@®%H) such that E = E? and Ran E = H${0}.

(d) If A is invertible, show that 7" is invertible if and only if D — CA 'Bis
also invertible.

A 0|l O||I Y
HINT: ﬁnanndYtofactorT:[C I} [0 X} [0 I}

Prove that a weakly analytic function is strongly analytic as follows.
(a) For zy € b,(29) C €, show that {@(W) 10 < |w] <r}isa
bounded set for each p € X*.

(b) Show that f is continuous on b, (zp).

1 2

s Jo " f(z0 + re?)e~™? d6 as a Riemann integral.

(c) Define z,, =

(d) Show that f(zo +w) = 3, 5o zpw™ for [w] < 7.

Recall that 7' € B(l;) has a matrix [tij} such that the columns are uniformly
bounded Chapter 2, Exercise (2)). Show that 7" is the adjoint of an operator
S € B(cp) if and only if the rows of the matrix are in co.

(a) A weighted shift on a Hilbert space H acts on an orthonormal basis {e,, :
n > 1} by We,, = wpen+ forn > 1, where {w, } is a bounded sequence
in C. Compute ||IV|.

(b) Show that there is a diagonal unitary Uy so that UgW U, = W for each
6 € (0,27). Deduce that (W) has circular symmetry.

(c) The Kakutani shift Wy has weights w, = 1/gcd(n,2") for n > 1. Com-
pute spr(Wg).

(d) Let T}, be the weighted shift with weights w,, = 1/ged(n, 2") if 2¥ doesn’t
divide n, and wyk,,, = 0 for m > 1. Compute the spectral radius of W

(e) Show that klggo Wi = Wg. Deduce that spectral radius is not continuous

on B(H).



CHAPTER 5

Compact Operators

In this chapter, X,Y,Z will denote Banach spaces; and H, K will be Hilbert
spaces.

5.1. Compact Operators

5.1.1. DEFINITION. Let X,Y be Banach spaces. An operator 7' € B(X,Y) is

a compact operator if Tb;(X) is compact in Y. We write (X, Y) for the set of
all compact operators in B(X,Y’), and we write I(X) for (X, X).

5.1.2. THEOREM. K(X,Y) is a norm closed B(Y )-B(X) bimodule. In par-
ticular, KC(X) is a closed 2-sided ideal of B(X).

PROOF. Let K, K, € K(X,Y') be compact operators, and let C; = K;b; (X).
Then C; x C is compact. If Aj, Ay € C, then \;C| + X\, is compact because
it is the continuous image of C'; x C5 under the map (z,y) — Az + Apy. There-
fore (A1 K| 4+ M\ K32)bi(X) C M Cp + \Ch. A closed subset of a compact set is
compact, and therefore A\ K + \, K is compact. Hence K(X,Y) is a subspace of
B(X,Y).

IfSeB(Y) TeB(X)and K € K(X,Y), then

SKTbl(X) C SKbHTH(X) = SHTHKbl(X)

is the continuous image of a compact set, and hence is compact. Thus (X, Y) is
a B(Y)-B(X) bimodule.

Finally we show that /JC(X,Y") is norm closed. So suppose that K,, € K£(X,Y)
and K,, - K € B(X,Y). Lete > 0. Pick N so that | K — Ky|| < /3. Since
K b1 (X) has compact closure, it is totally bounded. Thus we can pick y; = Kya;
with ||z;]] < 1 for 1 < i < m to be a finite £/3-net for Kb (X). Lety, = Kx;
in Kb (X). For any = € b;(X), there is some i so that || Kyx — Kyx;|| < /3.
Hence

K2z —yi|l < (K — Kn)z|| + | Kne — Kyail| + [|(Ky — K)i|

<S4+i4i-=¢
3 3 3 7

83



84 Compact Operators

Thus y; for 1 <14 < m is an e-net for Kb;(X); and therefore Kb (X) is compact.
Hence K is a compact operator. |

5.1.3. EXAMPLE. Finite rank operators are compact. Suppose F' € B(X,Y)
has finite rank. Then Ran F' = M is an n-dimensional subspace of Y, and therefore
it is closed. Hence F'b;(X) is a closed bounded subset of M ~ C™. Thus it is
compact. So F' is compact.

We can deduce that any limit of finite rank operators is also compact. Consider
a diagonal operator D = diag(d;,dp,...) on [, for I < p < oo is given by
D(ay,) = (dnay). We have seen that D is bounded if and only if sup|d,| < oo.
We claim that it is compact if and only of lim,,_,~ d,, = 0. If the limit exists and
is 0, then given € > 0, there is an N so that |d,| < ¢ for all n > N. The diagonal
operator Dy = diag(dy,...,dn,0,0...) is finite rank, and thus compact. Also
|D — Dn|| = sup,~ n |dn| < €. Hence D = lim,,_,o D,, is compact.

On the other hand, if 0 is not the limit, then there is some § > 0 and a sequence
n; — oo so that |dy,,| > 0 for ¢ > 1. The vectors De,, = dy, ey, all belong to
Db (X) and || Dey, — Dey, || = ||dn,en, — dn,en,|| > 2'/P5. Therefore Dby (X)
is not totally bounded, because there is no finite d net. So D is not compact.

5.1.4. EXAMPLE. Integral Operators. Let k(z,y) € L?((0,1)?), and define
an operator K € B(L?(0,1)) by

1
Kh(z) = /0 h(y)k(z,y) dy.

This is a Hilbert-Schmidt integral operator. Compute using Cauchy-Schwarz
5 1 1 2 1 )
i = [ | [ nokte o] do < [ (bl )] ds
1,1
=B [ [ bt dy e = 115 13

Therefore || K| < ||k||2.

Let {e;(x) : i > 1} be an orthonormal basis for L?(0, 1). Then {e;(z)e;(y) :
i,j > 1} is an orthonormal basis for L?((0, 1)?). Write k = >oig—1 aijei(x)ej(y),
where ||k||3 = > laij|*. Let kn(z,y) = ZZJ-YFI a;jei(x)e;j(y). Define Ky €
B(X,Y) by

N 1
> ay [ heales ) dy

ij=1

1
Kh(z) = /O h(y)kn (z, ) dy =
N

= Z Aij <h, ej>ei(a;).

ij=1
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This operator is finite rank, with Ran Ky C span{e; : 1 < i < N}. By the first
paragraph, [|[K — Kn| = [k — knll2 = Doy orjon la;j|* = 0as N — oo.
Therefore K is a norm limit of finite rank operators, and thus is compact.

5.1.5. EXAMPLE. Volterra Operator. Define an operator V € B(L?(0, 1)) by
Vh(z) = /0 h(y) dy.

.. . o . 1 ify<z
This is a Hilbert-Schmidt integral operator with kernel k(x,y) = 0 ifusg
ify>u

1
Therefore [[V/| < [[k]: = .

First we show that V' has no eigenvalues. Suppose that
x
Ma(z) = Vh(z) = / h(y) dy.
0

xT
If \ = 0, then h = Oae. If X\ # 0, then h(z) = /\1/ h(y) dy. The RHS
is a continuous function, and hence h € C|0, 1] with h((?) = 0. Then by the
Fundamental Theorem of Calculus, the RHS is differentiable. Therefore h/(z) =
A~'h(z). This implies that h(z) = ce®/*. Since h(0) = 0 = ¢, we have h = 0.
Therefore 0,(V) = @.
Now we compute the powers of V.

t)dtdy = dy h(t)dt = (ac — t)h(t) dt.
=[ [ (y-t)n(t) dt dy tdyhtydi= [ F ey ar.
/o /o -, / /0 o

(JJ _ t)nfl

We will show by induction that V"™h(z) = /

h(t) dt. This holds for

n = 1,2, 3 and assuming the formula for V",

vV Hh(z // n—l h(t) dt dy
// n—l h(t)dt:/oz(y;!t)nh(t)dt.

Now from Example 5.1.4, we know that

LXK <
x =
DT

v <| CE

Therefore spr(V) < lim,_,0 (ﬁ)l/n = 0. Hence o(V) = {0}. An operator

with spectrum {0} is called quasinilpotent.
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5.1.6. PROPOSITION. Let H be a Hilbert space. Then every K € KC(H) is a
limit of finite rank operators.

PROOF. Lete = % Choose an e-net for Kb;(H), say yi, ..., Ym. Let P, be
the orthogonal projection onto span{yy, ..., ¥m }. Then P, is finite rank, and thus
P, K is also finite rank. Compute:

1
|K — Pk = sup |[PEKa| < sup min|[Kz—y,l| < .
=<1 lz|<1Esm n
Therefore P, K converge to K in norm. |

5.1.7. REMARK. This same argument will work in any Banach space X in
which there is a sequence (or net) of finite rank projections (P,) which are uni-
formly bounded and converge strongly to the identity, i.e., P,x — x for every
x € X. This includes [, for 1 < p < oo. Here the projection P, onto the span of
the first n standard basis vectors does the job.

The existence of Banach spaces in which there are compact operators that are
not limits of finite rank operators is a difficult result.

5.1.8. THEOREM (Schauder). Ler X, Y be Banach spaces. ThenT € B(X,Y)
is compact if and only if T* € B(Y™*, X*) is compact.

PROOF. Assume that 7" is compact, and let K = T'b;(X). This is a compact
metric space. Define R : b)(Y*) — C(K) be the restriction map ¢ — ¢|x. If
Y€ bi(Y*), [v(y1) — ¥(y2)] < |[y1 — y2||- So the functions R are bounded
(by ||T||) and equicontinuous (all have Lipschitz constant 1). By the Arzela-Ascoli
Theorem, Rb; (Y*) is compact in C(K).

Therefore if {1, : n > 1} is any sequence in b;(Y*), there is a subsequence
by, such that Ri,, converge uniformly. That is, ¢,,|x converge uniformly to a
function ¥ € C(K). This implies ¢, (T'z) = T*)y,(x) converges uniformly to
Y(Tz) =WYoT(x)forz € b)(X). Hence p = Yo T € X* and T*¢,, — ¢
uniformly over the unit ball; i.e. converges in norm. This shows that 7%b; (Y™) is
precompact; whence 7™ is a compact operator.

The converse is now easy. If 7™ is compact, then T** is compact. Then
considering X as a subspace of X** and Y as a subspace of Y**, we see that
Tbi(X) C T**b;(X**). This is a closed subset of a compact set, and hence is
compact. Therefore T' is a compact operator. |

5.1.9. REMARK. For the Hilbert space adjoint, there is an easier proof based on
Proposition 5.1.6. If T" is compact in B(H ), then T' = lim,,_, o F}, where F}, are
finite rank. Then 7™ = lim,,_,» F is also a limit of finite rank operators, and thus
is compact.
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5.2. Structure of Compact Operators

5.2.1. LEMMA. Let X be a Banach space, and let V be a closed subspace such
that either V' or dim X /V is finite dimensional. Then V' is complemented.

PROOF. If dimV = n < oo, let vy1,...,v, be a basis for V. There is a
dual basis ¢, ..., e, for V* given by ¢;(v;) = 6;;. Using the Hahn-Banach
Theorem, we can extend each ¢; tosome @; € X*. Then P = " | v;pp; € B(X).
Observe that Pz = >_" | vipi(x) € V and Pv; = v;. Therefore P is a continuous
idempotent with range V. Hence X =V + ker P.

If dimX/V =n < oo, let &y, ...,4, be a basis for X/V. Choose z; € X
so that i:; = x; + V. Let W = span{xy,...,2z,}. Then V + W = X because if
z € X, thend :=x+V =", a;&. Therefore z — > "  a;x; € V. Also if
zeVNW,writex =) ;" a;x; theni = > | a;i; = 0; so that all ¢; = 0 and
so z = 0. Therefore X =V 4 W. [ |

5.2.2. KEY LEMMA. Let K € K(X). Suppose that there are closed subspaces
Vo S Vi C Vo € ... and scalars o; € C so that (oI — K)V; C Vi—y fori > 1.
Then lim;_ o, cv; = O.

PROOF. Choose unit vectors x; € V; with dist(z;, V;—1) > % for 7 > 1. Then
Kz; = ayx; + y; where y; € V;_1. Suppose that there is a subsequence with
|, | >0 > 0fori; <ip<....Thenif m < n,sincey;, — Kx;,, €V 1,

1 1)
| K, — Kz, || = ||, i, + (i, — Kxi,,)|| > §|Oéin| 2 5

This shows that Kby (X) is not compact, a contradiction. [

Write null(7") = dimker 7" for the nullity of T' € B(X).

5.2.3. THEOREM. Let K € K(X). Then for A # 0, ker(AI — K) is finite
dimensional and Ran(AI — K)) is closed and finite codimension.

PROOF. By replacing \I — K by I — A\~'K and K by A\~ K, we may suppose
that A = 1. Let B = b;(X) Nker(/ — K). Then the unit ball of N = ker(/ — K)
is B = KB C Kb;(X) which is compact. Therefore null(/ — K) < oo by
Proposition 2.2.15.

Choose a complement for N so that X = N + V. Then I — K|y is injective
and Ran(/ — K) = (I — K)V. Claim: (I — K)|y is bounded below. If not, there
are unit vectors v, € V so that ||(I — K)v,| — 0. By compactness, there is a
subsequence vy, so that Kv,, — y. Since (I — K)v,, — 0, we get that v,, — y.
Therefore ||y|| = lim; o0 ||V, || = 1 and (I — K)y = lim;_,oo (I — K)vy,, = 0. So
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y € VN N, which is impossible. Hence I — K is bounded below on V', and thus
R = (I — K)V =Ran(I — K) is closed.

If X/R is infinite dimensional, choose vectors x; € X so that &; = x; + R are
linearly independent for i > 1. Define R,, = span{ R, z,...,z,}. Then R, /R is
finite dimensional, and thus closed in X/R; so that R,, = Q~!(R,,/R) is closed
because it is the preimage of a closed subspace by the quotient map. Clearly

RgngRng_Rn+1g_"'

However (I — K)R,, C Ran(/ — K) = R. By the Key Lemma, we have that
lim,,_,, 1 = 0 which is absurd. Therefore R has finite codimension. |

5.2.4. DEFINITION. If § C B(X), the commutant of S is
S ={T €B(X):TS = ST forall Se€ S}.
We write S” for (S')'.

Note that S’ is an algebra (a vector space closed under multiplication) contain-
ing the identity. Moreover it is closed in the weak operator topology.

5.2.5. THEOREM. Let K € K(X). Then for A\ # 0, there is an integer ng so
that

N(\) :=ker(A] — K)™ = ker(A\ — K)"tk
and

R(\) := Ran(\] — K)™ = Ran(\ — K)™**
fork > 1. Moreover X = N () + R(\). The subspaces Ny, = ker(AI — K)™ and
R,, = Ran(\] — K)" are invariant for { K’} and

null(Al — K)" = dim X/Ran(A] — K)" = null(Al — K*)" for n>1.

PROOF. Let N,, = ker(AI — K)" forn > 0. Since (A — K)" = \"I — K,
where K, is compact, these are finite dimensional subspaces. Note that V,,_; C
N, and (\[ — K)N,, C N, forn > 1. If N, 2 N,,_; for all n > 1, the Key
Lemma would imply that lim, oo A = 0, which is absurd. Therefore for some
smallest ng > 0, Ny, = Nyp,41. We show by induction that Ny, = Ny 4 for
k > 1. Itis valid for k& = 1. Suppose that it holds for k. If x € Ny ;4+1, then
(M — K)x € Nygyk = Np,. Therefore z € Ny 11 = Npg. S0 Npgikt1 = Ny,

Now let R, = Ran((Al — K)") forn > 0. Since (A — K)" = \"I — K,
where K, is compact, these are closed subspaces of finite codimension. Note that
R,—1 D Ry and (A — K)R,— = R,, for n > 1. Therefore by Lemma 4.1.7,
N} := R} = ker(A — K*)" are finite dimensional subspaces of X* such that
N} | C Njand (A\] — K*)N;; C N;_,. By Schauder’s Theorem, K™ is compact.
So arguing as in the previous paragraph, there is a least integer mg so that N, ., =
Ny, and thus Ry, = Ry, forall k > 1.
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Let p = max{mg, no} (they turn out to be equal). Note that if 7" € { K}’ and
r € Ni, then 0 = T(\ — K)*z = (M — K)*Tz; whence TNy, C Nj. Also
ify = (M — K)*2 € Ry, then Ty = T(\ — K)k2 = (M — K)*Tx; whence
TRy C Rg. So Ny and Ry, are { K}’ invariant subspaces for each k > 1.

Let z € X. Since (A — K)Px € R, = Ry, there is a vector y € X so
that (\ — K)Pz = (M — K)?y. Let z = 2 — (M — K)Py. Observe that
(M — K)Pz = (A — K)Pz — (\[ — K)*y = 0; whence z € N,,. Therefore
z = z+ (M — K)Py € N, + Rp,. On the other hand, if z € N, N Ry, there is
y € X sothat (\[ — K)Py = . Therefore (\I — K)*y = (A — K)Pz = 0, so
that y € N, = Np. Hence z = 0. So N, N R, = {0}. Therefore X = N, + R,,.

Next observe that R, = (A — K)P?N, + (Al — K)PR, = (A — K)PR,,.
Therefore (A — K')” maps R, one to one and onto itself. That is, (Al — K)?|g, is
invertible. Since \I — K maps R, into itself, it is also bijective on R,,. Therefore
M - K = (M- K)|n, + (M — K)|r,, and F) = (A — K)|y, acts on a finite
dimensional space, and is nilpotent of order at most p. It follows that o(F)) = {0}
and so 0(K|n,) = {A}.

Since (Al — K)|g, is invertible, we have that

ker(A — K)" = ker(Al — K)"|n,
and
X/Ran(A — K)" = N,/Ran(Al — K)"|n,.

For a linear map A on a finite dimensional space N, we have null(A)+dim Ran A =
dim N. Therefore null(A) = dim N/ Ran A = null(A*). In particular

null(A] — K)" = dim X/Ran(A] — K)" = null(A] — K*)" for n >1.

In particular, we have mg = ny. |

5.2.6. REMARK. Since (A] — K)|x(A) is nilpotent on a finite dimensional
space, we have o(K|y(y)) = {A}. By a familiar result in linear algebra, this
restriction is similar to a sum of Jordan blocks for the eigenvalue A.

This theorem was the main technical result. We put everything together in the
following.

5.2.7. STRUCTURE OF COMPACT OPERATORS. Let X be an infinite
dimensional Banach space, and let K € KC(X). Then

(1) 0€0o(K). If0 # X € o(K), then X € op(K).

(2) The spectrum is finite or is a countable set {0, \,, : n > 1} such that
limy, o0 Ay, = 0.

(3) Foreach X € o(K) \ {0}, there is an integer n), so that
N(A) =ker(M — K)™ =ker(A — K)™F for k>1,
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R()\) = Ran(A] — K)™ = Ran(A] — K)™ % for k>1,

N () is finite dimensional, R(\) is closed and X = N(X\) + R(\).
(4) o(K|n(n) = {A} and o(K|pp)) = o(K) \ {A}.

(5) There is a unique finite rank idempotent E) in {K}" with range N ()
and kernel R(\) = Ran(Al — K)™, both invariant for { K'}'.

(6) If A\, n € o(K) \ {0} are distinct, then E\E,, = 0.

PROOF. Compact operators can never be surjective because the Open Mapping
Theorem would then show that Kb (X) contains a ball b,.(X). So 0 € o(K).
Theorem 5.2.5 shows that if A # 0, then either ker(Al — K) # {0} or A\ — K is
invertible. Thus o(K) = 0,(K)U{0}. If A € o(K)\ {0}, then X = N(X)+R(\)
where both N () and R(\) are { K'}'-invariant. By Lemma 4.4.8,

o(K) = o(K|nx) Uo(K|rn) = {AFUa(K|ry)-

Since (A — K)|g(y) is invertible, o(K|g(y)) = o(K) \ {\}. Therefore A is an
isolated point of the spectrum, and hence the spectrum is at most countable. If
o(K)\ {0} = {\, : n > 1} is countable, pick a unit vector z,, € ker(A\,I — K).
Define V;, = span{z1, ..., z,}. Observe that V,,_; C V,, and (\,, — K)V,, C V,,_;
for n > 1. By the Key Lemma, limy, o Ay, = 0.

For (5), there is a unique idempotent with range N () and kernel R()\) by
Section 2.7. If T € { K'}/, then T leaves the range and kernel of E), invariant. That
means that

TEA = E)\TEA and T(I — E)\) = (I — E)\)T(I — EA).
This implies that TE) = E\TE) = E)\T. Thus E) € {K}".
Suppose that 4 is another non-zero point in o(K). Then E, € {K}" C {K}/,
and hence E,,E\ = E\E,,. Therefore Ran(E,Ey) C N(A)NN(u) = {0} because

(M —K)™™ annihilates N (\) while (] —K)™*) is invertible on N (\). Therefore
E\E, = 0. u

5.3. Fredholm Operators

5.3.1. DEFINITION. An operator I' € B(X,Y) is Fredholm if null(T") < oo,
Ran T is closed and has finite codimension. The Fredholm index of T is

ind7T = null(T) — dim(Y/TX) = null(T) — null(T™).
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5.3.2. REMARKS. The fact that Ran7T" is closed is automatic. Suppose that
Y =span{T X, yi,...,yn} where dim(Y /T X) = m. Define

m
S:X/kerT®C™ Y by S(i,a)=Tz+» ay.
i=1

This is a continuous bijection, and hence an isomorphism. Therefore T'X =
S(X/kerT) is closed.

5.3.3. EXAMPLES.
(1) Every invertible operator is Fredholm of index 0.

(2) The unilateral shift S € B(l,,) for 1 < p < oo is an isometry, and thus has no
kernel and has closed range. Since [,/Sl, ~ C, we see that S is Fredholm and
ind S = —1. Similarly if 7" is the backward shift, then T'l,, = [, and ker T' = Ce;.
So T is Fredholm and ind T" = 1. Recall that T'S = I and ST = I — e;0; both lie
in I + KC(l,). (Here 0;(ayn) = a; and (e191)(z) = 01(x)e;.)

5.3.4. PROPOSITION. [f\ # 0and K € K(X), then ANl — K is Fredholm and
ind(Al — K) = 0.

PROOF. By Theorem 5.2.5, Al — K has closed range of finite codimension, and
null(Al — K) = null(A — K*). Hence
ind(A\] — K) = null(A] — K) — null(A\] — K*) = 0. |

5.3.5. THEOREM. The set F(X,Y) of Fredholm operators in B(X,Y') is open.
Index is a continuous integer valued function, and hence is locally constant.

PROOF. Let 7" be Fredholm. Set N = kerT" and choose a closed complement
V;sothat X = N + V. Then TV = TX. Since TX is closed and has finite
codimension, choose a finite dimensional subspace W so that Y = TX + W.
Define T : V @ W — Y by T(v,w) = Tv + w. Note that

1T (v, w)ll < [ Tof| + [l < max{[|T[], 1} ([lvl] + [[w])-

So T is continuous. It is easy to check that 7" is a bijection, and hence it is invertible
by the Banach Isomorphism Theorem.

Now suppose that S € B(X,Y) such that ||S — T|| < 1/||T~"||. Define
S:V@W =Y by S(v,w) = Sv+w. Then S is continuous and

1S =T = IS =D)|v| < 1/|T7"].
Therefore S is invertible. It follows that SV = SV is closed and
Y:S(VEBW):SV—i—W
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Therefore dimY/SX < dimY/SV = dimW < co. Also ker SNV = {0}, and
so the quotient @ : X — X/V is injective on ker S so that

null S < dim X/V =dim N < oc.
Therefore S is Fredholm.

The subspace V +ker S = Q~!((ker S+ V) /V) is closed and finite codimen-
sion. Choose a finite dimensional complement Z so that X = V 4 kerS + Z =
kerS + (V + Z). Then SX = SV + SZ because S is injective on V + Z and
Z is finite dimensional. Let P : Y = SV + W — W be the projection onto W
with kernel SV. Then PSX = PSZ ~ Z because S is injective on Z and P is
injective on SZ. Therefore

Y/SX =(Y/SV)/(SX/SV) ~W/PSZ.
We compute
indS =null S —dimY/SX

=null S — (dimW — dim Z)

= dim(ker S + Z) — dim W

=nullT —dimY/TX =indT.
Thus index is constant on an open ball around 7, so that it is locally constant,
whence continuous. u

5.3.6. COROLLARY. Fredholm index is constant on connected components of
F(X,Y).

We also get the following result which is a consequence of our proof. We
showed that if ||S — T'|| < 1/||T~!||, then null S < null T'.

5.3.7. COROLLARY. IfT € B(X,Y) is Fredholm, then limsupg_,null S <
null 7.

Let 7 : B(X) — B(X)/K(X) be the quotient map. This is a Banach space,
and since /C(X) is an ideal, it is also a ring. Multiplication is continuous: if a,b €
B(X)/K(X) then we can choose A, B € B(X) so that m7(A) = a and ||A|| <
(14+¢)|lal]| and 7(B) = band || B|| < (1 + ¢)]b||. Then

labl| = | (AB)|| < [ A [1B]] < (1 +¢)?[|al [1b]l

This is called a Banach algebra when it is a Banach space and a ring in which
multiplication is continuous. In particular, we can talk about invertible elements in

B(X)/K(X).

5.3.8. ATKINSON’S THEOREM. T € B(X) is Fredholm if and only if 7(T)
is invertible in B(X)/K(X).
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PROOF. Suppose that T' is Fredholm. Let N = ker7" and let V be a comple-
ment for N, sothat X = N4V. Also T X = TV is closed with finite codimension,
and we pick a (finite dimensional) complement W so that X = TV +W. If we con-
sider T'|y as an element of B(V,T'V'), then this is a continuous bijection. Hence
by Banach’s Isomorphism Theorem, it has a continuous inverse S € B(T'V,V).
Define S € B(X) by S(Tv +w) = vforv € V and w € W. Note that
ST(u+v) = 8Tv = vforu € N andv € V. Thisis ST = Py is the pro-
jectiion of X onto V with kernel N, Now I — Py, = Py is finite rank. Therefore
7(S)7(T) = (I — Py) = w(I). Similarly, T'S(Tv + w) = Tv = Pry(Tv + w)
is the projection onto 7'V with kernel W. Again I — Pry = Py is finite rank, so
that 7(T")7(S) = 7 (I). Therefore m(T) is invertible.

Conversely, suppose that 7w(7") has an inverse 7(.S) in B(X)/K(X). Then there
are compact operators K, L € (X ) sothat ST = + K and T'S = I + L. Then
kerT C ker I + K is finite dimensional and Ran7" O Ran(/ + L), so it has finite
codimension. Therefore 7" is Fredholm. |

5.3.9. COROLLARY. IfT € B(X) is Fredholm and K € K(X), then T + K is
Fredholm and ind(T + K) = ind(T).

PROOF. By Atkinson’s Theorem, w(T' + K) = 7(T) is invertible and hence
T + K is Fredholm. Thus 7'+ ¢t K for 0 < ¢ < 1 is a continuous path of Fredholm
operators. Since index is locally constant, we have ind(7" + K') = ind(T'). |

It follows that the following definition is well defined.

5.3.10. DEFINITION. Ifa € B(X)/K(X) isinvertible, define ind(a) = ind(7")
for any T with 7(T") = a.

5.3.11. THEOREM. IfT € B(X,Y)and S € B(Y, Z) are both Fredholm, then
ST is Fredholm and ind(ST') = ind(S) + ind(7).

PROOF. As before, let Ng = ker S and choose a complement Yy C Y so that
Y = Ng + Yp. Also choose a finite dimensional complement Z, for SY so that
Z = SY + Zj. Choose a complement X for Ny = ker T so that X = Ny + X.
Finally we reqiure a complement W for 7'X in Y, but we do this carefully in
two steps. First choose a complement Wy C Ng for Ng N T'X in Ng so that
Ng = (Ns NTX) 4+ Wy. Note that Wy NTX C WyN (NsNTX) = {0}, so
that TX + Wy = TX + Wy = TX + Ng. Now choose a complement W; for
TX + Ng,sothatY =TX + Wy + W,.

Recall that TX = TV and T'|y maps V bijectively onto 7X . We compute

ker ST =kerT 4+ {v € V : Tv € Ng} = Nr 4 (T|y) "' (Ns N TX).
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Therefore null(S7") = null(T") + dim(Ng N T'X). Next,
SY =S(TX +Wy+ W) =STX + SW;.

The latter sum is a direct sum because if w; € W; and Sw; = STz, then w; — Tx
lies in Ng, and hence w; € W) N (Ng + TX) = {0}. Moreover, W; does not
intersect Ng, so that .S is injective on W. Therefore

dimZ/SY =dim Z/(STX + SW;) = dim Z/STX — dim W,.
Finally we can calculate
ind ST = null ST — dim Z/STX
=null T + dim(Ng N TX) — (dim Z/SY + dim W)
= null T+ (dim(Ng N TX)+dim W) —dim(Wy + W) —dim Z/SY
=nullT + null S —dimY/TX — dimZ/SY = ind S + ind 7. [ |

The invertible elements of any ring form a group under multiplication. When
we restate Theorem 5.3.11 as a result about B(X)/IC(X), we obtain:

5.3.12. COROLLARY. The Fredholm index is a homomorphism from the group
(B(X)/K(X))"Vinto (Z,+).

5.4. Normal Operators

5.4.1. DEFINITION. Let H be a Hilbert space. An operator T' € B(H) is self-
adjoint if T* = T 1tis positive if T* = T and (T'x, z) > 0 forx € H. Itis unitary
if 7% = T~!. And it is normal it T*T = TT*.

5.4.2. REMARKS.

() IfT : H— H is everywhere defined and formally self-adjoint, meaning that
(Tx,y) = (x,Ty) for all z,y € H, then T is automatically bounded. See Exam-
ple 2.4.13. This is known as the Hellinger-Toeplitz Theorem.

(2) If H is a complex Hilbert space and T' € B(H) satisfies (T'z,x) > Oforx € H,
then the polarization identity shows that

3
1
(Tz,y) = 3 3 (T +i'y),z +i%y)

and

3

(T2,9) = {2, Ty) = Tg,a] = 3 37 (T (y + i),y + it)
k=0
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(—)M(T(x + (=), 2 + (—i)*y) = (Tz,y)
k=0
Hence T = T is automatically self-adjoint.

If H is a real Hilbert space, then 1" = [(1) _(1)] € M (R) satisfies

(ol Bl B ==

for all (z,y) € R?. However this matrix represents a 90 degree rotation, and is
clearly not self-adjoint because 7% = [ _{ (] = —T even though (T'z, z) > 0 for
all z € R2.

(3) If U is unitary, then (Uz,Uy) = (U*Ux,y) = (z,y). Thus unitary maps are
invertible isometries and they preserve the inner product.

5.4.3. EXAMPLES.

(1) In Example 4.3.8(1), we showed that the multiplication operator My on L*(0,1)
is bounded when f € L*°(0, 1) and that M} = M. Itis clear that this is a normal

operator. It is self-adjoint if and only if f = fa.e., i.e., when f is real valued. It is
positive if and only if f > Oa.e.. And it is unitary if and only if | f|> = 1 a.e.
A similar analysis applies to D = diag(d;, da,d3,]...) € B(ly).

(2) If A € B(H), then A*A is positive. Indeed, (A*A)* = A*A*™ = A*A and
(A*Az,x) = (Ax, Az) = ||Az|*> > 0. Moreover ||A*A| < ||A*| | Al = || Al
and

|A*All = sup. |A*Az| = sup (A" Az, z) = sup. 1Az]|* = || AJI*.

llzll< llzll<t llzll<

Hence ||A*A|| = || A

5.4.4. PROPOSITION. Let N € B(H) be a normal operator. Then

(1) ||[Nz|| = ||[N*z|| forall z € H.

(2) |IN] = spr(N).

(3) ker(AI —N) =ker(A] — N)" =ker(\ — N)* forall A € Candn > 1.
(4) ker(A\I — N)* =Ran(\[ — N) forall X € C.

(5) ker(A\I — N) L ker(ul — N)if \ # u € C.

(6) If p € C[2] is a polynomial, then ||p(N)|| = sup {|p(A)] : X € o(N)}.



96 Compact Operators

ProOF.  [[Nz|? = (Nz,Nz) = (N*Nuz,z)
= (NN*z,z) = (N*z, N*z) = ||N*z||>.
So (1) holds. For (2), || N2z|| = |[N*(Nz)|| > (N*Nz,z) = || N||>. Taking the
supremum over ||x|| < 1 yields || N2|| > || N|?, while || N?|| < || IV||? is true for all

operators. Thus |[N2| = || V||?. Iterating this yields [|N2"|| = || N|]>" for k > 1.
Therefore

. k k
spr(N) = lim [ N?"12" = V],

Since Al — N is normal, we have by (1) that ||(A] — N)z|| = ||[(A — N)*z||.
In particular, x € ker(AI — N) if and only if z € ker(AI — N)*. Also by the proof
of (2), [[(AI = N)* 2| > ||(A — N)z||*". Hence z € ker(AI — N)*" implies that
x € ker(AI — N). The other inclusion is trivial. So ker(A\] — N)Zk = ker(A[ — N).
Hence ker(Al — N)™ = ker(A — N) for all n > 1. So (3) holds.

@) Ran(A — N) = (ker(AI — N)*)" = (ker(AI — N))™.

(5)If z € ker(A\] — N) and y € ker(ul — N), then Nz = Az and Ny = py,
whence N*y = fiy. Hence

Ma,y) = (Nz,y) = (z, N'y) = (z, iy) = p(z, y).
Since A\ # u, this forces (z,y) = 0. Therefore ker(A\] — N) L ker(ul — N).

(6) It is easy to check that p(N) is normal. By the Spectral Mapping Theorem,
o(p(N)) = p(c(N)). Therefore

(N[ =spr(p(N)) =sup{|u| : p € o(p(N))} =sup{|p(A)[ : A € o(N)}. W

5.4.5. COROLLARY. Ifa normal operator N is Fredholm, then ind N = 0.

PROOF. Compute: ind N =null N — null N* = 0. |

5.4.6. SPECTRAL THEOREM FOR COMPACT NORMAL OPERATORS.
Suppose that K € B(H) is compact and normal. Let o(K) = {\, : n > 0} where
Ao = 0 = limy 00 A\p. Let M,, = ker(A\,I — K) for n > 0. These are finite
dimensional for n > 1 and M,, 1. M, for m # n. Moreover H = Zf>0 M, and
K =3, ~0 AP, is diagonalizable by an orthonormal basis. -

PROOF. By the Structure Theorem for Compact Operators 5.2.7, o(K) con-
tains 0, and is either finite or countable, {\,, : n > 0}, where A\g = 0 = lim,,_,00 Ay,.
For each 0 # \,, € o(K) \ {0}, the space M,, = ker(\,I — K) = ker(\,] — K)?
is finite dimensional. By Proposition 5.4.4(5), M,,, L. M,, for 1 < m < n.

Let N = Zf};l M,, be the orthogonal direct sum of M,, for n > 1. Then
this subspace is invariant for K, and by Proposition 5.4.4(3), it is also invariant for
K*. By Proposition 5.4.4(4), Nt = ,~, Ran(\,I — K), which is also invariant
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for K and K*. So H = N & Nt and K ~ [KJ)N K‘OL} because both /N and
N

. : . K* 0 .
N are invariant. It is easy to check that K* ~ [ O‘N K*|o1 ] Computation of
N

0 = K*K — KK* shows that K|y and K|y are both normal. All of the non-
zero eigenvectors of K lie in NV, so that o(K| 1) = {0}. By Proposition 5.4.4(2),
|K|ye]| = 0. So K|y. = 0, which shows that N+ = ker K = Mj and thus
H = Zf>0 M.

Let Py, be the orthogonal projection onto M,,. Then L = > -\, Pas, is
a normal operator with ker(\,I — L) = M,, for n > 0. These spaces sum to
the whole space, so L and K agree on each M, and therefore on all of H. If we
choose an orthonormal basis for each M,,, we obtain an orthonormal basis for H
consisting of eigenvalues for K. So K is diagonalized by this basis. |

Let K € IC(H) where H is a separable Hilbert space. Then K* K is a positive
compact operator. Hence it is diagonalizable. Thus there is an orthonormal basis,
say {e, : n > 1} so that K*Ke, = s%ep, where s, > 0 and lim,, o s, = O.
Define a positive compact operator by |K|e,, = spe, for n > 1. Then |K|> =
K*K.Forx € H,

HEz|? = (| K|z, |K]e) = (| Kz, z)
= (K*Kz,z) = (Kz, Kz) = | Kz|*.

Define Uy : Ran |K| — Ran K by Uy(|K|z) = Kx. This map is isometric, and so
it extends to an isometry from Ran || onto Ran K. Now (Ran |K|)* = ker | K| =
ker K'; so H = Ran |K| @ ker K. Define U € B(H) by

U(x®y)=Upxr for zcRan|K|andy € ker K.

Then by construction, K = U|K|, and U has the property that kerU = ker K
and RanU = Ran K. Algebraically, we have U*U is the orthogonal projection
onto Ran |K'| = (ker K )+ and UU* is the orthogonal projection onto Ran K. An
operator like U which is an isometry on the orthogonal complement of its kernel is
called a partial isometry.

We think of the factorization K = U| K| as the polar decomposition by analogy
with factoring a complex number as z = ¢%|z|. Let S = {n : s, > 0}. Then

ker K =ker |K|=span{e,, : n ¢ S}

and

(ker K)* =Ran|K|=span{e, : n € S}.
Note that f,, = Ue,, for n € S is an orthonormal set because Uy is an isometry. We

can write |K| = > g snene;,. Therefore

K =U|K]| :Uanene;:anfnefl.

nes nes



98 Compact Operators

The values (sp,)nes, reordered so that they form a decreasing sequence, are the
singular values of K. If K is finite rank, then we set s, = 0 for k£ > rank K.

When H is not separable, a compact operator is always supported on a sepa-
rable subspace M = Ran K + (ker K).. Thus K also has a polar decomposition,
and the non-zero singular values form a finite or countable set with limit 0.

5.4.7. DEFINITION. The Schatten p-class on H is the set
S, ={KeK(H):(sn) €lp}

with norm || K[, := ||(sn) |-

It can be shown that each &,, is an ideal of B(H ), and
ISKTp, < [[SIIKlp | T for K € &pand S, T € B(H).

It contains all finite rank operators, and thus is operator norm dense in K(H); and
it is complete in the || - ||, norm. For 1 < p < o0, &}, = &, where 1 —|—é = 1. And
it is an important theorem that IC(H )* = & and &} = B(H). In particular, B(H)
is a dual space, and so has a weak-* topology.

5.5. Invariant Subspaces

5.5.1. DEFINITION. If A C B(X), a closed subspace M C X is an invariant
subspace for A if AM C M for all A € A. Tt is a proper invariant subspace if
{0} # M # X. We write Lat A = {M : invariant subspaces for A} for the lattice
of invariant subspaces.

Lat A is a complete lattice. The operations are intersection, M AN = M NN,
and closed span, M VN = M + N. Itis easy to check that these are both invariant
subspaces. Completeness indicates that we can take the supremum and infimum
over arbitrary subsets of Lat A. we have

/\M :ﬂMa and \/M :ZMa
a€A acA acA aEA

where in the sum, we allow only finitely many non-zero vectors. Again it is easy to
check that these subspaces are invariant.

The following result has a slick proof due to Hilden. The original result is
actually stronger.

5.5.2. LOMONOSOV’S THEOREM. [f0 # K € K(X), then {K} has a
proper invariant subspace.
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PROOF. If 0 # X\ € o(K), then M = ker(\] — K) is a non-zero finite dimen-
sional (closed) subspace. If A € {K}/, then for z € M,

(M — K)Az = A(M — K)z = 0.

Thus AM C M; whence M € Lat{ K'}'.

Otherwise o (K) = {0}; so that 0 = spr(K) = lim,_, |K"||'/". We may
normalize so that ||K|| = 1. Pick a vector g € X so that |[Kxg|| =1+ 6 > 1;
so ||zo|| > 1. Let S = by (x), and note that 0 ¢ S. Define D = K S, which is a
compact set. If z € 5,

1Kzl > | Kol| — [ (x — 20)|| > [[Kaol| = 1= 6> 0.

Therefore 0 ¢ D.

Assume that { K’} has no proper invariant subspace. For any non-zero vector x,
{K '}z is invariant for { K’} and contains x because { K}’ is an algebra containing
the identity. Thus we have that { K }'z = X. Hence for € D, there is some
A € {K} sothat Az € S. Then Uy = A~!(S) is an open neighbourhood of
x. So{Uy : A € {K}'} is an open cover of D. Let Uy,,...,Uy, be a finite
subcover.; i.e., for each x € D, there is some ¢ < n so that A;z € S.

Let M = max{||4;]| : 1 <1i < n}. Recursively select a sequence i1, iy, 3, . . .
in{1,2,...,n} so that

A, KA
Therefore since each A; € {K}/,
0 < lzoll — 1< |4y, ... Aq K aol| < MHEH| zoll-

Take the kth root and take a limit to get

L= tim (ol — 1)/% < tim MK ao]/* = 0
k—o0 k—o0

K...AilKSL‘() € S.

lg—1

This contradiction shows that proper invariant subspaces must exists. |

5.5.3. EXAMPLE. Consider the Volterra operatos V € B(L?(0, 1)) from Exam-
x
ple 5.1.5, Vh(z) = / h(t) dt. This is compact and has no eigenvlaues. It has the
0

invariant subspace N; = {h € L*(0,1) : floy = Oae.} for0 <t < 1. In fact,
these are the only invariant subspaces for V.

5.5.4. COROLLARY. IfK € K(X), then there is a maximal chain of subspaces
(with respect to containment) which are invariant for { K'}'.

PROOF. By Zorn’s Lemma, there is a maximal chain NV of subspaces in Lat{ K’ }'.
If M, € N fora € A, then M = \ M, € Lat{K}'. Any other subspace N € N/
is either larger than some M, and hence N D M, or is contained in all of them,
and hence N C M. In either case, it shows that N'U { M} is a chain of subspaces;
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and thus M € N by maximality. Similarly, \/ M, € N. Thus the chain N is
complete.

IfN e N,let N = \/{M e N : M C N}. If N. C N, I claim that
dim N/N_ = 1. Otherwise, we define an operator

KeB(N/N_) by K+ N_)=Kzr+N_.

Note that Kb (N/N_) = Q(Kb;(N)), where Q : N — N/N_ is the quotient
map. The continuous image of a compact set is compact, and therefore K is a
compact operator. The algebra { X'} has a proper invariant subspace, say M. Then
Q~'M =: L is invariant for {K} and N_ C L C N. The reason is that for
T € {KY}, the operator T(x + N_) = Tz + N_ in B(N/N_) lies in { K}’ and
so leaves M invariant. Pulling this back to X shows that L is invariant for T'.
However this contradicts the maximality of /. Hence the gap N/N_ is either 0 or
1 dimensional.

This chain A/ must be a maximal chain in the lattice of all subspaces of X . For
if NU{M} were a larger chain of subspaces, let N_ = \/{N e N': N C M} and
Ny = A{N € N : M C N}. Then by completeness, Ny € N and N_ C M C
N.. Moreover N_ = (N, )_ and the gap N4 /N_ is at least 2-dimensional. This
is false, and hence A is maximal. [ |

For the rest of this section, we will restrict our attention to operators on Hilbert
space. This is for convenience of presentation.

5.5.5. DEFINITION. A nest of subspaces is a complete chain of subspaces.
The nest algebra T(N') = {T € B(H) : TN C N forall N € N}. Again
we define N = \/{M € N : M C N}. The atoms of N are the subspaces
A=NoN_={x e N:z L N_} when N C N; and let A denote the set
of all atoms of NV. Define ®4(T') = P4T|4 be the compression of T' € T (N) to
the subspace A. When N is a maximal nest, the atoms are 1-dimensional and so
® ,4(T) are scalars.

Note that 7 () is a vector space closed under multiplication and contains I. If
To € T(N) converge in the weak operator topology to T, i.e. (Tpx,y) — (Tz,y)
for each 2,y € H, then for every z € N and y € N, we have 0 = (T, y), and
thus 0 = (T'z,y). Therefore Tx € (N1)* = N;so T € T(N). Therefore 7 (N\)
is a weak operator topology closed algebra of operators. The fact that each N € N
is invariant can be seen as an upper triangular form for elements of 7 (/).

We will use the notation of Theorem 5.2.7. The proof will be given in a series
of lemmas.



5.5 Invariant Subspaces 101

5.5.6. RINGROSE’S THEOREM. Suppose that K € K(H) and that N is a
maximal nest in Lat K. Let A be the atoms of N. Then

o(K) = {0} U {®4(K): A A},

Moreover each non-zero eigenvalue \ is repeated ny = dim N () times.
5.5.7. LEMMA. o(K) ={0} U{P4(K): AcA}.

PROOF. Let A € A such that 0 # X\ = ®4(K). Write A = N © N_ for
some N € N. Since A is 1-dimensional, pick a unit vector x € A. Then A =
Py(K) = (Kz,z). Since N = N_ & Czx, Kz = Az + y for some y € N_.
Hence (A\I — K)x = —y € N_. This shows that (Al — K)|x is not surjective,
and so A € o(K|n). By Theorem 5.2.7, A\ € 0,(K|n). Thus ker(A] — K) D
ker(AI — K)|n # {0}. Hence \ € o(K).

Conversely suppose that A € o(K)\{0}. Then E = ker(\] — K) is a non-zero
finite dimensional subspace. Thus the sphere S = {x € E : ||z|| = 1} is compact.
Let

N=N\{MeN:EnM#{0}}.

If EN M # {0}, then S N M is non-zero and compact. This collection has the
finite intersection property because (S N M) N (S N M) = SN (M, N M,), and
M N M is the smaller of M and M;. By compactness, the intersection S N NV is
non-empty. Thus E N N # {0}. Therefore A\I — K|y has non-trivial kernel, and
thus Ran(A] — K|y ) is a proper closed subspace of N.

Now if M € Nand M < N, then ENM = {0}. Hence A\I — K|y is injective,
and thus by Theorem 5.2.7, Ran(Al — K|j;) = M. Since N_ is the closed span
of M € N with M < N, Ran(A — K|n_) D Uy <y M. This is dense in N_
and the range is closed, so equals N_. This shows that N_ C N. It follows that
Ran(Al — K|y) D N_ and is a proper subspace of N. Since A = N & N_ is
1-dimensional, the range is N_. Therefore 0 = ® (A — K) = A\ — ® 4(K). Thus
DA(K) = A, m

5.5.8. LEMMA. Let A € o(K) \ {0}, and let M € Lat K. Then M is invariant
for E.

PROOF. The restriction K |,/ is also compact. Let
N =ker(A[-K|p)"™ = N(A)NM and R =Ran(AI—K]|p)™ C R(A\)NM.

Then by Theorem 5.2.7, M = N 4 R. Note that )|y = I|y and E\|gr = 0.
Therefore E\M = N C M. |
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5.5.9. LEMMA. Let A\ € o(K) \ {0}, and let A € A. Then

1 if @4(K) = A
PalB) = {0 otherwise.

PROOF. We have H = N(\) + R()) is a direct sum of subspaces in Lat K.
Then K := K|y has the form AI) + J, where [}, is the identity on N()) and
J € B(N(A)) is nilpotent. Let L = K|p(y). This is compact and A ¢ o(L).
With respect to the decomposition H = N(\) + R()\), K, E) and K + zE), have
matrices

| AM+J 0 _|Ix 0 A +2) I +J 0
K—[ 0 L]’ E_[O O} and K+tE) = 0 1K

By Lemma 4.4.8,
o(K+zE\)=c((A+2)Iy+J)Uo(L)={\+ 2z} Uc(K)\ {\}.
For any A € A and ¢t € C, we have that
DPp(K +2E)) = Pu(K) +2P4(Ey) € (A +2}Uc(K)\ {A}

If ®4(K) = A, then ®4(K + zE)) will be near to A for small z, and therefore
Py (K+2E)) = A 2. Thus @ 4(E)) = 1. On the other hand, if @ 4(K) = p # A,
then o + 2P 4 (E)) € o(K) \ {\} for very large z, and hence P4 (E,) =0. W

5.5.10. LEMMA. The set A(A) = {A € A : ®4(K) = A} has cardinality
n) = rank F).

PROOF. Let A(X) = {Ai,...,A,} be a finite or countable set, and define
P = %" a,enn Ai- This is an orthogonal projection of rank [A(A)[. Each A; =
N; © N;_ = Ce;. Then Eye; = e; + y; where y; € N;_. In particular, if we
order the IV; by containment, then we see that the compression PE)|py is upper
triangular with 1’s on the diagonal. Therefore n < rank Ey.

The projection P also lies in 7 () since either e; € N or e; € N+. By choice
of P, we have ®4(E) — P) = 0 for A € A(\). Also by construction, ®4(P) =
0=®4(E)) for A € A\A()N). By Lemma 5.5.7 applied to the finite rank operator
E\—P,0(E\— P)={0}. If rank P < rank E}, there would be a unit vector x in
N(A\)N P+H,and (E\ — P)x = z. Hence |A()\)| = rank P = rank E\ = n,. B

For vectors x,y € H, we use the notation zy* for the rank one operator
(xy*)(2z) = (z,y)x. This is a natural notation because

] T1Y1 T1Y2 T1Y3
B E 3 Yl T2 T2Y3
LY = a3 [yl Y2 Y3 ] ~ |@y1 132 w33
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Also we have the identity A(zy*)B = (Ax)(B*y)* forany A, B € B(H).
5.5.11. LEMMA. Let A C B(H). Then Lat A* = {M* : M < Lat A}.

PROOF. If M € LatA, z € M,y € M+ and A € A, then (A*y,z) =
{y, Ax) = 0. This shows that A* M~ is orthogonal to M, whence A* M+ C M+,
Since A = (A*)*, this argument is reversible. [

We finish this section with a useful finite dimensional result.

5.5.12. BURNSIDE’S THEOREM. If A C M, is a subalgebra of the n x n
complex matrices. and Ax = C" for all x # 0, then A = M,,.

PROOF. Proceed by induction on n. For n = 1, the only proper subalgebra is
{0}, which doesn’t satisfy the hypothesis. So the result is true. Assume the result
is true for all k£ < n.

First I show that there is some F' € A with 0 < rank /' < n. A cannot consist
solely of scalar multiples of I since n > 2, so pick a non-scalar A € A. If A is not
invertible, then 0 < rank A < n as desired. Otherwise pick A € o(A),so A— A is
non-zero and not invertible. The rank is unchanged if we multiply by the invertible
A,s0 F = A(A—)\) = A2 — \A € A works.

Let M = Ran F. The set B = F'A|, is an algebra since

(FA|u)(FB|y) = F(AFB) |y € B for A B € A.

If0 # x € M, then Bx = FAr = FC" = M. By the induction hypothesis,
B = L£(M). In particular, B contains a rank one operator R = F'Ag|ys. Therefore
FAoF € Ahasrank 1, say FAoF = zoy;.

Let z,y € C™. Pick A € A so that Axyg = x. Now A*yy is invariant for A*, so
by Lemma 5.5.11, it is {0} or C". But if A*yy = 0, then

0 = (A"yo, z0) = (o, Axo)

which contradicts that yo € Axg. Pick B* € A* so that B*yy = y. Then A
contains A(zoys)B = (Axo)(B*yo)* = xy*. Every matrix is a sum of rank one
matrices, so A = M,,. [ |
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Exercises for Chapter 5

1.

(a) If E = E? € B(X) is compact, show that F is finite rank.
(b) Show that if f € C[0, 1], then the multiplication operator M on L*(0, 1)
is not compact unless f = 0.

(a) Let X, Y be Banach spaces. Prove that if KX € IC(X,Y") is compact, then
whenever a sequence x,, € X converges weakly to xo, the sequence Kz,
converges to K zg in norm.

(b) Let X be a separable reflexive Banach space. Suppose T € B(X,Y') and
whenever a sequence x, € X converges weakly to x, the sequence 1Tz,
converges to Tz in norm. Prove that 7" is compact. Hint: use the Banach—
Alaoglu Theorem.

(c) Find a non-compact operator T' € B(l,) so that nhﬁrgo |Te,|| = O for the

usual o.n. basis {e, }.

Let V be a bounded operator on a Hilbert space H.
(a) Show that V' is an isometry if and only if V*V = I.
(b) Show that the following are equivalent:
(i) U is unitary, (ii) U* = U~!, and (iii) U is an isometry and UU* = U*U.

Suppose that T € B(X,Y) is Fredholm. Prove that 7% is Fredholm, and find
the relationship between ind 7" and ind 7.

Let S be the unilateral shift on l,. Define T' = S & (S* + 11) in B(l, @ b).
Compute ind(T — AI) for A € {—3,0,2}.

The Donaghue operator acts on I, by Aeg = 0 and Ae, = 27 "¢, for all

n > 1.

(a) Show that A is compact, and compute || A]|.

(b) Show that the proper closed invariant subspaces for A are precisely the
subspaces M,, = span{ei : 0 < k < n} forn > 0. HINT: If an invariant
subspace M contains a vector x = Y -, ZTne, With 2, # 0 infinitely
often, show that g € M. Pick n; — oo such that |x,,| > |x,| for all
n > n;. Consider appropriate multiples of A™ix.

Let V be the Volterra operator on L*(0, 1), V f(z) = [ f(t) dt.

(a) Express V* as an integral operator.

(b) Suppose that f is an eigenvector of V'V*. Show that f is C'* and satisfies
a second order ODE with boundary conditions.

(c) Hence diagonalize V'V* and compute ||V .
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