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PM 352 Assignment 5 Solutions

(Type I) Let y(x) = €™ for 0 < o < 27 and set z = €@ and dz/iz = dx

/W/2 1/27r 17{ 1 dz
o a+sin’z 4J)y a+sin :c_4 a+(z2 1)2 1z
z

=) Res ( w)
j{z‘* 2a+1)22+1 ﬂzl es 24 —2(2a+1)22+1’
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Solve z* —2(2a + 1)22 +1 = 0 to get 22 = 2a + 1 £ 2va +a2. Since a > 0, 0 <
2a + 1 —2va + a?| < 1. It has two square roots, say +«. These are simple roots, so

z 2
Res ( +a) =
Sz 2(2a+1)22+1 “ 423 —4(2a + 1)z lz=+a
1 —1

T 102 —42a+ 1) svatat

Therefore, since there are two equal residues at +a,

/W dz (2m) -2 ™
B — iy — 2T =
o a+sin’z 8Va+a?  2va+ a?
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(Type II) / mdx = 2/ mdfc. Integrate (Zh‘iiﬁ)g over the curve
0 —00

Yr = [-R,R]U{Re : 0 < t < 7w}. For large R, the integral over the semicircle is
bounded by 27rR(R2+22)3 < 2 Rg, which goes to 0 as R — oco. Note that m has poles
of order 3 at +ai. Only ai lies in the upper half plane. Observe that setting Z = z — ai,

22  (Z4ai)? 22+ 207 — a? 1
(224 a2)3  Z3(Z +2ai)3 A —8a%i(1+ Z/2ai)3
 (Z*42diZ — a®) (1 — Z/2ai — Z*[4a* + ... )?
B zZ3 —8a3i
(22 +2aiZ — a®) (1 —-3Z/2ai —32%/2a* + ...)
N Z3 —8a3i
_ —a*+ (2ai + 3a/20)Z — Z? )2+ ...
B —8a3iZ3
22 1
Therefore Res (m,az) = 165" So
1 [ x? g) T
2 /_OO (22 +a2)3 mlmzw;ORes< 24+ a2) > T 1643 1643

a? + a2 oo @2+ 22
Yr = [—R,RJU{Re" : 0 <t < 7}. A lemma from class shows that the integral over the
semicircle goes to 0 as R — oo. This function has a simple pole at ai in the upper half

o0 1 o0 T iz
(Type III) / ST gy = Re/ L Integrate % over the curve
0 2 _ a“+ z

eiz . o ﬁ - e—a
plane, so Res <a2 +ZQ,az) = 5o |mui = Sar- Therefore,




1/3
z

dx. Consider f(z) = li% where we use the branch of z

oo
4. (TypeIV) Let I = - 1/3
(Type V) Let 1= [ 2

on C\ R, given by (re®)1/3 = ¢1/3¢i/3 for 0 < t < 27. Integrate over the curve
Yr=[1/R,R] +{Re" :0 <t <2n} —[1/R,R] — {¢"/R:0 <t < 27}

like Fig.1 except for the loop around 1. Observe that f(z) extends from the interior of
~vr to the curve by continuity, and on the return segment —[1/R, R] takes the values

%. Thus in the limit, the integral tends to —e?™/3I. Note that f(z) has simple
. . ; ug? . —_i)1/3 T
poles at +i. So Res(f,i) = % = 621./6 and Res(f,—i) = % = _622./2

The integral over {Re™ : 0 < t < 27} is bounded by 27 R(R'/3)/(R? — 1) < 4w R~2/3,
which goes to 0 as R — oo. The integral over —{e?’/R : 0 < t < 2r} is bounded by
21 /R(R™Y3)/(1 — R™2) < 4nR~2/3, which goes to 0 as R — co. So in the limit, we
obtain
eﬂ'i/ﬁ _e7r7l/2
21 * 27 )

(1—e2™/3)] = 27ri<
Simplifying, we get
71/3 emi/6 _ e7ri/2 e—™i/6 _ e7ri/6 B Sin7T/6 R

/0 1+a2 ™ Ty —ewis T Te=mis _emif3 T "sinn/3 V3
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(Type V) Let I = / % dz. Using the same curve as problem 4, we integrate
0 Xz
. log? 2 log? 2 ) ..
the function f(z) = = — using the principal branch of log z on

(14222 (z—190)%(z+1)?
C\ R4. This function has double poles at i with residues

Res(f, i) = i( log? = ) ~ 2logz _ 2log? 2
" de\ (2 +0)2 e=i 0 2(2+10)2 0 (2 40)3 =
i n 2(mi/2)* w w2

—41 8% 4 16

and similarly

L 203mi/2)  2(37wi/2)% 3w 9r%

Reslh =) = oo ~ (2P~ 4 16
The integral around the large circle { Re® : 0 < ¢t < 27} is bounded by
2nR(log R + 27)?/(R? — 1) < 8R™'log®? R for large R,

and tends to 0 as R — oo. Similarly, the integral around —{e®®/R : 0 < t < 27} is
bounded by 27R~'(log R + 27)?/(1 — R~2) < 8R! log? R for large R, and tends to 0 as
R — oo. The integral along [1/R, R] — [1/R, R] yields

B log?z R (logx + 2mi)? R 4n? — 4rilogx
oy AT — 5 dT = — 55 dr
1/r (1+22) yr  (1+2?) yr (1+2?)

Thus in the limit,

00 d 2z 3 9 2,
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4 16 4 16
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As both integrals are real, we get /0 % dx = —% and /0 ﬁ =71
(Note that the second integral can be done by standard calculus techniques.)
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Let I = / 7 +ac —. Integrate f(z)= around Figure 2. Observe that the integral
0 X

14 2n
2R
over the arc of the circle is bounded by ﬁ, which tends to 0 as R — oco. The
n _
integral along the line segment from Re?™/™ to 0 is
R 1 ) )
J = _/ - - e?ﬂ'z/n dr = _627r1/nI.
0o 1+ (627rz/n$)n
Now f has a simple pole at e™/™ and Res(f, e™/™) = le:em‘/n = 76::/71. Therefore

(1-— 62’”/”)[ = —Liefm. Thus

/OO dv 271 B T
o l+an  n(emi/n —e-mi/n)  psinm/n’

Bonus Problems.

A.

> cosw i5 ) p—iz
o . . o o + .
Let I = /0 oshz dz. We will integrate f(z) = 255 = % +2_z around the rectangle in

Fig.3. On the end segments +R + it, the integral is bounded by 27 —7=—x R €, which tends
to 0 as R — oo. Let I(R) :/ RREPY
- oshx

R+ mito —R + i is
J(R) = _/R de _ _/R cosx coshm — isinz sinh 7

dz. The integral J(R) along the segment from

_g cosh(x + mi) _gr coshzcosm + isinhzsinm
R cosx cosh — isinxsinh o R sing
= dx = coshm I(R) — isinh 7
_R coshz _p coshzx
= coshm I(R).

We used the fact that Csoi:h‘”x is an odd function. Now f(z) has simple poles at the zeros of
cosh z = cos iz, namely z = (2n + 1)mi/2 for n € Z. Only 7i/2 lies inside the rectangle,

and

hm/2
Res(f,mi/2) = _o8E = cosh/2 = —icoshm/2.

—isinizlz=ri/2  isinm/2
Hence letting R — oo,

/ cosz 1 lim I(R) = 1 (2mi)(—icoshm/2) wcoshm/2  m/2
0

cosha " 2 Roso 2 1+ coshm "~ 1+4coshm  coshm/2

t
. Integrate ((3_?_1734 around a large square, as shown in class, and obtain
s+ L
2
[e.e]
1 t
Z ——— = —Res (M 1/2>
Wl (n+3) (z+3)*
Now
t & (14 2cos? 4
—Res(ﬂco ik -1/2 > ——3 T Cot T2 _ +_ fos m2) =T
(z+ )Y 6 dz 2=—1/2 3sin® 7z =-1/2 3
Hence

[e.9]
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us = —. Now =—)% —.So
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=0 n=1 n=1
(2n+1)4 n4 (2n)4 16 nt
=0 n=1 n=1 n=1
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Theref = =
ereore;n4 90

o ] 2 log?
, / ;) & xl dx = % is obtained by integrating f(z) = (;g Zl around Figure 1, picking
0o TT— =

up half of the residue at 1.

00 (in2 00 00 it
1 1-— 2 1 1-—
. (Type III) / 51n2x dr = 5 / % dr = 3 Re/ th dt, where we substi-
0 € —00 x —00

1— eiz
22

tuted ¢ = 2x. We will integrate f(z) = over the curve

Yr=[-R,—1/R] —{e"R:0<t<nw}+[I/R, R+ {Re" :0 <t <m}.

Observe that the integral of =2 over the large circle is bounded by mR/R? goes to zero;
and since lim;| # = 0, a lemma from class shows that the integral of e** /22 also tends
to 0 as R — oo. This function has no poles inside g, and thus the integral is 0. Finally
observe that since 1 —e% = 0, f has a simple pole at 0 with residue %(1 —e'?) ‘Z:O = —1.
So another lemma from class shows that the integral over the small semicircle in the
positive direction tends to 7i Res(f,0) = mi(—i) = 7.

While the function S“;# extends to be continuous at 0, and thus is integrable, the
function l_tflt is not because it has a non-integrable singularity like 1/¢. However, since
we are balancing the integral on the positive axis by the negative axis, there is cancelation
and the limit exists as a principal value of the integral. (Actually the non-integrable part

0 _ eit

oo B2

is pure imaginary, and doesn’t affect the real part.) Hence PV dt = 7, whence

00 in2
/ > J:dx:W/Q.
0

22

0o 2(—1)"
. / gost do = (=1) for a = (2”+1)7r, n > 1 is obtained by integrating the function
0 a°—x 2n+1

e*® X
f(z) = e over the curve in Figure 4. Note that -$£

—3-5 1s continuous on R and dies

off like 72, and so is integrable. But f(z) has simple poles at +a. The integral picks up
half of the residues at these points.



