PM 352 Assignment 2 Due Friday January 29.

Let f(z) = eY? for z # 0. Let r > 0, and set A, = {z € C: 0 < |z| < r}. Determine the
range f(A,). Hint: Solve e!/? = a.
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Define sinz = and cosz = % for z € C.

(a) Show that sin(w + z) = sin z cosw + cos z sinw for all w, z € C.

(b) Notice that sin(iy) = isinhy and cos(iy) = coshy for y € R. Show that for z,y € R,

|sin(z + iy)|* = sin?z + sinh®y and | cos(x + iy)|? = cos® x + sinh? y.

(c) Solve sinz = 2.

Prove that if f is analytic, then the real-valued function log | f(z)| is harmonic.
Hint: write f(z + iy) = u(z,y) + iv(x,y).

(a) Let f be analytic on an open set U containing the unit circle T = {eie :0<60<2r}.
Show that if f has an analytic primitive defined on all of U, then fo% flet)elt dt = 0.

(b) Let f(z) =1/zon A ={z: % <|z| < 2}. Compute fo% f(e)e' dt. Use this to show
that there is no branch of the logarithm defined on A.

Let g(2) = ZnZl(nQ + n)(z 4+ 1)". Find the radius of convergence and a closed form
formula for g(z). Justify your steps.

Let f(z) =) ,~0an(z — 20)" be a power series which has a finite radius of convergence
R > 0. Suppose that there is some z; with |21 — zp| = R such that the series converges
absolutely at z;. Prove that the series converges uniformly on the closed disk Bg(zp).

Let f(z) = ano an(z—20)" be a power series which has a positive radius of convergence
R. Prove that if a; # 0, then f is one-to-one on a small ball, B,(zp), around zy.
Hint: WLOG, 2z = 0. Look at Lﬁw)
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A. Bonus Problem. Please hand in separately.

You are given two power series, f(z) = >, ~,an2", which has radius of convergence
Ry >0, and g(2) = Y, ¢ bn2", which has radius of convergence Ry > 0. Define a new
power series by setting ¢, = S 1_y axby_x for n > 0, and h(2) = 3, < cn2™

(a) Show that h(z) has radius of convergence at least R = min{R;, Ra}.
(b) Prove that h(z) = f(2)g(z) for |z| < min{R;, Ra}.

(¢) Find an example for which the radius of convergence of the series for h is greater
than R.



