Math 249, Winter 2013
Assignment 4

Due Wednesday, February 27, in class.

1. Let & be a set of combinatorial objects and let w; : § — N and ws : § — N be weight

functions. Recall that the multivariate generating series for S with respect to w; and ws is
defined to be

@s(r,y) = 32 a1y,
oceS

Prove the following;:

(a) The number of objects o € S such that wi(0) = n and we(o) = m is [z"y"|Ps(x, y).
(b) [y™]®s(x,y) is the generating series for {o € S | wa(o) = m} with respect to w;.

(c) If wg : & — N is a weight function and there exist constants k1, k2 such that ws(o) =
kywi (o) 4 kaws(o) for all o € S, then ®g(tF,#2) is the generating series for S with
respect to ws.

(d) (Product Lemma) Suppose S = A x B, where A is a set with weight functions aq, aa,
and B is a set with weight functions 1, 82. Suppose there exist constants 1,72 € Z
such that

wi(a,b) = a1(a) + B1(b) + 1 and wa(a,b) = az(a) + F2(b) + 12

for all (a,b) € S. Then

Ps(w,y) = 2"y 0 4(x,y)Pp(z,y) .

2. For k > 0, let D, C {0,1,...,k}* be the set of strings whose blocks all have odd length.
Define k + 1 weight functions wq, w1, ..., w, on Dy, where w;(c) is the number of i’s in o.

Let g(u) = u(1+ u — u?)~!. Prove the following.
B 1
1—g(x)

(b) @p, (z,y) = 1— g(:El) —9(y)

1
C1—g(x) —g(y) —g(2)

(a) ®p,(z)

(C) (I)'Dz (l‘, Y, Z)

3. Prove that the number of 01-strings of length n that do not have 00100 as a substring is

1+ 2% +a*
1—2z+a3 —a*— 2%

[2"]



4. Let R be the set of 012-strings that do not have any of the following as a substring:

012 021 102 120 201 210.

In other words, every substring of length three must have a repeated digit. For example,
001121220 € R, 22011 ¢ R. Let R, C R denote the set of strings in R of length n. Note
that Rq is the set of all 012-strings of length 2.

Define a 9 x 9 matrix A whose rows and columns are indexed by strings a = ajas and

B = B1B2 in Ra:

[Aoo,00 Aoo,or Aoooz Aooio Aoor Aco2 Aoco20 Aoco2r  Aoo22]
Aot,00 Aotor Aotz Aorio Aorir Aoz Ao Aoi2r Aoree
Ap200 Ao2,01 Ao202 Ao2i0 Aozt Aoz Aoz Aot Aoz
Ar000 Ar0,01 Ar002 A0 A1 A1z Aoz Aio2r Aio22

A= A0 Aot A2 Ao A Az Ao Aior A2
Ar200 Ai201 Ai202 4210 A1 Aizi2 Ao Aizo1r Az
Asop0 Az0,01 A2002 A20,10 A2011 A20,12 A2020 A2021 A2022
Asip0 Az101 A21p2 Az110 A211 Az Asioo Azio1 Ao

LA2200 A2201 A22p2 Az210 Az211 A1z Azpo Az Ao 2ol

where

1 if ag = B1 and a16152 € R3
a:ﬁ - .
0 otherwise.

Let I denote the 9 x 9 identity matrix, and let 1 denote the all ones column vector of size 9.

(a)
(b)

Explain why |R3| is sum of the entries in the matrix A.
For B € Ra, k > 0, let Ry423 be the set of strings in Rj4o that end in 5. Show that

Ropl=1,  |Rissl= D [Rit2aldas.
aER2

For k > 0, write
14 = [Ngo N§i N§ Nfy N Nfy Ny NpONG .
For 8 € Ra, show that

Nj=1, Nt = > NEAup.
aER2

Deduce that [Ryy2,5| = Ng, and |Ry o] = 1 A*1, for k > 0.

) Show that

dr(z) =1+ 3z + 22 <1t(I - iL'A)_l]_) .

[Hint: The geometric series formula is valid here!]

Try to simplify this approach: find a 2 x 2 matrix that can replace A (you may need to
modify a few other things too). Hence show that

9+ 3z

Do not give a detailed proof, but briefly explain your reasoning.



