C&0O 739, Winter 2009
Assignment 2

Due Tuesday, March 3, in class.

1. Let E be a vector space of dimension n, and let E/ C E be a subspace of dimension m. Since
every d-dimensional subspace of E’ is also a d-dimensional subspace of E, there is a natural
inclusion

7 Grd(E') — Gl“d(E) .

Write o for a Schubert class in H*(Gry(E)) and o), for a Schubert class in H*(Grq(E")).
(a) If Fy is a flag in E', show that i(Q\(F;)) = Q, (F,), for some partition A, and some
flag Fy in E. Determine the relationship between A and Aj.

(b) From part (a), it follows that the map i, : Hyi(Grg(E')) — H.(Grq(E)) is given by
ix(0)) = ox,. (Here we are using the Poincaré isomorphism to identify homology and
cohomology classes. Note that i, is not a ring homomorphism.)

Compute iy (1) = i4([Grg(E")]), and show that oy, = i.(1) - 0.

(c) It is a general fact from topology that if f : X — Y is a smooth map of closed, oriented
manifolds, then for a« € H*(X), € H*(Y),

/Yfm)-ﬁ—/xa-f*(ﬂ)-

{O‘S\ if A € Partg,

Prove that

(o)) =
(o) 0 otherwise.

2. Let L1, Lo, L3 be the row spaces of the following matrices:

1 0 00 0 010 1 010
0100 0 0 01 0101

Let M, g be row space of the matrix

where (o, 3) € C2.
(a) Determine conditions on (c, 3) so that the four special Schubert varieties in Gro(C?),
Qy(L1), Qay(L2), Q) (Ls), Qay(Ma,p)
are transverse. For these (o, 3), find explicitly all V' € Gry(C*) such that

Ve Q(l)(Ll) N Q(l)(Lg) N Q(l)(Lg) N Q(l)(Ma’g) .



(b) Show that there is a loop
te0,1] = (a,B)eC?

(i.e. a path such that (g, By) = (a1, 51)) with the following properties:

o Qy(L1), Quy(L2), Qa)y(Ls), Q1)(Ma,p,) are transverse for all ¢ € [0, 1].
e For any path

te [0, 1] — Vi e Q(l)(Ll) N Q(l)(LQ) N Q(l)(Lg) N Q(l)(Mat,ﬁt) ,

we have Vj # Vi, (i.e. the monodromy of the loop permutes the points of intersec-
tion).

3. The iterated Littlewood-Richardson rule states:
Let Ai,...,As € Partg,, be such that |A\i| + -+ |Xs| = d(n — d). Then

/ O‘Al “ e O')\S
Grq(E)

is the number of pairs of sequences (o, 1, .., ps), (Th,...,Ts), where pu; € Party, are
partitions such that
O=po < < <pg=(n—d)*

and each T; is a Littlewood-Richardson tableau of shape p;/u;—1 and weight A;.

(a) Use the Littlewood-Richardson rule as stated in class to prove the iterated Littlewood-
Richardson rule.

(b) Use the iterated Littlewood-Richardson rule to prove that

hoy - hyy =Y Kb,
"

where K are the Kostka numbers. (Here v; > -+ > vy are the parts of v. The Kostka
number K} is defined to be the number of semistandard Young tableaux of shape y and
weight v.)



