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NSym as an algebra

As an algebra NSym = K �h1, h2, . . .�, noncommutative
polynomials.

Take hi to have degree i .
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Let hα = hα1hα2 · · · hαk
where α = (α1,α2, . . . ,αk) is a

composition.
Then {hα}α composition gives a vector space basis for NSym.

So dimNSymn = 2n−1.
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NSym as a bialgebra

NSym is a bialgebra with Δ(hn) =
�n

k=0 hk ⊗ hn−k , and extended
as an algebra homomorphism.

It is graded and connected so it is a Hopf algebra.
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We have es too

Can define e1, e2, . . . recursively by

n�

i=0

(−1)ieihn−i =

�
1 n > 0

0 n = 0

Get that NSym = K �e1, e2, . . .� and Δ(en) =
�n

k=0 ek ⊗ en−k .


