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Characters

Given a Hopf algebra H over K, a character of H is an algebra
morphism ( : H — K.

A particularly important character for QSym is

@: QSym — K
f(Xl,X2,X3,...) — f(l,0,0,. . )
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Compare with Feynman rules
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Third definition of Combinatorial Hopf algebra

The third definition of Combinatorial Hopf algebra is:

A Combinatorial Hopf algebra is a pair (H, () of a graded

connected Hopf algebra H over K with each H, finite dimensional
and a character ( : H — K.
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Examples

We hadn’t thought about characters before, but we can typically
pick a fairly trivial ¢ and get something good.
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What are the morphisms for this definition

What should a morphism of combinatorial Hopf algebras
¥ (Hi, (1) = (He, (2) mean?
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Universal property

Theorem £(Aguiar, Bergeron, Sdtile)}

(QSym, Cq) is the terminal object in the category of combinatorial
Hopf algebras (in the sense of definition 3).

That is, for any combinatorial Hopf algebra (H, () there is a
unique morphism v of combinatorial Hopf algebras,

¥ (H,¢) = (QSym, (q).
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Proof continued
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Formula for ¢

The fbrmula for ¢ is, for g € H
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Theorem

For any cocommutative combinatorial Hopf algebra (H, () there is
a unique morphism 1 of combinatorial Hopf algebras,

Y i (H,¢) — (Sym, (s), where (s is evaluation at
(x1,x,...)=(1,0,0,...).

The proof is the same since Sym™ = K[hy, hy, .. ] is free
commutative.

The formula for v is, by the same argument,
P(g) = Ga(g)ma
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