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Abstract

The notion of χ-boundedness, introduced by Gyárfás in the mid-1980s, captures when,
for every induced subgraph of a graph, large chromatic number can occur only due to the
presence of a sufficiently large complete subgraph. The study of χ-boundedness is a central
topic in graph theory. Understanding which hereditary classes of graphs are χ-bounded is of
particular importance for advancing our understanding of how restrictions on the induced
subgraphs of a graph affect both its global structure and key parameters such as the clique
number and the independence number.

Which classes of graphs are χ-bounded? A method that has been used to prove that
a class C of graphs is χ-bounded proceeds as follows: We prove that C can be obtained
by applying operations that preserve χ-boundedness to already χ-bounded classes. This
approach gives rise to the following question: Which operations preserve χ-boundedness?

Given k graphs G1, . . . , Gk, their intersection is the graph
(
∩i∈[k] V (Gi),∩i∈[k]E(Gi)

)
.

Given k graph classes G1, . . . ,Gk, we call the class {G : ∀i ∈ [k],∃Gi ∈ Gi such that, G =
G1 ∩ . . . ∩Gk} the graph-intersection of G1, . . . ,Gk. In the mid-1980s, in his seminal paper
“Problems from the world surrounding perfect graphs”, Gyárfás observed that, due to early
results of Asplund and Grünbaum, and Burling, graph-intersection does not preserve χ-
boundedness in general, and he raised some questions regarding the interplay between
graph-intersection and χ-boundedness. This topic has not received much attention since
then. In this thesis, we formalize and explore the connection between the operation of
graph-intersection and χ-boundedness.

Let r ≥ 2 be an integer. We denote by Kr the complete graph on r vertices. The Kr-free
chromatic number of G, denoted by χr(G), is the minimum size of a partition of V (G) into
sets each of which induces a Kr-free graph. Generalizing the notion of χ-boundedness, we
say that a class of graphs C is χr-bounded if there exists a function f : N→ N such that for
every G ∈ C and every induced subgraph G′ of G, we have χr(G′) ≤ f(ω(G′)), where ω(G′)
denotes the clique number of G′. We study the induced subgraphs of graphs with large
Kr-free chromatic number.

Finally, we introduce the fractional Kr-free chromatic number, and for every r ≥ 2, we
construct Kr+1-free intersection graphs of straight line segments in the plane with arbitrarily
large fractional Kr-free chromatic number.
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Chapter 1

Preliminaries

In this chapter, we present some basic definitions, notations, and well-known results that
are used throughout this thesis. Additional specialized definitions and notations will be
introduced in later chapters, just before they are first used. For terminology and notation
not defined in this thesis, we refer the reader to [132].

1. Sets. We denote by R the set of real numbers, and by R+ the set of positive real numbers.
We denote by N the set of nonnegative integers, and by N+ the set of positive integers. Let
k and k′ be positive integers with k < k′. We denote the set {n ∈ N+ : k ≤ n ≤ k′} by
[k, k′]. For the set [1, k′] we often write [k′]. Let t be a positive integer. We denote by [k]t
the set {(n1, . . . , nt) : ∀i ∈ [t], ni ∈ [k]}. Let X be a set. A k-subset of X is a subset of X
which has size k.

2. Graphs. Unless otherwise stated, graphs in this thesis are finite, undirected, and have
no loops or parallel edges. Let G be a graph. We denote the complement of G by Gc. We
often denote an edge {u, v} ∈ E(G) by uv.

Let X ⊆ V (G). We denote the subgraph of G which is induced by X, by G[X]. Let H
be a graph. We say that G is H-free (respectively contains H) if it contains no (respectively
contains an) induced subgraph isomorphic to H. Let H be a set of graphs. We say that G
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is H-free if G is H-free for every H ∈ H. We note that throughout this thesis we use the
terms class and family as synonyms for the term “set”. We denote by {H-free graphs} the
class of all H-free graphs. We say that a class of graphs is hereditary if it is closed under
isomorphism and under taking induced subgraphs.

The neighborhood of X in G, denoted by NG(X), is the set {u ∈ V (G) : ∃v ∈ X, uv ∈
E(G)}. The closed neighborhood of X in G, denoted by NG[X], is the set NG(X) ∪ X.
When X = {u} we write NG(u) and NG[u] instead of NG({u}) and NG[{u}]. We use
AG(X) to denote the set V (G) \NG[X]. When there is no danger of ambiguity, we omit
the subscripts from the notations of neighborhoods and from AG(X).

For a positive integer t we denote by Kt, Pt, and Ct a complete graph, a path, and a
cycle on t vertices, respectively. We note that the length of a path is the number of its
edges.

The girth of G, denoted by girth(G), is the length of a shortest cycle of G. The clique
number (respectively the independence number) of G, denoted by ω(G) (respectively by
α(G)), is the size of a largest clique (respectively independent set) of G. Let r be a positive
integer. An r-clique of G is a clique of G that have size r. A triangle in G is a subgraph
induced by a clique of size three.

Let k be a positive integer. A k-coloring of G is a function f : V (G)→ [k]. A coloring
of G is a k′-coloring of G for some positive integer k′. Let r ≥ 2 be an integer. A Kr-free
coloring of G is a coloring of G such that every color class induces a Kr-free graph. The
minimum k such that G has a K2-free k-coloring is the K2-free chromatic number of G.
Equivalently, the K2-free chromatic number of G is the minimum size of a partition of
V (G) into independent sets. When there is no danger of ambiguity, we refer to the K2-free
chromatic number of G simply as the chromatic number of G. We denote the K2-free
chromatic number of G by χ(G). A k-edge-coloring of G is a function f : E(G)→ [k]. An
edge-coloring of G is a k-edge-coloring for some k.

Let A and B be disjoint subsets of V (G). We say that A and B are complete (respectively
anticomplete) if for every a ∈ A and b ∈ B we have ab ∈ E(G) (respectively ab /∈ E(G)).
If A and B are not anticomplete, we say that they are adjacent. A graph G is k-partite
if χ(G) ≤ k. The graph G is complete k-partite if its vertex set can be partitioned into a
family of k non-empty independent sets which are pairwise complete to each other. Finally,
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we say that G is complete multipartite if there exists a positive integer k such that G is a
complete k-partite graph. A complete bipartite graph is a complete 2-partite graph. We
use Ks,t to denote a complete bipartite graph with parts of sizes s and t. The biclique
number of G, denoted by biclique(G), is the largest positive integer t such that G contains
Kt,t as a (not necessarily induced) subgraph. A star is a K1,t for some positive integer
t. For a positive integer k and a graph G we denote by kG the graph that consists of k
vertex-disjoint copies of G.

3. Results from Ramsey theory. We will need the following classical results from
Ramsey theory.

Theorem 1.1 (Ramsey [109]). Let s and t be positive integers. Then there exists an integer
n = n(s, t) such that if G is a graph on n vertices, then G contains either a clique of size s
or an independent set of size t.

The Ramsey number R(s, t) is the minimum integer such that every graph on R(s, t)
vertices contains either a clique of size s or an independent set of size t.

Theorem 1.2 (Ramsey [109]). Let k and t be positive integers. Then there exists an integer
n = n(k, t) such that if G is a complete graph on n vertices, then every k-edge-coloring of
G results in a monochromatic clique of size t.

Let k and t be positive integers. We denote by Rk(t) the minimum positive integer such
that if G is a complete graph on Rk(t) vertices, then every k-edge-coloring of G results in a
monochromatic clique of size t.
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Chapter 2

Background and motivation

The study of graph parameters that serve as measures of structural complexity for graphs
plays a major role in structural graph theory. A main goal of such a study is to understand
those graphs that are highly complex with respect to the graph parameter under study.

The graph parameter which motivates the work of this thesis is the chromatic number.
Graphs of small chromatic number have a simple global structure in the sense that such
graphs admit a partition into a few trivial pieces. But the notion of chromatic number
does not give us an “easy” insight into the structure of graphs of large chromatic number.
Questions surrounding the understanding of graphs of large chromatic number are among the
most challenging in graph theory. An example of such a question is the famous Hadwiger’s
conjecture [73] from 1943 which is among the most important open problems in graph
theory, and states that if the chromatic number of a graph G is greater than t then G

contains a complete graph on t+ 1 vertices as a minor. Here we are interested in the local
structure of graphs of large chromatic number. By choosing the notion of induced subgraphs
as that of “local structure” of a graph, the main motivation for our work comes from the
following question:

Question 1. What are the graphs whose presence as induced subgraphs is unavoidable in
graphs of sufficiently large chromatic number?
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2.1 Chromatic number, complete subgraphs, and χ-
boundedness

Since, in a K2-free coloring, the vertices of a clique need to be pairwise colored with distinct
colors, it follows that the chromatic number of a graph is at least its clique number. But,
as the example of odd cycles of length at least five witnesses, there are graphs G for which
χ(G) > ω(G), and thus the clique number of a graph does not determine its chromatic
number. Still, in the example of odd cycles the gap between the chromatic number and
the clique number is just one, and thus we may expect, as an answer to Question 1, that
the presence of a large complete subgraph is unavoidable in graphs of sufficiently large
chromatic number. This was disproved, in the late 1940s, in a strong sense: Tutte (alias
Blanche Descartes) [42, 43] and Zykov [135], independently of each other, proved that the
gap between χ and ω can be arbitrarily large even when ω(G) = 2, and thus there exists
no function f such that χ(G) ≤ f(ω(G)) for every graph G.

Nevertheless, by interpreting the chromatic number as a measure of structural complexity
of a graph, it is reasonable to suspect/expect that the presence of highly complex induced
subgraphs is unavoidable in sufficiently complex graphs. As we will see below, this is not
true, again in a strong sense. To get a first glimpse of this phenomenon, we note that
Tutte’s triangle-free graphs of arbitrarily large chromatic number that we mentioned above
[43] (also rediscovered by J. B. Kelly [80, Theorem 5.1]) have girth at least six.

Theorem 2.1 (Tutte [43] and J. B. Kelly [80]). For every positive integer k there exists a
graph Gk such that χ(Gk) ≥ k and girth(Gk) ≥ 6.

So if we are very demanding in our notion of “local” and we are looking at the induced
subgraphs with at most five vertices, then it is not true that there exists k such that in
graphs of chromatic number at least k these induced subgraphs are “complex”. In fact
Theorem 2.1 guarantees that for every k there exists a graph Gk such that χ(Gk) ≥ k, and
all the induced subgraphs of Gk of size at most five are forests and thus have chromatic
number at most two.

In 1955, Mycielski [96] presented another construction of triangle-free graphs of large
chromatic number, and asked the following question:
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Question 2 (Mycielski [96, P131]). Does there exist, for every pair of natural numbers n
and m ≥ 3, a finite graph that cannot be colored with n colors and that contains, for all
k ∈ {3, . . . ,m}, no cycle of length k?

In 1959, Erdős used probabilistic arguments to answer Mycielski’s question in the
affirmative, yielding what is now a classic result in combinatorics:

Theorem 2.2 (Erdős [47]). Let k, l ≥ 2 be integers. Then there exists a graph G with
χ(G) ≥ k and girth(G) > l.

Thus, even if we lower our expectations and we examine larger induced subgraphs of
graphs of large chromatic number in order to find “complex local structure,” our search
(at least in general graphs) is hopeless. To be more precise: By Theorem 2.2, we have
that for every choice of l there exist graphs of arbitrarily large chromatic number whose
induced subgraphs of size l are forests and thus have chromatic number at most two. In
[47] Erdős raised the question for a constructive proof of Theorem 2.2. We should note
that very few constructions of graphs of arbitrarily large girth and chromatic number are
known. The first one was given by Lovász [91] in 1968 who proved a much more general
result for uniform hypergraphs (we discuss his result later on in Section 2.2); for more on
these constructions we refer the interested reader to the survey of Nešetřil [97] on the topic.

Recall that in Question 1 we asked What are the graphs whose presence as induced
subgraphs is unavoidable in graphs of sufficiently large chromatic number? The question
remains! But now we have an important new insight: No matter how large the chromatic
number of a graph G, we cannot expect to find a single induced subgraph of G of a given
bounded size and chromatic number greater than two; large chromatic number is not
necessarily a local phenomenon in this sense. The complexity of a graph of large chromatic
number may be “spread out” in the graph, and the way that this complexity affects the
induced subgraphs of the graph is not necessarily by resulting in a “complex” induced
subgraph of bounded size but maybe by imposing a large variety of induced subgraphs
that our graph of large chromatic number contains. The above discussion motivates the
following question:

Question 3. What graphs are guaranteed to appear as induced subgraphs in any graph that
has sufficiently large chromatic number, while all of its induced subgraphs of bounded size
have small chromatic number?
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Here we are interested in the following more specific question:

Question 4. What graphs are guaranteed to appear as induced subgraphs in any graph that
has bounded clique number but a sufficiently large chromatic number?

We begin with the graphs for which the chromatic number is determined exactly by
their clique number. Let G be a graph. We say that G is perfect if χ(H) = ω(H) for every
induced subgraph H of G. What graphs are perfect? As we already mentioned above,
the example of odd cycles of length at least five shows that not all graphs are perfect.
Hence, the class of perfect graphs is defined by the set of minimal, with respect to induced
subgraphs, graphs which are not perfect. This set contains odd cycles of length at least
five. The complements of odd cycles of length at least five are also minimal non-perfect
graphs, and thus belong in the set of minimal forbidden induced subgraphs of the class
of perfect graphs. It was conjectured by Berge [8] in 1961, and proved by Chudnovsky,
Robertson, Seymour, and Thomas in 2006, that odd cycles of length at least five and their
complements are the only minimal non-perfect graphs:

Theorem 2.3 (Chudnovsky, Robertson, Seymour, and Thomas [30]). A graph is perfect if
and only if it contains neither an odd cycle of length at least five nor the complement of
such a cycle as an induced subgraph.

Theorem 2.3 is known as the “Strong Perfect Graph Theorem.” So perfect graphs are
well-understood, and thus we can add to the list of graphs of Question 4 the odd cycles of
length at least five and their complements: At least one such graph appears as an induced
subgraph in every graph graph G with χ(G) > ω(G).

What about graphs whose chromatic number can only be large due to the presence
of a sufficiently large complete subgraph? In 1985, in his seminal paper “Problems from
the world surrounding perfect graphs,” Gyárfás introduced the notion of χ-boundedness
which captures this phenomenon. Following Gyárfás [71] we say that a class of graphs
C is χ-bounded if there exists a function f : N → N such that for every G ∈ C, we have
χ(G′) ≤ f(ω(G′)) for every induced subgraph G′ of G; in this case f is called a χ-bounding
function for C. If f can be chosen to be polynomial, then C is polynomially χ-bounded. We
note that χ-bounded classes are sometimes called “near-perfect” in the literature.

Question 5. Which classes of graphs are χ-bounded?
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The existence of triangle-free graphs of arbitrarily large chromatic number shows that
the class of all graphs is not χ-bounded. Thus, every hereditary χ-bounded class C of
graphs is described by the, possibly infinite, set of minimal induced subgraphs which do
not belong in C. Hence, a possible approach to Question 5 is to try to answer the following:

Question 6. For which sets of graphs H is true that the class of all H-free graphs is
χ-bounded?

For example, by the Strong Perfect Graph Theorem, we have that if H is the set of
all odd induced cycles of length at least five and their complements, then the class of all
H-free graphs is the class of all perfect graphs, which in turn is χ-bounded by the identity
function. Despite the great progress that has been made in the study of χ-boundedness in
the last years (see [117, 118] for recent surveys), we are still far from a good understanding
of χ-bounded classes of graphs in general, and in particular we are far from answering
Question 6.

But something very interesting can be said for the case that the set H, in Question 6, is
required to be finite. Theorem 2.2 of Erdős implies that H should contain a forest. Why is
that? Suppose that every graph in H contains a cycle, and let g := max{g(H) : H ∈ H}.
Let C be the class of all graphs of girth at least g + 1. Then for every graph G ∈ C we have
that ω(G) ≤ 2, and by Theorem 2.2 we know that C contains graphs of arbitrarily large
chromatic number. Thus C is not χ-bounded, but it is H-free. The above observation has
the following corollary:

Proposition 2.4. Let H be a finite set of graphs. If the class of H-free graphs is χ-bounded,
then H contains a forest.

Gyárfás [69] and Sumner [125] in the mid 1970s and early 1980s respectively, conjectured
that the necessary condition of Proposition 2.4 is also sufficient:

Conjecture 2.5 (Gyárfás [69] and Sumner [125]). Let H be a forest. Then the class of all
H-free graphs is χ-bounded.

This is known as the Gyárfás-Sumner Conjecture, and is one of the most influential and
challenging conjectures in the area of χ-boundedness. It has been proved for some simple
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types of forests but is widely open in general. Before discussing the progress on and around
the conjecture, let us make two remarks: First, that in order to prove Conjecture 2.5 it
suffices to prove it for trees. This follows from the fact that every forest F is an induced
subgraph of a tree T , and thus the class of F -free graphs is contained in the class of T -free
graphs. Second, that if we ask for subgraphs instead of induced subgraphs then the question
becomes very easy (see [72] for a proof). Strengthening this fact Nguyen, Scott and Seymour
[100] recently proved that if in Conjecture 2.5 we ask for path-induced1 instead of induced
trees, then the answer is positive.

Despite considerable efforts, the Gyárfás-Sumner Conjecture has only been proved for
some simple trees. It has been proved for paths2, stars and brooms3 by Gyárfás [71]; for
trees of radius two, where Gyárfás, Szemeredi, and Tuza [72] proved the result in the class
of triangle-free graphs, and Kierstead and Penrice [81] proved the general case; for trees
that can be obtained from a tree of radius two by subdividing exactly once every edge
incident with the root by Kierstead and Zhu [82]; for trees that can be obtained from a tree
of radius two by subdividing exactly once some edges incident with the root by Scott and
Seymour [119]; for trees that can be obtained by joining two disjoint paths by an edge by
Spirkl [123]; and for two other simple families of trees4 by Chudnovsky, Scott, and Seymour
[33].

Let G and G′ be graphs. If there exist an edge uv ∈ E(G) and vertex w /∈ V (G) such
that G′ = (V (G) ∪ {w}, (E(G) \ {uv}) ∪ {uw,wv}), then we say that G′ can be obtained
from G by subdividing the edge uv, or simply by an edge-subdivision. If there exists a
positive integer k and a sequence of graphs G = G1, . . . , Gk = G′ such that for each i ∈ [2, k]
the graph Gi can be obtained by an edge-subdivision from the graph Gi−1, then we say
that G′ is a subdivision of G.

Probably the most important weakening of Conjecture 2.5 that is known to be true is
the following result by Scott:

1If a tree T is a subgraph of a graph G, and there exists a vertex r ∈ V (T ), such that every path of T

with r as one of its ends is an induced path of G we say that T is path-induced.
2Gerlits (see [69]) first proved that every triangle-free graph which excludes a fixed path as an induced

subgraph has bounded chromatic number.
3A broom is a graph which is obtained by identifying the center of a star with the end of a path.
4Chudnovsky, Scott, and Seymour [33] observed that all the trees for which the conjecture was known

before their result have the property that their vertices of degree greater than two have pairwise small
distance. In [33] they prove the conjecture for two families of trees that do not have this property.
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Theorem 2.6 (Scott [121]). Let T be a tree. Then the class of all graphs that contain no
subdivision of T as an induced subgraph is χ-bounded.

Rödl proved, but did not publish (see the discussion in [81]), that the Gyárfás-Sumner
Conjecture is true in the classes of graphs that exclude a complete bipartite graph as a
subgraph. We note that Rödl’s original proof of this result was later published in [83,
Theorem 2.3].

Recall that we denote by biclique(G) the largest t, for which G contains a subgraph (not
necessarily induced) which is isomorphic to Kt,t.

Theorem 2.7 (Rödl). For every forest H, there exists a function f such that χ(G) ≤
f(biclique(G)) for every H-free graph G.

Kierstead and Penrice [84] strengthened the above result. We need a few definitions.
Given an integer k ≥ 0, we say that a graph G is k-degenerate if every subgraph of G has a
vertex of degree at most k. The degeneracy of G, denoted by degen(G), is the minimum k

for which G is k-degenerate. It is easy to see that χ(G) ≤ degen(G) + 1.

Theorem 2.8 (Kierstead and Penrice [84]). For every forest H, there exists a function f

such that degen(G) ≤ f(biclique(G)) for every H-free graph G.

Bonamy, Bousquet, Piłipczuk, Rzazewski, Thomassè, and Walczak [11] proved that
the above theorem holds with polynomial bounds when H is a path. Scott, Seymour, and
Spirkl [120] proved that the Gyárfás-Sumner Conjecture holds with polynomial bounds in
the classes of graphs which exclude a complete bipartite graph as a subgraph:

Theorem 2.9 (Scott, Seymour, and Spirkl [120]). For every forest H, there exists c > 0
such that degen(G) ≤ biclique(G)c for every H-free graph G.

In this thesis, we propose a conjecture that extents the Gyárfás-Sumner Conjecture for
the Kr-free chromatic number. This conjecture drives much of the work presented in this
thesis. In particular, one of our results is a generalization of Theorem 2.8: We prove an
analogous result for our conjecture (which extends the Gyárfás-Sumner Conjecture). We
will discuss both our conjecture and the relevant results in Section 3.2.
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Most of the results on and around the Gyárfás-Sumner Conjecture that we discuss above
have been proved using a mixture of Ramsey-theoretic and structural techniques, where by
structural techniques here we mean some frameworks for exploring the structure of a graph
(see [118]).

Another approach that can be and has been used in order to prove that a class of
graphs C is χ-bounded, is as follows: We prove that C can be obtained as the result of the
application of an operation which preserves χ-boundedness in χ-bounded classes. We should
say that this approach is an instance of a more general and very successful approach in
structural graph theory where graphs belonging to a class that we want to understand are
“decomposed” via well-understood decompositions/operations into “simpler” graphs. For
example, this “decomposition approach” is the approach that has been used for the proof of
the two cornerstones of structural graph theory: The Graph Minor Structure Theorem [112,
113], and the Strong Perfect Graph Theorem that we mentioned above (for a discussion
of this approach in the proof of the Strong Perfect Graph Theorem we refer the reader to
[122]). This discussion motivates the following question:

Question 7. Which operations preserve χ-boundedness?

Among operations that are known to preserve χ-boundedness are the following: gluing
along a clique, gluing along a bounded number of vertices [5] (see also [64]), substitution
[29], 1-joins [12, 45], and amalgams [105]. In this thesis we consider the operation of the
graph-intersection between classes of graphs, which arises from the operation of intersection
among a finite number of graphs.

Let k be a positive integer. Given k graphs G1, . . . , Gk, their intersection (respectively
union) is the graph

(
∩i∈[k]V (Gi),∩i∈[k]E(Gi)

)
(respectively

(
∪i∈[k]V (Gi),∪i∈[k]E(Gi)

)
).

Given k graph classes G1, . . . ,Gk, we call the class {G : ∀i ∈ [k],∃Gi ∈ Gi such that G =
G1 ∩ . . .∩Gk} (respectively, the class {G : ∀i ∈ [k], ∃Gi ∈ Gi such that G = G1 ∪ . . .∪Gk})
the graph-intersection (respectively graph-union) of G1, . . . ,Gk, and we denote this class by
G1∩• . . .∩• Gk (respectively G1∪• . . .∪• Gk). Given the definitions of these operations and
the discussion above about operations which preserve χ-boundedness, it is natural to ask
whether or not these operations preserve χ-boundedness.

Graph-union preserves χ-boundedness. We begin by discussing a well-known way for
obtaining a coloring for the union of a finite number of graphs by making use of given
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colorings of the individual graphs. Let k be a positive integer, let G1, . . . , Gk be graphs
on the same vertex set V . For each i ∈ [k], let fi : V → [ki] be a ki-coloring of Gi. Then
the product coloring obtained from f1, . . . , fk is the function ∏i∈[k] fi : V → {(j1, . . . , jk) :
ji ∈ [ki], for every i ∈ [k]} which is defined as follows: ∏i∈[k] fi(v) := (f1(v), . . . , fk(v)), for
every v ∈ V . The following well-known result states that if the colorings of the individual
graphs are proper, then the corresponding product coloring is proper as well:

Proposition 2.10 (Folklore). Let k be a positive integer, let G1, . . . , Gk be graphs on the
same vertex set V , and for each i ∈ [k], let fi : V → [ki] be a proper ki-coloring of Gi. Then
the product coloring obtained from f1, . . . , fk is a proper

(∏
i∈[k] ki

)
-coloring of G1∪ . . .∪Gk.

In particular, χ(∪i∈[k]Gi) ≤
∏

i∈[k] χ(Gi).

The following, which states that graph-union preserves χ-boundedness, is an immediate
corollary of Proposition 2.10 and of the fact that ω(G1 ∪ . . . ∪Gk) ≥ maxi∈[k]{ω(Gi)}:

Proposition 2.11 (Gyárfás [71, Proposition 5.1 (a)]). If G1, . . .Gk are χ-bounded classes of
graphs with χ-bounding functions f1, . . . , fk respectively, then G1∪• . . .∪• Gk is a χ-bounded
family and f(x) := ∏

i∈[k] fi(x) is a suitable χ-bounding function.

What about graph-intersection? In this thesis we study the following two questions:

Question 8. Is it always true that the graph-intersection of two χ-bounded classes of graphs
is χ-bounded?

Question 9. Is it always true that if a class A is χ-bounded, then for every positive integer
k the class ∩• i∈[k]A is χ-bounded?

To the best of our knowledge, Gyárfás [71, Section 5] first considered the interplay
between graph-intersection and χ-boundedness. In recent work, Adenwalla, Braunfeld,
Sylvester, and Zamaraev [3] considered this topic in the context of their broader study
on Boolean combinations of graphs. Since, as we will see later on in Section 3.1, graph-
intersection does not preserve χ-boundedness in general, we focus on understanding under
which conditions it does.

Before going to the next section in which we consider the Kr-free chromatic number, we
discuss how this notion appears in the study of polynomial χ-boundedness.
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Recall that a class C of graphs is said to be polynomially χ-bounded if C has a polynomial
χ-bounding function. Thus, in polynomially χ-bounded classes, the clique number controls
the chromatic number -and so the global structure of the graph- more efficiently. Due
to this fact, graphs in polynomially χ-bounded classes often have a nice structure, and a
proof of the fact that a class is polynomially χ-bounded often reveals this structure and
results in polynomial approximation algorithms for computing the chromatic number in
these classes (see the discussion in [71, Section 1.3]). For example, in the class of perfect
graphs the problems of determining the independence number, the clique number, and an
optimal coloring of a graph can be solved in polynomial time (see [68]). We remark that
for every fixed k ≥ 3, the problem of deciding whether or not χ(G) ≤ k for an input graph,
is NP-complete [78].

Polynomial χ-boundedness is of particular interest also because of its connection with
the Erdős-Hajnal Conjecture [52, 53]. Let G be a graph and let S ⊆ V (G). In 1947 Erdős
[48] proved that there exist graphs G on n vertices such that max{α(G), ω(G)} ≤ O(log n).
Erdős and Hajnal conjectured the following:

Conjecture 2.12 (Erdős and Hajnal [52, 53]). Let H be a graph. Then there exists a
constant c(H) such that max{α(G), ω(G)} ≥ nc(H) for every H-free graph G.

We say that a class C of graphs has the Erdős-Hajnal property if there exists a constant
c > 0 such that for every G ∈ C we have max{α(G), ω(G)} ≥ nc. In this terminology the
Erdős-Hajnal Conjecture states that every proper hereditary class of graphs has the Erdős-
Hajnal property. It is easy to see that every polynomially χ-bounded class of graphs has
the Erdős-Hajnal property. We note that the Erdős-Hajnal Conjecture is one of the deepest
open questions in graph theory: For hereditary classes of graphs we do not have (even a
conjecture of) an analogue of the Graph Minor Structure Theorem [112, 113]. Understanding
how excluding an induced subgraph affects the clique number and independence number
of a graph could be a very important step towards understanding better the structure of
proper hereditary classes of graphs (for more on this see [117, Section 9]).

Examples of polynomially χ-bounded classes are perfect graphs [30], even-hole-free
graphs [35], graphs of bounded clique-width [12], graphs of bounded twin-width [13],
rectangle intersection graphs [7, 23], grounded L-graphs [39], and circle graphs [38, 40].
Esperet [55] made the following conjecture:
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Conjecture 2.13 (Esperet [55]). Every χ-bounded class of graphs is polynomially χ-bounded.

This conjecture was recently disproved by Briański, Davies, and Walczak [16]. Motivated
by these results Chudnovsky, Cook, Davies, and Oum [28] considered the following question:
Question 10. What are the classes of graphs where Esperet’s Conjecture is true?

Following [28], we call a class of graphs C Pollyanna if for every χ-bounded class of
graphs D, the class C ∩ D (we note that here we have the intersection of sets as opposed to
the graph-intersection operation) is polynomially χ-bounded; thus Pollyanna graph classes
are exactly the proper classes in which Esperet’s Conjecture is true.

For the rest of this section, following [28], we call a class C of graphs r-good[for a class of
graphs] if there exists a constant k such that for every graph G ∈ C and for every induced
subgraph H of G we have that if ω(H) ≤ r, then χ(H) ≤ k. We note that Galvin and Rödl
(see [98]) and Esperet (see [118]) independently made the very strong conjecture that a class
is χ-bounded if and only if it is 2-good. This conjecture has been disproved by Carbonero,
Hompe, Moore and Spirkl [22]. Briański, Davies and Walczak [16], extending the result of
Carbonero, Hompe, Moore and Spirkl, proved that r-goodness is a strictly weaker property
than χ-boundedness for every r ≥ 2 (see also the work of Girão, Illingworth, Powierski,
Savery, Scott, Tamitegama, and Tan [63]).

Following [28] we say that a class C of graphs is r-strongly Pollyanna if for every r-good
class D the class C ∩ D is χ-bounded. A class is strongly Pollyanna if it is r-strongly
Pollyanna for some integer r ≥ 2.

In [28] Chudnovsky, Cook, Davies, and Oum made the following observation which they
used in order to prove that some classes are strongly Pollyanna:
Proposition 2.14 (Chudnovsky, Cook, Davies, and Oum [28]). Let C be a class of graphs.
If there exists an integer r ≥ 2 and a polynomial function f : N+ → N+ such that the
vertex set of every graph in C can be partitioned into f(ω(G)) parts each of which induces a
Kr-free graph, then C is (r − 1)-strongly Pollyanna.

In a discussion at the end of the paper [28] Chudnovsky, Cook, Davies, and Oum pointed
out the (obvious) connection of Proposition 2.14 with the notions of Kr-free chromatic
number and (polynomial) χr-boundedness. These notions are central to our work. We
define and discuss them in the next section.
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2.2 Kr-free chromatic number, complete subgraphs,
and χr-boundedness

Let G be a graph, and let r ≥ 2 be an integer. The Kr-free chromatic number of G, denoted
by χr(G), is the minimum size of a partition of V (G) into sets each of which induces a
Kr-free graph. For every graph G we have χ(G) = χ2(G) ≥ . . . ≥ χω(G)−1(G) ≥ χω(G) ≥
χω(G)+1 = 1.

We remark that Kr-free graphs are well-studied: Let mr be the number of edges of
the complete (r − 1)-partite graph on n vertices; Turan’s theorem [128] states that every
Kr-free graph on n vertices has at most mr edges, and thus minimum degree at most
(r−2)n

r−1 ; Andrásfai, Erdős, and Sós [6] proved that, for every r ≥ 3, every Kr-free graph G of
minimum degree greater than 3r−7

3r−4n has K2-free chromatic number at most (r − 1); and
Brandt [15] proved a structure theorem for edge-maximal Kr-free graphs. Hence, we can
interpret the Kr-free chromatic number (for various choice of r) as measures of structural
complexity of a graph.

In this thesis we are interested in the local structure of graphs of large Kr-free chromatic
number. So, by generalizing Question 1, we ask:

Question 11. Let r ≥ 2. What are the graphs whose presence as induced subgraphs is
unavoidable in graphs of sufficiently large Kr-free chromatic number?

As far as we know, the above question has not been studied. Generalizing the fact that
the clique number of a graph is a lower bound for its K2-free chromatic number we have
that: χr(G) ≥ ⌈ω(G)

r−1 ⌉, for every graph G and for every integer r ≥ 2.

The oldest work on the Kr-free chromatic number that we are aware of generalizes the
fact that the K2-free chromatic number is not upper bounded by a function of the clique
number in the class of all graphs. Sachs and Schäuble [116] (see also [115], in which the same
result is presented by Sachs in English) in the late 1960s, motivated by the constructions of
triangle-free graphs of large chromatic number, showed that the constructions of triangle-free
graphs of arbitrarily large chromatic number can be used to inductively construct Kr+1-free
graphs of clique number r and arbitrarily large Kr-free chromatic number. In fact they
proved the following stronger result:
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Theorem 2.15 (Sachs and Schäuble [116]). Let r ≥ 2, k ≥ 1, and k′ ≥ k be integers.
Then there exists a graph G = G(r, k, k′) with the following properties:

1. ω(G) ≤ r;
2. χr(G) = k; and
3. every Kr-free coloring of G with at most k′ colors results in at least k monochromatic

(r − 1)-cliques which are pairwise colored with different colors.

The fact that large complete subgraphs are not unavoidable in graphs of large Kr-free
chromatic number is an instance of a much more general result of Folkman who proved the
following:

Theorem 2.16 (Folkman [58]). For each positive integer k and each graph G there is a
graph H(k,G) with the following properties:

1. ω(H(k,G)) = ω(G); and
2. For every k-coloring of H(k,G) there exists a color class which is not G-free.

Thus, the presence of large complete subgraphs is not unavoidable in graphs of large
Kr-free chromatic number (obviously these graphs contain Kr). Before going on in refining
Question 11 we review research results on and around Kr-free chromatic numbers.

We begin with the work of Broere and Frick [17, 18] which was published in 1990.
We note that several results from [17, 18] appear also in the PhD thesis of Frick, from
1986, titled “Generalised colourings of graphs” [61]. In [18] Broere and Frick generalized
the aforementioned result of Sachs and Schäuble [116] by proving that for every choice
of positive integers k, l and r ≥ 2 there exists a graph G such that χr(G) = k and
ω(G) = l if and only if r ≤ l ≤ k(l − 1). They also determined the size of the largest
complete graph that can be joined5 to a graph G such that χr(G) = k so that for the
resulting graph G′ we have χr(G′) = k. For every graph G Frick calls the sequence
χ(G) = χ2(G) ≥ . . . ≥ χω(G)−1(G) ≥ χω(G) ≥ χω(G)+1 = 1 the sequence of “generalized
chromatic numbers” of G. In [61] Frick provided necessary and sufficient conditions for
a sequence of positive integers to be the sequence of generalized chromatic numbers of a
graph. They also proved the following interesting result:

5By “joined” here we mean: Take the disjoint union of G with the complete subgraph and then add
edges so that the vertex set of the complete subgraph is complete to V (G).

17



Theorem 2.17 (Frick [61]). Let k′ ≥ k ≥ 1, r ≥ 3 be integers. Then there exists a graph
G such that χr(G) = k′ and χr+1(G) = k.

In [17], Broere and Frick studied those graphs in which any two Kr-free colorings
induce the same partitions, as well as (k, χr)-critical graphs which are graphs G such that
χr(G) = k and χr(G′) < k for every proper induced subgraph G′ of G. For more on the
work on the Kr-free chromatic numbers mentioned above we refer the interested reader to
the survey of Frick from 1993 [60]. Brown [19] studied the computational complexity of
“Generalized graph colorings”, that is, colorings in which the color classes satisfy various
properties. In this context they proved that for every r ≥ 3 and for every k ≥ 3, the problem
of deciding whether or not χr(G) ≤ k, is NP-complete. In a related study Achlioptas [1]
studied the complexity of the G-free coloring. In more recent work, in 2017, Karpiński
and Piecuch [79] considered the K3-free chromatic number. Szabó and Zaválnij provided
greedy algorithms for triangle-free colorings [126]. Thomassen [127] considered list-coloring
without monochromatic triangles.

Much more relevant to our work is the work of Krawczyk and Walczak [89] who,
motivated by a well-known conjecture about the number of edges of quasi-planar graphs
(we discuss this conjecture in Section 2.4), considered the Kr-free chromatic numbers and
the notion of χr-boundedness (to our knowledge, their work is the first work in which this
notion is studied).

Generalizing the notion of χ-boundedness, for an integer r ≥ 2, we say that a class of
graphs C is χr-bounded if there exists a function f : N→ N such that for every G ∈ C, we
have that χr(G′) ≤ f(ω(G′)) for every induced subgraph G′ of G; in this case f is called a
χr-bounding function for C. If f can be chosen to be polynomial, then C is polynomially
χr-bounded.

Krawczyk and Walczak [89] showed that a certain class of geometric intersection graphs is
not χr-bounded for any r ≥ 2; they also showed that another class of geometric intersection
graphs which is not χ-bounded is χ3-bounded. We state their results in Section 2.3, and
point out the connection of their results to the quasi-planar conjecture in Section 2.4.

Recall that in Question 11 we asked: What are the graphs whose presence as induced
subgraphs is unavoidable in graphs of sufficiently large Kr-free chromatic number? Since
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the presence of complete subgraphs is not unavoidable in graphs of large Kr-free chromatic
number we refine Question 11 and ask:

Question 12. Which classes of graphs are χr-bounded?

The existence of Kr+1-free graphs of arbitrarily large Kr-free chromatic number that we
discussed above shows that the class of all graphs is not χr-bounded. Thus, every hereditary
χr-bounded class C of graphs is described by the, possibly infinite, set of minimal induced
subgraphs which do not belong in C. Hence, a possible approach to Question 12 is to try to
answer the following:

Question 13. For which sets of graphs H is true that the class of all H-free graphs is
χr-bounded?

The above question drives much of the work of this thesis. In particular, in this thesis
we prove a theorem which provides a set of conditions that a finite set of graphs H should
satisfy when the class of all H-free graphs is χr-bounded; we use this result in order to
formulate a conjecture for the characterization of the graphs H for which the class of all
H-free graphs is χr-bounded; and we consider special cases of our conjecture. We discuss
these results in Section 3.2.

Constructions of Kr+1-free graphs of large Kr-free chromatic number are crucial for
our understanding of χr-boundedness. In this thesis, we give such a construction for every
r ≥ 2. Our construction is a construction of graphs with a geometric representation and
was motivated by a conjecture for the number of edges of graphs with a certain geometric
representation. Graphs with geometric representations play an important role in the study
of χ-boundedness and our both our result and the results of Krawczyk and Walczak [89]
that we mentioned above indicate that they are likely to play an equally interesting role
in the study of χr-boundedness. In the next section, we discuss some known results on
coloring graphs with geometric representations and bounded clique number.

2.3 Coloring graphs with geometric representations

We begin by showing how given a finite family of nonempty sets we can construct two,
possibly different, graphs. Let F be a finite family of nonempty sets, and let F, F ′ be
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distinct elements of F . We say that {F, F ′} is an intersecting pair of sets (or simply that F
and F ′ intersect) if F ∩ F ′ ̸= ∅. We say that {F, F ′} is a nested pair of sets (or simply that
F and F ′ are nested) if F ⊆ F ′ or F ′ ⊆ F . Finally, we say that {F, F ′} is an overlapping
pair of sets (or simply that F and F ′ overlap) if F and F ′ are intersecting sets, but are not
nested. Then the intersection graph of F (respectively the overlap graph of F) is the graph
on F in which two distinct vertices F, F ′ ∈ F are adjacent if and only if the pair {F, F ′}
is an intersecting pair of sets (respectively an overlapping pair of sets). A graph G is an
intersection graph (respectively an overlap graph) if it is isomorphic to the intersection
graph (respectively to the overlap graph), say G′, of a finite family, say F , of non-empty
sets. In this case an intersection model of G (respectively an overlap model of G) is a
function which witnesses that G is isomorphic to G′. Classes of intersection and overlap
graphs of geometric figures were among the first to be studied from the perspective of
χ-boundedness (see also the survey of Kostochka [85] on the topic.)

An interval graph is a graph which is isomorphic to the intersection graph of a family of
intervals on a linearly ordered set (such as the real line). As Bielecki [10] and Rado [108]
proved in the late 1940s, interval graphs are perfect. A rectangle intersection graph is a
graph which is isomorphic to the intersection graph of a family of axis parallel rectangles in
the plane. Bielecki [10] asked whether the chromatic number of every rectangle intersection
graph of clique number two is bounded by a constant. In 1960 Asplund and Grünbaum [7],
in one of the first results on coloring graphs with bounded clique number, motivated by
Bielecki’s question, proved that the class of intersection graphs of axis-parallel rectangles in
the plane is polynomially χ-bounded (see also [23] for a better bound). Surprisingly, the
situation changes in R3. In 1965, Burling [21] constructed, for every positive integer k, a
triangle-free graph Gk which is the intersection graph of a family of axis-aligned boxes in
R3 and has chromatic number greater than k. Thus, Burling [21] proved that the class of
intersection graphs of axis-parallel boxes in R3 is not χ-bounded. We note that until very
recently it was an open problem whether or not the graphs constructed by Burling are the
only obstruction for the χ-boundedness of intersection graphs with geometric representation
on the plane. This was answered in the negative by Pournajafi in [106]. In 2021, Davies
[37] constructed intersection graphs of axis-parallel boxes in R3 with arbitrarily large girth
and chromatic number.

Following [110], we define the boxicity of G to be the minimum integer k such that G is
isomorphic to the intersection graph of a family of axis-aligned boxes in Rk. We denote
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the boxicity of a graph G by box(G). Recently, Davies and Yuditsky [41], proved that
the Gyárfás-Sumner Conjecture holds with polynomial bounds in every class of graphs of
bounded boxicity. In Section 3.1 we discuss a result of this thesis which extends their result.

In the rest of this section, we denote by I the class of interval graphs. We note that
the class of intersection graphs of axis-parallel boxes in Rk is exactly the class ∩• i∈[k]I:
Observe that given an intersection graph of axis-parallel boxes in Rk, say G, the set of the
projections of the boxes in one of the k axes gives rise to an interval graph, and it is easy
to see that G is the intersection of these k interval graphs. For the other inclusion the
argument is similar. Thus, the class of intersection graphs of axis-parallel rectangles in the
plane is the class I ∩• I, and the class of intersection graphs of axis-parallel boxes in R3

is the class I ∩• I ∩• I. Hence, Asplund and Grünbaum [7] proved that the class I ∩• I is
χ-bounded, and Burling [21] proved that the class I ∩• I ∩• I is not χ-bounded. It follows
that the operation of graph-intersection does not preserve χ-boundedness. In particular,
both Question 8 and Question 9 have a negative answer. In Section 3.1 we discuss our
results in this thesis which focus on understanding the following question: Under which
conditions does graph-intersection preserve χ-boundedness?

An interval overlap graph is a graph which is isomorphic to the overlap graph of a family
of intervals on a linearly ordered set (such as the real line). A circle graph is an intersection
graph of a family of chords on a circle. We note that a graph is an interval overlap graph if
and only if it is a circle graph. In 1985 Gyárfás [70] proved that the class of interval overlap
graphs is χ-bounded (see also [38] for an improved bound). A rectangle overlap graph is a
graph which is isomorphic to the overlap graph of a family of axis parallel rectangles on the
plane. Is the class of rectangle overlap graphs χ-bounded? We revisit this question later on
this section. Before answering this question we would like to discuss the research line that
led to its answer.

A segment graph is a graph isomorphic to the intersection graph of a family of straight
line segments on the plane. In the 1970s Erdős (see for example [71, Problem 1.9]) asked
whether the class of segment graphs is χ-bounded. In 2014 Pawlik, Kozik, Krawczyk, Lasoń,
Micek, Trotter, and Walczak [104] answered this question in the negative, by constructing
triangle-free segment graphs of arbitrarily large chromatic number. It is worth mentioning
that their construction yields the same graphs as Burling’s graphs that we mentioned above.
In a subsequent paper [103] the same group of authors generalized this result to a wider
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class of families of sets on the plane. Krawczyk, Pawlik, and Walczak [88] gave a geometric
representation of the construction from [103] as rectangle overlap graphs. Thus, they proved
that the class of rectangle overlap graphs is not χ-bounded.

In particular Krawczyk, Pawlik, and Walczak [88] gave a geometric representation of the
construction from [103] as overlap graphs of a clean directed family of rectangles. Let F
be a family of rectangles. We say that F is a directed family of rectangles if whenever two
rectangles I1× J1, I2× J2 ∈ F intersect we have: Either J1 ⊆ J2 and min(I2) < min(I1), or
J2 ⊆ J1 and min(I1) < min(I2). We say that F is a clean family of rectangles if for every
distinct F1, F2 ∈ F such that F1 and F2 overlap, we have F3 /∈ F1 ∩ F2, for every F3 ∈ F .
Interestingly, in the first result on χr-boundedness that we are aware of, Krawczyk and
Walczak [89] proved that the class of clean rectangle overlap graphs is χ3-bounded.

An L-shape is a set in the plane which consists of two line segments L1 and L2 such
that L1 is parallel to the vertical axis and perpendicular to L2, and the set L1 ∩L2 contains
exactly one point, which is the bottom endpoint of L1 and left endpoint of L2. An L-graph
is an intersection graph of L-shapes. It is easy to see that overlap graphs of directed families
of rectangles are L-graphs. A stretching argument of Middendorf and Pfeiffer [94] shows
that L-graphs are segment graphs. Thus, overlap graphs of directed families of rectangles
are segment graphs.

In this thesis we generalize the result of Pawlik, Kozik, Krawczyk, Lasoń, Micek, Trotter,
and Walczak [104] by constructing, for every r ≥ 2, Kr+1-free segment graphs of arbitrarily
large Kr-free chromatic number. In particular, the graphs that we construct are non-clean
directed rectangle overlap graphs.

A string graph is a graph isomorphic to an intersection graph of a family of arbitrary
curves in the plane. In particular, segment graphs are string graphs. Krawczyk and
Walczak [89] constructed, for every r ≥ 2, Kr+1-free string graphs of arbitrarily large
Kr-free chromatic number. Their motivation for investigating whether, for some r ≥ 3, the
class of string graphs is χr-bounded came from an attempt to prove the quasi-planar graph
conjecture which we will discuss in the next section.
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2.4 Quasi-planar graphs, segment graphs, and a prob-
lem of Erdős, Gallai, and Rogers

Following [59], by topological graph we mean a graph drawn in the plane with points as
vertices and edges as continuous curves connecting some pairs of vertices, and containing no
other vertices than their ends. Let r ≥ 2 be an integer. We say that a topological graph G
is r-quasi-planar if no r edges of G are pairwise crossing. The following is a long-standing
open question in the area of geometric intersection graphs:

Conjecture 2.18 (Pach, Shahrokhi, and Szegedy [102]). Let r ≥ 3 be a positive integer.
Then there exists a constant cr > 0 such that every r-quasi-planar graph on n vertices has
at most crn edges.

We note that the above conjecture generalizes the fact that planar graphs on n ≥ 3
vertices have at most 3n− 6 edges. Conjecture 2.18 has been proved by Ackerman [2] for
r = 3 and by Agarwal, Aronov, Pach, Pollack, and Sharir [4] for r = 4, but it remains open
for r ≥ 5.

Krawczyk and Walczak [89] pointed out a connection of Conjecture 2.18 with the Kr-free
chromatic number of string graphs. Fix r′ ≥ 2. Suppose that we can prove that the class of
string graphs is χr′-bounded by a function f , and suppose that the conjecture is known
to be true for r′-quasi-planar graphs with a constant cr′ > 0. Let G be an r-quasi-planar
graph, and let ε > 0 be such that for every vertex v ∈ V (G) if Dv is the disk on the plane
with center v and radius ε we have Dv ∩ V (G) = {v}; Dv contains no point other than
v in which two or more edges intersect; and after deleting Dv from G we are left with a
set of continuous curves (it is easy to see that such an ε > 0 exists). Let F be the set of
continuous curves on the plane that we obtain by deleting the set ∪v∈V (G)Dv from G. Let G′

be the intersection graph of F . Then G′ is a Kr-free string graph, and thus χr′(G′) ≤ f(r).
Thus, the vertex set of G′ (equivalently the edge set of G) can be partition into l ≤ f(r)
sets each of which corresponds to an r′-quasi-planar subgraph of G, and thus (since the
conjecture is known to be true for r′-quasi-planar) each of these l parts of the partition of
E(G) has size at most cr′|V (G)|. Thus, E(G) has size at most f(r)cr′ |V (G)|, which shows
that Conjecture 2.18 holds for r.
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In 2017 Krawczyk and Walczak [89] constructed, for every r ≥ 2, Kr+1-free string
graphs of arbitrarily Kr-free chromatic number, and thus proved that, for every r ≥ 2, the
class of string graphs is not χr-bounded. This result shows that the above approach for
Conjecture 2.18 cannot succeed (for any r′ ≥ 2). But what about using this approach for
solving Conjecture 2.18 in the special case of segment graphs?

As we discussed in Section 2.3, in 2014 Pawlik, Kozik, Krawczyk, Lasoń, Micek, Trotter,
and Walczak [104] constructed triangle-free segment graphs of arbitrarily large chromatic
number. This construction implies that the class of segment graphs is not χ2-bounded, and
thus the above approach does not work for r′ = 2, even when we restrict the conjecture to
segment graphs (instead of string graphs).

Motivated by the fact that clean rectangle overlap graphs are not χ-bounded but are
χ3-bounded Krawczyk and Walczak [89] suggested that the approach that we discussed
above for Conjecture 2.18 may be successful for some r′ ≥ 3.
Question 14. Is there an integer r ≥ 3 such that the class of segment graphs is χr-bounded?
In particular, is there an integer r ≥ 3 such that the class of non-clean rectangle overlap
graphs is χr-bounded?

In this thesis, building on the methods of Pawlik, Kozik, Krawczyk, Lasoń, Micek,
Trotter, and Walczak [104] we generalize their result by constructing, for every r ≥ 2,
classes of Kr+1-free segment graphs of arbitrarily large Kr-free chromatic number. Thus, we
answer Question 14 in the negative, and hence we show that the approach that we discussed
above for Conjecture 2.18 cannot succeed for any r ≥ 2, even if we restrict Conjecture 2.18
to quasi-planar graphs whose edges are drawn as straight-line segments. We discuss this
result in Section 3.3.

Let G and H be graphs, and let X ⊆ V (G). We say that X is an H-free set if G[X] is
H-free. Motivated by the above, Fox, Pach, and Suk [59] asked the following question:
Question 15 (Fox, Pach, and Suk [59]). Let r ≥ 4 and n be integers. Is there a constant
cr > 0 such that every Kr+1-free segment graph on n vertices contains a Kr-free set of size
crn?

In this thesis, we answer Question 15 in the negative. We discuss this result in Section 3.3.
We note that Question 15 is a specific instance of a more general question of Erdős and
Gallai [49]:
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Question 16 (Erdős and Gallai [49]). Let r > p ≥ 2 and n be integers. What is the largest
integer k = k(r, p, n) such that every Kr-free graph on n vertices contains a Kp-free induced
subgraph on k vertices?

The case p = r − 1 was first considered by Erdős and Rogers [54] (see also [65, 95] for
recent results). In the case p = r − 1 the function fr(n) : N+ → N+ that maps n to the
largest integer k such that every Kr-free graph on n vertices contains a Kr−1-free induced
subgraph on k vertices, is called an Erdős-Rogers function. Thus, our result on segment
graphs that give a negative answer to Question 15, can also be regarded as a result on the
study of Erdős-Rogers function on segment graphs.
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Chapter 3

Contributions and organization of this
thesis

This thesis is organized in four parts. Part I is the introduction. The main body of this
thesis is organized into three parts. In Part II we investigate under which conditions the
operation of graph-intersection between graph classes preserves χ-boundedness. In Part III
we study the induced subgraphs of graphs of large Kr-free chromatic number and bounded
clique number. In Part IV we construct, for every r ≥ 2, Kr+1-free segment graphs of
arbitrarily large Kr-free chromatic number, and Kr+1-free segment graphs of arbitrarily
large fractional Kr-free chromatic number. In Section 3.1, Section 3.2, and Section 3.3, of
this chapter, we discuss the main results of Parts II, III, and IV respectively.

3.1 Intersections of graphs and χ-boundedness

In Part II of this thesis we investigate under which conditions the operation of graph-
intersection between graph classes preserves χ-boundedness. Motivated by results of
Asplund and Grünbaum [7] and Burling [21], and by a question of Gyárfás, [71] we begin
with studying this question, in Chapter 4, for graphs which can expressed as intersections
of chordal graphs.
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For the rest of this section we denote by I the class of interval graphs. As we discussed
in Section 2.3 Asplund and Grünbaum [7], proved that the class I ∩• I is χ-bounded (see
also [23] for a better χ-bounding function), and due to a construction of Burling [21] we
know that for every k ≥ 3 the class ∩• i∈[k]I, is not χ-bounded.

A hole in a graph G is an induced cycle of length at least four. A graph is chordal if
it contains no holes. Given a class of graphs A and a graph G, we follow Kratochvíl and
Tuza [87], and define the intersection dimension of G with respect to A to be the minimum
integer k such that G ∈ ∩• i∈[k]A if such a k exists, and +∞ otherwise. Following McKee and
Scheinerman [93] we call the intersection dimension of a graph G with respect to the class of
chordal graphs the chordality of G, and we denote it by chor(G). For the rest of this section
we denote by C the class of chordal graphs. Since, for every positive integer n, both the
graphs Kn and K−

n are chordal, it follows that the chordality of every graph is finite (and
upper bounded by the number of its non-edges). To the best of our knowledge, chordality
was first studied by Cozzens and Roberts [36] under the name rigid circuit dimension.

In the 1970s, Buneman [20], Gavril [62], and Walter [130, 131], proved independently
that chordal graphs are exactly the intersection graphs of subtrees in trees. It is easy to see
that the intersection graphs of subpaths in paths are exactly the interval graphs, and thus
every interval graph is also chordal.

Since the class I ∩• I is χ-bounded it is natural to ask whether any proper superclasses
of this class are χ-bounded as well. Gyárfás, asked the following question:

Problem 1 (Gyárfás, [71, Problem 5.7]). Is the class C ∩• C χ-bounded? In particular, is
C ∩• I χ-bounded?

In Section 4.1 we discuss a result of Felsner, Joret, Micek, Trotter and Wiechert [57]
which implies that Burling graphs are contained in C ∩• I, and thus that the answer to
Gyárfás’ question is negative. In the rest of Chapter 4 we consider two families of subclasses
of C ∩• C, which we prove are χ-bounded. We need to introduce some definitions in order to
state our results.

Let G be a graph. A chordal completion (respectively interval completion) of G is a
supergraph of G on the same vertex which is chordal (respectively interval). Since every
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complete graph is an interval graph, it follows that every graph has an interval and thus a
chordal completion.

Let H be a chordal graph. A tree T is a representation tree of H if there exists a
function β : V (T ) → 2V (H) such that for every v ∈ V (H), the subgraph T [{t ∈ V (T ) :
v ∈ β(t)}] of T is connected, and H is isomorphic to the intersection graph of the family
{{t ∈ V (T ) : v ∈ β(t)} : v ∈ V (H)}. In this case, we call the pair (T, β) a representation of
H. By the aforementioned characterization of chordal graphs, it follows that every chordal
graph has a representation.

A tree-decomposition of G is a representation (T, β) of a chordal completion H of G.
Fix a chordal completion H of G and a representation (T, β) of H. For every t ∈ V (T ),
we call the set β(t) the bag of t. It is easy to see that every bag is a clique of H and
that every clique of H is contained in a bag of T . We say that (T, β) is a complete
tree-decomposition of G if for every t ∈ V (T ), the set β(t) is a clique of G. If T is a
path, then H is an interval completion of G and we call tree-decomposition (T, β) a path-
decomposition of G. It is easy to see that a graph has a complete tree-decomposition
(respectively complete path-decomposition) if and only if it is chordal (respectively interval).
The width of a tree-decomposition is the clique number of the corresponding chordal
completion minus one1. The tree-width (respectively path-width) of G, denoted by tw(G)
(respectively pw(G)) is the minimum width of a tree-decomposition (respectively path-
decomposition) of G. That is, tw(G) := min{ω(H)− 1 : H is a chordal completion of G},
and pw(G) := min{ω(I)− 1 : I is an interval completion of G}.

In Section 4.2 we prove the following:

Theorem 3.1. Let k1 and k2 be positive integers, and let G1 and G2 be chordal graphs such
that for each i ∈ [2] the graph Gi has a representation (Ti, βi), where pw(Ti) ≤ ki. If G is a
graph such that G = G1 ∩G2, then G is O(ω(G) log(ω(G)))(k1 + 1)(k2 + 1)-colorable.

We remark that each of the classes which satisfies the assumptions of Theorem 3.1 is a
proper superclass of I ∩• I. Towards the proof of Theorem 3.1 we prove a result which, as
we point out, can be easily modified to give the following:

1The “minus one” in the definition of the width serves so that trees have tree-width one.
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Lemma 3.2. Let k1, . . . , kl be positive integers, and let G1, . . . , Gl be chordal graphs such
that for each i ∈ [l] the graph Gi has a representation (Ti, βi), where pw(Ti) ≤ ki. If G is
a graph such that G = G1 ∩ . . . ∩ Gl, then there exists a partition P of V (G) such that
|P| ≤ ∏i∈l(ki + 1) and for every V ∈ P, the graph G[V ] has boxicity at most l.

As we discussed in Section 2.3, Davies and Yuditsky [41] proved that the Gyárfas-Sumner
conjecture holds with polynomial bounds for graphs of bounded boxicity:

Theorem 3.3 (Davies and Yuditsky [41]). For every positive integer d and forest F , the
class of all F -free graphs of boxicity at most d is polynomially χ-bounded.

Now the following strengthening of Theorem 3.3 is an immediate corollary of Lemma 3.2
and Theorem 3.3.

Theorem 3.4. Let k1, . . . , kl be positive integers, and let C be the class of all graphs G
for which there exist chordal graphs G1, . . . , Gl such that for each i ∈ [l] the graph Gi has
a representation (Ti, βi), where pw(Ti) ≤ ki, and G = G1 ∩ . . . ∩ Gl. Then, the for every
forest F the class of F -free graphs in C is polynomially χ-bounded.

Let u and v be two vertices of a graph G. Then their distance, which we denote by
dG(u, v), is the length of a shortest (u, v)-path in G; we will often omit the subscript G
from dG(u, v) unless there is ambiguity. A rooted tree is a tree T with one fixed vertex
r ∈ V (T ) which we call the root of T . The height of a rooted tree T with root r is
h(T, r) := max{d(r, t) : t ∈ V (T )}. The radius of a tree T , which we denote by rad(T ), is
the nonnegative integer min{h(T, r) : r ∈ V (T )}. In Section 4.3 we prove the following:

Theorem 3.5. Let k be a positive integer, and let G1 and G2 be chordal graphs such that
the graph G1 has a representation (T1, β1) where rad(T1) ≤ k. If G is a graph such that
G = G1 ∩G2, then χ(G) ≤ k · ω(G).

Since graph-intersection does not preserve χ-boundedness in general, it is natural to ask
when it does; in the rest of Part II we focus on understanding under which conditions graph-
intersection preserves χ-boundedness. To this end we introduce following terminology: Let
A be a class of graphs. We call A intersectionwise χ-imposing if for every class of graphs B
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the class A∩• B is χ-bounded. We call A intersectionwise χ-guarding if for every χ-bounded
class of graphs B the class A∩• B is χ-bounded. Finally, we call A intersectionwise self-χ
-guarding if for every positive integer k the class ∩• i∈[k]A is χ-bounded.

In Chapter 5 we prove a characterization of intersectionwise χ-imposing graph classes.
Following [31], we say that A is colorable if there exists an integer k such that every graph
in A has chromatic number at most k. The main result of this section is the following:

Theorem 3.6. Let C be a class of graphs. Then C is intersectionwise χ-imposing if and
only if C is colorable.

In Section 5.2, we prove that classes of graphs which admit a certain decomposition are
intersectionwise χ-guarding, and we use this result to prove that the classes of unit interval
graphs and of line graphs of bipartite graphs are intersectionwise χ-guarding (we define
these classes later on in Section 5.2). We need a few definitions in order to state our result.

Let G be a graph and let r ≥ 2 be an integer. We say that G is componentwise
r-dependent if every component of G has independence number at most r − 1. Thus, the
componentwise r-dependent chromatic number of a graph G is the minimum integer k
for which G admits a componentwise r-dependent k-coloring. We say that G is (t, k, r)-
decomposable if there exist positive integers t, k and r such that G is the union of t
graphs of componentwise r-dependent chromatic number at most k. Finally we say that
a class of graphs C is decomposable if there exist t, k and r such that every graph in C is
(t, k, r)-decomposable. The main result of Section 5.2 is the following:

Theorem 3.7. Let C be a decomposable class of graphs. Then C is intersectionwise χ

-guarding.

In Chapter 6 we prove that certain χ-bounded classes of graphs are not intersectionwise
χ-guarding. We do this by considering the graph-intersections of pairs of χ-bounded graph
classes and proving that these graph-intersections contain triangle-free graphs of arbitrarily
large chromatic number.

The main results of Section 6.1 are the following two theorems:

Theorem 3.8. The class of complete multipartite graphs is not intersectionwise χ-guarding.
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Theorem 3.9. Let g ≥ 3. Then the class of line graphs of graphs of girth at least g is not
intersectionwise χ-guarding. In particular, the class of line graphs is not intersectionwise χ
-guarding.

Following Golumbic [67] we say that a graph G is trivially perfect graph if for every
induced subgraph H of G the independence number of H equals to the number of maximal
cliques of H. We note that the class of trivially perfect graphs is a proper subclass of the
class of interval graphs (see for example [14]). We also note that the class of trivially perfect
graphs has the following nice characterization in terms of forbidden induced subgraphs:

Theorem 3.10 (Golumbic [67, Theorem 2]). Let G be a graph. Then G is trivially perfect
if and only if G is {P4, C4}-free.

In Section 6.2 we strengthen the fact that, by the result of Felsner, Joret, Micek, Trotter
and Wiechert [57], Burling graphs are contained in the graph-intersection of the class
of chordal graphs with the class of interval graphs, by proving that Burling graphs are
contained in the graph-intersection of the class of trivially perfect graphs with a proper
subclass of the class of chordal graphs. In particular, our result implies the following:

Theorem 3.11. The class of trivially perfect graphs is not intersectionwise χ-guarding.

In Chapter 7 we focus on the finite sets H for which the class of H-free graphs is
intersectionwise χ-guarding. In Section 7.1 we prove the following:

Theorem 3.12. Let H be a finite set of graphs. If the class of H-free graphs is intersec-
tionwise χ-guarding, then H contains:

• a forest;
• a line graph of a forest;
• a complete multipartite graph; and
• a trivially perfect graph.

In Section 7.2 we use Theorem 3.12 in order to characterize the graphs H for which the
class of H-free graphs is intersectionwise χ-guarding. The main result of Section 7.2 is the
following:
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Theorem 3.13. Let H be a graph. Then the class of H-free graphs is intersectionwise χ
-guarding if and only if H is isomorphic to P2, P3, or rK1 for some r > 0.

In Chapter 8, the last chapter of Part II, we focus on intersectionwise self-χ-guarding
classes. In Section 8.1 we provide the necessary conditions that a graph H should satisfy
when the class of H-free graphs is intersectionwise self-χ-guarding. The main result of
Section 8.1 is the following:

Corollary 3.14. Let H be a graph. If the class of H-free graphs is intersectionwise self-χ
-guarding, then H is a linear forest or a star.

Finally, in Section 8.2, we prove the following theorem which allows us to construct new
intersectionwise self-χ-guarding classes from intersectionwise χ-guarding classes which are
defined by a finite set of forbidden induced subgraphs:

Theorem 3.15. Let k and t be a positive integers and let H = {H1, . . . , Hk} be a set of
graphs. For every i ∈ [t] let ri

1, . . . , r
i
k be k nonnegative integers and let Hi := {Hj + ri

jK2 :
j ∈ [k]}. If the class of H-free graphs is intersectionwise χ-guarding, then the class
∩• i∈[t]{Hi-free graphs} is χ-bounded. In particular, for every i ∈ [t] the class of Hi-free
graphs is intersectionwise self-χ-guarding.

An application of Theorem 3.15 is the following immediate corollary of Theorem 3.13
and Theorem 3.15:

Corollary 3.16. Let r be a positive integer. Then the class of (P3 + rK2)-free graphs is
intersectionwise self-χ-guarding.

3.2 Induced subgraphs of graphs of large Kr-free chro-
matic number

In Part III of this thesis, we study the induced subgraphs of graphs of large Kr-free
chromatic number and bounded clique number. We begin by proving, in Chapter 9,
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necessary conditions that the graphs of a finite set H should satisfy in order for the class of
all H-free graphs to be χr-bounded. We first need some definitions in order to state the
results of Chapter 9.

A diamond is a graph that is isomorphic to the graph that we obtain from K4 by
removing an edge. A bull is a graph that can be obtained from a triangle by adding two
pendant edges.

Let n be a positive integer. Following Chudnovsky, Cook, Davies, and Oum [28] we
say that a graph G is an n-willow if there exists an oriented tree T with V (G) ⊆ V (T )
such that for all distinct u, v ∈ V (G), we have that uv ∈ E(G) if and only if T has a
directed path from u to v or from v to u, whose length is not a multiple of n. A graph
is a willow if it is a n-willow for some positive integer n. For example, the oriented tree
({a, b, c, d, e, x}, {ab, bc, ad, bx, xe}) shows that the bull is a 3-willow.

For an integer t ≥ 2 we denote by K+
t the graph that we obtain from Kt by adding a

new vertex that is adjacent to exactly one vertex of Kt. Equivalently, K+
t is isomorphic to

the graph that we obtain from a path of length two by substituting a complete graph on
t− 1 vertices for one of its leaves.

In Chapter 9 we prove the following:

Theorem 3.17. Let H be a finite set of graphs, and let r ≥ 2 be a positive integer. If the
class of H-free graphs is χr-bounded, then H contains: a diamond-free chordal graph which
has clique number at most r, a bull-free graph, and a willow. Moreover, if r ≥ 4, then H
contains a K+

⌈ r
2 ⌉+2-free graph.

Let G and H be graphs with disjoint vertex sets, and let v ∈ V (G). We denote by
G(v,H) the graph that we obtain from the disjoint union of G \ v with H by adding edges
so that every vertex of H is complete to the set NG(v). We say that G(v,H) is obtained
by substituting H for v in G.

Let G be a graph, and let r ≥ 2 be a positive integer. We say that G is an r-broadleaved
forest (respectively r-broadleaved tree) if it can be obtained from a forest (respectively
tree) F by substituting a complete graph on at most r − 1 vertices for each leaf of F (not
necessarily the same size complete graph for every leaf). Thus, a 2-broadleaved tree is a tree.
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A broadleaved forest (respectively broadleaved tree) is an r′-broadleaved forest (respectively
an r′-broadleaved tree) for some integer r′ ≥ 2.

A non-empty set X ⊆ V (G) is a homogeneous set in G if for every v ∈ V (G) \X we
have that v is either complete or anticomplete to X. A vertex v ∈ V (G) is simplicial if
NG(v) is a clique.

Let H be an r-broadleaved forest (respectively r-broadleaved tree). Let H ′ := H[{v ∈
V (H) : v is simplicial}], and let C be a component of H ′. Then we have that V (C) is a
clique and a homogeneous set in H and there exists exactly one vertex vC ∈ V (H) \ C
that is complete to V (C). It is easy to see that dH(vC) ∈ {0, 1}. Let F be the induced
subgraph of H that we obtain as follows: for every component C of H ′, with dH(vC) = 0
(respectively with dH(vC) = 1) we delete from H all but two (respectively one) vertices of
the set V (C). We call F an underlying forest (respectively underlying tree) of H. We note
that any two underlying forests of H are isomorphic.

We note that a graph is chordal, diamond-free, and bull-free, if and only if it is a
broadleaved forest. Thus, the following is an immediate corollary of Theorem 3.17.

Corollary 3.18. Let H be a graph, and let r ≥ 2 be a positive integer, such that the class
of all H-free graphs is χr-bounded. Then H is an r-broadleaved forest, such that every
component of H that is not a complete graph is an (⌈ r

2⌉+ 1)-broadleaved tree.

Motivated by the above result, we suggest the following conjecture which extends the
Gyárfás-Sumner conjecture to χr-bounded classes.

Conjecture 3.19 (Strong Forbidden Broadleaved Forest Conjecture). Let r ≥ 2 be an
integer, and let H be an r-broadleaved forest, such that every component of H that is not
a complete graph is an (⌈ r

2⌉+ 1)-broadleaved tree. Then the class of all H-free graphs is
χr-bounded.

We also suggest the following weakening of Conjecture 3.19:

Conjecture 3.20 (Forbidden Broadleaved Forest Conjecture). Let r ≥ 2 be an integer.
Then there exists a function f : N+ → N+ such that the class of all H-free graphs is
χf(r)-bounded for every r-broadleaved forest H.
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In the rest of Part III, we consider special cases of the above conjectures. Before
discussing the results of Part III, we need to introduce some terminology and discuss some
useful observations.

Let G be a graph. The Kr-degree of a vertex v ∈ V (G), which we denote by dr
G(v), is the

maximum size of a set of pairwise disjoint cliques, each of size r− 1, in N(v). When there is
no danger of confusion, we may omit the subscript from the notation dr

G(v). The maximum
Kr-degree (respectively the minimum Kr-degree) of G, denoted by ∆r(G) (respectively by
δr(G)), is the maximum (respectively the minimum) Kr-degree of a vertex of G. A graph G
is (k,Kr)-degenerate if every non-null subgraph H of G has a vertex v such that dr

H(v) ≤ k.
The Kr-degeneracy of G is the minimum integer k for which G is (k,Kr)-degenerate. We
denote the Kr-degeneracy of G by degenr(G). We note that for every graph G we have
degenr(G) ≤ ∆r(G). The following generalizes a well-known result for the K2-free chromatic
number.

Proposition 3.21. Let G be a graph. Then χr(G) ≤ degenr(G) + 1 ≤ ∆r(G) + 1.

Proof of Proposition 3.21. We prove Proposition 3.21 by induction on the number of vertices.
The statement holds trivially if |V (G)| = 1. Suppose that |V (G)| > 1 and that for every
graph H with |V (H)| < |V (G)| we have χr(H) ≤ degenr(H) + 1.

Let k := degenr(G), and let v ∈ V (G) be such that dr(v) ≤ k. Let H := G \ v. By the
inductive hypothesis, there exists a Kr-free coloring ϕ : V (H) → [k + 1] of H. Let K be
a maximal set of monochromatic (r − 1)-cliques in N(v) that are pairwise colored with
different colors. Then K is a set of pairwise disjoint cliques, and since dr(v) ≤ k, we have
|K| ≤ k.

Let i ∈ [k + 1] be such that i /∈ {ϕ(K) : K ∈ K}, and let ϕ′ : V (G) → [k + 1] be the
(k + 1)-coloring of G that we obtain by extending ϕ so that ϕ′(v) := i. We claim that ϕ′ is
a Kr-free (k + 1)-coloring of G. Suppose not. Let K be a monochromatic, with respect to
ϕ′, clique of size r in G. Since ϕ is a Kr-free coloring of G \ v, it follows that v ∈ K. Then,
the (r − 1)-clique K ′ := K \ {v} is colored by ϕ′ (and thus by ϕ) with the color ϕ′(v) = i

and thus K ′ /∈ K. Then, the set K ∪ {K ′} contradicts the maximality of K. Hence, ϕ′ is a
Kr-free (k + 1)-coloring of G, and thus χr(G) ≤ degenr(G) + 1. This completes the proof
of Proposition 3.21.
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The following two propositions generalize well-known results for K2-degeneracy.

Proposition 3.22. Let k, r ≥ 2 be positive integers, and let G be a graph. Then degenr(G)
≥ k if and only if G contains an induced subgraph H such that δr(H) ≥ k.

Proposition 3.23. Let r ≥ 2 and k be positive integers, let G be a graph, and let
n := |V (G)|. Then degenr(G) ≤ k if and only if there is an ordering v1, . . . , vn of the
vertices of G such that dr(v1) ≤ k, and for every i ∈ [2, n] we have dr

G[V (G)\{v1,...,vi−1}](vi) ≤ k.

Let r, s ≥ 2 be integers. An r-broadleaved s-star is an r-broadleaved tree whose
underlying tree is isomorphic to K1,s. As we mentioned, in Section 2.1, Gyárfás [71] proved
that for every s ≥ 2 the class of K1,s-free graphs is χ-bounded; and this is one of the
simplest proofs in χ-boundedness. Thus, it was natural for us to try to generalize this
result for r-broadleaved s-stars and χr-boundedness. Unfortunately, we did not succeed.
We include the proof of Gyárfás’ result [71] below and discuss why his approach cannot be
generalized to our context.

Theorem 3.24 (Gyárfás [71]). Let s ≥ 2 be a positive integer. Then for every K1,s-free
graph G we have χ(G) ≤ R(ω(G), s).

Proof of Theorem 3.24. Let G be a K1,s-free graph. We claim that ∆(G) ≤ R(ω(G), s)− 1.
Let v ∈ V (G). Then d(v) = |N(v)|. Since G is K1,s-free, it follows that G[N(v)] does not
contain an independent set of size s. In addition, G[N(v)] does not contain a clique of size
ω(G), since the union of such a clique with v would result in a clique of size ω(G) + 1 in G.
Thus, by Theorem 1.1, we have |N(v)| ≤ R(ω(G), s)− 1. Thus, d(v) ≤ R(ω(G), s)− 1, and
since v is an arbitrary vertex of G we have ∆(G) ≤ R(ω(G), s)− 1. Thus, since χ(G) ≤
∆(G) + 1, we have χ(G) ≤ R(ω(G), s). This completes the proof of Theorem 3.24.

For, r ≥ 3, for the Kr-free chromatic number, the issue in extending the above proof is
that the existence of a large set of pairwise adjacent Kr−1’s is not a “forbidden” outcome.
In particular, the existence of a large set of pairwise adjacent Kr−1’s in a graph does not
imply the existence of a large complete subgraph.

Lemma 3.25. Let r ≥ 2, s ≥ 2 and t ≥ 1 be integers, let G be a graph, and let v ∈ V (G)
be such that v is not the center of an induced r-broadleaved s-star in G. If dr(v) ≥ R(t, s),
then N(v) contains t pairwise disjoint and pairwise adjacent (r − 1)-cliques.
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Proof of Lemma 3.25. Let v ∈ V (G) be as in the statement of the lemma. Let S1, . . . SR(t,s)

be a collection of pairwise disjoint (r − 1)-cliques that are subsets of N(v).

We claim that there exists no s-subset I of [R(t, s)] such that for all distinct i, j ∈ I the
sets Si and Sj are anticomplete. Suppose not. Then G[{v}∪{Si : i ∈ I}] is an r-broadleaved
s-star in G with v as a center, a contradiction.

It follows, by Theorem 1.1, that [R(t, s)] contains a t-set I ′ such that for all distinct
i, j ∈ I ′ the sets Si and Sj are adjacent. Then T := {Si : i ∈ I ′} is a set of t pairwise disjoint
and pairwise adjacent (r−1)-subsets of N(v). This completes the proof of Lemma 3.25.

Since we were not able to prove Conjecture 3.19 or Conjecture 3.20 for general broad-
leaved stars we considered specific broadleaved stars. Let T be a triangle on {v, u, w}, and
let k be a positive integer. A k-volcano, denoted by Vk is a graph isomorphic to the graph
({v, u, w} ∪ {v1, . . . , vk}, E(T ) ∪ {vvi : i ∈ [k]}). A volcano is a k-volcano for some k. We
remark that volcanoes are the simplest case of 3-broadleaved stars (which are not regular
stars). In Section 10.1 we prove that for every positive integer k the class of Vk-free graphs
is χ3-bounded:

Theorem 3.26. Let k be a positive integer, and let f3.26 : N+ → N+ be the function which
is defined as follows:

f3.26(ω) := 4ω(10k2ω3)ω · [(2ω − 2)R(ω, k) + 1] .

Let G be a Vk-free graph. Then χ3(G) ≤ f3.26(ω(G)).

Thus, Conjecture 3.19, holds for all k-volcanoes.

We note that when k = 1, the graph V1, is called a paw. Olariu [101] proved the
following structure theorem for paw-free graphs:

Theorem 3.27 (Olariu [101]). A graph G is paw-free if and only if each component of G
is triangle-free or complete multipartite.

We note that if a graph G is paw-free then the neighborhood of every vertex of G is
{K2 +K1}-free, and that the {K2 +K1}-free graphs are exactly the complete multipartite
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graphs. Generalizing this observation we note that if a graph G is Vk-free, then the
neighborhood of every vertex of G is {K2 + kK1}-free. Our proof of Theorem 3.26 relies
heavily on a structure theorem for Vk-free graphs, which in turn relies on the structure of
{K2 + kK1}-free graphs. We need to introduce some definitions in order to state our result.

Let G be a graph, and let k ≥ 0 and t ≥ 1 be positive integers. We say that G is a
k-tolerant t-partite graph if G is t-partite and V (G) admits a partition {A1, . . . , At}, which
is such that:

• for every i ∈ [t], we have that Ai is an independent set; and
• for distinct i, j ∈ [t], and for every v ∈ Ai we have that the vertex v has at most k

non-neighbors in Aj, that is |Aj \N(v)| ≤ k.

Thus a 0-tolerant t-partite graph is a complete t-partite graph. In Section 10.1 we
prove that every (K2 + kK1)-free graph is “almost” a (k − 1)-tolerant ω(G)-partite graph.
We postpone the exact statement of our theorem for Section 10.1. Using our result for
(K2 + kK1)-free graphs we prove the following theorem for the structure of Vk-free graphs:

Theorem 3.28. Let k and ω be positive integers, and let G be a Vk-free graph with ω(G) ≤ ω.
Then there exists a partition P of V (G), with the following properties:

• |P| ≤ 2(2ω−1 − 1)R(ω, k) + 1, and
• for every P ∈ P and for every v ∈ G[P ] we have that G[NG[P ](v)] is a (k−1)-tolerant
t-partite graph, where t ≤ ω(G[N(v)]).

We discussed above that classes of graphs that exclude a star are χ-bounded, and that
we were not able to generalize this result for χr-boundedness. In Section 10.2 we prove a
result which indicates that the case of broadleaved stars may be more difficult to handle in
χr-boundedness than the case of stars in χ-boundedness.

Let H be an oriented graph. We denote by ω(H) (respectively χ(H)) the clique number
(respectively the chromatic number) of the underlying graph of H. Let r ≥ 2 be a positive
integer. We say that H is −→χr-bounding if there exists a function f : N+ → N+ such
that for every oriented graph G not containing H as an induced subdigraph we have that
χ(G) ≤ f(ω(G)). Chudnovsky, Scott, and Seymour [32] proved the following:

Theorem 3.29 (Chudnovsky, Scott, and Seymour [32]). Every oriented star is −→χ2-bounding.
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Let v be the unique vertex of degree three of V1, and let −→V1 be the orientation of V1 that
we obtain by directing every edge of V1 which is incident to v outwards from v, and then
choosing an orientation for the only edge of V1 which is not incident to v. The main result
of Section 10.2 is the following:

Theorem 3.30. Let r ≥ 2 be an integer. Then −→V1 is not −→χr-bounding.

We get Theorem 3.30 as an immediate corollary of the following:

Theorem 3.31. Let r ≥ 2 be an integer. Then for every integer k ≥ 2, there exists a graph
Gck

such that:

• χr(Gck
) > k and ω(Gck

) ≤ r; and
• Gck

has an orientation which is −→V1-free.

In Chapter 11, we consider classes of graphs that exclude a fixed complete bipartite
graph as a subgraph. One of the main tools used in our proofs in Chapter 11, is the
following lemma, which is an easy corollary of the Kővári–Sós–Turán theorem [86]. The
latter theorem states that, for all positive integers s ≥ t, a graph on n vertices that does
not contain a Ks,t as a subgraph has O(n2− 1

t ) edges.

Lemma 3.32. Let r and t be positive integers. Then there exists a constant f3.32 =
f3.32(r, t) ∈ N with the following property: If G is a graph which contains a collection of
f3.32(r, t) pairwise disjoint and pairwise adjacent subsets of vertices, each of size at most r,
then G contains a Kt,t as a subgraph.

We note that Lozin and Razgon [92] gave a short constructive proof of Lemma 3.32,
based solely on the pigeonhole principle.

Recall Theorem 2.8:

Theorem 2.8 (Kierstead and Penrice [84]). For every forest H, there exists a function f

such that degen(G) ≤ f(biclique(G)) for every H-free graph G.

The main result of Section 11.1 is the following generalization of Theorem 2.8:
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Theorem 3.33. Let r ≥ 2 be an integer. For every r-broadleaved forest H, there exists a
function f such that degenr(G) ≤ f(biclique(G)) for every H-free graph G.

We note that our proof of Theorem 3.33 follows closely the proof of Scott, Seymour,
and Spirkl of the following result which strengthens Theorem 2.8:

Theorem 2.9 (Scott, Seymour, and Spirkl [120]). For every forest H, there exists c > 0
such that degen(G) ≤ biclique(G)c for every H-free graph G.

Let Kp be a complete graph on p vertices. Let H be the graph that is obtained from
Kp as follows: for each v ∈ Kp we add a copy Cv of qKp−1 to Kp so that these copies are
pairwise disjoint and pairwise anticomplete. Finally, we add edges to H so that each vertex
v ∈ Kp is complete to V (Cv). We call H a q-bloomed p-clique. We call Kp the base clique of
H. We also call the cliques of Cv the private cliques of v. A bloomed clique is a q-bloomed
p-clique for some positive integers q and p.

The main result of Section 11.2 is the following:

Theorem 3.34. Let p, q and t be positive integers. Then there exist constants f3.34 =
f3.34(p, q, t) ∈ N and h3.34 = h3.34(p, q, t) ∈ N with the following property: If G is a graph
that does not contain a Kt,t as a subgraph or a q-bloomed p-clique as an induced subgraph,
then χf3.34(G) ≤ h3.34.

In Chapter 12, we prove the following result for classes of graphs which exclude a
complete multipartite graph as a subgraph and a broadleaved star as an induced subgraph:

Theorem 3.35. Let q ≥ 2, r, s ≥ 2 and t ≥ 1 be integers. Then there exist constants
f3.35 = f3.35(q, r, s, t) ∈ N and h3.35 = h3.35(q, r, s, t) ∈ N, with the following property: If G
is a graph that does not contain a complete q-partite graph with all parts having size t as
a subgraph and G does not contain an r-broadleaved s-star as an induced subgraph, then
∆h3.35(G) ≤ f3.35. In particular χh3.35(G) ≤ f3.35 + 1.

Let s, t ≥ 2 be integers. An (s, t)-bowtie is a graph isomorphic to the graph that
we obtain from the disjoint union of a Ks and a Kt by adding a new vertex complete
to everything else. Chudnovsky, Cook, Davies, and Oum [28] proved that the class of
(2, 2)-bowtie-free graphs is Pollyanna, and asked the following question:
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Question 17 (Chudnovsky, Cook, Davies, and Oum [28]). Is the class of (s, t)-bowtie-free
graphs Pollyanna for each s ≥ 3 and t ≥ 2?

In Chapter 13, we give an affirmative answer to Question 17 by proving the following:

Theorem 3.36. Let s, t ≥ 2 and ω ≥ 1 be integers, with s ≤ t, and let

f3.36 = f3.36(s, t) = (s+ 1)(t+ 3s2 − 2s) + (t− 1) ∈ N

and
h3.36 = h3.36(s, t, ω) =

⌈⌈ ω

t− 1
⌉

+ eωs−1 + ωs+1
⌉
∈ N.

Then, for every (s, t)-bowtie-free graph G with ω(G) = ω, we have: χf3.36(G) ≤ h3.36. In
particular, the class of all (s, t)-bowtie-free graphs is polynomially χf3.36(s,t)-bounded, and
thus strongly Pollyanna.

An important tool for our proof of Theorem 3.36 is the following lemma, which generalizes
an observation of Chudnovsky, Cook, Davies, and Oum [28] for (2, 2)-bowtie-free graphs.

Lemma 3.37. Let s ≥ 2 and t ≥ 2 be integers, let G be an (s, t)-bowtie-free graph, and let
G′ be the graph obtained by G after deleting every edge that does not belong to a 3s-clique.
Then G′ is an (s, t+ 3s2 − 2s)-bowtie-free graph.

3.3 Kr+1-free segment graphs of large fractional Kr-free
chromatic number

In this section, we discuss the content of Part IV. Recall Question 14:

Question 14. Is there an integer r ≥ 3 such that the class of segment graphs is χr-bounded?
In particular, is there an integer r ≥ 3 such that the class of non-clean rectangle overlap
graphs is χr-bounded?

The first main result of Part IV, which we prove in Chapter 15, is the following which
implies a negative answer to Question 14:
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Theorem 3.38. Let k and r ≥ 2 be positive integers. Then there exists a Kr+1-free segment
graph G, such that χr(G) ≥ k.

We note that the proof of the above is constructive and the graphs that we construct
are directed rectangle overlap graphs. In particular, the graphs that we construct for r = 2
are the same graphs as the construction of Pawlik, and Kozik, Krawczyk, Lasoń, Micek,
Trotter, and Walczak [104], which are the same graphs with the triangle-free intersection
graphs of axis-aligned boxes in R3 constructed by Burling [21]; and the graphs that we
construct for every r ≥ 3 are non-clean directed rectangle overlap graphs.

Before proving Theorem 3.38 we introduce, in Chapter 14, the framework of “on-line
coloring games” and their “game graphs” and discuss a method which, to the best of
our knowledge, was established by Pawlik, Kozik, Krawczyk, Lasoń, Micek, Trotter, and
Walczak [103] (see also [88]) and was formalized by Krawczyk and Walczak [89], that can be
used in order to construct graphs of bounded clique and large Kr-free chromatic number.

Recall Question 15:

Question 15 (Fox, Pach, and Suk [59]). Let r ≥ 4 and n be integers. Is there a constant
cr > 0 such that every Kr+1-free segment graph on n vertices contains a Kr-free set of size
crn?

Our work in Chapter 16 is motivated by the above question, which we answer in the
negative.

Let r ≥ 2 be an integer, and let G be a graph. Let us denote by F the family of all
subsets of V (G) which induce Kr-free graphs. Then we have the following observation for
the Kr-free chromatic number of G:

χr(G) = min{
∑
S∈F

xS :
∑

v∈S∈F
xS ≥ 1 for all v ∈ V (G);xS ∈ {0, 1}}.

We define the fractional Kr-free chromatic number of G, which we denote by χf
r (G), as

the optimal value of the linear programming relaxation of the above integer program. That
is:

χf
r (G) := min{

∑
S∈F

xS :
∑

v∈S∈F
xS ≥ 1 for all v ∈ V (G);xS ≥ 0}.
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In Section 16.1, Section 16.2 and Section 16.3 we develop a framework which allows us
to prove in Section 16.4 the following:

Theorem 3.39. Let k and r ≥ 2 be positive integers. Then there exists a Kr+1-free segment
graph G, such that χf

r (G) ≥ k.

We note that since for every integer r ≥ 2, and for every graph G we have χf
r (G) ≤ χr(G),

it follows that Theorem 3.39 is a strengthening of Theorem 3.38.

In Section 16.5, we establish a connection between the maximum size of a Kr-free
set of vertices and fractional Kr-free chromatic number of segment graphs. Let G be
a graph, and r ≥ 2 be an integer. We denote by αr(G) the number max{|I| : I ⊆
V (G) and G[I] is Kr-free}. The main result of Section 16.5 is the following:

Theorem 3.40. Let C be the class of segment graphs, and let r ≥ 2 be a positive integer.
Then the following are equivalent:

1. There exists a constant cr > 0 such that for every graph G ∈ C we have αr(G) ≥
cr|V (G)|.

2. There exists a constant Cr > 0 such that for every graph G ∈ C we have χf
r (G) ≤ Cr.

The following is an immediate corollary of Theorem 3.40 and Theorem 3.39:

Theorem 3.41. Let r ≥ 2 and n be integers. Then there exists no constant cr > 0 such
that every Kr+1-free segment graph on n vertices contains a Kr-free set of size crn.
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Part II

Intersections of graphs and
χ-boundedness
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Chapter 4

Chordality and χ-boundedness

In this chapter we study classes of graphs of bounded chordality from the perspective
of χ-boundedness. In Section 4.1 we discuss a result of Felsner, Joret, Micek, Trotter
and Wiechert [57] which implies that Burling graphs are contained in C ∩• I, and thus
that the answer to Gyárfás’ question is negative. From the characterization of chordal
(respectively interval) graphs as intersection graphs of subtrees (respectively subpaths) of
trees (respectively paths) that we presented in the Section 3.1, it follows that I ∩• I is
the subclass of C ∩• C in which each of the two chordal graphs in the intersection has a
representation tree which is a path. In Section 4.2 we consider the family of subclasses of
C∩• C (and superclasses of I∩• I) in which each of the two chordal graphs in the intersection
has a representation tree of bounded path-width. We prove that these classes are χ-bounded.
In Section 4.3, for each positive integer k, we consider the subclass of C∩• C in which one of
the two chordal graphs in the intersection has a representation tree of radius at most k,
and we prove that this class is χ-bounded.

4.1 The class C ∩• I is not χ-bounded

In [44], Dujmovic, Joret, Morin, Norin, and Wood studied graphs which have two tree-
decompositions such that “each bag of the first decomposition has a bounded intersec-

This chapter is based on the coauthored paper [25].
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tion with each bag of the second decomposition”. Following [44], we say that two tree-
decompositions (T1, β1) and (T2, β2) of a graph G are k-orthogonal if for every t1 ∈ T1 and
t2 ∈ T2, we have |β1(t1)∩β2(t2)| ≤ k. Dujmovic, Joret, Morin, Norin, and Wood [44] proved
that every graph which belongs to one of the following classes has a tree-decomposition
and a path-decomposition that are k-orthogonal:a proper minor-closed class, string graphs
with a linear number of crossings in a fixed surface, and for graphs with linear crossing
number in a fixed surface). In a more recent work Liu, Norin, and Wood [90] proved that
for graphs which exclude a fixed graph as an odd-minor there exists an integer k such that
these graphs have a tree-decomposition and a path-decomposition which are k-orthogonal.
Here we are interested in connections of this concept with the concept of χ-boundedness.

Observation 4.1 (Dujmović, Joret, Morin, Norin, and Wood [44, Observation 27]). Let G
be a graph and k be a positive integer. Then G has two k-orthogonal path-decompositions
if and only if G is a subgraph of a graph H such that H has boxicity at most two, and
ω(H) ≤ k.

Lemma 4.2. Let G be a graph and k be a positive integer. Then the following hold:

1. The graph G has two k-orthogonal tree-decompositions if and only if G is a subgraph
of a graph H such that H has chordality at most two, and ω(H) ≤ k.

2. The graph G has a tree-decomposition and a path-decomposition which are k-orthogonal
if and only if G is a subgraph of a graph H such that H ∈ C ∩• I, and ω(H) ≤ k.

Proof of Lemma 4.2. Follows immediately by the corresponding definitions and the facts
that every bag of a tree-decomposition is a clique of the corresponding chordal completion,
and that every clique of a chordal completion is contained in a bag of the corresponding
tree-decomposition.

The following is an immediate corollary of Observation 4.1 and Lemma 4.2.

Proposition 4.3. Let C be the class of chordal graphs and I be the class of interval graphs.
The following hold:

1. The class I ∩• I is χ-bounded if and only if there exists a function f : N → R such
that for every graph G which has two k-orthogonal path-decompositions, we have
χ(G) ≤ f(k).
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2. The class C ∩• C is χ-bounded if and only if there exists a function f : N → R such
that for every graph G which has two k-orthogonal tree-decompositions, we have
χ(G) ≤ f(k).

3. The class C∩• I is χ-bounded if and only if there exists a function f : N→ R such that
for every graph G which has a tree-decomposition and a path-decomposition which are
k-orthogonal, we have χ(G) ≤ f(k).

The authors of [44] posed the following question, for which they conjectured a positive
answer.

Problem 2 (Dujmović, Joret, Morin, Norin, and Wood, [44, Open Problem 3]). Is there
a function f such that every graph G that has two k-orthogonal tree-decompositions is
f(k)-colorable?

By Proposition 4.3, it follows that the above question is equivalent to the first part
of the question of Gyárfás that we mentioned in the Section 3.1 (Problem 1), which asks
whether the class of all graphs of chordality at most two is χ-bounded.

In [57] Felsner, Joret, Micek, Trotter and Wiechert, answered Problem 2 in the negative,
and in particular they answered Gyárfás’s question (Problem 1), in the negative.

Felsner, Joret, Micek, Trotter and Wiechert [57] proved the following, which answers in
the negative both the questions in Problem 1 and Problem 2.

Theorem 4.4 (Felsner, Joret, Micek, Trotter and Wiechert, [57, Theorem 2]). For every
positive integer k, there is a graph with chromatic number at least k which has a tree-
decomposition (T, β) and a path-decomposition (P, γ), which are 2-orthogonal. That is, for
every t ∈ V (T ) and for every p ∈ V (P ), we have |β(t) ∩ γ(p)| ≤ 2.

The following is an immediate corollary of Lemma 4.2 and Theorem 4.4.

Corollary 4.5. For every positive integer k, there exist a graph Hk ∈ C ∩• I such that Hk

is triangle-free and has chromatic number at least k.

Corollary 4.6. The class C ∩• I is not χ-bounded. In particular, since I ⊆ C, it follows
that the class of all the graphs of chordality at most two is not χ-bounded.
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4.2 Subclasses of C ∩• C: When each chordal graph has
a representation tree of bounded path-width

In Section 4.1, we saw that the class C ∩• I is not χ-bounded. From the characterization
of chordal (respectively interval) graphs as intersection graphs of subtrees (respectively
subpaths) of trees (respectively paths) that we discussed in Section 3.1, it follows that I∩• I
is the subclass of C ∩• C in which each of the two chordal graphs in the intersection has a
representation tree which is a path.

In this subsection we consider the family of subclasses of C ∩• C (and superclasses of
I ∩• I) in which each of the two chordal graphs in the intersection has a representation tree
of bounded path-width. We prove that these classes are χ-bounded.

Theorem 3.1. Let k1 and k2 be positive integers, and let G1 and G2 be chordal graphs such
that for each i ∈ [2] the graph Gi has a representation (Ti, βi), where pw(Ti) ≤ ki. If G is a
graph such that G = G1 ∩G2, then G is O(ω(G) log(ω(G)))(k1 + 1)(k2 + 1)-colorable.

The main step towards our proof of Theorem 3.1 is to prove that the vertex set of a
graph G as in the statement of Theorem 3.1 can be partitioned into a constant number of
sets so that each of these sets induces a graph of boxicity at most two. Then we use the
fact that the class I ∩• I is χ-bounded and we color each of these induced subgraphs with a
different palette of colors.

Lemma 4.7. Let k1 and k2 be positive integers, and let G1 and G2 be chordal graphs
such that for each i ∈ [2] the graph Gi has a representation (Ti, βi), where pw(Ti) ≤ ki. If
G is a graph such that G = G1 ∩ G2, then there exists a partition P of V (G) such that
|P| ≤ (k1 + 1)(k2 + 1) and for every V ∈ P, the graph G[V ] has boxicity at most two.

In 2021, Chalermsook and Walczak [23] provided an improvement on the upper bound
of Asplund and Grünbaum [7] for the chromatic number of graphs of boxicity at most two.

Theorem 4.8 (Chalermsook and Walczak, [23]). Every family of axis-parallel rectangles in
the plane with clique number ω is O(ω log(ω))-colorable, and an O(ω log(ω))-coloring of it
can be computed in polynomial time.
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Since Theorem 3.1 follows immediately by Lemma 4.7 and Theorem 4.8, in order to
prove Theorem 3.1 it remains to prove Lemma 4.7. The main observation that we need is
that if a graph has path-width at most k, then it can decomposed into a family of k + 1
disjoint subgraphs, each of which is a disjoint union of induced paths.

We first need a result about tree-decompositions. Let G be a graph, and let A,B,X ⊆
V (G). We say that X separates A from B in G if for every (A,B)-path P in G we have
V (P ) ∩X ̸= ∅.

Lemma 4.9 (Robertson and Seymour [111, (2.4)]). Let G be a graph, (T, β) be a tree-
decomposition of G, let {t1, t2} be an edge of T . If T1 and T2 are the components of T \{t1, t2},
where t1 ∈ V (T1) and t2 ∈ V (T2), then β(t1) ∩ β(t2) separates V1 := ⋃

t∈V (T1) β(t) from
V2 := ⋃

t∈V (T2) β(t) in G.

Lemma 4.10. Let G be a connected graph and let k be a positive integer. If G has path-
width at most k, then there exists an induced path Q which is a subgraph of G such that
G \ V (Q) has path-width at most k − 1.

Proof of Lemma 4.10. Consider a path-decomposition (P, β) of G which realizes its path-
width. Let p1, . . . , pl be the elements of V (P ) enumerated in the order that they appear
in P . Let v1 ∈ V (G) ∩ β(p1) and vl ∈ V (G) ∩ β(pl), and let Q be an induced (v1, vl)-path
in G. We define the function β′ : V (P ) → 2V (G) as follows: for every p ∈ V (P ) we have
β′(p) := β(p)\V (Q). Then (P, β′) is a path-decomposition of the graph G\V (Q). Moreover,
by Lemma 4.9, it follows that for each i ∈ [l] we have V (Q)∩ β(pi) ̸= ∅. Thus, the width of
(P, β′) is at most k − 1.

Corollary 4.11. Let k be a positive integer. If G is a graph of path-width at most k, then
there exist (possibly null) induced subgraphs P1, . . . , Pk+1 of G such that the following hold:

1. For each i ∈ [k + 1], every component of the graph Pi is a path.
2. For each i ∈ [2, k + 1], we have that Pi is an induced subgraph of G \ (V (P1) ∪ . . . ∪

V (Pi−1)), and every component of G \ ∪j<iV (Pj) contains exactly one component of
Pi.

3. V (G) = ⋃
i∈[k+1] V (Pi).
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Proof of Corollary 4.11. We prove the statement by induction on k. If the graph G has
path-width equal to one, then G is the disjoint union of paths, and letting P1 := G we see
that the statement of Corollary 4.11 holds.

Let k > 1 and suppose that the statement of Corollary 4.11 holds for every positive
integer k′ < k. Let C1, . . . , Cl be the connected components of G. For each j ∈ [l], we
have that Cj is a connected graph of path-width at most k. Let P j

1 be a subgraph of Cj

which is a path as in the statement of Lemma 4.10. Let P1 := ∪j∈[l]P
j
1 . Consider the graph

G′ := G \ V (P1) which, by Lemma 4.10, has path-width at most k′ := k − 1 < k. Then, by
applying the induction hypothesis to the graph G′, we obtain subgraphs P2, . . . , Pk+1 of G′

such that the subgraphs P1, . . . , Pk+1 of G satisfy the statement of Corollary 4.11.

Given a set X, we say that a family X := {Xi}i∈I of subsets of X satisfies the Helly
property if for every I ′ ⊆ I the following holds: if Xi ∩Xj ̸= ∅ for all i, j ∈ I ′, then we have
that ⋂i∈I′ Xi ̸= ∅. The following is a folklore (see, for example, [66, Proposition 4.7]):

Proposition 4.12. Every family of subtrees of a tree satisfies the Helly property.

We are now ready to prove Lemma 4.7.

Proof of Lemma 4.7. Let P1, . . . , Pk1+1 and Q1, . . . , Qk2+1 be subgraphs of T1 and T2 re-
spectively, chosen as in Corollary 4.11.

Let X be a subtree of T1. We define the level of X, denoted by L1(X), as follows:

L1(X) := min{i ∈ [k1 + 1] : V (X) ∩ V (Pi) ̸= ∅}.

Similarly, we define the level of a subtree X of T2 as follows:

L2(X) := min{i ∈ [k2 + 1] : V (X) ∩ V (Qi) ̸= ∅}.

Claim 4.12.1. Let X and Y be subtrees of T1 such that L1(X) = L1(Y ) = l. Then the
following hold:

1. Both X ∩ Pl and Y ∩ Pl are paths; and
2. V (X) ∩ V (Y ) ̸= ∅ if and only if V (X) ∩ V (Y ) ∩ V (Pl) ̸= ∅.
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Similarly for subtrees of T2.

Proof of Claim 4.12.1. We prove the claim for T1; the proof for T2 is identical. Since
L1(X) = l, we have that V (X) ∩ (V (P1) ∪ . . . ∪ V (Pl−1)) = ∅. Thus X is contained in a
connected component of the forest T \ (V (P1) ∪ . . . ∪ V (Pl−1)). Let C be this component.
By Corollary 4.11, we have that Z := Pl ∩ C is a path, and thus X ∩ Pl is a path as well.
With identical arguments we get that Y ∩ Pl is a path.

For the second statement of our claim: The reverse implication is immediate. For the
forward implication: Since V (X) ∩ V (Y ) ̸= ∅, both the subtrees X and Y are contained
in the same connected component of the forest T \ (V (P1) ∪ . . . ∪ V (Pl−1)). Let C be
this component. By Corollary 4.11, we have that Z := Pl ∩ C is a path. Consider the
tree C and its family of subtrees {X, Y, Z}. Since V (X) ∩ V (Z) ̸= ∅, V (Y ) ∩ V (Z) ̸= ∅
and V (X) ∩ V (Y ) ̸= ∅, by Proposition 4.12, it follows that V (X) ∩ V (Y ) ∩ V (Z) ̸= ∅. In
particular V (X) ∩ V (Y ) ∩ V (Pl) ̸= ∅. This concludes the proof of Claim 4.12.1. ■

In what follows in this proof, for every v ∈ V (G) and i ∈ [2], we denote by T v
i the

subtree Ti[{t ∈ V (Ti) : v ∈ βi(t)}] of Ti. For each i ∈ [k1 + 1] and for each j ∈ [k2 + 1], we
define a subset of V (G) as follows:

Vi,j := {v ∈ V (G) : L1(T v
1 ) = i and L2(T v

2 ) = j}.

Let P := {Vi,j}i∈[k1+1],j∈[k2+1] and observe that P is a partition of V (G).

Claim 4.12.2. For each i ∈ [k1 + 1] the graph G1[
⋃

j∈[k2+1] Vi,j] is an interval graph.
Similarly for each j ∈ [k2 + 1], and G2[

⋃
i∈[k1+1] Vi,j].

Proof of Claim 4.12.2. We prove the claim for G1; the proof for G2 is identical. Let
i ∈ [k1 + 1]. For each vertex v ∈ G1[⋃j∈[k2+1] Vi,j ], let P v

i := Pi ∩T v
1 . Then, by Claim 4.12.1,

we have that P v
i is a path. Let u and v be distinct vertices of the graph G1[

⋃
j∈[k2+1] Vi,j].

Then u is adjacent to v in G1[⋃j∈[k2+1] Vi,j ] if and only if V (T v
1 )∩V (T u

1 ) ̸= ∅. By Claim 4.12.1,
we have that V (T v

1 ) ∩ V (T u
1 ) ̸= ∅ if and only if V (T v

1 ) ∩ V (T u
1 ) ∩ V (Pi) ̸= ∅. Since

V (T v
1 )∩V (T u

1 )∩V (Pi) = V (P u
i )∩V (P v

i ), it follows that u is adjacent to v in G1[⋃j∈[k2+1] Vi,j ]
if and only if V (P u

i ) ∩ V (P v
i ) ̸= ∅.
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Hence, the graph G1[
⋃

j∈[k2+1] Vi,j] is the intersection graph of the family {P v
i : v ∈

G1[⋃j∈[k2+1] Vi,j ]} of subpaths Pi. Since Pi is the disjoint union of paths it follows that every
component of G1[

⋃
j∈[k2+1] Vi,j] is an interval graph, and so G1[

⋃
j∈[k2+1] Vi,j] is an interval

graph as well. ■

Let i ∈ [k1 + 1] and j ∈ [k2 + 1]. Then, by Claim 4.12.2, we have G[Vi,j ] ∈ I∩• I. Hence
P is the desired partition.

We remark that, using the arguments of the above proof and induction, we can get the
following:

Lemma 3.2. Let k1, . . . , kl be positive integers, and let G1, . . . , Gl be chordal graphs such
that for each i ∈ [l] the graph Gi has a representation (Ti, βi), where pw(Ti) ≤ ki. If G is
a graph such that G = G1 ∩ . . . ∩ Gl, then there exists a partition P of V (G) such that
|P| ≤ ∏i∈l(ki + 1) and for every V ∈ P, the graph G[V ] has boxicity at most l.

Davies and Yuditsky [41] proved that the Gyárfas-Sumner conjecture holds with polyno-
mial bounds for graphs of bounded boxicity:

Theorem 3.3 (Davies and Yuditsky [41]). For every positive integer d and forest F , the
class of all F -free graphs of boxicity at most d is polynomially χ-bounded.

Now the following strengthening of Theorem 3.3 is an immediate corollary of Lemma 3.2
and Theorem 3.3.

Theorem 3.4. Let k1, . . . , kl be positive integers, and let C be the class of all graphs G
for which there exist chordal graphs G1, . . . , Gl such that for each i ∈ [l] the graph Gi has
a representation (Ti, βi), where pw(Ti) ≤ ki, and G = G1 ∩ . . . ∩ Gl. Then, the for every
forest F the class of F -free graphs in C is polynomially χ-bounded.
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4.3 Subclasses of C ∩• C: When at least one chordal
graph has a representation tree of bounded radius

For each positive integer k we consider the subclass of C∩• C in which one of the two chordal
graphs in the intersection has a representation tree of radius at most k, and we prove that
this class is χ-bounded.

Theorem 3.5. Let k be a positive integer, and let G1 and G2 be chordal graphs such that
the graph G1 has a representation (T1, β1) where rad(T1) ≤ k. If G is a graph such that
G = G1 ∩G2, then χ(G) ≤ k · ω(G).

The main observation that we need for the proof of Theorem 3.5 is the following:

Lemma 4.13. Let G be a chordal graph and k be a positive integer. If G has a representation
(T, β) such that rad(T ) ≤ k, then there exists a partition P of V (G) such that |P| ≤ k and
for each V ∈ P we have that G[V ] is a disjoint union of complete graphs.

We show how Theorem 3.5 follows from Lemma 4.13.

Proof of Theorem 3.5 assuming Lemma 4.13. Let G be a graph as in the statement of
Theorem 3.5, and let P be a partition of V (G1) as in the statement of Lemma 4.13.

We claim that for each V ∈ P , we have χ(G[V ]) ≤ ω(G). Indeed, let V ∈ P . Then the
graph G1[V ] is a disjoint union of complete graphs. Hence, the graph G[V ] = G1[V ]∩G2[V ]
is the intersection of a chordal graph with a disjoint union of cliques, and thus a chordal
graph. Hence, χ(G[V ]) ≤ ω(G[V ]) ≤ ω(G).

For each V ∈ P, we can color the graph G[V ] with a different palette of ω(G) colors,
and obtain a (k · ω(G))-coloring of G. Hence χ(G) ≤ k · ω(G).

It remains to prove Lemma 4.13.
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Proof of Lemma 4.13. Let r be a vertex of T which, chosen as a root, realizes the radius of
T . For each vertex v ∈ V (G), we denote by T v the subtree T [{t ∈ V (T ) : v ∈ β(t)}] of T .
Furthermore, for each subtree X of T , we denote by L(X) the value min{d(r, x) : x ∈ V (X)},
and by r(X) the root of X, which is the unique element of the set arg minx∈V (X) d(r, x).
We refer to the value L(X) as the level of X.

Let S := {T v : v ∈ V (G)}, and for each i ∈ [k], let Li := {X ∈ S : L(X) = i}. Observe
that, since T has radius at most k, we have that {Li}i∈[k] is a partition of S.

The main observation that we need is that two subtrees X and Y of the same level
intersect if and only if they have the same root (and no other common vertex).

Thus, for each level i ∈ [k], the relation of intersection of subtrees is an equivalence
relation in Li, and the corresponding induced subgraph of G is a disjoint union of complete
graphs.

For each i ∈ [k], let Vi := {v ∈ V (G) : T v ∈ Li}. Then P := {Vi : i ∈ [k] and Vi ̸= ∅} is
the desired partition of V (G).
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Chapter 5

First general observations on
graph-intersection and χ-boundedness

In this chapter, we prove a characterization of intersectionwise χ-imposing classes of graphs,
and we prove that every decomposable class of graphs is intersectionwise χ-guarding. Using
the latter result we prove that the classes of unit interval graphs and of line graphs of
bipartite graphs are intersectionwise χ-guarding.

5.1 A characterization of intersectionwise χ-imposing
graph classes

In this section, we prove Theorem 3.6, which we restate below, which provides a characteri-
zation of intersectionwise χ-imposing graph classes.

Theorem 3.6. Let C be a class of graphs. Then C is intersectionwise χ-imposing if and
only if C is colorable.

We begin with the following observation.

This chapter is based on the coauthored paper [24].
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Observation 5.1. Let C be an intersectionwise χ-guarding class of graphs. Then C is
χ-bounded.

Proof of Observation 5.1. Since C is intersectionwise χ-guarding, it follows that the graph-
intersection of C with the class of complete graphs is χ-bounded. Since this graph-
intersection contains the class C, it follows that C is χ-bounded as well.

We are now ready to prove Theorem 3.6:

Proof of Theorem 3.6. For the forward direction: Since every intersectionwise χ-imposing
class is intersectionwise χ-guarding, it follows by Observation 5.1 that C is χ-bounded.
Let f be a χ-bounding function for C. We claim that C does not contain arbitrarily large
complete graphs. Suppose not. Then the graph-intersection of C with the class of all graphs
contains all graphs. Thus, since C is intersectionwise χ-imposing, the class of all graphs is
χ-bounded which is a contradiction. Let ω(C) be the maximum size of a complete graph in
C, and let k := f(ω(C)). Then for every graph G ∈ C, we have that χ(G) ≤ k.

For the backward direction: Let k be a positive integer such that χ(G) ≤ k for every
graph G ∈ C. Let A be a class of graphs, and let H ∈ C ∩• A. Then H is a subgraph of
a graph in C, and thus χ(H) ≤ k. Hence, the class C ∩• A is χ-bounded by the function
f(ω) = k. This completes the proof of Theorem 3.6.

5.2 Unions of graphs of bounded componentwise r-
dependent chromatic number

In this section, we prove Theorem 3.7 which we restate below. We also use Theorem 3.7
to prove that the classes of unit interval graphs and of line graphs of bipartite graphs are
intersectionwise χ-guarding (we define these classes later on in this chapter).

Theorem 3.7. Let C be a decomposable class of graphs. Then C is intersectionwise χ

-guarding.
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The main ingredient for the proof of Theorem 3.7 is following result on classes of graphs
of bounded independence number:

Lemma 5.2. Let r be a positive integer. Then the class of rK1-free graphs is intersectionwise
χ-guarding.

For our proof of Lemma 5.2 we need the following observation:

Proposition 5.3. Let C be a class of graphs for which there exists a function g such that
for every class H we have that for every G ∈ C and for every H ∈ H the following holds:
ω(H) ≤ g(ω(G ∩H)). Then C is intersectionwise χ-guarding.

Proof of Proposition 5.3. Let H be a χ-bounded class of graphs, let f be a χ-bounding
function for H, let G ∈ C, and let H ∈ H. Then χ(G ∩ H) ≤ χ(H) ≤ f(ω(H)) ≤
f(g(ω(G ∩ H))). Thus, f ◦ g is a χ-bounding function for the class C ∩• H. Hence, C is
intersectionwise χ-guarding. This completes the proof of Proposition 5.3.

We are now ready to prove Lemma 5.2.

Proof of Lemma 5.2. Let C be the class of rK1-free graphs and let D be a χ-bounded class
of graphs with χ-bounding function f : N→ N. Consider two graphs G ∈ C and H ∈ D.
We may assume that V (G ∩H) = V (G) = V (H).

Claim 5.3.1. ω(H) < R(ω(G ∩H) + 1, r).

Proof of Claim 5.3.1. Suppose not. That is, there exists a clique S ⊆ V (H) such that
|S| ≥ R(ω(G ∩H) + 1, r). Then (G ∩H)[S] ∼= G[S]. Since G is rK1-free, it follows that
ω(G ∩H) ≥ ω((G ∩H)[S]) ≥ ω(G ∩H) + 1, a contradiction. ■

Now Lemma 5.2 follows by the above claim and Proposition 5.3. This completes the
proof of Lemma 5.2.
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Now in order to prove that decomposable classes of graphs are intersectionwise χ

-guarding we prove that all the operations needed to create the graphs of a decomposable
class starting from rK1-free graphs preserve the property of being intersectionwise χ

-guarding.

Proposition 5.4. Let C1, . . . , Ct be intersectionwise χ-guarding classes, and let C be a class
of graphs such that for every G ∈ C and for every component C of G there exists i ∈ [t]
such that C ∈ Ci. Then C is intersectionwise χ-guarding.

Proof of Proposition 5.4. Let H be a χ-bounded class of graphs. For each j ∈ [t], let fj be
a χ-bounding function of the class Cj ∩• H. Let H ∈ H, let G ∈ C, and let C1, . . . , Cl be
the components of G. Let i ∈ [l] be such that χ(Gi ∩H) ≥ χ(Gk ∩H) for every k ∈ [l].
Then we have that χ(G ∩H) = χ(Gi ∩H) ≤ fi(ω(Gi ∩H)) ≤ ∑j∈[t] fj(ω(G ∩H)). Thus,∑

j∈[t] fj is a χ-bounding function of the class C ∩• H and hence C is intersectionwise χ
-guarding. This completes the proof of Proposition 5.4.

The following is an immediate corollary of Lemma 5.2 and Proposition 5.4:

Corollary 5.5. Let r ≥ 2 be an integer and C be a class of componentwise r-dependent
graphs. Then C is intersectionwise χ-guarding.

Proposition 5.6. Let k be a positive integer, let C1, . . . , Ct be intersectionwise χ-guarding
classes, and let C be a class of graphs such every G ∈ C has a k-coloring f such that for
every j ∈ [k] there exists i ∈ [t] such that G[f−1(j)] ∈ Ci. Then C is intersectionwise χ
-guarding.

Proof of Proposition 5.6. Let H be a χ-bounded class of graphs. For each i ∈ [t], let fi

be a χ-bounding function of the class Ci ∩• H. Let H ∈ H, let G ∈ C, and let f be a
k-coloring f such that for every j ∈ [k] there exists i ∈ [t] such that G[f−1(j)] ∈ Ci. Let
j ∈ [k] be such that χ(G[f−1(j)] ∩ H) ≥ χ(G[f−1(l)] ∩ H) for every l ∈ [k]. Let i ∈ [t]
be such that G[f−1(j)] ∈ Ci. Then we have that χ(G ∩ H) ≤ k · χ(G[f−1(j)] ∩ H) ≤
k · fi(ω (G[f−1(j)] ∩H)) ≤ k · fi(ω(G∩H)) ≤ k ·∑p∈[t] fp(ω(G∩H)). Thus, k ·∑p∈[t] fp is
a χ-bounding function of the class C ∩• H and hence C is intersectionwise χ-guarding. This
completes the proof of Proposition 5.6.
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The following is an immediate corollary of Corollary 5.5 and Proposition 5.6:

Corollary 5.7. Let k and r ≥ 2 be positive integers and let C be a class of graphs of
componentwise r-dependent chromatic number at most k. Then C is intersectionwise χ
-guarding.

By the above, in order to prove Theorem 3.7, which states that decomposable classes
are intersectionwise χ-guarding, it suffices to prove that graph-union preserves the property
of being intersectionwise χ-guarding.

Proposition 5.8. Let C1, . . . , Ct be intersectionwise χ-guarding classes. Then their graph-
union is intersectionwise χ-guarding.

Proof of Proposition 5.8. Let C be the graph-union of C1, . . . , Ct. Let G ∈ C. Let H be
a χ-bounded class and let H ∈ H. For each i ∈ [t], let Gi ∈ Ci be such that G =
∪i∈[t]Gi, and let fi be a χ-bounding function for the class Ci ∩• H. Then we have that
χ(G ∩ H) = χ((∪i∈[t]Gi) ∩ H) = χ(∪i∈[t](Gi ∩ H)). Since, by Proposition 2.10, we have
that χ(∪i∈[t](Gi ∩H)) ≤ ∏

i∈[t] χ(Gi ∩H), it follows that χ(G ∩H) ≤ ∏
i∈[t] χ(Gi ∩H) ≤∏

i∈[t] fi(ω(Gi ∩H)) ≤ ∏
i∈[t] fi(ω(G ∩H)) Thus, ∏i∈[t] fi is a χ-bounding function of the

class C ∩• H and hence C is intersectionwise χ-guarding. This completes the proof of
Proposition 5.8.

Now Theorem 3.7 is an immediate corollary of Corollary 5.7 and Proposition 5.8.

A unit interval graph is an interval graph which has a representation in which all the
intervals have length one.

Lemma 5.9. The class of unit interval graphs is decomposable.

Proof of Lemma 5.9. In what follows we prove that every unit interval graph has compo-
nentwise 2-dependent chromatic number at most two.

Let {I1, . . . , In} be a family of intervals on the real line such that each has unit length. We
may assume that no interval has an integer as an endpoint, and thus every interval contains
exactly one integer. Let {A,B} be the partition of {I1, . . . , In} which is defined as follows:
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A contains an interval I if and only if I contains an even integer, and B = {I1, . . . , In} \A.
Thus B contains exactly those intervals which contain an odd integer. Let G be the
intersection graph of {I1, . . . , In}.

Finally we claim that each of G[A] and G[B] is a componentwise 2-dependent graph,
that is, a disjoint union of complete graphs. The claim for follows immediately by the
observation that any two vertices in G[A] (respectively in G[B]) are adjacent if and only
if the two corresponding intervals contain the same even (respectively odd) integer. This
completes the proof of Lemma 5.9.

The following is an immediate corollary of Theorem 3.7 and Lemma 5.9.

Corollary 5.10. The class of unit interval graphs is intersectionwise χ-guarding.

Let G be a graph. The line graph of G, which we denote by L(G), is the graph with
vertex set the set E(G) and edge set the set {ef : e ∩ f ̸= ∅}.

Lemma 5.11. The class of line graphs of bipartite graphs is decomposable.

Proof of Lemma 5.11. In what follows we prove that each line graph of a bipartite graph is
the union of two componentwise 2-dependent graphs.

Let G be a bipartite graph, and let {A1, A2} be a bipartition of V (G). Let {E1, E2} be
a partition of E(L(G)) which is defined as follows: for each i ∈ [2], an edge ef of L(G) is
in Ei if and only if e ∩ f ⊆ Ai.

We claim that for each i ∈ [2] the graph (E(G), Ei) is componentwise 2-dependent, that
is, it is the disjoint union of complete graphs. Indeed, let e, f, g ∈ E(G) and suppose that
ef, fg ∈ Ei. Let v be the unique element of f ∩ Ai. Then v ∈ e ∩ g, and thus eg ∈ Ei.
Hence the adjacency relation in (E(G), Ei) is an equivalence relation. This completes the
proof of Lemma 5.11.

The following is an immediate corollary of Theorem 3.7 and Lemma 5.11:

Corollary 5.12. The class of line graphs of bipartite graphs is intersectionwise χ-guarding.

In Section 6.1 we will show that the class of line graphs is not intersectionwise χ

-guarding.
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Chapter 6

Classes which are not intersectionwise
χ-guarding

In this chapter we prove that certain χ-bounded classes of graphs are not intersectionwise
χ-guarding. In particular, we prove that the classes of complete multipartite graphs, line
graphs of graphs of large girth, and trivially perfect graphs, are not intersectionwise χ
-guarding.

6.1 Line graphs of graphs of large girth and complete
multipartite graphs

The chromatic index of a graph G, denoted by χ′(G), is the minimum size of a partition
of the edge set of G into matchings. Vizing [129] proved that for every graph G, we have
χ′(G) ≤ ∆(G) + 1. Hence, we have the following:

Proposition 6.1 (Vizing [129]). The class of line graphs is χ-bounded by the function
f(ω) = ω + 1.

This chapter is based on the coauthored paper [24].
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The main results of this section are Theorem 3.8 and Theorem 3.9 which we restate:

Theorem 3.8. The class of complete multipartite graphs is not intersectionwise χ-guarding.

Theorem 3.9. Let g ≥ 3. Then the class of line graphs of graphs of girth at least g is not
intersectionwise χ-guarding. In particular, the class of line graphs is not intersectionwise χ
-guarding.

We prove Theorem 3.8 and Theorem 3.9 by showing that the graph-intersection of
the class of line graphs of graphs of girth at least g for g ≥ 3 and the class of complete
multipartite graphs contain triangle-free graphs of arbitrarily large chromatic number. We
first introduce notions and results we will need to describe the construction of these graphs.

Let D be a digraph. We denote by χ(D) (respectively by L(D)) the chromatic number
(respectively the line graph) of the underlying undirected graph of D. Following Harary
and Norman [75], the line digraph of D, which we denote by L⃗(D), is the digraph with
V (L⃗(D)) := E(D) and E(L⃗(D)) := {(uv)(vw) : uv, vw ∈ E(D)}. We remark that the
underlying undirected graph of L⃗(D) is a subgraph of L(D).

We need the following theorem which states that the chromatic number of the underlying
undirected graph of the line digraph of a digraph D is lower-bounded by a function of χ(D):

Theorem 6.2 (Harner and Entringer [76, Theorem 9]). Let D be a digraph. Then χ(L⃗(D))
≥ log2(χ(D)).

Let n and k be integers such that n > 2k > 2. Erdős and Hajnal [51] defined the
shift graph G(n, k) as the graph with vertex set the set of all k-tuples (t1, . . . , tk) such
that 1 ≤ t1 < . . . < tk ≤ n, in which the vertices (t1, . . . , tk) and (t′1, . . . , t′k) are adjacent
if and only if ti+1 = t′i for 1 ≤ i < k, or vice versa. Observe that G(n, k) is triangle-
free. We additionally consider directed shift graphs, orientations of shift graphs where
(t1, . . . , tk)(t′1, . . . , t′k) is an arc exactly if ti+1 = t′i for all 1 ≤ i < k. For integers n and
k such that n > 2k > 2, we denote the directed shift graph of k-tuples over an alphabet
of size n by G⃗(n, k). The shift graph G(n, k) is thus the underlying undirected graph of
G⃗(n, k).

Erdős and Hajnal [51] proved the following result for the chromatic number of shift
graphs:
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Theorem 6.3 (Erdős and Hajnal [51]). Let n and k be integers such that n > 2k > 2.
Then χ(G(n, k)) = (1 − o(1)) log(k−1)(n). In particular, χ(G(n, 2)) = ⌈log n⌉, and for n
sufficiently large we have that χ(G(n, 3)) > k.

Hence, for any fixed k ≥ 2, the shift graphs (G(n, k))n∈N+ form a class of triangle-free
graphs of arbitrarily large chromatic number.

In 2018, Gábor Tardos gave a talk at Combinatorics: Extremal, Probabilistic and
Additive in São Paulo about work of his and Bartosz Walczak on a conjecture of Erdős and
Hajnal. One of their main results is the following:

Theorem 6.4 (Tardos & Walczak). Let k ≥ 2, g ≥ 3 and c > 0 be integers. Then there
exists an integer n∗ > 0 such that for each n ≥ n∗, the shift graph G(n, k) contains a
subgraph Hn with girth at least g and χ(Hn) ≥ c.

We will use this result in our construction. A write-up of the proof of Theorem 6.4 may
be found in Rodrigo Aparecido Enju’s master’s dissertation [46] (in Portuguese).

We are now ready to describe the construction showing that the graph-intersection of
line graphs of graphs of large girth and complete multipartite graphs contains triangle-free
graphs of arbitrarily large chromatic number.

Lemma 6.5. Let g ≥ 3 be an integer, let Lg be the class of line graphs of graphs with girth
at least g, and let C be the class of complete multipartite graphs. Then the class Lg∩• C is
not χ-bounded.

Proof of Lemma 6.5. Let c ≥ 2 be an integer. Then, by Theorem 6.4, there exists n and a
subgraph H of the shift graph G(n, 2) such that girth(H) ≥ g and χ(H) ≥ 2c.

Let H⃗ be the oriented graph that we obtain by orienting the edges of H in the natural
“shift” way, as we discussed above. By abusing the notation we denote by L⃗(H⃗) be the
graph that we obtain from the directed line graph of H, by relabeling the vertices (and
the edges accordingly) so that instead of the form (x, y)(y, z) they have the form (x, y, z).
Let G(L⃗(H⃗)) be the underlying undirected graph of L⃗(H⃗). Then G(L⃗(H⃗)) is triangle-free.
Also, by Theorem 6.2, we have that:

χ(G(L⃗(H⃗))) = χ(L⃗(H⃗)) ≥ log2(χ(L(H⃗))) = log2(χ(L(H))) ≥ log2(χ(2c)) ≥ c.
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We now show that G(L⃗(H⃗)) ∈ Lg∩• C. Let C be the graph on V (G(L⃗(H⃗))) = V (L(H⃗))
in which two vertices are adjacent if and only if their middle entry is different. Then, the
partition of V (C) in which two vertices are in the same part if and only if they have the
same middle entry, witnesses that C is a complete multipartite graph. Since L(H⃗) ∈ Lg, in
order to prove G(L⃗(H⃗)) ∈ Lg∩• C, it suffices to prove the following:

Claim 6.5.1. G(L⃗(H⃗)) = L(H⃗) ∩ C.

Proof. Since the graphs G(L⃗(H⃗)), L(H⃗) and C have the same vertex set, it suffices to prove
the following: E(G(L⃗(H⃗))) = E(L(H⃗) ∩ C). Observe that L(H⃗) contains all the edges of
G(L⃗(H⃗)), and the only additional edges that it contains are edges between vertices with
different middle entries. But these are exactly the non-edges of the complete multipartite
graph. ■

Thus, G(L⃗(H⃗)) ∈ Lg∩• C. Since c was arbitrary it follows that the class Lg∩• C contains
triangle-free graphs of arbitrarily large chromatic number. This completes the proof of
Lemma 6.5.

Theorem 3.8 and Theorem 3.9 now follow from Lemma 6.5 and the fact that the classes
of complete multipartite graphs and line graphs are both χ-bounded.

The following is an immediate corollary of Theorem 3.8:

Corollary 6.6. Let H be a finite set of graphs. If the class of H-free graphs is intersec-
tionwise χ-guarding, then H contains a complete multipartite graph.

To obtain a similar corollary of Theorem 3.9, we observe the following:

Observation 6.7. Let H be finite set of graphs which contains no line graph of a forest.
Then there exists g such that the class of all H-free graphs contains all line graphs of graphs
of girth at least g.

The following is then an immediate corollary of Theorem 3.9 and Observation 6.7:

Corollary 6.8. Let H be a finite set of graphs. If the class of H-free graphs is intersec-
tionwise χ-guarding, then H contains the line graph of a forest.
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A claw is a K1,3.

Corollary 6.9. The class of claw-free graphs is not intersectionwise χ-guarding.

Proof of Corollary 6.9. As shown by Van Rooij and Wilf [114], line graphs are claw-free,
thus the class of claw-free graphs contains all line graphs. Hence, by Theorem 3.9, the
class of claw-free graphs is not intersectionwise χ-guarding. This completes the proof of
Corollary 6.9.

6.2 Trivially perfect graphs

The main result of this section is Theorem 3.11 which we restate:

Theorem 3.11. The class of trivially perfect graphs is not intersectionwise χ-guarding.

We prove Theorem 3.11 by showing that the graph-intersection of the class of trivially
perfect graphs with a χ-bounded class contains graphs of bounded clique number and
arbitrarily large chromatic number. We need some definitions. Let G be a graph, let l ≥ 3,
and let C = {v1, . . . , v2l} be an even cycle of length at least six in G. For i, j ∈ [2l], we say
that the edge vivj is an odd chord of C if i and j have different parity; in this case the
distance of vi and vj in the cycle is odd. A strongly chordal graph is a chordal graph in
which every even cycle of length at least six has an odd chord. We note that, since chordal
graphs are perfect [9], strongly chordal graphs are perfect. In what follows we show that
the graph-intersection of the class of trivially perfect graphs with a proper subclass of the
class of strongly chordal graphs is not χ-bounded by proving that this graph-intersection
contains all Burling graphs (defined below).

As we discussed in Section 2.3, in 1965 Burling [21] introduced a sequence {Bk}k≥1 of
families of axis-aligned boxes in R3 with the following property:

Theorem 6.10 (Burling [21]). For every positive integer k, the intersection graph Gk of
Bk is triangle-free and has chromatic number at least k.
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Throughout this section, for each k, we denote by Gk the intersection graph of Bk. We
call the sequence {Gk}k∈N the Burling sequence. Following Pournajafi and Trotignon [107],
we say that a graph G is a Burling graph if there exists a positive integer k such that G
is isomorphic to an induced subgraph of Gk. In what follows in this section we denote by
B the hereditary class of Burling graphs. As we discussed in Section 3.1, Asplund and
Grünbaum [7] proved that the 2-fold graph-intersection of the class of interval graphs is
χ-bounded, and it follows from Theorem 6.10 that the 3-fold graph-intersection of the class
of interval graphs is not χ-bounded. Motivated by these results, Gyárfás [71, Problem 5.7]
asked whether the graph-intersection of the class of chordal graphs with the class of interval
graphs is χ-bounded. In joint work with Miraftab, and Spirkl pointed out in [25] that a
result of Felsner, Joret, Micek, Trotter, and Wiechert [57] implies that Burling graphs are
contained in the graph-intersection of the class of chordal graphs with the class of interval
graphs, and thus the answer to Gyárfás’ question is negative. Here we strengthen this
result, by proving the following:

Theorem 6.11. The class of Burling graphs is a subclass of the graph-intersection of the
class of trivially perfect graphs with a proper subclass of the class of strongly chordal graphs.

We note that Theorem 3.11 follows immediately from Theorem 6.11. Our proof of
Theorem 6.11 is based on a characterization of Burling graphs which was proved by
Pournajafi and Trotignon in [107], where they defined the hereditary class of derived graphs
and proved that this class is the same as the class of Burling graphs.

Let (T, r) be a rooted tree. If there is no danger of ambiguity, we use the notation T

for the rooted tree (T, r). The parent of a vertex v ∈ V (T ) \ {r}, denoted by p(v), is the
neighbor of v which lies in the unique (v, r)-path in T . If p(v) = u, then we say that v is a
child of u. Let u, v ∈ V (T ). We say that u and v are siblings if p(u) = p(v). We say that
u is an ancestor of v if u lies in the in the unique (v, r)-path in T . The descendants of a
vertex u are all the vertices which have u as an ancestor. Finally, following [107] we say
that a branch in T is a path v1, . . . , vk such that for each i ∈ [k − 1] the vertex vi is the
parent of the vertex vi+1; in this case we say that the branch starts at v1 and ends at vk.
A principal branch is a branch which starts at the root and ends at a leaf of the tree T .
Following [107] we say that a Burling tree is a 4-tuple (T, r, l, c) in which:

(i) T is a rooted tree and r is its root;
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(ii) l is a function associating to each non-leaf vertex v of T one child of v which is called
the last-born of v;

(iii) c is a function defined on the vertices of T . If v is a non-last-born vertex of T other
than the root, then c associates to v the vertex set of a (possibly empty) branch in T
starting at the last-born of p(v). If v is a last-born vertex or the root of T , then we
define c(v) = ∅. We call c the choose function of T .

Following [107] we say that the oriented graph fully derived from the Burling tree
(T, r, l, c), which we denote by A(T ), is the oriented graph whose vertex set is V (T ) and
uv ∈ E(A(T )) if and only if v is a vertex in c(u). The graph fully derived from the Burling
tree (T, r, l, c), which we denote by G(T ), is the underlying undirected graph of A(T ). A
graph (respectively oriented graph) is derived from the Burling tree (T, r, l, c) if it is an
induced subgraph of G(T ) (respectively A(T )). A graph G (respectively oriented graph A)
is called a derived graph (respectively oriented derived graph) if there exists a Burling tree
(T, r, l, c) such that G (respectively A) is derived from (T, r, l, c).

Theorem 6.12 (Pournajafi and Trotignon [107, Theorem 4.9]). The class of derived graphs
is the same as the class of Burling graphs.

By the above, in order to prove Theorem 6.11, it suffices to prove the following:

Theorem 6.13. The class of derived graphs is a subclass of the graph-intersection of the
class of trivially perfect graphs with a proper subclass of the class of strongly chordal graphs.

Let (T, r, l, c) be a Burling tree. We denote by C(T ) the graph which we obtain from
G(T ) by adding the necessary edges in order to make the vertex set of every principal
branch of T a clique. We also denote by I(T ) the graph that we obtain from G(T ) by
adding edges so that every vertex is adjacent to all of its siblings, and to all the descendants
of its last-born sibling.

Observation 6.14. Let (T, r, l, c) be a Burling tree. Then G(T ) = C(T ) ∩ I(T ).

In what follows in this section, we denote by C (respectively by I) the closure under
induced subgraphs of the class {C(T ) : (T, r, l, c) is a Burling tree} (respectively the closure
under induced subgraphs of the class {I(T ) : (T, r, l, c) is a Burling tree}). We call the
class C the class of Burling strongly chordal graphs.
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Observation 6.15. The class of derived graphs is contained in the class C ∩• I.

By Observation 6.15, in order to prove Theorem 6.13, it suffices to prove that C is a
proper subclass of the class of strongly chordal graphs, and that I is the class of trivially
perfect graphs.

To this end, we need to introduce some terminology in order to state a characterization
of strongly chordal graphs. Let G be a graph and let u, v ∈ V (G). Following Farber [56],
we say u and v are compatible if N [u] ⊆ N [v] or N [v] ⊆ N [u], and that a vertex v ∈ V (G)
is simple if the vertices in N [v] are pairwise compatible. Farber [56] gave the following
characterization of strongly chordal graphs.

Theorem 6.16 (Farber [56, Theorem 3.3]). A graph G is strongly chordal if and only if
every induced subgraph of G has a simple vertex.

We begin with two lemmas that we need in order to prove that C is a subclass of the
class of strongly chordal graphs.

Lemma 6.17. Let (T, r, l, c) be a Burling tree and let u be an ancestor of v in T . Then u

and v are compatible in C(T ), in particular NC(T )[v] ⊆ NC(T )[u].

Proof of Lemma 6.17. The set NC(T )[v] can be partitioned in the following three sets:

• The set N1 which contains v, the ancestors of v, and the descendants of v;
• the set N2 = {w ∈ V (T ) : wv ∈ E(A(T ))}; and
• the set N3 = {w ∈ V (T ) : vw ∈ E(A(T ))}.

Since the vertex set of every branch of T is a clique in C(T ), it follows that N1 ⊆ NC(T )[u].
We claim that N2 ⊆ NC(T )[u]. Indeed, let w ∈ N2. Then v lies in a branch of T which
starts at p(w). Since u is an ancestor of v, we deduce that either u lies in the (r, p(w))-path
in T , or u lies in the (p(w), v)-path in T . In both cases we have that u is adjacent with w

in C(T ). Hence, N2 ⊆ NC(T )[u]. We claim that N3 ⊆ NC(T )[u]. Indeed, let w ∈ N3. Then
w ∈ c(v). Since u is an ancestor of v, we have that u is either equal to p(v) or an ancestor
of p(v), and thus w is a descendant of u. Hence, w ∈ NC(T )[u]. By the above it follows that
NC(T )[v] ⊆ NC(T )[u]. This completes the proof of Lemma 6.17.
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Let (T, r, l, c) be a Burling tree. A left principal branch is a principal branch B such
that for every u ∈ V (T ) \ V (B) we have c(u) ∩ V (B) = ∅.

Lemma 6.18. Let (T, r, l, c) be a Burling tree. Then T has a left principal branch.

Proof of Lemma 6.18. We construct a left principal branch of T inductively as follows: Let
v0 := r. Let i ≥ 0 and suppose that we have constructed a path v0, . . . , vi. If vi is a leaf,
then we are done. Otherwise, vi has at least one child. If vi has at least two children, then
we let vi+1 be a non-last-born of vi, otherwise we let vi+1 := l(vi).

Let B := v0, . . . , vk be a principal branch that has been created by the above process.
We claim that B is a left principal branch. Let us suppose towards a contradiction that
there exists u ∈ V (T ) \ V (B) and v ∈ V (B), such that v ∈ c(u). Then l(p(u)) ∈ V (B),
but p(u) has a non-last born child, namely u; this contradicts the construction of B. This
completes the proof of Lemma 6.18.

Let (T, r, l, c) be a Burling tree, and let G be a graph which is derived from (T, r, l, c).
We may assume that all leaves of T are in G. We call a vertex v of G a bottom-left vertex
of G if v lies in a left principal branch B of T , and v is a leaf of T .

Observation 6.19. Let G be a derived graph. Then G has at least one bottom-left vertex.

Lemma 6.20. The class C is a subclass of the class of strongly chordal graphs.

Proof of Lemma 6.20. We prove that for every Burling tree (T, r, l, c), the graph C(T ) is
strongly chordal. Let (T, r, l, c) be a Burling tree. In order to prove that C(T ) is strongly
chordal, by Theorem 6.16, it suffices to prove that every induced subgraph of C(T ) has a
simple vertex. Let H be an induced subgraph of C(T ). By Observation 6.19 we know that
G(T )[V (H)] has at least one bottom-left vertex. Let v be such a vertex.

We claim that v is a simple vertex of C(T ) and thus a simple vertex of H. By Lemma 6.17,
in order to prove that v is a simple vertex in H, it suffices to prove that the neighborhood
of v in C(T ) is included in a branch of T . Indeed, since v is a bottom-left vertex, we have
that v has no in-neighbors in A(T )[V (H)] and no descendant of v is in A(T )[V (H)]. Hence,
the neighborhood of v in H is included in the principal branch of T which contains the set
c(v) in the case that v is not a last-born, and in the principal branch of T which contains v
otherwise. This completes the proof of Lemma 6.20.
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Figure 6.1: From left to right: The net, the complement of the graph H, and the complement
of the graph X96. Each of these graphs is a strongly chordal graph which is not a Burling
strongly chordal graph.

We say that two vertices of a tree are collinear if they both lie in the same principal
branch. Since, by Theorem 6.10, Burling graphs (and thus derived graphs) are triangle-free,
we have the following useful observation:

Observation 6.21. Let (T, r, l, c) be a Burling tree and let a, b, c ∈ V (T ) be such that the
graph C(T )[{a, b, c}] is a triangle. Then at least two of the vertices a, b, c are collinear in T .

The net is the leftmost graph in Figure 6.1.

Lemma 6.22. Every graph in the class C is net-free.

Proof of Lemma 6.22. Suppose not. Then, since C is hereditary, it follows that C contains
the net. Let G ∈ C be isomorphic to the net, and let (T, r, l, c) be a Burling tree such that
G is an induced subgraph of C(T ). By Observation 6.21, we have that at least two vertices
of the triangle of G, say a and b, are collinear. Thus, by Lemma 6.17, we have that a and b
are compatible, which is a contradiction. This completes the proof of Lemma 6.22.

Following the notation of the website https://www.graphclasses.org we denote by
Hc and Xc

96, the second and the third (from left to right) graph which is illustrated in
Figure 6.1 respectively. Both Hc and Xc

96 are strongly chordal graphs. We note that using
Lemma 6.17 and Observation 6.21, one can prove that every graph in C is {Hc, Xc

96}-free.

The following is an immediate corollary of Lemma 6.22 and the fact that the net is a
strongly chordal graph:

Corollary 6.23. The class of Burling strongly chordal graphs is a proper subclass of the
class of strongly chordal graphs.
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In Section 7.1 we make use of the following observation:

Proposition 6.24. The class of trivially perfect graphs is a subclass of the class of Burling
strongly chordal graphs.

Let G1, . . . , Gk be graphs. The disjoint union of G1, . . . , Gk, which we denote by
G1 + . . .+Gk, is the graph which has as vertex set (respectively edge set) the disjoint union
of the sets V (G1), . . . , V (Gk) (respectively of the sets E(G1), . . . , E(Gk)). In order to prove
Proposition 6.24 we use the following characterization of trivially perfect graphs.

Theorem 6.25 (Yan, Chen, and Chang [134, Theorem 3]). The class of trivially perfect
graphs is the minimal hereditary class of graphs which contains the graph K1, and is closed
under the following operations:

(i) disjoint union of two graphs;
(ii) adding a new vertex complete to every other vertex.

Before we proceed to the proof of Proposition 6.24 we need to introduce some notation
about functions. For a function f we denote the domain of f by dom(f). Let f and g be two
functions which agree in the set dom(f)∩dom(g), that is for every x ∈ dom(f)∩dom(g) we
have f(x) = g(x). Then we denote by f∪g the function with dom(f∪g) = dom(f)∪dom(g),
which is defined as follows:

(f ∪ g)(x) =

f(x), if x ∈ dom(f);
g(x), otherwise.

Let k be a positive integer, let f be a function, and let x1, . . . xk be elements such that
for every i ∈ [k] we have that xi /∈ dom(f); we denote by f ∪ {(x1, y1), . . . , (xk, yk)} the
function that we obtain by extending the definition of f to include f(xi) = yi for every
i ∈ [k]. We are now ready to proceed with the proof of Proposition 6.24.

Proof of Proposition 6.24. Since C contains K1, it suffices to show that C is closed under
the two operations which are mentioned in the statement of Theorem 6.25. Let (T1, r1, l1, c1)
and (T2, r2, l2, c2) be Burling trees on disjoint vertex sets.
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We claim that C(T1) + C(T2) ∈ C. Indeed, let T be the tree which we obtain from
T1 + T2 by adding the three new vertices r, r′

1 and r′
2, and the edges r1r

′
1, r2r

′
2, rr

′
1 and rr′

2.
Let l := l1 ∪ l2 ∪ {(r, r′

2), (r′
1, r1), (r′

2, r2)} and c := c1 ∪ c2 ∪ {(r′
1, B), (r, ∅), (r′

2, ∅)} where B
is a branch in T starting at r′

2. Consider the Burling tree (T, r, l, c). Then C(T1) +C(T2) is
the induced subgraph of C(T ) that we obtain by deleting the vertices r, r′

1 and r′
2. This

proves that C is closed under disjoint union.

Let C ′(T1) be the graph that we obtain from C(T1) by adding a new vertex, say r, which
is complete to V (C(T1)). Let T be the tree which we obtain from T1 by adding the new
vertex r and the edge rr1. Consider the Burling tree (T, r, l1 ∪ {(r, r1)}, c1). Then C ′(T1) is
isomorphic to C(T ), and thus C ′(T1) ∈ C. This proves that C is closed under operation (ii)
in the statement of Theorem 6.25. This completes the proof of Proposition 6.24.

We were not able to fully characterize Burling strongly chordal graphs. We suggest the
following:

Problem 3. Characterize the class of Burling strongly chordal graphs by its forbidden
induced subgraphs.

Let G be an oriented graph which is derived from a Burling tree (T, r, l, c). Following
Pournajafi and Trotignon [107] we call a vertex v of G a top-left vertex if the following hold:

• the distance of v from r in T is equal to the minimum distance of a vertex of G from
r in T ; and

• either v is not a last-born of T or v is the only vertex in arg min{dT (u, r) : u ∈ V (G)}.

Lemma 6.26 (Pournajafi and Trotignon [107, Lemma 3.1]). Every non-empty oriented
graph G derived from a Burling tree (T, r, l, c) contains at least one top-left vertex and every
such vertex is a source of G. Moreover, the neighborhood of a top-left vertex is included in
a branch of T .

A universal vertex of a graph G is a vertex v ∈ V (G) which is complete to V (G) \ {v}.
We need the following characterization of trivially perfect graphs.

Theorem 6.27 (Wolk [133]). Let G be a graph. Then G is trivially perfect if and only if
every connected induced subgraph of G contains a universal vertex.
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We recall the definition of the class I: Let (T, r, l, c) be a Burling tree. We denote
by I(T ) the graph that we obtain from G(T ) by adding edges so that every vertex is
adjacent to all of its siblings, and to all the descendants of its last-born sibling. Then I,
as we defined it earlier in this section, is the closure under induced subgraphs of the class
{I(T ) : (T, r, l, c) is a Burling tree}.

Lemma 6.28. The class I is a subclass of the class of trivially perfect graphs.

Proof of Lemma 6.28. We prove that for every Burling tree (T, r, l, c), the graph I(T ) is
trivially perfect. Let (T, r, l, c) be a Burling tree. By Theorem 6.27 in order to prove that
I(T ) is trivially perfect it suffices to prove that every connected induced subgraph of I(T )
has a universal vertex.

Let H be a connected induced subgraph of I(T ). By Lemma 6.26 we know that
A(T )[V (H)] has a top-left vertex. Let v be such a vertex. We claim that v is a universal
vertex of H. Suppose not. Let u ∈ V (H) be a vertex which is not adjacent to v. We claim
that the vertex set of each connected component of I(T ) consists of a set S of siblings in T
and the set D of the descendants of the last-born, say l, vertex in S; where S is a clique,
and every vertex of S is complete to D. Indeed, our claim follows by the definition of I(T )
and the fact that the vertex set of each branch of T is an independent set in G(T ). Now
since u and v are non-adjacent in H, it follows that u, v ∈ D; that is, both u and v are
descendants of l in T . Thus, we have that v is not a top-left vertex, which is a contradiction.
This completes the proof of Lemma 6.28.

Lemma 6.29. The class of trivially perfect graphs is a subclass of the class I.

Proof of Lemma 6.29. As in the proof of Proposition 6.24 we use the characterization of
trivially perfect graphs from Theorem 6.25. Since I contains K1, it suffices to show that I
is closed under the two operations which are mentioned in the statement of Theorem 6.25.
Let (T1, r1, l1, c1) and (T2, r2, l2, c2) be Burling trees on disjoint vertex sets.

We claim that I(T1) + I(T2) ∈ C. Indeed, let T be the tree which we obtain from T1 +T2

by adding the three new vertices r, r′
1 and r′

2, and the edges r1r
′
1, r2r

′
2, rr

′
1 and rr′

2. Let
l := l1 ∪ l2 ∪ {(r, r′

2), (r′
1, r1), (r′

2, r2)} and c := c1 ∪ c2 ∪ {(r′
1, B), (r, ∅), (r′

2, ∅)} where B is a
branch in T starting at r′

2. Consider the Burling tree (T, r, l, c). Then I(T1) + I(T2) is the
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induced subgraph of I(T ) that we obtain by deleting the vertices r, r′
1 and r′

2. This proves
that I is closed under disjoint union.

Let I ′(T1) be the graph that we obtain from I(T1) by adding a new vertex, say r′, which
is complete to V (I(T1)). Let T be the tree which we obtain from T1 by adding the two new
vertices r, r′ and the edges rr′ and rr1. Let l := l1∪{(r, r1)}, and let c := c1∪{(r, ∅), (r′, ∅)}.
Consider the Burling tree (T, r, l, c). Then I ′(T1) is isomorphic to the graph that we obtain
from I(T ) by deleting r, and thus I ′(T1) ∈ C. This proves that I is closed under operation
(ii) in the statement of Theorem 6.25. This completes the proof of Lemma 6.29.

The following is an immediate corollary of Lemma 6.28 and Lemma 6.29:

Corollary 6.30. The class I is the class of trivially perfect graphs.

Now Theorem 6.13 is an immediate corollary of Observation 6.15, Corollary 6.23, and
Corollary 6.30. Recall that Theorem 6.13 implies that both the class of trivially perfect
graphs and Burling strongly perfect graphs are not intersectionwise χ-guarding. Hence if H
is a finite set of graphs such that the class of H-free graphs is intersectionwise χ-guarding,
then H contains a Burling strongly chordal graph and a trivially perfect graph. Since,
by Proposition 6.24, every trivially perfect graph is a Burling strongly chordal graph, the
condition for H to contain both a Burling strongly chordal graph and a trivially perfect
graph is satisfied when H contains a trivially perfect graph. We summarize these in the
following corollary:

Corollary 6.31. Let H be a set of graphs. If the class of H-free graphs is intersectionwise
χ-guarding, then H contains a trivially perfect graph.
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Chapter 7

On intersectionwise χ-guarding classes
which are defined by a finite set of
forbidden induced subgraphs

7.1 Necessary conditions a finite set of graphs should
satisfy in order to define an intersectionwise χ

-guarding class

Recall the following classic result of Erdős that we discussed in Chapter 2:

Theorem 2.2 (Erdős [47]). Let k, l ≥ 2 be integers. Then there exists a graph G with
χ(G) ≥ k and girth(G) > l.

The following is an immediate corollary of Theorem 2.2:

Observation 7.1. Let H be a finite set of graphs. If the class of H-free graphs is χ-bounded,
then H contains a forest.

This chapter is based on the coauthored paper [24].
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The following is an immediate corollary of Observation 5.1 and Observation 7.1:

Corollary 7.2. Let H be a finite set of graphs. If the class of H-free graphs is intersec-
tionwise χ-guarding, then H contains a forest.

Corollary 6.6, Corollary 6.8, Corollary 6.31, and Corollary 7.2 give rise to necessary
conditions on a finite set H of graphs for the class of H-free graphs to be intersectionwise χ
-guarding. These conditions are summarized in Theorem 3.12 which we restate:

Theorem 3.12. Let H be a finite set of graphs. If the class of H-free graphs is intersec-
tionwise χ-guarding, then H contains:

• a forest;
• a line graph of a forest;
• a complete multipartite graph; and
• a trivially perfect graph.

7.2 A characterization of H-free intersectionwise χ-
guarding classes of graphs

In this section we characterize the graphs H for which the class of H-free graphs is
intersectionwise χ-guarding. The main result of this section is Theorem 3.13 which we
restate:

Theorem 3.13. Let H be a graph. Then the class of H-free graphs is intersectionwise χ
-guarding if and only if H is isomorphic to P2, P3, or rK1 for some r > 0.

We start by proving the backwards direction of Theorem 3.13. Recall that in Section 5.2
we proved Lemma 5.2 which states that for every positive integer r, the class of rK1-free
graphs is intersectionwise χ-guarding. Thus, since every P2-free graph is a P3-free graph, in
order to prove the backwards direction it suffices to prove that the class of P3-free graphs is
intersectionwise χ-guarding. To this end we need the following well-known result:
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Proposition 7.3 (Folklore). Let G be a graph. Then G is the disjoint union of complete
graphs if and only if G is P3-free.

In Section 5.2 we proved Corollary 5.5 which states that every class of componentwise
r-dependent graphs is intersectionwise χ-guarding. Since, by Proposition 7.3, every P3-free
graph is componentwise 2-dependent, we get the following:

Corollary 7.4. The class of P3-free graphs is intersectionwise χ-guarding.

Since a graph is complete multipartite if and only if its complement is the disjoint union
of complete graphs, Proposition 7.3 implies the following:

Proposition 7.5 (Folklore). Let G be a graph. Then G is complete multipartite if and
only if G is (K1 +K2)-free.

We now proceed with proving the characterization of intersectionwise χ-guarding graph
classes which are defined by a single forbidden induced subgraph, as stated in Theorem 3.13.

Proof of Theorem 3.13. The backward direction follows directly from Corollary 7.4, the
fact that P2 is an induced subgraph of P3, and Lemma 5.2.

For the forward direction: Let H be a graph such that the class of H-free graphs is
intersectionwise χ-guarding. We first notice that, by Corollary 7.2, H is a forest.

Next, we observe that H has to be claw-free, as otherwise we would obtain a contradiction
with Corollary 6.9. Hence, H is a disjoint union of paths. If H consists of multiple
components, then each of these is a single vertex, since otherwise H contains K1 + K2,
which contradicts the fact that, by Theorem 3.12, H is complete multipartite, and thus, by
Proposition 7.5, H is (K1 +K2)-free. In this case, H is isomorphic to rK1 for some r ≥ 2.

Hence, we may assume that H is a path. H does not contain more than 3 vertices, as
any path on at least 4 vertices contains K1 + K2 as an induced subgraph, leading to a
contradiction with Theorem 3.12. Thus, H is P1 (which equals rK1 for r = 1), P2, or P3,
each of which has previously been shown to be intersectionwise χ-guarding. This completes
the proof of Theorem 3.13.
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Chapter 8

Intersectionwise self-χ-guarding
classes

We recall from Section 3.1 that we call a class of graphs A intersectionwise self-χ-guarding
if for every positive integer k the class ∩• i∈[k]A is χ-bounded. In this section, we study
intersectionwise self-χ-guarding classes. In Section 8.1 we focus on intersectionwise self-χ
-guarding classes that are defined by one forbidden induced subgraph, and in Section 8.2
we consider ways to construct intersectionwise self-χ-guarding classes from intersectionwise
χ-guarding classes.

8.1 H-free intersectionwise self-χ-guarding classes

We begin with an easy observation. Since for every integer k, the k-fold graph-intersection
of a class C contains C, we have the following:

Observation 8.1. Let C be a intersectionwise self-χ-guarding class of graphs. Then C is
χ-bounded.

This chapter is based on the coauthored paper [24].
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We note that the converse of Observation 8.1 does not hold. In particular, as we
mentioned in Section 3.1, it follows from a result of Burling [21] that the class of interval
graphs is not intersectionwise self-χ-guarding, and thus the class of perfect graphs is not
intersectionwise self-χ-guarding. The following is an immediate corollary of Observation 8.1
and Observation 7.1.

Corollary 8.2. Let H be a graph. If the class of H-free graphs is intersectionwise self-χ
-guarding, then H is a forest.

A chair is a graph isomorphic to the graph on five vertices which we obtain by identifying
one of the vertices of a P2 with a vertex of degree two of a P4.

Theorem 8.3. The following classes of graphs are not intersectionwise self-χ-guarding:

(i) the class of chair-free graphs.
(ii) the class of (K1,3 +K1)-free graphs.

Proof of Theorem 8.3. Let C be the class of complete multipartite graphs, and let D the
class of line graphs. Then, by Lemma 6.5, the class C ∩• D is not χ-bounded.

The theorem now follows by the observation that both the class of (K1,3 + K1)-free
graphs and the class of chair-free graphs contain the class of line graphs (since line graphs are
claw-free graphs) and the class of complete multipartite graphs (since complete multipartite
graphs are (K1 +K2)-free graphs). This completes the proof of Theorem 8.3.

We say that a graph is a linear forest if it is a forest in which every component is a
path. We are now ready to prove Corollary 3.14 which we restate:

Corollary 3.14. Let H be a graph. If the class of H-free graphs is intersectionwise self-χ
-guarding, then H is a linear forest or a star.

Proof of Corollary 3.14. Let H be a graph as in the statement. By Corollary 8.2 we have
that H is a forest. Suppose that H is not a linear forest. Then a component, say H1, of H
contains a claw. Since, by Theorem 8.3, we have that H is (K1,3 +K1)-free, it follows that
H is connected. We claim that H1 is a star. Suppose not. Then H1 contains a chair, which
contradicts Theorem 8.3. This completes the proof of Corollary 3.14.
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Recently, Adenwalla, Braunfeld, Sylvester, and Zamaraev [3], using different terminology,
proved that if H is a star, then the class of all H-free graphs is intersectionwise self-χ
-guarding.

Theorem 8.4 (Adenwalla, Braunfeld, Sylvester, and Zamaraev [3, Lemma 5.9]). Let t be a
positive integer. Then the class of K1,t-free graphs is intersectionwise self-χ-guarding.

In what follows, we discuss a result of Gyárfás [71] which implies that the class of P4-free
graphs is intersectionwise self-χ-guarding. We first need to introduce some terminology. An
orientation of an undirected graph G is a transitive orientation if the adjacency relation
of the resulted directed graph is transitive. A comparability graph is a graph which has a
transitive orientation.

Theorem 8.5 (Gyárfás, [71, Proposition 5.8]). The class of comparability graphs is inter-
sectionwise self-χ-guarding.

Jung [77] proved that every P4-free graph is a comparability graph. Hence, we have the
following:

Corollary 8.6. The class of P4-free graphs is intersectionwise self-χ-guarding.

In view of the above we propose the following conjecture:

Conjecture 8.7. If H is a linear forest, then the class of H-free graphs is intersectionwise
self-χ-guarding.

By Corollary 3.14 and Theorem 8.4 it follows that an affirmative answer to Conjecture 8.7
would imply a complete characterization of the intersectionwise self-χ-guarding graph classes
which are defined by a single forbidden induced subgraph. We were not able to decide the
following:

Problem 4. Is the class of P5-free graphs intersectionwise self-χ-guarding?

Problem 5. Is the class of (P4 + P1)-free graphs intersectionwise self-χ-guarding?

In Section 8.2 we will show that the class of (P3 + rP2)-free graphs is intersectionwise
self-χ-guarding.
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8.2 Intersectionwise self-χ-guarding classes from inter-
sectionwise χ-guarding classes

The main result of this section is Theorem 3.15 which allows us to construct new intersec-
tionwise self-χ-guarding classes from intersectionwise χ-guarding classes which are defined
by a finite set of forbidden induced subgraphs:

Theorem 3.15. Let k and t be a positive integers and let H = {H1, . . . , Hk} be a set of
graphs. For every i ∈ [t] let ri

1, . . . , r
i
k be k nonnegative integers and let Hi := {Hj + ri

jK2 :
j ∈ [k]}. If the class of H-free graphs is intersectionwise χ-guarding, then the class
∩• i∈[t]{Hi-free graphs} is χ-bounded. In particular, for every i ∈ [t] the class of Hi-free
graphs is intersectionwise self-χ-guarding.

An application of Theorem 3.15 is the following immediate corollary of Theorem 3.13
and Theorem 3.15 which settles some cases of Conjecture 8.7.

Corollary 3.16. Let r be a positive integer. Then the class of (P3 + rK2)-free graphs is
intersectionwise self-χ-guarding.

The following is an immediate corollary of Proposition 7.5 which states that a graph G
is complete multipartite if and only if G is (P2 +K1)-free, and Corollary 3.16:

Corollary 8.8. The class of complete multipartite graphs is intersectionwise self-χ-guarding.

We remark that Adenwalla, Braunfeld, Sylvester, and Zamaraev proved the following
strengthening of Corollary 8.8:

Proposition 8.9 (Adenwalla, Braunfeld, Sylvester, and Zamaraev [3, Proposition 5.26]).
For every positive integer k the k-fold graph-intersection of the class of complete multipartite
graphs is χ-bounded by the linear function f(x) = k2k

x.

The rest of Section 8.2 is devoted to the proof of Theorem 3.15, for which we use a
technique inspired by previous work of Chudnovsky, Scott, Seymour, and Spirkl [34]: We
assume towards a contradiction that there exists a graph G = G1 ∩ . . . ∩ Gt in the class
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∩• i∈[t]{Hi-free graphs} with chromatic number large in terms of its clique number. We then
find in G a large collection B of pairwise disjoint sets of vertices (“boxes”) such that for each
B ∈ B the subgraph which is induced by B has large chromatic number. For a supergraph
H of G we consider a pair {B,B′} of boxes dense in the graph H if for every v ∈ B we have
that χ(G[B′ \NH(v)]) is small, and for every v ∈ B′ we have that χ(G[B \NH(v)]) is small.
For each pair of boxes {B,B′} ⊆ B, and each i ∈ [t], we ask if the pair {B,B′} could be
made dense in Gi, possibly by “shrinking” (with respect to their chromatic number in G)
the boxes B and B′ by a constant factor. This results in a “shrink-resistant” configuration.
Now, because we are applying induction on the clique number of G, and neighborhoods of
vertices in G have clique number smaller than ω(G), it follows that G is relatively sparse.
By playing this fact against the fact that each Gi is relatively dense (for every edge, its
common non-neighbors have small chromatic number by the inductive setup) we get a
contradiction.

We are now ready to proceed with the proof of Theorem 3.15.

Proof of Theorem 3.15. We prove the theorem by induction on t. For the base case, where
t = 1, we prove by induction on r := ∑

j∈[k] r
1
j that the class of H1-free graphs is χ-bounded.

Suppose that r = 0. Then H1 is the class H. Thus, by our assumptions, the class of
H1-free graphs is intersectionwise χ-guarding. Hence, by Observation 5.1, we have that the
class of H1-free graphs is χ-bounded.

Let us suppose that r > 0, and let j ∈ [k] be such that r1
j > 0. From the induction

hypothesis we have that the class of {H1 + r1
1K2, . . . , Hj + (r1

j − 1)K2, . . . , Hk + r1
kK2}-free

graphs is χ-bounded. Let fr−1 be a χ-bounding function for this class.

Claim 8.9.1. The class of H1-free graphs is χ-bounded by the function fr : N→ N which
is defined recursively as follows:

fr(n) =

1, if n = 1;
2fr(n− 1) + fr−1(n), otherwise.

Proof of Claim 8.9.1. We prove the claim by induction on ω := ω(G). The claim holds
trivially when ω = 1. Suppose that ω > 1, and that the claim holds for graphs H such that
ω(H) < ω.
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Let G be an H1-free graph, and let uv ∈ E(G). Then {N(u) ∪N(v), A(u) ∩ A(v)} is a
partition of V (G), and thus we have that χ(G) ≤ χ(G[N(u) ∪N(v)]) + χ(G[A(u) ∩ A(v)]).
Suppose for contradiction that the graph G[A(u) ∩ A(v)] contains Hj + (r1

j − 1)K2. Then
the graph G[A(u) ∩ A(v) ∪ {u, v}] contains Hj + r1

jK2, which is a contradiction. Hence,
we have that the graph G[A(u) ∩ A(v)] is (Hj + (r1

j − 1)K2)-free. Thus, by the induction
hypothesis, we have that χ(G[A(u) ∩ A(v)]) ≤ fr−1(ω). Also, ω(G[N(v)]) < ω(G), and
thus, by the induction hypothesis, we have that χ(G[N(v)]) ≤ fr(ω − 1). Similarly,
χ(G[N(u)]) ≤ fr(ω − 1). Finally, putting the above together we have that χ(G) ≤
χ(G[N(u) ∪N(v)]) + χ(G[A(u) ∩ A(v)]) ≤ 2fr(ω − 1) + fr−1(n). This completes the proof
of Claim 8.9.1. ■

This concludes the proof of the case t = 1. Suppose that t > 1, and that our statement
holds for every positive integer t′ < t. For each i ∈ [t], let Ai :=∩• j∈[t]\{i}{Hj-free graphs}.
By the induction hypothesis, it follows that for every i ∈ [t], the class Ai is χ-bounded.
Thus, since the class H is intersectionwise χ-guarding, we have that the class H∩• Ai is
χ-bounded. For each i ∈ [t], let gi be a χ-bounding function for the class H∩• Ai. Let
f : Nt+1

+ → N+ be the function which is defined recursively as follows:

f(n, n1, . . . , nt) =


1, if n = 1;
mini∈[t]{gi(n) : ni = 0}, if n ̸= 1 and ∃i ∈ [t] such that ni = 0;
M(n, n1, . . . , nt) · (t+ 2)t·(R2t (t+2)−1) ·R2t(t+ 2), otherwise.

where

M(n, n1, . . . , nt) := max{tt+1+1, (t+1)f(n−1, n1, . . . , nt)+1, C(n, n1, . . . , nt)(t+1)(t+2)},

and
C(n, n1, . . . , nt) := max{f(n, n1, . . . , ni − 1, . . . , nt) : i ∈ [t]}.

Let G ∈ ∩• i∈[t]{Hi-free graphs} and for every i ∈ [t] let Gi be an Hi-free graph such
that G = ∩i∈[t]Gi. For each i ∈ [t] let ri := ∑

j∈[k] r
i
j . In what follows we prove by induction

on ω(G) that:

χ(G) ≤ f(ω(G), r1, . . . , rt). (8.1)
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If ω(G) = 1, then (8.1) holds trivially. Let ω := ω(G) > 1, and suppose that for every
graph H ∈ ∩• i∈[t]{Hi-free graphs} with ω(H) < ω, we have χ(H) ≤ f(ω(H), r1, . . . , rt).

We prove, by induction on ∏i∈[t] ri, that G satisfies (8.1). For the basis of the induction
we observe that if there exists i ∈ [t] such that ri = 0, then G ∈ H ∩• Ai, and thus
χ(G) ≤ mini∈[t]{gi(ω) : ri = 0}. In particular, G satisfies (8.1) when ∏i∈[t] ri = 0.

Let us suppose that for every i ∈ [t], we have ri ≥ 1, and that for every graph
H ∈ ∩• i∈[t]{Hi-free graphs}, with ω(H) ≤ ω, and for every choice of kt nonnegative integers
si

j, where i ∈ [t] and j ∈ [k], such that ∏i∈[t]

(∑
j∈[k] s

i
j

)
<
∏

i∈[t] ri we have:

χ(H) ≤ f

ω(H),
∑

j∈[k]
s1

j , . . . ,
∑

j∈[k]
st

j

 .
Let us suppose towards a contradiction that χ(G) > f(ω, r1, . . . , rt). For each i ∈ [t], we

denote by ci the number f(ω, r1, . . . , ri − 1, . . . , rt). Then we have that C(ω, r1, . . . , rt) =
max{ci : i ∈ [t]}. We denote C(ω, r1, . . . , rt) by C. We denote M(ω, r1, . . . , rt) by M . We
need to introduce a few new notions: Let X and Y be disjoint subsets of V (G), and let
i ∈ [t]. We say that {X, Y } is an i-dense pair in G if the following hold:

• For all x ∈ X we have that χ(G[Y \NGi
(x)]) ≤ ci; and

• For all y ∈ Y we have that χ(G[X \NGi
(y)]) ≤ ci.

Let X be a family of disjoint subsets of V (G), let X, Y ∈ X , and let i ∈ [t] be such that:

• {X, Y } is not an i-dense pair;
• There exist X ′ ⊆ X and Y ′ ⊆ Y , such that:

– χ(G[X ′]) ≥ 1
t+2χ(G[X]), χ(G[Y ′]) ≥ 1

t+2χ(G[Y ]); and
– {X ′, Y ′} is an i-dense pair in G.

Then we say that the pair {X, Y } is i-shrinkable and we refer to the family (X \ {X, Y })∪
{X ′, Y ′} as the family which is obtained from X by i-shrinking the pair {X, Y } to the
pair {X ′, Y ′}. If a family X of disjoint subsets of V (G) contains an i-shrinkable pair
for some i ∈ [t], we say that X is shrinkable; otherwise we say that X is unshrinkable.
Finally, in what follows, for disjoint subsets X and Y of V (G) we denote by I(X, Y ) the
set {i ∈ [t] : {X, Y } is an i-dense pair in G}.
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Claim 8.9.2. There exists an unshrinkable family B of pairwise disjoint subsets of V (G)
such that the following hold:

• B has size t+ 2;
• for every B ∈ B, we have that χ(B) = M ; and
• there exists a set I ⊆ [t] such that for each pair {B,B′} of distinct subsets in B, we

have that I(B,B′) = I.

Proof of Claim 8.9.2. Let B = {B1, . . . , BR2t (t+2)} be a partition of V (G) which has size
R2t(t + 2), and such that for every B ∈ B, we have χ(B) ≥ M · (t + 2)t·(R2t (t+2)−1). We
observe that, since χ(G) > f(ω, r1, . . . , rt), such a partition exists.

Let B′ be the family of disjoint subsets of V (G) which we obtain from B as follows: We
start with B′ := B. For every i ∈ [t], and for all distinct l, l′ ∈ [R2t(t + 2)], if there exist
Al ⊆ Bl ∈ B′ and Al′ ⊆ Bl′ ∈ B′ such that the pair {Bl, Bl′} is i-shrinkable to the pair
{Al, Al′}, then we let B′ be the family which is obtained from B′ by i-shrinking the pair
{Bl, Bl′} to the pair {Al, Al′}. We repeat this process until B′ is unshrinkable. Since every
initial element of B will be shrunk at most t · (R2t(t+ 2)− 1) times, it follows that for every
B′ ∈ B′ we have χ(B′) ≥M . By restricting the elements of B′ to appropriate subsets, we
may assume that for every B′ ∈ B′, we have χ(B′) = M .

Let H be the complete graph on B′, and let ϕ : E(H)→ 2[t] be a 2t-edge-coloring of H
which is defined as follows: ϕ({A,B}) = I(A,B) ⊆ [t]. Then, by Theorem 1.2, and the fact
that |V (H)| = R2t(t+ 2), it follows that H contains a monochromatic, with respect to ϕ,
clique of size t+ 2. Let B′′ ⊆ B′ be such a clique, and let I be the color of its edges. Then
B′′ satisfies our Claim 8.9.2. This completes the proof of Claim 8.9.2. ■

Let B = {B1, . . . , Bt+2} be a family of disjoint subsets of V (G) and let I be a subset of
[t] as in the statement of Claim 8.9.2.

Claim 8.9.3. Let Bl and Bl′ be distinct elements of B. Then for every x ∈ Bl there exists
i ∈ [t] \ I such that χ(G[Bl′ \NGi

(x)]) ≥ 1
t+1M .
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Proof of Claim 8.9.3. Let us suppose towards a contradiction that there exists x ∈ Bl such
that for every i ∈ [t] \ I we have that χ(G[AGi[Bl′ ](x)]) < 1

t+1M . Let i ∈ I. Then, since
{Bl, Bl′} is an i-dense pair, we have that χ

(
G[AGi[Bl′ ](x)]

)
≤ ci. Thus, we have that:

χ
(
G[∪i∈IAGi[Bl′ ](x)]

)
≤
∑
i∈I

χ
(
G[AGi[Bl′ ](x)]

)
≤
∑
i∈I

ci ≤ |I|C

≤ |I| t

t+ 1C(t+ 1)(t+ 2) ≤ |I| t

t+ 1M.

Hence, we have:

χ
(
G[AG[Bl′ ](x)]

)
= χ

(
G
[ (
∪i∈IAGi[Bl′ ](x)

)
∪
(
∪i∈[t]\IAGi[Bl′ ](x)

) ])
≤ χ

(
G[∪i∈IAGi[Bl′ ](x)]

)
+ χ

(
G[∪i∈[t]\IAGi[Bl′ ](x)]

)
< |I| t

t+ 1M + (t− |I|) M

t+ 1 = t

t+ 1M.

Since, by the induction hypothesis, we have that χ(G[NG(x)]) ≤ f(ω − 1, r1, . . . , rt), it
follows that:

χ(G[Bl′ ]) ≤ χ(G[NG[Bl′ ](x)]) + χ(G[AG[Bl′ ](x)])

< f(ω − 1, r1, . . . , rt) + t

t+ 1M

≤ M

t+ 1 + t ·M
t+ 1 = M,

which contradicts the fact that χ(G[Bl′ ]) = M . This completes the proof of Claim 8.9.3. ■

By Claim 8.9.3, we have that for every x ∈ B1 there exists a function fx : [2, . . . , t+2]→
[t] \ I, such that for every l ∈ [2, . . . , t + 2] we have χ(G[Bl \ NGfx(l)(x)]) ≥ 1

t+1M . Let
g : B1 → [t]t+1 with g(x) = (fx(2), fx(3), . . . , fx(t+ 2)). Then g is a tt+1-coloring of G[B1].
Since χ(G[B1]) = M > tt+1, it follows that g is not a proper tt+1-coloring of B1.

Let {u, v} ⊆ B1 be an edge of G such that g(u) = g(v). In the (t + 1)-tuple g(u) at
least one element of the set [t] appears more than once. Let p ∈ [t] be such an element,
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B1

Bl

u v

NGp(v) AGp(v)

NGp(u)

AGp(u)

Bl′

NGp(v) AGp(v)

NGp(u)

AGp(u)Al Al′B̃l

B̃l′

x

Figure 8.1: An illustration of the situation in the proof of Claim 8.9.5. By the definition
of B̃l′ we have that v is anticomplete to B̃l′ . Thus both v and x are anticomplete to
B̃l′ \NGp(x). The disjoint union of an induced Hj + (rp

j − 1)K2 in B̃l′ \NGp(x) with the
edge vx would result in an induced Hj + rp

jK2 in Gp.

and let l, l′ ∈ [2, . . . , t+ 2] be such that l ̸= l′ and p = fu(l) = fu(l′) = fv(l) = fv(l′). Then
neither of {B1, Bl} and {B1, Bl′} is a p-dense pair. Hence, by Claim 8.9.2, we have that
p /∈ I, and thus, again by Claim 8.9.2, we have that {Bl, Bl′} is not a p-dense pair.

Let Al be the set AGp(u) ∩ AGp(v) ∩Bl and let Al′ be the set AGp(u) ∩ AGp(v) ∩Bl′ .

Claim 8.9.4. χ(G[Al]) ≤ cp and χ(G[Al′ ]) ≤ cp.

Proof of Claim 8.9.4. We prove that χ(G[Al]) ≤ cp; the proof that χ(G[Al′ ]) ≤ cp is
identical.

Since, by the induction hypothesis, we have that ∏i∈[t] ri ≥ 1, it follows that there exists
j ∈ [k] such that rp

j ≥ 1. We claim that the graph Gp[Al] is (Hj + (rp
j − 1)K2)-free. Indeed,

otherwise Gp[Al(v)∪{u, v}] contains Hj +rp
jK2, which contradicts the fact that Gp isHp-free.

Hence, by the induction hypothesis, we have that χ(G[Al]) ≤ f(ω, r1, . . . , rp−1, . . . , rt) = cp.
This completes the proof of Claim 8.9.4. ■

We denote by B̃l the set Bl \ (NGp(u) ∪ Al), and by B̃l′ the set Bl′ \ (NGp(v) ∪ Al′).
Observe that in the graph Gp we have that u is complete to B̃l′ and v is complete to B̃l.
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Claim 8.9.5. {B̃l, B̃l′} is a p-dense pair in G.

Proof of Claim 8.9.5. We prove that for every x ∈ B̃l we have χ(G[B̃l′ \ NGp(x)]) ≤ cp.
The fact that for every y ∈ B̃l′ we have χ(G[B̃l \NGp(y)]) ≤ cp follows by symmetry.

Let x ∈ B̃l. Since, by the induction hypothesis, we have that rp ≥ 1, it follows
that there exists j ∈ [k] such that rp

j ≥ 1. We claim that the graph Gp[B̃l′ \ NGp(x)] is
(Hj + (rp

j − 1)K2)-free. Indeed, otherwise Gp[AGp(v) ∪ {x, v}] contains Hj + rp
jK2, which

contradicts the fact that Gp is Hp-free. Hence, by the induction hypothesis, we have
that χ(G[B̃l′ \ NGp(x)]) ≤ f(ω, r1, . . . , rp − 1, . . . , rt) = cp. This completes the proof of
Claim 8.9.5. ■

Claim 8.9.6. χ(G[B̃l]) ≥ 1
t+2χ(G[Bl]) and χ(G[B̃l′ ]) ≥ 1

t+2χ(G[Bl′ ]).

Proof of Claim 8.9.6. We prove that χ(G[B̃l]) ≥ 1
t+2χ(G[Bl]). The proof that χ(G[B̃l′ ]) ≥

1
t+2χ(G[Bl′ ]) is identical.

By the definition of g and the choice of l we have that χ(G[Bl ∩ AGp(u)]) ≥ 1
t+1M =

1
t+1χ(G[Bl]). By Claim 8.9.4, we have that χ(G[AGp(u) ∩ AGp(v) ∩ Bl]) ≤ cp. It follows
that:

χ(G[B̃l]) ≥
1

t+ 1χ(G[Bl])− cp ≥
1

t+ 1χ(G[Bl])− C = M

t+ 1 − C.

We also have:

M ≥ C(t+ 1)(t+ 2)
(t+ 2)M − (t+ 1)M ≥ C(t+ 1)(t+ 2)

M

t+ 1 −
M

t+ 2 ≥ C

M

t+ 1 − C ≥
M

t+ 2 .

Since χ(G[Bl]) = M we have that M
t+2 = 1

t+2χ(G[Bl]) and thus by the above we have
that χ(G[B̃l]) ≥ 1

t+2χ(G[Bl]), as desired. This completes the proof of Claim 8.9.6. ■
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By Claim 8.9.5 and Claim 8.9.6, it follows that the pair {Bl, Bl′} is p-shrinkable which
contradicts the fact that the family B is unshrinkable. Hence,

χ(G) ≤ f(ω(G), r1, . . . , rt).

Let h : N→ N, be defined as follows:

h(n) = f(n,
∑

j∈[k]
r1

j , . . . ,
∑

j∈[k]
rt

j).

Then we proved that χ(G) ≤ h(ω(G)). Hence, h is a χ-bounding function for the class
∩• i∈[t]{Hi-free graphs}. This completes the proof of Theorem 3.15.
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Part III

Induced subgraphs of graphs with
large Kr-free chromatic number
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Chapter 9

On χr-bounded classes of graphs
which are defined by a finite set of
forbidden induced subgraphs

In this chapter, we study necessary conditions that the graphs of a finite set H should
satisfy in order for the class of all H-free graphs to be χr-bounded. Our results allow us
extend the Gyárfás-Sumner conjecture to a conjecture for χr-bounded H-free classes.

We begin with introducing some terminology for hypergraphs, and discussing a connec-
tion between the chromatic number of hypergraphs and the Kr-free chromatic number of
graphs.

Let r ≥ 2 be an integer. A hypergraph is r-uniform if all of its hyperedges have size r.
Let l ≥ 2 be a positive integer. A cycle in a hypergraph is a list (v1, e1, . . . , el, vl), where vi’s
are distinct vertices and ei’s are distinct hyperedges, and vi, vi+1 ∈ ei (indices are modulo
l); in this case l is the length of the cycle (v1, e1, . . . , el, vl). The girth of a hypergraph H
is the minimum length of a cycle in H. Finally, the chromatic number of a hypergraph H,
denoted by χ(H), is the minimum size of a partition of the vertex set in which no part
contains a hyperedge.

This chapter is based on ongoing joint work with Taite LaGrange, Mathieu Rundström, and Sophie
Spirkl.
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In 1966, generalizing Theorem 2.2, Erdős and Hajnal [50] proved with probabilistic
arguments, the existence of hypergraphs of arbitrarily large girth and chromatic number. In
1968, Lovász [91] gave the first constructive proof of this theorem by proving the following
stronger result:

Theorem 9.1 (Lovász [91]). For all integers r, k, l ≥ 2 there exists an r-uniform hypergraph
which has chromatic number at least k and girth at least l.

We note that a shorter proof of the above result was given in 1979 by Nešetřil and Rödl
[99], using the operation of amalgamation.

For a graph G we denote by Hr(G) the r-uniform hypergraph which has as vertex set
the set V (G) and as set of hyperedges the set of r-cliques of G.

Observation 9.2. Let G be a graph and let r ≥ 2 be an integer. Then χr(G) = χ(Hr(G)).

Let H be a hypergraph. We denote by G(H) the graph on V (H) in which two distinct
vertices u, v ∈ V (H) are adjacent if and only if there exists a hyperedge e of H such that
u, v ∈ e.

Theorem 9.3. For all integers r, k, l ≥ 2 there exists a diamond-free graph G such that
ω(G) ≤ r, χr(G) ≥ k, and G contains no holes of length smaller than l.

Proof of Theorem 9.3. Let r, k, l ≥ 2 be integers. Then, Theorem 9.1, there exists an
r-uniform hypergraph which has chromatic number at least k and girth at least l. Let H
be such a hypergraph. Then G(H) satisfies the statement of the theorem. This completes
the proof of Theorem 9.3.

In Proposition 2.4 we observed that the existence of graphs of arbitrarily large girth and
chromatic number implies that if the class of H-free graphs is χ-bounded, then H should
be a forest. Theorem 9.3 implies the following:

Corollary 9.4. Let H be a finite set of graphs, and let r ≥ 2 be a positive integer. If the
class of all H-free graphs is χr-bounded, then H contains a diamond-free chordal graph of
clique number at most r.
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In what follows, we strengthen Corollary 9.4. Let r ≥ 2 be an integer, and let O be an
operation which is applied to one or more graph classes and yields to a new class of graphs.
We say that O preserves χr-boundedness (respectively preserves polynomial χr-boundedness)
if whenever the graph classes to whichO is applied are χr-bounded (respectively polynomially
χr-bounded) we have that the resulting class of graphs (after the application of the O) is
also χr-bounded (respectively polynomially χr-bounded). Throughout this section, for a
class C, we denote by Csub the closure of C under substitution. Chudnovsky, Penev, Scott,
and Trotignon [29] proved that substitution preserves χ-boundedness, and moreover if a
class C is polynomially χ-bounded then Csub is polynomially χ-bounded as well. We will
show that for every r ≥ 3 it is not true that for every χr-bounded class C the class Csub is
χr-bounded.

For the remainder of this chapter, given a graph G and a positive integer i, we denote
by Gi the graph which is defined inductively as follows: if i = 1, then G1 = G; and if i > 1,
then for each v ∈ V (G) we create a copy Gi−1

v of Gi−1, these copies are such that for all
distinct u, v ∈ V (G) we have V (Gi−1

u )∩V (Gi−1
v ) = ∅ and V (Gi−1

u )∩V (G) = ∅; we define Gi

to be the graph that we obtain from G by substituting Gi−1
v for v in G, for every v ∈ V (G).

Lemma 9.5. Let r ≥ 2 and k, i ≥ 1 be integers, and let G be a graph such that χr(G) ≥ k.
Then for every k′ < k, every k′-coloring of Gi yields a monochromatic ri-clique. In particular,
χri(Gi) ≥ k.

Proof of Lemma 9.5. Let G be a graph such that χr(G) ≥ k. We prove the lemma by
induction on i. For i = 1 the result follows immediately by the definition of Kr-free
chromatic number.

Let i > 1, and suppose that the statement of the lemma holds for every i′ < i. Let
k′ < k and let ϕ be a k′-coloring of the graph Gi. For every v ∈ V (G) let Gi−1

v be the copy
of Gi−1 in Gi which corresponds to the vertex v. By the inductive hypothesis we have that
for every v ∈ V (G) the restriction of ϕ to V (Gi−1

v ) results in a monochromatic ri−1-clique
in Gi−1

v . For every v ∈ V (G), let Qv be such a monochromatic ri−1-clique in Gi−1
v .

Let ϕ′ be the k′-coloring of G which assigns to every vertex v ∈ V (G) the color that
ϕ assigns to all the vertices of Qv. Since χr(G) ≥ k and k′ < k, it follows that ϕ′

induces a monochromatic r-clique in G. Let Q be such a clique. Then Gi[{∪v∈Q}Qv] is a
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monochromatic, with respect to ϕ, ri-clique in G. This completes the induction on i. This
completes the proof of Lemma 9.5.

Theorem 9.6. Let r ≥ 2 and let C be a class of triangle-free graphs which contains graphs
of arbitrarily large chromatic number. Then the class Csub, that is, the closure of C under
substitution, is not χr-bounded.

Proof of Theorem 9.6. Let us suppose towards a contradiction that the class Csub is χr-
bounded, and let f be a χr-bounding function for Csub. Let i = ⌈log2 r⌉, and let G be a
triangle-free graph of chromatic number at least f(2i) + 1. It is easy to see that (as in the
proof of Lemma 9.5) ω(Gi) = 2i ≥ r.

By our assumption that χr(G) ≤ f(ω(G)) = f(2i), it follows that there exists a Kr-
free f(2i)-coloring of Gi. Let ϕ be such a coloring. Since χ(G) ≥ f(2i) + 1 > f(2i), it
follows, by Lemma 9.5, that ϕ induces a monochromatic 2i-clique in Gi. But, since 2i ≥ r,
this contradicts the fact that ϕ is a Kr-free coloring of Gi. This completes the proof of
Theorem 9.6.

Let C be the class of all triangle-free graphs. It is easy to see that Csub is bull-free. By
Theorem 2.1, C contains graphs of arbitrarily large chromatic number. Thus, by applying
Theorem 9.6, we see that for every r ≥ 2 the class of bull-free graphs is not χr-bounded. It
follows that:

Corollary 9.7. Let H be a finite set of graphs, and let r ≥ 2 be a positive integer. If the
class of H-free graphs is χr-bounded, then H contains a bull-free graph.

So now we have further insights in the structure of a finite set H which is such that the
class of H-free graphs is χr-bounded.

The following result, whose proof we omit, follows by arguments analogous to those
used in the proof of Lemma 9.5.

Theorem 9.8. Let r ≥ 3 and k be positive integers. Let G be a triangle-free graph such
that χ(G) > k, let t := ⌈ r

2⌉, and let H be a Kt+1-free graph such that χt(H) > k. For every
v ∈ V (G) let Hv be a graph isomorphic to H, such that the graphs of the set {Hv : v ∈ V (G)}
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are pairwise vertex-disjoint, and each Hv is vertex-disjoint from G. Let G′ be the graph
that we obtain by substituting, for every v ∈ V (G), Hv for v in G. Then χ2t(G′) > k, G′ is
K2t+1-free, and G′ does not contain an induced subgraph isomorphic to K+

t+2.

The following is an immediate corollary of Theorem 9.8 and the fact (see, for example,
Theorem 2.15) that for all integers k, r ≥ 2 there exists a Kr+1-free graph of Kr-free
chromatic number at least k.

Corollary 9.9. Let H be a finite set of graphs, let r ≥ 3 be a positive integer, and let
t := ⌈ r

2⌉. If the class of H-free graphs is χ2t-bounded, then H contains a K+
t+2-free graph.

Before proving one more necessary condition for the graphs in the sets H as above, we
would like to mention that Corollary 9.7 has one more interesting consequence. Chudnovsky,
Cook, Davies, and Oum [28] proved1 the following:

Theorem 9.10 (Chudnovsky, Cook, Davies, and Oum [28]). The class of all bull-free
graphs is Pollyanna.

Recall that every polynomially χr-bounded class is Pollyanna. Combining Corollary 9.7
and Theorem 9.10 we get the following:

Theorem 9.11. For every positive integer r ≥ 2 there are Pollyanna graph classes which
are not χr-bounded.

We need the following:

Theorem 9.12 (Chudnovsky, Cook, Davies, and Oum [28]). Let F be a finite set of graphs
none of which is a willow. Then for every positive integer r there is a class G of F-free
graphs that is not χ-bounded, but such that every graph G ∈ G with ω(G) < r has chromatic
number at most

(
r+1

3

)
.

It follows that:
1We note that Hajebi [74] recently gave a proof of Theorem 9.10 which is surprisingly shorter than the

proof of Chudnovsky, Cook, Davies, and Oum [28]. In particular, his proof bypasses the structure theorem
for bull-free graphs (see [26, 27]).
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Theorem 9.13. Let r ≥ 2 be a positive integer, and let F be a finite set of graphs none of
which is a willow. Then the class of all F-free is not χr-bounded.

Proof of Theorem 9.13. Suppose not. Let f be a χr-bounding function of the class of all
F -free graphs. Let Gr be a class F -free graphs that is not χ-bounded, but such that every
graph G ∈ G with ω(G) < r has chromatic number at most

(
r+1

3

)
, as in the statement of

Theorem 9.12.

Let G ∈ Gr, and let ϕ : V (G)→ [f(ω(G))] be a Kr-free f(ω(G))-coloring of G. Since,
for every i ∈ [f(ω(G))] the graph G[ϕ−1(i)] is Kr-free, it follows that χ(G[ϕ−1(i)]) ≤

(
r+1

3

)
.

Thus,

χ(G) ≤
∑

i∈[f(ω(G))]
χ(G[ϕ−1(i)]) ≤ f(ω(G)) ·

(
r + 1

3

)
.

It follows that the function h(ω) := f(ω) ·
(

r+1
3

)
is a χ-bounding function for the class Gr,

contradicting the fact that Gr is not χ-bounded. This completes the proof of Theorem 9.13.

Corollary 9.14. Let H be a finite set of graphs, and let r ≥ 2 be a positive integer. If the
class of H-free graphs is χr-bounded, then H contains a willow.

Combining Corollary 9.4, Corollary 9.7, Corollary 9.9, and Corollary 9.14, we get the
following:

Theorem 3.17. Let H be a finite set of graphs, and let r ≥ 2 be a positive integer. If the
class of H-free graphs is χr-bounded, then H contains: a diamond-free chordal graph which
has clique number at most r, a bull-free graph, and a willow. Moreover, if r ≥ 4, then H
contains a K+

⌈ r
2 ⌉+2-free graph.

Following [28] a pentagram spider is a graph G on ten vertices which has a perfect
matching M such that G \M has a component isomorphic to K5. We denote by F7 a graph
which is obtained from a path on seven vertices by adding a new vertex which is complete
to the path. Chudnovsky, Cook, Davies, and Oum [28] showed that an F7 is not a willow,
and that pentagram spiders are not willows. The following shows that all the conditions in
Theorem 3.17 are indeed necessary:
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Observation 9.15. We note the following:

• A bull is a willow, but it is not a diamond-free chordal graph.
• A diamond is a willow, but it is bull-free.
• An F7 is bull-free, but not a willow.
• Pentagram spiders are diamond-free chordal graphs, but not willows.

We note that we do not know if the converse of Theorem 3.17 is true. The following is
a corollary of Theorem 3.17.

Corollary 3.18. Let H be a graph, and let r ≥ 2 be a positive integer, such that the class
of all H-free graphs is χr-bounded. Then H is an r-broadleaved forest, such that every
component of H that is not a complete graph is an (⌈ r

2⌉+ 1)-broadleaved tree.

We suggest the following conjecture which extends the Gyárfás-Sumner conjecture:

Conjecture 3.19 (Strong Forbidden Broadleaved Forest Conjecture). Let r ≥ 2 be an
integer, and let H be an r-broadleaved forest, such that every component of H that is not
a complete graph is an (⌈ r

2⌉+ 1)-broadleaved tree. Then the class of all H-free graphs is
χr-bounded.

We also suggest the following weakening of Conjecture 3.19:

Conjecture 3.20 (Forbidden Broadleaved Forest Conjecture). Let r ≥ 2 be an integer.
Then there exists a function f : N+ → N+ such that the class of all H-free graphs is
χf(r)-bounded for every r-broadleaved forest H.

We note that similarly with the Gyárfás-Sumner conjecture, in order to prove Conjec-
ture 3.19 and Conjecture 3.20 it suffices to consider r-broadleaved trees.
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Chapter 10

Excluding a volcano

In this chapter, we prove that volcanoes satisfy the Strong Forbidden Broadleaved Forest
Conjecture, that is Conjecture 3.19. We also prove that an orientation of the 1-volcano
is not −→χr-bounding for every r ≥ 2. As we discussed in Section 3.2, the latter result is in
contrast with the fact, due to [32], that orientations of stars are −→χ2-bounding.

10.1 Volcano-free classes of graphs are χ3-bounded

The main result of this section is:

Theorem 3.26. Let k be a positive integer, and let f3.26 : N+ → N+ be the function which
is defined as follows:

f3.26(ω) := 4ω(10k2ω3)ω · [(2ω − 2)R(ω, k) + 1] .

Let G be a Vk-free graph. Then χ3(G) ≤ f3.26(ω(G)).

As we discussed in Section 3.2, our proof of Theorem 3.26 relies on the following structure
theorem for graphs which exclude a fixed volcano as an induced subgraph:

This chapter is based on ongoing joint work with Taite LaGrange, Mathieu Rundström, and Sophie
Spirkl.
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Theorem 3.28. Let k and ω be positive integers, and let G be a Vk-free graph with ω(G) ≤ ω.
Then there exists a partition P of V (G), with the following properties:

• |P| ≤ 2(2ω−1 − 1)R(ω, k) + 1, and
• for every P ∈ P and for every v ∈ G[P ] we have that G[NG[P ](v)] is a (k−1)-tolerant
t-partite graph, where t ≤ ω(G[N(v)]).

After proving Theorem 3.28, the main step towards completion of the proof of Theo-
rem 3.26:

Lemma 10.1. Let k be a positive integer, and let f10.1 : N+ → N+ be the function which is
defined as follows:

f10.1(ω) := 4ω(10k2ω3)ω.

Let G be a Vk-free graph such that for every v ∈ V (G), there exists an integer tv such
that G[N(v)] is a (k − 1)-tolerant tv-partite graph, where tv ≤ ω(G) − 1. Then χ3(G) ≤
f10.1(ω(G)).

In what follows, we often make use of the following simple observation for k-tolerant
multipartite graphs:

Observation 10.2. Let k ≥ 0 and t ≥ 2 be integers, let G be a k-tolerant t-partite graph,
and let A1, . . . , At be a partition which witnesses this. If there exists an independent set S
of G such that |S| ≥ tk + 1, then there exists i ∈ [t] such that S ⊆ Ai.

We need to introduce some terminology for the rest of this section. Let A and B be
disjoint subsets of V (G). We say that {A,B} is a k-nice pair if every vertex of A has at
most k non-neighbors in B, and every vertex of B has at most k non-neighbors in A. The
following lemma is the main ingredient for the proof of Theorem 3.28:

Lemma 10.3. Let k be a positive integer, and let G be a (K2 + kK1)-free graph. Then,
there exists a partition {A,B} of V (G) such that G[A] is a (k − 1)-tolerant ω(G)-partite
graph, and |B| ≤ (2ω − 1− ω)R(ω + 1, k).

Proof of Lemma 10.3. Suppose that ω(G) = 1. Then by letting A := V (G) and B = ∅,
we have that {A,B} satisfies the lemma. Thus, we may assume that ω(G) ≥ 2. Let
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ω := ω(G) ≥ 2, and let K be an ω-clique in G. Let {K1, . . . , K2ω−1} be the set of all proper
subsets of K. Let R := V (G) \K. For each i ∈ [2ω − 1], let Ai := {u ∈ R : NK(u) = Ki}.
Then, by relabeling the sets {Ai}i∈[2ω−1] and {Ki}i∈[2ω−1] if needed, there exists an integer
s ≤ 2ω − 1 such that {A1, . . . , As} is a partition of R.

Let i ∈ [s]. We claim that if |Ki| ≤ ω − 2, then α(G[Ai]) ≤ k − 1. Suppose not. Let
{v1, . . . , vk} be an independent set in G[Ai], and let {u, v} ⊆ K \Ki with u ̸= v. Then
G[{u, v}∪{v1, . . . , vk}] is a K2 +kK1 in G contradicting the fact that G is a (K2 +kK1)-free
graph. Hence, we have α(G[Ai]) ≤ k−1, and thus |Ai| ≤ R(ω+1, k). Let B := ∪i:|Ki|≤ω−2Ai.
Then, |B| = ∑

i:|Ki|≤ω−2 |Ai| ≤ (2ω − 1− ω)R(ω + 1, k).

By relabeling the sets {Ai}i∈[s] and {Ki}i∈[s] if needed, we can assume that {K1, . . . , Kω}
is the set of all (ω − 1)-subsets of K.

Let i ∈ [ω]. We claim that Ai is an independent set. Suppose not. Let {u, v} be an edge
in Ai. Then G[Ki ∪ {u, v}] is an (ω + 1)-clique in G, contradicting the fact that ω(G) = ω.

Let i, j ∈ [ω] be distinct. We claim that {Ai, Aj} is a (k − 1)-nice pair. Suppose not.
Without loss of generality we may assume that there exists a vertex in u ∈ Ai which has at
least k non-neighbors in Aj. Let v1, . . . , vk ∈ Aj be such that for each l ∈ [k] we have that
uvl /∈ E(G). Let vAj

∈ K be the unique vertex of K which is anticomplete to Aj. Then
G[{vAj

, u, v1, . . . , vk}] is a K2 + kK1 in G contradicting the fact that G is a (K2 + kK1)-free
graph.

For every i ∈ [ω], let vAi
be the unique vertex of K which is anticomplete to Ai, let

A′
i = Ai ∪ {vAi

}, and let A := ∪i∈[ω]A
′
i. Then it follows from the above that G[A] is

a (k − 1)-tolerant ω-partite graph. Now {A,B} is the desired partition of V (G). This
completes the proof of Lemma 10.3.

We will also need the following well-known result (see for example [83]):

Lemma 10.4 (Folklore). Let k be a positive integer, let D be a digraph such that every
vertex has out-degree at most k, and let G be the underlying undirected graph of D. Then
χ(G) ≤ 2k + 1.

We are now ready to prove Theorem 3.28, which we restate:
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Theorem 3.28. Let k and ω be positive integers, and let G be a Vk-free graph with ω(G) ≤ ω.
Then there exists a partition P of V (G), with the following properties:

• |P| ≤ 2(2ω−1 − 1)R(ω, k) + 1, and
• for every P ∈ P and for every v ∈ G[P ] we have that G[NG[P ](v)] is a (k−1)-tolerant
t-partite graph, where t ≤ ω(G[N(v)]).

Proof of Theorem 3.28. Since G is Vk-free, we have that for every v ∈ V (G), the graph
G[N(v)] is (K2 + kK1)-free. For every v ∈ V (G), let {Av, Bv} be the partition of N(v) that
we get from Lemma 10.3.

Then, for every v ∈ V (G) we have that G[Av] is a (k − 1)-tolerant ω(G[N(v)])-partite
graph, and that

|Bv| ≤
(
2ω(G[N(v)]) − 1− ω(G[N(v)])

)
R(ω(G[N(v)]) + 1, k)

≤ (2ω−1 − 1)R(ω, k).

Let D be the digraph on V (G) with set of arcs the set ∪v∈VG
{vu : u ∈ Bv}. Then D is a

digraph with out-degree at most:

max
v∈V (G)

|Bv| ≤ (2ω−1 − 1)R(ω, k).

Hence, by Lemma 10.4, there exists a K2-free coloring of the underlying undirected graph
of D which uses at most 2(2ω−1 − 1)R(ω, k) + 1 colors. Let ϕ be such a coloring, and let
P be the corresponding to ϕ partition of V (G). Let P ∈ P, and let v ∈ G[P ]. We claim
that G[NG[P ](v)] is a (k − 1)-tolerant t-partite graph, where t ≤ ω(G[N(v)]). Indeed, for
every v ∈ V (G), we have that G[NG[P ](v)] is an induced subgraph of G[Av], and hence
G[NG[P ](v)] is a (k − 1)-tolerant t-partite graph, where t ≤ ω(G[N(v)]). Thus, P is the
desired partition of V (G). This completes the proof of Theorem 3.28.

For our proof of Lemma 10.1 we need the following:

Lemma 10.5. Let k and t ≥ 2 be positive integers, and let G be a Vk-free graph. Let
A be an independent set, let v ∈ A be such that G[N(v)] is isomorphic to a (k − 1)-
tolerant t-partite graph H, and let {H1, . . . , Ht} be a partition of V (H) which witnesses
that H is a (k − 1)-tolerant t-partite graph. If for every i ∈ [t] there exists H ′

i ⊆ Hi, such
that |H ′

i| ≥ (k + 2)(k − 1) + 1 and {A,H ′
i} is a (k − 1)-nice pair, then G[V (H) ∪ A] is

(k − 1)-tolerant (t+ 1)-partite graph.
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Proof of Lemma 10.5. In order to prove that G[V (H)∪A] is a (k−1)-tolerant (t+1)-partite
graph, it suffices to prove that for every i ∈ [t] we have that {A,Hi} is a (k − 1)-nice pair.
Let i ∈ [t].

We claim that every u ∈ A has at most k − 1 non-neighbors in Hi. Let u ∈ A, we may
assume that u ̸= v, since otherwise our claim holds. Let us suppose towards a contradiction
that |A(u) ∩Hi| ≥ k. Let v1, . . . , vk ∈ A(u) ∩Hi. Since {A,H ′

i} is a (k − 1)-nice pair, and
|H ′

i| ≥ (k + 2)(k − 1) + 1 we have that N(u) ∩ H ′
i ≠ ∅. Let w ∈ N(u) ∩ H ′

i. Let j ̸= i.
Note that |A(u) ∩ H ′

j| ≤ k − 1, that |A(w) ∩ H ′
j| ≤ k − 1, and that for every l ∈ [k] we

have that |A(vl) ∩ H ′
j| ≤ k − 1. Hence, since |H ′

j| ≥ (k + 2)(k − 1) + 1, we have that
H ′

j \
(
A(u) ∪ A(w) ∪

(
∪l∈[k] A(vl)

))
̸= ∅. Let w′ ∈ H ′

j \
(
A(u) ∪ A(w) ∪

(
∪l∈[k] A(vl)

))
.

Then G[{u,w,w′}∪{v1, . . . , vk}] is a k-volcano in G contradicting the fact that G is Vk-free.

Let u ∈ Hi. We claim that |A(u) ∩ A| ≤ k − 1. If u ∈ H ′
i, then our claim follows from

the fact that {A,H ′
i} is a (k − 1)-nice pair. Suppose that u ∈ Hi \ H ′

i. Let us suppose
towards a contradiction that |A(u) ∩ A| ≥ k. Let v1, . . . , vk ∈ A(u) ∩ A. Let j ̸= i. Since
|H ′

j| ≥ (k + 2)(k − 1) + 1, and both {A,H ′
j} and {Hi, H

′
j} are (k − 1)-nice pairs, there

exists u′ ∈ H ′
j such that u′ ∈ N(u), and for every l ∈ [k] we have u′ ∈ N(vl). Then,

G[{v, u, u′} ∪ {v1, . . . , vk}] is k-volcano in G contradicting the fact that G is Vk-free. This
completes the proof of Lemma 10.5.

We are now ready to prove Lemma 10.1 which we restate:

Lemma 10.1. Let k be a positive integer, and let f10.1 : N+ → N+ be the function which is
defined as follows:

f10.1(ω) := 4ω(10k2ω3)ω.

Let G be a Vk-free graph such that for every v ∈ V (G), there exists an integer tv such
that G[N(v)] is a (k − 1)-tolerant tv-partite graph, where tv ≤ ω(G) − 1. Then χ3(G) ≤
f10.1(ω(G)).

Proof of Lemma 10.1. For each vertex v ∈ V (G) let Hv be the (k − 1)-tolerant tv-partite
graph G[N(v)], where tv ≤ ω(G). For each graph Hv we fix a partition Pv of V (Hv)
which witnesses that Hv is a (k − 1)-tolerant tv-partite graph, where tv ≤ ω(G)− 1. Let
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gk : N+ → N+ be the function that is defined as follows: gk(ω) = max{2ω, (k+2)}·(k−1)+1.
For each induced subgraph G′ of G, let

l(G′) := max
v∈V (G′)

{∣∣∣{A ∈ Pv : |A ∩ V (G′)| ≥ gk(ω(G′))}
∣∣∣} .

By Theorem 3.28, we have that l(G′) ≤ ω(G′) − 1. Consider the function f : N+ → N+

which is defined as follows:

fk(l, ω) :=


1, if ω < 3(

2(ω − 1) · gk(ω) + 1
)
· fk(l, ω − 1), if ω ≥ 3 and l < ω − 1

2 · (ω + 1)fk(ω − 2, ω), if ω ≥ 3 and l = ω − 1

Let G′ be an induced subgraph of G. In what follows we prove by induction1 on (l, ω(G′))
that χ3(G′) ≤ fk(l(G′), ω(G′)).

For the base case: let ω(G′) < 3. Then, by assigning the same color to every vertex of
the graph G′, we get a K3-free coloring which uses one color. Thus, in this case we have

χ3(G′) ≤ fk(l(G′), ω(G′)),

as desired.

Let us suppose that ω(G′) ≥ 3, and that for every induced subgraph H of G with
(l(H), ω(H)) < (l(G′), ω(G′)) we have χ3(H) ≤ fk(l(H), ω(H)).

Claim 10.5.1. If l(G′) < ω(G′)− 1, then there exists a positive integer j ≤ 2(ω(G′)− 1) ·
gk(ω(G′)) + 1 and a partition {A1, . . . , Aj} of V (G′), such that for every i ∈ [j] we have
ω(G′[Ai]) ≤ l(G′[Ai]) + 1 < ω(G′).

Proof of Claim 10.5.1. For every v ∈ V (G′), and for every u ∈ N(v) let us denote by Hv(u)
the unique set in {A ∩ V (G′) : A ∈ Pv} which contains the vertex u. Let D be the digraph
on V (G′) with the following set of arcs:

{vu : u ∈ NG′(v) and |Hv(u)| < gk(ω(G′))}.
1We note that (a, b) < (a′, b′) if and only if (a < a′ and b ≤ b′) or (a ≤ a′ and b < b′).
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Then every vertex of D has out-degree at most (ω(G′)−1) ·gk(ω(G′)). Thus, by Lemma 10.4,
there exists a K2-free coloring of the underlying undirected graph of D with j ≤ 2(ω(G′)−
1) · gk(ω(G′)) + 1 colors. Let {A1, . . . , Aj} be a partition of V (G′) that corresponds to
such a coloring. Then, for every i ∈ [j], for every v ∈ Ai, and for every A ∈ Pv such that
|A∩ V (G′)| ≠ ∅, we have |A∩ V (G′)| ≥ gk(ω(G′)). It follows that for all i ∈ [j] and v ∈ Ai

we have:

|{A ∈ Pv : A ∩ Ai ̸= ∅}| ≤ |{A ∈ Pv : |A ∩ V (G′)| ≥ gk(ω(G′))}| ≤ l(G′)

and so ω(NAi
(v)) ≤ l(G′) which implies ω(G[Ai]) ≤ l(G′) + 1 < ω(G′). This completes the

proof of Claim 10.5.1. ■

Suppose first that l(G′) < ω(G′) − 1. Then, let j ≤ 2(ω(G′) − 1) · gk(ω(G′)) + 1
be a positive integer, and let a partition {A1, . . . , Aj} of V (G′), as in the statement of
Claim 10.5.1. Note that for every i ∈ [j] we have (l(G′[Ai]), ω(G′[Ai])) < (l(G′), ω(G′)).
Thus, by the induction hypothesis, for every i ∈ [j] we have that:

χ3(G′[Ai]) ≤ fk(l(G′[Ai]), ω(G′[Ai]))
≤ fk(l(G′), ω(G′)− 1).

Hence, we have that

χ3(G′) ≤ [2(ω(G′)− 1) · gk(ω(G′)) + 1] fk(l(G′), ω(G′)− 1),

as desired. Now, we may assume that l(G′) = ω(G′)− 1.

Claim 10.5.2. Let S ⊆ V (G′) be such that G′[S] does not contain a (k−1)-tolerant (l(G′)+
1)-partite induced subgraph with all parts of size at least gk(ω(G′)). Then, χ3(G′[S]) ≤
2 · fk(l(G′)− 1, ω(G′)).

Proof of Claim 10.5.2. Let S1 ⊆ S be the set of all vertices v ∈ S which are such that
G′[NG′(v)∩S] is a (k−1)-tolerant l(G′)-partite graph with all parts of size at least gk(ω(G′)).
Let S2 := S \ S1.

We note that l(G′[S2]) < l(G′) and thus, by the induction hypothesis, we have that:

χ3(G′[S2]) ≤ fk(l(G′[S2]), ω(G′[S2])) ≤ fk(l(G′)− 1, ω(G′)).
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We claim that l(G′[S1]) < l(G′). Suppose not. Let v ∈ S1 be such that G′[NG′(v) ∩ S1]
is a (k − 1)-tolerant l(G′)-partite graph with all parts of size at least gk(ω(G′)), and let
{A1, . . . , Al(G′)} be a partition of NG′(v) ∩ S1 which witnesses this.

Let u ∈ Al(G′). Since u ∈ S1. We have that G′[NG′(u) ∩ S] is a (k − 1)-tolerant l(G′)-
partite induced subgraph with all parts of size at least gk(ω(G′)). Let {B1, . . . , Bl(G′)} be a
partition of NG′(u) ∩ S which witnesses this. For each i ∈ [l(G′)], let A′

i := NG′(u) ∩ Ai.
Then, for each i ∈ [l(G′)− 1] we have that:

|A′
i| ≥ |Ai| − (k − 1)
≥ gk(ω(G′))− (k − 1)
≥ 2ω(k − 1) + 1− (k − 1)
≥ (ω − 1)(k − 1) + 1
≥ l(G′)(k − 1) + 1.

Hence, by Observation 10.2, we may assume that for each i ∈ [l(G′)− 1], we have A′
i ⊆ Bi.

We claim that G′[(S∩NG′(u))∪Al(G′)] is a (k−1)-tolerant (l(G′)+1)-partite graph with
all parts of size at least gk(ω(G′)). It suffices to prove that {Al(G′), Bl(G′)} is a (k − 1)-nice
pair, then our claim follows immediately by Lemma 10.5.

Let w ∈ Al(G′). We claim that w has at most k − 1 non-neighbors in Bl(G′). Suppose
not. Let v1, . . . vk ∈ A(w) ∩Bl(G′). Let w′ ∈ NG′(w) ∩ (∩i∈[k]NG′(vi)) ∩ A′

l(G′)−1 ⊆ Bl(G′)−1.
Then G′[{v, w, w′} ∪ {v1, . . . vk}] is k-volcano in G′, contradicting the fact that G is Vk-free.

Let w ∈ Bl(G′). We claim that w has at most k − 1 non-neighbors in Al(G′). Suppose
not. Let v1, . . . vk ∈ A(w) ∩ Al(G′). Let w′ ∈ NG′(w) ∩ (∩i∈[k]NG′(vi)) ∩ A′

l(G′)−1 ⊆ Bl(G′)−1.
Then G′[{u,w,w′} ∪ {v1, . . . vk}] is k-volcano in G′, contradicting the fact that G is Vk-free.

Thus, G′[(S ∩NG′(u))∪Al(G′)] is a (k− 1)-tolerant (l(G) + 1)-partite induced subgraph
of G′[S] with all parts of size at least gk(ω(G′)), contradicting the fact that G′[S] does
not contain such an induced subgraph. Thus, l(G′[S1]) < l(G′). Hence, by the induction
hypothesis, we have that:

χ3(G′[S1]) ≤ fk(l(G′[S1]), ω(G′[S1])) ≤ fk(l(G′)− 1, ω(G′)).
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Finally, we have that:

χ3(G′[S]) ≤ χ3(G′[S1]) + χ3(G′[S2]) ≤ 2 · fk(l(G′)− 1, ω(G′)).

This completes the proof of Claim 10.5.2. ■

We need to introduce some terminology that we use in the rest of this proof. Given
a graph G and an induced subgraph H of G we say that H is (k, l, C)-good if it has the
following properties:

(i) H is a k-tolerant l-partite graph;
(ii) every part of H has size at least C; and
(iii) |V (H)| is maximum subject to (i) and (ii).

We may assume that G′ contains at least one (k− 1)-tolerant (l(G′) + 1)-partite induced
subgraph with all parts of size at least gk(ω(G′)), since otherwise, by Claim 10.5.2, we have
that χ3(G′) ≤ 2 · fk(l(G′) − 1, ω(G′)), and we are done. Let s ≥ 1 be a positive integer,
and let L1, . . . , Ls be a sequence of induced subgraphs of G′ which is defined inductively as
follows:

• L1 is a (k − 1, l(G′) + 1, gk(ω(G′)))-good induced subgraph of G′.
• Let i ≥ 1, and let us suppose that the induced subgraphs L1, . . . , Li have been defined.
• If G′\

(
∪j∈[i]Lj

)
contains a (k−1)-tolerant (l(G′)+1)-partite induced subgraph with all

parts of size at least gk(ω(G′)), then we let Li+1 be a (k−1, l(G′) + 1, gk(ω(G′)))-good
induced subgraph of G′ \

(
∪j∈[i]Lj

)
, otherwise we let s := i.

Let L := ∪i∈[s]V (Li) Let R := V (G′) \ L. It follows, from Claim 10.5.2 and the fact
that G′[R] does not contain a (k− 1)-tolerant (l(G′) + 1)-partite induced subgraph with all
parts of size at least gk(ω(G′)), that

χ3(G′[R]) ≤ 2 · fk(l(G′)− 1, ω(G′)).

We now focus on coloring G′[L]. For each j ∈ [s], let L1
j , . . . , L

l(G′)+1
j be the parts of the

graph Lj. For each i ∈ [l(G′) + 1], we denote by Mi be the graph G′[∪j∈[s]V (Li
j)].

Claim 10.5.3. For each i ∈ [l(G′) + 1], the graph Mi does not contain a (k − 1)-tolerant
(l(G′) + 1)-partite induced subgraph with all parts of size at least gk(ω(G′)).
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Proof of Claim 10.5.3. Suppose not. Without loss of generality, we may assume that i = 1.
Let A be such an induced subgraph of M1, and let A1, . . . , Al(G′)+1 be the parts of A which
witness that it is a (k − 1)-tolerant (l(G′) + 1)-partite graph. Let j ∈ [s] be minimum such
that L1

j ∩ V (A) ̸= ∅. Without loss of generality, we may assume that L1
j ∩ A1 ̸= ∅. Let

v ∈ L1
j ∩ A1. Consider the (k − 1)-tolerant graph Fv := Hv ∩ G′. Let F 1

v , . . . , F
t
v be the

parts of Fv.

For each i ∈ [2, . . . , l(G′) + 1], let Ki
j := NG′(v)∩Li

j ⊆ V (Fv). Since v ∈ L1
j , and G′[Lj ]

is a (k − 1)-tolerant (l(G′) + 1)-partite graph with all parts of size at least gk(ω(G′)), we
have |Ki

j| ≥ gk(ω(G′))− (k − 1). Thus, since each Ki
j is an independent subset of V (Fv)

of size at least gk(ω(G′)) − (k − 1), by Observation 10.2, we have that for all distinct
i, i′ ∈ [2, . . . , l(G′) + 1] there exist distinct p, p′ ∈ [t] such that Ki

j ⊆ F p
v and Ki′

j ⊆ F p′
v .

For each i ∈ [2, . . . , l(G′) + 1], let A′
i := NG′(v) ∩ Ai ⊆ V (Fv). Since v ∈ A, and G′[A]

is a (k − 1)-tolerant (l(G′) + 1)-partite graph with all parts of size at least gk(ω(G′)), we
have |A′

i| ≥ gk(ω(G′)) − (k − 1). Thus, since each A′
i is an independent subset of V (Fv)

of size at least gk(ω(G′)) − (k − 1), by Observation 10.2, it follows that for all distinct
i, i′ ∈ [2, . . . , l(G′) + 1] there exist distinct p, p′ ∈ [t] such that A′

i ⊆ F p
v and A′

i′ ⊆ F p′
v .

It follows by the above that t = l(G′). Without loss of generality, by relabeling, we may
assume that for each i ∈ [2, . . . , l(G′) + 1] we have Ki

j ⊆ H i−1
v and A′

i ⊆ H i−1
v . Note that:

• L1
j is an independent set which contains v;

• Fv ⊆ N(v); and
• since G′[Lj] is a (k − 1)-tolerant graph, for each i ∈ [2, . . . , l(G′) + 1] we have that
{L1

j , K
i
j} is a (k − 1)-nice pair.

It follows, by Lemma 10.5, that G′[L1
j ∪

(
∪i∈[2,l(G′)+1]F

i
v

)
] is a (k − 1)-tolerant (l(G′) + 1)-

partite graph. In particular, J ′ := G′[L1
j ∪

(
∪i∈[2,l(G′)+1]A

′
i ∪Ki

j

)
] is a (k − 1)-tolerant

(l(G′) + 1)-partite subgraph of G′ \
(
∪j′∈[j]Lj′

)
.

We claim that for each i ∈ [2, l(G′) + 1] we have that |A′
i ∪ Ki

j| > |Li
j|. Indeed, let

i ∈ [2, l(G′) + 1]. Then the sets A′
i ⊆M1 and Li

j ⊆Mi are disjoint. Thus,

|F i
v| ≥ |A′

i|+ |Ki
j| ≥ |Li

j| − (k − 1) + gk(ω(G′))− (k − 1) > |Li
j|.
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Hence, we have that |V (J ′)| > |V (Lj)| contradicting the choice of the graph Lj. This
completes the proof of Claim 10.5.3. ■

It follows, by Claim 10.5.2 and Claim 10.5.3, that for every i ∈ [l(G′) + 1],we have that

χ3(Mi) ≤ 2 · fk(l(G′)− 1, ω(G′)).

Thus, we have that:

χ3(G′[L]) ≤ 2 · (l(G′) + 1)fk(l(G′)− 1, ω(G′)).

Hence, we conclude that:

χ3(G′) ≤ χ3(G′[L]) + χ3(G′[R])
≤ 2 · (l(G′) + 1)fk(l(G′)− 1, ω(G′)) + 2 · fk(l(G′)− 1, ω(G′))
≤ 2 · (l(G′) + 2)fk(l(G′)− 1, ω(G′)) = fk(l(G′), ω(G′)),

as desired. This concludes the proof by induction of the fact that for every induced subgraph
G′ of G we have:

χ3(G′) ≤ fk(l(G′), ω(G′)). (10.1)

Claim 10.5.4. Let k be a positive integer. For every positive integer ω, and every integer
l ∈ [1, ω − 1], we have that

fk(l, ω) ≤ 4ω(10k2ω3)ω = f10.1(ω).

Proof of Claim 10.5.4. First we note that for every positive integer ω we have:

gk(ω) = max{2ω, (k + 2)} · (k − 1) + 1
≤ max{2kω, k2 + k}
≤ max{2kω, (k2 + k)ω}
≤ (k2 + 3k)ω
≤ 4k2ω.
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We now proceed on proving the statement of the claim by induction on ω.

For the base case: if ω < 3, then fk(l, ω) = 1 ≤ (10 k2 ω3)ω, as desired. Let ω ≥ 3 and
assume that for all ω′ < ω and all 0 ≤ l′ ≤ ω′ − 1, we have:

fk(l′, ω′) ≤ 4ω′(10 k2 ω′3)ω′
.

We distinguish two cases.

Case 1: l < ω − 1. By the definition of the function fk we have:

fk(l, ω) =
[
2(ω − 1)gk(ω) + 1

]
fk

(
l, ω − 1

)
.

Applying the inductive hypothesis to fk(l, ω − 1) gives

fk(l, ω − 1) ≤ 4 (ω − 1)
(
10 k2 (ω − 1)3

)ω−1
.

Hence

fk(l, ω) ≤ (9 k2 ω2) · 4 (ω − 1)
(
10 k2 (ω − 1)3

)ω−1

= 36 k2 ω2 (ω − 1)
(
10 k2 (ω − 1)3

)ω−1

≤ (10 k2 ω3)ω.

Thus,
fk(l, ω) ≤

(
10 k2 ω3

)ω
≤ 4ω

(
10 k2 ω3

)ω
,

as required.

Case 2: l = ω − 1. Then

fk(ω − 1, ω) = 2(ω + 1) fk(ω − 2, ω).

Applying the Case 1 bound to fk(ω − 2, ω) yields:

fk(ω − 2, ω) ≤ (10k2ω3)ω.

Also 2(ω + 1) ≤ 4ω for ω ≥ 3 and k ≥ 1. Thus,

fk(ω − 1, ω) ≤ 4ω · (10k2ω3)ω.

This completes the proof of Claim 10.5.4. ■
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It follows by Equation 10.1 and Claim 10.5.4 that

χ3(G) ≤ f10.1(ω).

This completes the proof of Lemma 10.1.

We are now ready to prove Theorem 3.26 which we restate:

Theorem 3.26. Let k be a positive integer, and let f3.26 : N+ → N+ be the function which
is defined as follows:

f3.26(ω) := 4ω(10k2ω3)ω · [(2ω − 2)R(ω, k) + 1] .

Let G be a Vk-free graph. Then χ3(G) ≤ f3.26(ω(G)).

Proof of Theorem 3.26. Let ω := ω(G). We apply Theorem 3.28: Let P be a partition of
V (G), as in the statement of Theorem 3.28.

For every P ∈ P , by Lemma 10.1, we have that:

χ3(G[P ]) ≤ f10.1(ω(G[P ])) = 4ω(G[P ])(10k2ω(G[P ])3)ω(G[P ]) ≤ f10.1(ω) = 4ω(10k2ω3)ω.

Recall that, by Theorem 3.28, we have that: |P| ≤ (2ω − 2)R(ω, k) + 1.

Thus, we have that:

χ3(G) ≤
∑
P ∈P

χ3(G[P ])

≤ 4ω(10k2ω3)ω · |P| ≤ 4ω(10k2ω3)ω · [(2ω − 2)R(ω, k) + 1] = f3.26(ω).

This completes the proof of Theorem 3.26.
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10.2 An orientation of V1 which is not −→χr-bounding for
any r ≥ 2

The main result of this section is Theorem 3.30 which we restate:

Theorem 3.30. Let r ≥ 2 be an integer. Then −→V1 is not −→χr-bounding.

As we discussed in Chapter 3, we get Theorem 3.30 as an immediate corollary of
Theorem 3.31, which we restate:

Theorem 3.31. Let r ≥ 2 be an integer. Then for every integer k ≥ 2, there exists a graph
Gck

such that:

• χr(Gck
) > k and ω(Gck

) ≤ r; and
• Gck

has an orientation which is −→V1-free.

Proof of Theorem 3.31. Let k ≥ 2 be a positive integer, let p := k2k(r−1), and let ck :=
k(r − 1) + 1. We construct a sequence {G0, G1, . . . , Gck

} of graphs, as follows:

• We define G0 to be a graph on p isolated vertices; and
• For each i ∈ [ck], we form the graph Gi from Gi−1 as follows: For every complete

multipartite subgraph H ⊆ Gi−1 with at most r − 1 parts, we add p new vertices
v1

H , . . . , v
p
H , each complete to V (H); for each new vertex vs

H , we orient every edge vs
Hx

so that x is an out-neighbor of vs
H . We leave all other edges and their orientations

from Gi−1 unchanged.

Claim 10.5.1. For every i ∈ {0, 1, . . . , ck} we have ω(Gi) ≤ r. In particular ω(Gck
) ≤ r.

Proof of Claim 10.5.1. We prove the claim by induction on i. For the basis of induction,
let i = 0. Then, since V (G0) is an independent set, we have ω(G0) = 1 ≤ r. Let i ≥ 1,
and suppose that for every nonnegative integer i′ < i we have ω(Gi′) ≤ r. Let us suppose
towards a contradiction that Gi contains an (r + 1)-clique K. Since ω(Gi−1) ≤ r, it follows
that K ∩ (V (Gi) \ V (Gi−1)) ̸= ∅. Since no two vertices in V (Gi) \ V (Gi−1) are adjacent
in Gi, it follows that |K ∩ (V (Gi) \ V (Gi−1))| = 1. In particular, there exists a complete
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multipartite subgraph H with at most r − 1 parts of Gi−1, and a vertex vH ∈ Gi such that
K ∩ (V (Gi) \ V (Gi−1)) = vH . Thus, V (H) contains an r-clique, contradicting the fact that
H can be partitioned in r − 1 independent sets. ■

Claim 10.5.2. For every i ∈ {0, 1, . . . , ck} the oriented graph Gi is −→V1-free.

Proof of Claim 10.5.2. Since G0 is edgeless it is obviously −→V1-free. Let us suppose towards
a contradiction that there exists i ∈ [ck] such that Gi contains −→V1. Let vH be the unique
vertex of degree three in the copy of −→V1 in Gi. We note that the out-neighborhood of vH is
V (H). Thus, the underlying undirected graph of the complete multipartite subgraph H of
Gi−1 contains K2 +K1 contradicting Proposition 7.5. ■

Let us suppose towards a contradiction that χr(Gck
) ≤ k. Let f be a Kr-free k-coloring

of Gck
. Note that by restricting the domain of f we may view it as a coloring of the graphs

G0, . . . , Gck−1. We introduce some notation and terminology that we need for the rest of
the proof. For every complete l-partite graph H with l ≤ r − 1, we use P (H) to denoted
the unique partition which witnesses that H is a complete l-partite graph, and we define
the value of H, denoted by val(H), as follows:

val(H) =
∑

P ∈P (H)
|f(P )|.

For a color c ∈ [k], and a complete l-partite graph H with l ≤ r − 1, we denote by
nc(P (H)), the number of parts in P (H) thst contain a vertex colored with c by f . We note
that:

val(H) =
∑
c∈[k]

nc(P (H)). (10.2)

For the rest of the proof our goal is to show that the graph Gck−1 contains a complete
l-partite subgraph H with l ≤ r − 1, such that val(H) = k(r − 1). Then, by Equation 10.2
and pigeonhole principle, every color c appears in at least (and thus in exactly) r − 1
of the parts of the partition P (H) of H. Hence, the graph H contains monochromatic
(r − 1)-cliques in all k colors. Thus, if v is one of the p vertices v1

H , . . . , v
p
H of Gck

which
are complete to V (H), then v together with a monochromatic (r − 1)-clique of color f(v)
of the graph H will induce a monochromatic r-clique, contradicting the fact that f is a
Kr-free coloring of Gck

. To this end we prove the following:
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Claim 10.5.3. For every i ∈ {0, 1, . . . , ck − 1} the graph Gi contains a complete l-partite
subgraph Hi with l ≤ r − 1, such that:

• val(Hi) ≥ i; and
• for every P ∈ P (Hi) and for every c ∈ [k], if P ∩ f−1(c) ̸= ∅, then |P ∩ f−1(c)| ≥

2k(r−1)−i.

Proof of Claim 10.5.3. We prove the claim by induction on i. For the basis of the induction:
let i = 0. By pigeonhole principle, there exists at least one color c ∈ [k] and a set S of
2k(r−1) vertices of G0 all colored with c. Consider the subgraph H0 := G[S] of G0. Then
since V (G0) is an independent set, we have that H0 is trivially a complete multipartite
graph with one part, we also have val(H0) = 1 ≥ 0.

Let us suppose that i ≥ 1, and that for every nonnegative integer i′ < i, the statement
of the claim holds. Let Hi−1 be a complete l-partite subgraph Hi with l ≤ r − 1 as in
the statement of the claim. We show how Hi is obtained from Hi−1. We distinguish the
following two cases:

Case 1: l = r − 1. Let P (H) = {P1, . . . , Pr−1}. For every c ∈ [k] and for every j ∈ [r − 1],
let P c

j be defined as follows: if Pj ∩ f−1(c) ̸= ∅, then let P c
j is an arbitrary but fixed subset

of size 2k(r−1)−i of the set Pj ∩ f−1(c); otherwise P c
j = ∅. Let

H ′ := Gi[∪{P c
j : j ∈ [r − 1] and c ∈ [k]}].

Then, as the partition P (H ′) := {Pj ∩ V (H ′) : j ∈ [r − 1]} witnesses, H ′ is a complete
(r − 1)-partite subgraph of Gi−1. We note that for every j ∈ [r − 1] we have that∑

c∈[k] |f(P c
j )| = |f(Pj)|. Thus,

val(H ′) =
∑

j∈[r−1]
|f(Pj ∩ V (H ′))| =

∑
j∈[r−1]

∑
c∈[k]
|f(P c

j )| =
∑

j∈[r−1]
|f(Pj)| = val(Hi−1).

Let v1
H′ , . . . , v

p
H′ be the p vertices of Gi whose neighborhood in Gi is exactly the set V (H ′).

Since p = k2k(r−1), there exists c′ ∈ [k] such that f assigns c′ to at least 2k(r−1) of the
vertices v1

H′ , . . . , v
p
H′ . Let c′ ∈ [k] be such a color, and let Mc′ be a subset of size 2k(r−1) of

{v1
H′ , . . . , v

p
H′} ∩ f−1(c′).
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We claim that there exists j ∈ [r− 1] such that Pj ∩ f−1(c′) = ∅. Suppose not. For each
j ∈ [r− 1] let vc′

Pj
∈ Pj ∩ f−1(c′). Then {vc′

Pj
: j ∈ [r− 1]} is a monochromatic (r− 1)-clique

of color c′ in Gi. Let v ∈Mc′ . Then {v} ∪ {vc′
Pj

: j ∈ [r − 1]} is a monochromatic r-clique
of color c′ in Gi contradicting the fact that f is a Kr-free coloring. Thus, there exists
j ∈ [r − 1] such that Pj ∩ f−1(c′) = ∅. Let j ∈ [r − 1] be such that Pj ∩ f−1(c′) = ∅. Let

Hi := (H ′ \ Pj) ∪Gi[(Pj \ V (H ′)) ∪Mc′}].

We claim that Hi is a complete (r − 1)-partite graph. Indeed, this follows by the
observations that H ′ \ Pj is a complete (r − 2)-partite graph; (Pj \ V (H ′)) ∪Mc′ is an
independent set; and the set (Pj \ V (H ′)) ∪Mc′ is complete to V (H ′) \ Pj in the graph Gi.
Consider the partition P (Hi) := {Ps ∩ V (H ′) : s ∈ [r − 1] \ {j}} ∪ {(Pj \ V (H ′)) ∪Mc′} of
V (Hi) which witnesses that Hi is a complete (r − 1)-partite graph. Then, for the value of
Hi we have:

val(Hi) = |f((Pj \ V (H ′)) ∪Mc′)|+
∑

s∈[r−1]\{j}
|f(Ps ∩ V (H ′))|

= |f(Pj)|+ |f(Mc′)|+
∑

s∈[r−1]\{j}

∑
c∈[k]
|f(P c

s )|

= |f(Pj)|+ 1 +
∑

s∈[r−1]\{j}
|f(Ps)|

= 1 +
∑

s∈[r−1]
|f(Ps)|

= 1 + val(Hi−1)
= i.

Finally let Q ∈ P (Hi) and c ∈ [k]. We claim that if Q ∩ f−1(c) ̸= ∅, then |Q ∩
f−1(c)| ≥ 2k(r−1)−i. Indeed, suppose first that Q = Ps ∩ V (H ′) for some s ∈ [r − 1] \ {j}.
Then Q ∩ f−1(c) = P c

s , and since |P c
s | = 2k(r−1)−i, our claim follows. Suppose that

Q ∩ f−1(c) = (Pj ∩ f−1(c)) \ V (H ′). Then

|Q ∩ f−1(c)| ≥ |Pj ∩ f−1(c)| − |P c
j | = 2k(r−1)−(i−1) − 2k(r−1)−i = 2k(r−1)−i

Otherwise we have that Q = (Pj \ V (H ′)) ∪Mc′ and thus Q ∩ f−1(c) = Mc′ , and since
|Mc′ | = 2k(r−1) ≥ 2k(r−1)−i the claim holds.
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It follows by the above that Hi, as defined in this case, satisfies all the desired properties.

Case 2: l < r − 1. Let v1
Hi−1

, . . . , vp
Hi−1

be the p vertices of Gi whose neighborhood in
Gi is exactly the set V (Hi−1). Then, since p = k2k(r−1), there exists c′ ∈ [k] such that
|{v1

Hi−1
, . . . , vp

Hi−1
} ∩ f−1(c′)| ≥ 2k(r−1). Let c′ ∈ [k] be such a color, and let Mc′ be a subset

of {v1
Hi−1

, . . . , vp
Hi−1
} ∩ f−1(c′) such that |Mc′ | = 2k(r−1). Let

Hi := Hi−1 ∪Gi[Mc′ ].

Then, the partition P (Hi−1) ∪ {Mc′} witnesses that Hi is a complete (l + 1)-partite graph.

For the value of Hi we have that:

val(Hi) = |f(Mc′)|+
∑

P ∈P (Hi−1)
|f(P )| = 1 + val(Hi−1) = 1 + (i− 1) = i.

Finally, it follows by the induction hypothesis and the fact that |Mc′| = 2k(r−1), that for
every Q ∈ P (Hi−1) ∪ {Mc′} and for every c ∈ [k] such that Q ∩ f−1(c) ̸= ∅, we have that
|Q ∩ f−1(c)| ≥ 2k(r−1)−i. It follows by the above that Hi, as defined in this case, satisfies
all the desired properties. This completes the proof of Claim 10.5.3. ■

It follows, by Claim 10.5.3, that the graph Gck−1 contains a complete l-partite subgraph
H with l ≤ r − 1, such that val(H) = k(r − 1), and thus Gck

contains a monochromatic
r-clique, contradicting the fact that f is a Kr-free coloring of Gck

. Hence, χr(Gck
) > k.

This completes the proof of Theorem 3.31.
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Chapter 11

Excluding a complete bipartite
subgraph

In this chapter, we study the Kr-free chromatic number of graphs that exclude a fixed
complete bipartite graph as a subgraph. Our main result, which we prove in Section 11.1,
is that for any fixed broadleaved tree H, the Kr-degeneracy of every H-free graph G is
upper bounded by a function of the biclique number of G. In Section 11.2 we prove that if
H is a diamond-free chordal graph of a certain type namely a bloomed clique, that is not a
broadleaved forest, then the Kr-free chromatic number of every H-free graph G is upper
bounded by a function of the biclique number of G.

11.1 Excluding a complete bipartite subgraph and an
induced broadleaved forest

The main result of this section is Theorem 3.33, which we restate:

Theorem 3.33. Let r ≥ 2 be an integer. For every r-broadleaved forest H, there exists a
function f such that degenr(G) ≤ f(biclique(G)) for every H-free graph G.

This chapter is based on ongoing joint work with Taite LaGrange, Mathieu Rundström, and Sophie
Spirkl.
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Our proof of Theorem 3.33, follows closely the method of Scott, Seymour, and Spirkl
from [120], but additional care is required in two places: First with finding and adding
broadleaved stars, and second with our notion of degeneracy which, for r ≥ 3, does not
provide a linear bound on the number of edges. We note that much of the terminology
and notions that we introduce in this section are analogous to/follows the terminology and
notions of [120].

We recall that a rooted tree is a pair (T, s) where T is a tree and s is a vertex of T
which is called the root of T . Let (T, s) be a rooted tree. Recall that the height of (T, s) is
the length of a longest (s, t)-path in T , and that if t and t′ are two adjacent vertices of T ,
such that t lies in the unique (s, t′)-path in T , then we say that t′ is a child of t. Following
[120], the spread of a rooted tree (T, s) is the maximum number of number of children of a
vertex t ∈ V (T ).

Let r ≥ 2 be an integer, let H be an r-broadleaved tree, and let T be an underlying tree
of H. If T has a vertex that is not a leaf, let s be such a vertex, otherwise let s be any of
the two leaves of T . We call (H, s) a rooted r-broadleaved tree, and we refer to s as the root
of the broadleaved tree H. In this case, we say that (T, s) is an underlying rooted tree of the
rooted broadleaved tree (H, s). Let (H, s) be a rooted r-broadleaved tree. Let u, v ∈ V (T ).
We say that v is a (T, s)-child of u in H, if v is a child of u in T . When there is no danger
of confusion, we say child instead of (T, s)-child. The height of the rooted r-broadleaved tree
(respectively spread of the rooted r-broadleaved tree) (H, s) is the height (respectively the
spread) of (T, s).

In this section, we prove the following, which implies Theorem 3.33:

Theorem 11.1. Let r ≥ 2, t, ζ and η be positive integers. Then there exists a constant
f11.1 = f11.1(r, t, ζ, η) ∈ N with the following property: Let (H, s) be a rooted r-broadleaved
tree of spread at most ζ, and height at most η. If G is an H-free graph which does not
contain Kt,t as a subgraph, then degenr(G) ≤ f11.1.

We start with rooted r-broadleaved trees of height one and spread at least two, that is
with broadleaved stars:

Lemma 11.2. Let r ≥ 2, ζ ≥ 2 and t ≥ 1 be integers. Then there exists a constant
f11.2 = f11.2(r, ζ, t) ∈ N with the following property: Let G be a graph which does not contain
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a Kt,t as a subgraph. For every v ∈ V (G), if v is not the center of an r-broadleaved ζ-star
in G, then dr(G) ≤ f11.2. In particular, if G contains no r-broadleaved ζ-star as an induced
subgraph, then ∆r(G) ≤ f11.2.

Proof of Lemma 11.2. We claim that the constant

f11.2(r, ζ, t) = R(f3.32(r − 1, t), ζ)− 1

satisfies the statement of the lemma. Suppose not. Then, by Lemma 3.25, V (G) contains
f3.32(r− 1, t) pairwise disjoint and pairwise adjacent (r− 1)-subsets. Then, by Lemma 3.32,
G contains Kt,t as a subgraph, contradicting our assumptions for G. This completes the
proof of Lemma 11.2.

We note that, in contrast to the result of Scott, Seymour, and Spirkl [120], in our proof
of Theorem 3.33 we were not able to derive polynomial bounds; this is because we were not
able to derive polynomial bounds for Lemma 11.2.

Problem 6. Is it true that for every pair of integers r ≥ 3 and ζ ≥ 2, and for every
r-broadleaved ζ-star H, there exists k > 0 such that degenr(G) ≤ biclique(G)k for every
H-free graph G.

We need to introduce some additional notions. Let (H, s) be a rooted r-broadleaved
tree and let (T, s) be an underlying rooted tree of (H, s). Let ζ and η be positive integers.
We say that (H, s) is a (ζ, η)-uniform rooted r-broadleaved tree if:

• for every v ∈ V (H) if v has a (T, s)-child, then v has exactly ζ many (T, s)-children;
• for every v ∈ V (H) if v has no (T, s)-child, then v is joined to s by a path of length

exactly η; and
• every leaf of T belongs to an r-clique of H.

We note that our definition of uniform rooted broadleaved tree above is analogous to
the definition of uniform rooted trees in [120].

Let ζ and η ≥ 2 be positive integers, and let (H, s) be a (ζ, η)-uniform rooted r-
broadleaved tree. Let H ′ be a graph that is obtained from H as follows:
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• for every vertex v ∈ V (H) with d(s, v) ≤ η − 2 we add to H a copy Gv of ζ ·Kr−1 on
a new vertex set; and

• We add edges so that every v ∈ V (H) with d(s, v) ≤ η − 2 is complete to V (Gv).

Then we call (H ′, s) an enriched (ζ, η)-uniform rooted r-broadleaved tree. If (T, s) is
the underlying rooted tree of (H, s), then we also refer to (T, s) as the underlying rooted
tree of (H ′, s). An enriched (ζ, 1)-uniform rooted r-broadleaved tree is just a (ζ, 1)-uniform
rooted r-broadleaved tree. An enriched uniform rooted r-broadleaved tree is an enriched
(ζ, η)-uniform rooted r-broadleaved tree for some positive integers ζ and η. Let (H ′, s)
be an enriched (ζ, η)-uniform rooted r-broadleaved tree, let v ∈ V (H ′), and let S be an
(r − 1)-clique of H ′ \ v. If S is complete to v and anticomplete to V (H ′) \ (S ∪ {v}), then
we say that S is a clique-child of v in H ′.

Observation 11.3. Let ζ and η be positive integers, let (H, s) be a rooted r-broadleaved
tree of spread at most ζ, and height at most η, and let (H ′, s′) be an enriched (ζ, η)-uniform
rooted r-broadleaved tree. Then H ′ contains an induced subgraph isomorphic to H. Thus
for every graph G if G is H-free, then G is H ′-free.

Observation 11.4. Let ζ ≥ 1 and η ≥ 1 be integers, let (H, s) be an enriched (ζ, η)-uniform
rooted r-broadleaved tree, and let f11.4 = f11.4(ζ, η) ∈ N, be the constant which is defined as
follows:

f11.4 = f11.4(ζ, η) := 1 +
η∑

i=1
ζ i + (r − 1)

η−1∑
j=1

ζj.

Then we have that f11.4 = |V (H)| and that f11.4 ≤ (r + 1)ηζη.

Let (H, s) be an enriched (ζ, η)-uniform rooted r-broadleaved tree. An enriched uniform
rooted r-broadleaved subtree of (H, s) is an enriched uniform rooted r-broadleaved tree
(H ′, s) such that H ′ is an induced subgraph of H. When there is no danger of confusion,
we may refer to H ′ simply as a subtree.

The following lemma is the analogue for enriched uniform rooted broadleaved trees of
the result of Scott, Seymour, and Spirkl [120, (2.1)] for uniform rooted trees.

Lemma 11.5. Let k, r ≥ 2 ζ, η ≥ 1 be integers. Then there exists a constant f11.5 =
f11.5(k, r, ζ, η) ∈ N with the following property: Let G be a graph, and for each i ∈ [k]
let (Hi, si) be an enriched (f11.5, η)-uniform rooted r-broadleaved tree which is a subgraph

119



of G. If for all distinct i, j ∈ [k] we have si /∈ V (Hj), then for each i ∈ [k], there exists
an enriched (ζ, η)-uniform rooted r-broadleaved subtree (H ′

i, si) of (Hi, si), such that the
subgraphs H ′

1 . . . H
′
k of G are pairwise vertex-disjoint.

Proof of Lemma 11.5. We claim that the following constant satisfies the statement of the
lemma:

f11.5(k, r, η, ζ) = (k − 1) · f11.4(ζ, η) + ζ

Let j ≤ k be maximum such that for each i ∈ [j], there exists an enriched (ζ, η)-uniform
rooted r-broadleaved subtree (H ′

i, si) of (Hi, si), such that the graphs H ′
1 . . . H

′
j are pairwise

vertex-disjoint. Let X = V (H ′
1) ∪ . . . ∪ V (H ′

j). Then, by Observation 11.4, we have that
|X| ≤ j · f11.4(ζ, η).

Let us suppose towards a contradiction that j < k. Then, each vertex of (Hj+1, sj+1)
with a child (respectively with a clique-child) has at least

(k − 1)f11.4(ζ, η)− jf11.4(ζ, η) + ζ ≥ ζ

children (respectively clique-children) not in X. Since sj+1 /∈ X, it follows that there exists
an enriched (ζ, η)-uniform rooted r-broadleaved subtree (H ′

j+1, sj+1) of (Hj+1, sj+1) such
that V (H ′

j+1) ∩ V (X) = ∅. This contradicts the choice of j. Thus j = k. This completes
the proof of Lemma 11.5.

Lemma 11.6. Let r ≥ 2, t ≥ 1, k ≥ 2, ζ ≥ 1 and η ≥ 1 be integers. Then there exist
constants f11.6 = f11.6(k, r, t, ζ, η) ∈ N and h11.6 = h11.6(k, r, t, ζ, η) ∈ N, with the following
property: Let G be a graph that does not contain a Kt,t as a subgraph, and for each
i ∈ [f11.6] let (Hi, si) be an enriched (h11.6, η)-uniform rooted r-broadleaved tree which is
a subgraph of G. If for all distinct i, j ∈ [f11.6] we have si /∈ V (Hj), then there exists
I ⊆ [f11.6] such that |I| = k and for each i ∈ I, there exists an enriched (ζ, η)-uniform
rooted r-broadleaved subtree (H ′

i, si) of (Hi, si), such that the subgraphs {H ′
i : i ∈ I} of G

are pairwise vertex-disjoint and pairwise anticomplete in G.

Proof of Lemma 11.6. We claim that the following constants satisfy the statement of the
theorem:

f11.6 := R (k, f3.32(f11.4(ζ, η), t)) ,
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and
h11.6 := f11.5(f11.6, r, ζ, η).

Indeed, by Lemma 11.5, we have that for each i ∈ [f11.6] there exists an enriched (ζ, η)-
uniform rooted r-broadleaved subtree (H ′

i, si) of (Hi, si), such that the graphs H ′
1 . . . H

′
f11.6

are pairwise vertex-disjoint.

Let K be a graph with vertex set [f11.6] where for each pair of distinct i, j ∈ [f11.6] we
have that ij ∈ E(K) if and only if V (H ′

i) is adjacent to V (H ′
j) in G.

We claim that K does not contain a clique of size f3.32(f11.4(ζ, η), t). Suppose not. Let
K ′ be such a clique. Then {V (H ′

i) : i ∈ K ′} is a family of f3.32(f11.4(ζ, η), t) vertex disjoint
and pairwise adjacent f11.4(ζ, η)-subsets of V (G). Thus, by Lemma 3.32, it follows that G
contains a Kt,t as a subgraph, contradicting our assumptions for G. Hence, K does not
contain a clique of size f3.32(f11.4(ζ, η), t).

Since |V (K)| = f11.6 = R (k, f3.32(f11.4(ζ, η), t)) it follows that K contains an indepen-
dent set of size k. Let I be such a set. Then I is the desired k-subset of [f11.6]. This
completes the proof of Lemma 11.6.

Let (H, s) be an enriched (ζ, η)-uniform rooted r-broadleaved tree, and let (T, s) be an
underlying rooted tree of (H, s). For every v ∈ V (H) we denote by C(H,s)(v) the following set
of all vertices u ∈ V (H), such that: u is a child of v in (H, s), or there exists a clique-child S
of v in (H, s) such that u ∈ S. We note that the definition of sets C(H,s)(v) is interdependent
of the choice of the tree T , that is, for every tree T ′ such that (T ′, s) is an underlying rooted
tree of (H, s) we get the same sets C(H,s)(v). When there is no danger of confusion we write
C(v) instead of C(H,s)(v).

Observation 11.7. Let (H, s) be an enriched (ζ, η)-uniform rooted r-broadleaved tree.
Then, for every v ∈ V (H), we have that |C(v)| ∈ {0, (r − 1)ζ, rζ}.

Let t ≥ 1 be an integer. Let G be a graph, and let (H, s) be an enriched (ζ, η)-uniform
rooted r-broadleaved which is a subgraph of G. Let v ∈ V (H) be such that C(v) ̸= ∅.
Similarly with [120], we say that a vertex u ∈ V (G) \ V (H) is t-bad for v in (H, s) if

|N(u) ∩ C(v)| > t− 1
t
|C(v)|.
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If there exists v ∈ V (H) such that u is t-bad for v in (H, s), then we say that u is t-bad for
(H, s).

Lemma 11.8. Let x, t, ζ, η and r ≥ 2 be positive integers, and let f11.8 = f11.8(x, t, r, ζ, η)
:= xtζ ∈ N. Then f11.8 has the following property: Let G be a graph, let (H, s) be an
enriched (f11.8, η)-uniform rooted r-broadleaved tree which is a subgraph of G, and let S be
an x-subset of V (G) \ V (H). If no vertex in S is t-bad for (H, s), then there is an enriched
(ζ, η)-uniform rooted r-broadleaved subtree (H ′, s) of (H, s) such that NG(S) ∩ V (H) ⊆ {s}.

Sketch of the proof of Lemma 11.8. For every vertex of (H, s) that has a child v ∈ NG(S)
(respectively a clique-child K such that K ∩NG(S) ̸= ∅) we delete v from H (respectively
we delete all the vertices of K from H). Let F be the resulting subgraph of H. Then any
enriched (ζ, η)-uniform rooted r-broadleaved subtree (H ′, s) of (H, s) that is a subgraph of
F satisfies the lemma, and it is easy to see that such an (H ′, s) exists.

We note that Lemma 11.9 and Corollary 11.10 are analogous to [120, (2.3)].

Lemma 11.9. Let ζ, η and r, t ≥ 2 be positive integers, where t divides ζ. Let G be a graph
which does not contain Kt,t as a subgraph, let (H, s) be an enriched (ζ, η)-uniform rooted
r-broadleaved tree which is a subgraph of G, and let w ∈ V (H). Then at most t− 1 vertices
in V (G) \ V (H) are t-bad for w in (H, s).

Proof of Lemma 11.9. Let w ∈ V (H), and let us suppose towards a contradiction that
there exist distinct u1, . . . , ut ∈ V (G) \ V (H), such that for each i ∈ [t], we have that ui is
t-bad for w. Then, for each i ∈ [t], we have that ui has at least t−1

t
|C(w)|+ 1 neighbors in

C(w), and thus

|A(ui) ∩ C(w)| ≤ |C(w)| − (t− 1
t
|C(w)|+ 1) = |C(w)|

t
− 1.

Hence, |⋃i∈[t] A(ui) ∩ C(w)| ≤ t( |C(w)|
t
− 1) = |C(w)| − t. Thus, there is a t-subset of C(w)

which is complete to the set {u1, . . . , ut}, contradicting the fact that G does not contain
Kt,t as a subgraph. This completes the proof of Lemma 11.9.

The following is an immediate corollary of Lemma 11.9 and Observation 11.4.
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Corollary 11.10. Let ζ, η and r, t ≥ 2 be positive integers, where t divides ζ, and let G be
a graph which does not contain Kt,t as a subgraph. If (H, s) is an enriched (ζ, η)-uniform
rooted r-broadleaved which is a subgraph of G, then at most (t− 1) · f11.4(ζ, η) vertices in
V (G) \ V (H) are t-bad for (H, s).

Let G be a graph, and let (H, s) be an enriched (ζ, η)-uniform rooted r-broadleaved
tree such that H is an induced subgraph of G. We call (H, s) a (ζ, η)-limb in G.

Lemma 11.11. Let r, t ≥ 2, ζ, and η ≥ 2 be positive integers. Then there exist constants
f11.11 = f11.11(r, t, ζ, η) ∈ N, g11.11 = g11.11(r, t, ζ, η) ∈ N, and h11.11 = h11.11(r, t, ζ, η) ∈ N
with the following property. Let G be a graph such that every vertex of G is a root of an
(f11.11, 1)-limb. If G contains neither a Kt,t as a subgraph nor a (ζ, η)-limb, then for every
u ∈ V (G) we have that u is adjacent to at most h11.11 − 1 vertices v with the following
property: v is a root of an (g11.11, η − 1)-limb (Jv, v) of G, u /∈ V (Jv), and u is not t-bad
for (Jv, v).

Proof of Lemma 11.11. Let f := f11.8((r − 1)ζ, t, r, ζ, η). We claim that the constants

f11.11 := ζ + f + (t− 1) · f11.4(ζ, η) + f · f11.4(f, η − 1),

g11.11 := f11.8(1, t, r, h11.6(f, r, t, f, η − 1), η − 1),

and

h11.11 := f11.8(1, t, r, ζ, η) ·
(
f11.6(f, r, t, f, η − 1)− 1

)
+ f11.6(f, r, t, f, η − 1),

satisfy the lemma.

Let us suppose towards a contradiction that there exist a vertex u ∈ V (G), an h11.11-
subset V0 of N(u), and a collection S0 = {(Jv, v) : v ∈ V0}, such that for every v ∈ V0 we
have that (Jv, v) is an (g11.11, η − 1)-limb in G, that u /∈ V (Jv), and that u is not t-bad for
(Jv, v). We will derive a contradiction by showing that u is the root of a (ζ, η)-limb of G.

We note that, by the choice of g11.11, we have that for every v ∈ V0 there exists
a (h11.6(f, r, t, f, η − 1), η − 1) subtree (J ′

v, v) of (Jv, v) such that N(u) ∩ V (J ′
v) = {v}.

Let S ′
0 := {(J ′

v, v) : v ∈ V0}. By the choice of the size of h11.11, it follows that there
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exist f11.6(f, r, t, f, η − 1)-subsets S1 of S ′
0, and V1 of V0 such that for any two distinct

(J ′
v, v), (J ′

w, w) ∈ S1 we have v /∈ V (J ′
w).

By Lemma 11.6, there exist an f -subset V2 of V1, and a collection S2 = {(J ′′
v , v) : v ∈ V2}

of f pairwise vertex disjoint and pairwise anticomplete (f, η − 1)-limbs, such that for each
v ∈ V2, we have that (J ′′

v , v) is a subtree of (J ′
v, v).

Let X := ∪v∈V2V (J ′′
v ). Since, by our assumptions, u is the root of an (f11.11, 1)-limb,

there exists a set of f11.11 pairwise disjoint (r − 1)-cliques which are subsets of N(u). Let
Su be such a set. We claim that there exists a (ζ + f + (t− 1) · f11.4(ζ, η))-subset S ′

u of Su

such that for every v ∈ V2 and for every (r− 1)-clique K ∈ S ′
u we have that V (J ′′

v )∩K = ∅.
Let A := {K ∈ Su : ∃v ∈ V2, V (J ′′

v ) ∩ K ̸= ∅}. By Observation 11.4, we have that
|X| = f · f11.4(f, η − 1). Thus, |A| ≤ f · f11.4(f, η − 1). Hence,

|Su \ A| ≥ f11.11 − f · f11.4(f, η − 1)
= [ζ + f + (t− 1) · f11.4(ζ, η) + f · f11.4(f, η − 1)]− f · f11.4(f, η − 1)
= ζ + f + (t− 1) · f11.4(ζ, η).

Let S ′
u be such a (ζ + f + (t− 1) · f11.4(ζ, η))-subset of Su, and let S ′′

u be an f -subset of S ′
u.

Let F be the graph that we obtain from G[{u} ∪ {∪K∈Su′′K} ∪X] by deleting all the
edges of the set

{e ∈ E(G) : e ∩ {∪K∈S′′
u
K} ≠ ∅ and e ∩X ̸= ∅}.

Then (F, u) is an enriched (f, η)-uniform rooted r-broadleaved tree, and F is a subgraph of
G. By Corollary 11.10 we know that at most (t− 1) · f11.4(ζ, η) vertices of V (G) \ V (F ) are
t-bad for F . Note that |S ′

u \S ′′
u| ≥ ζ + (t− 1) · f11.4(ζ, η). Thus, there exists a ζ-subset C of

S ′
u \ S ′′

u, such that for every K ∈ C and for every v ∈ K we have that v is not t-bad for F .

By Lemma 11.8, there exists an enriched (ζ, η)-uniform rooted r-broadleaved subtree
(F ′, u) of (F, u) such that for every K ∈ C we have that N(K) ∩ V (F ′) = {u}. Then,(

G[{u} ∪ {∪K∈CK} ∪X], u
)

is a (ζ, η)-limb in G, contradicting the fact that G contains no (ζ, η)-limb. This completes
the proof of Lemma 11.11.
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The following lemma uses the proof technique of [120, (2.4)].

Lemma 11.12. Let r, t ≥ 2, ζ, and η ≥ 2 be positive integers. Then there exist constants
f11.12 = f11.12(r, t, ζ, η) ∈ N and g11.12 = g11.12(r, t, ζ, η) ∈ N with the following property.
Let H be an r-broadleaved tree of spread at most ζ, and height at most η, and let G be an
H-free graph which does not contain Kt,t as a subgraph. If every vertex of G is a root of an
(g11.12, 1)-limb in G, then degen(G) ≤ f11.12.

Proof of Lemma 11.12. We start with the following claim, which is the main observation
that we need for the proof of the lemma.

Claim 11.12.1. There exists a constant f11.12.1 = f11.12.1(r, t, ζ, η) ∈ N with the following
property: Let G′ be an induced subgraph of G such that every vertex of G′ is a root of
an (g11.11(r, t, ζ, η), η − 1)-limb of G, and let F := {e ∈ E(G) : e ∩ V (G′) ̸= ∅}. Then
|F | ≤ f11.12.1|V (G)|.

Proof of Claim 11.12.1. For each v ∈ V (G′), there exists at least one (g11.11(r, t, ζ, η), η−1)-
limb in G with root v; let (Jv, v) be such a (g11.11(r, t, ζ, η), η − 1)-limb in G. For each edge
e ∈ F , select an end of e from the set e ∩ V (G′), and call it the head of e.

• Let B be the set of all edges uv ∈ F with head v, such that u /∈ V (Jv), and u is not
t-bad for (Jv, v);

• Let C be the set of all edges uv ∈ F with head v, such that u /∈ V (Jv), and u is t-bad
for (Jv, v);

• Let D be the set of all edges uv ∈ F with head v, such that u ∈ V (Jv).

Thus, every edge of F belongs to exactly one of the sets B,C, and D. By Observation 11.3,
we have that G′ does not contain a (ζ, η)-limb. Thus, by Lemma 11.11, for each vertex
u ∈ V (G), there are at most h11.11(r, t, ζ, η)− 1 edges uv ∈ B with head v; and so

|B| ≤ (h11.11(r, t, ζ, η)− 1)|V (G)|.

For each v ∈ V (G′), by Corollary 11.10, there are at most (t−1) ·f11.4
(
g11.11(r, t, ζ, η), η−1

)
edges uv ∈ C with head v, and so

|C| ≤ (t− 1) · f11.4
(
g11.11(r, t, ζ, η), η − 1

)
|V (G′)|.
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For each v ∈ V (G′), since (Jv, v) is induced, we have that the set of neighbors of v in (Jv, v)
is exactly the set |C(Jv ,v)(v)| ≤ r · g11.11(r, t, ζ, η). Thus, we have that:

|D| ≤ r · g11.11(r, t, ζ, η)|V (G′)|.

Thus, since |V (G′)| ≤ |V (G)|, we have that:

|F | ≤
(
h11.11(r, t, ζ, η) + t · f11.4

(
g11.11(r, t, ζ, η), η − 1

)
+ r · g11.11(r, t, ζ, η)

)
|V (G)|.

Then the constant f11.12.1(r, t, ζ, η) := h11.11(r, t, ζ, η) + (t− 1) · f11.4
(
g11.11(r, t, ζ, η), η− 1

)
+

r · g11.11(r, t, ζ, η) satisfies the claim. This completes the proof of Claim 11.12.1. ■

Let g11.12(r, t, ζ, η) := max{f11.11(r, t, ζ, η), g11.11(r, t, ζ, η)}, and let f11.12(r, t, ζ, η) be
defined recursively as follows:

f11.12(r, t, ζ, η) :=


2 · f11.12.1(r, t, ζ, η), if η = 2
2 ·
(
f11.12(r, t, g11.11(r, t, ζ, η), η − 1) + f11.12.1(r, t, ζ, η)

)
, else

In what follows, we prove by induction on η that degen(G) ≤ f11.12(r, t, ζ, η). For the
basis of the induction let η = 2. By the choice of g11.12 we have that every vertex
of G is a root of an (g11.11(r, t, ζ, η), 1)-limb of G. Hence, by Claim 11.12.1, we have
that E(G) ≤ f11.12.1(r, t, ζ, 2)|V (G)|. Thus, there exists a vertex v ∈ V (G), such that
d(v) ≤ 2 · f11.12.1(r, t, ζ, 2). This also holds for every non-null induced subgraph of G. Hence,
degen(G) ≤ 2 · f11.12.1(r, t, ζ, 2) = f11.12(r, t, ζ, 2), as desired.

Let η ≥ 3, and suppose that the statement of the lemma holds for every r-broadleaved
tree of height at most η − 1.

Let P be the set of all vertices of G which are roots of an (g11.11(r, t, ζ, η), η− 1)-limb of
G, and let Q := V (G)\P . Then {P,Q} is a partition of V (G). Let A be the set of all edges
with both ends in Q, and let B := E(G) \ A. Then {A,B} is a partition of the edges of G.
By the induction hypothesis we have that degen(G[Q]) ≤ f11.12(r, t, g11.11(r, t, ζ, η), η − 1).
Thus,

|A| ≤ f11.12(r, t, g11.11(r, t, ζ, η), η − 1)|Q| ≤ f11.12(r, t, g11.11(r, t, ζ, η), η − 1)|V (G)|.

126



By Claim 11.12.1, we have that |B| ≤ f11.12.1(r, t, ζ, η)|V (G)|. Hence, we have that:

|E(G)| ≤
(
f11.12(r, t, g11.11(r, t, ζ, η), η − 1) + f11.12.1(r, t, ζ, η)

)
|V (G)|.

Thus, there exists a vertex v ∈ V (G) such that:

d(v) ≤ 2 ·
(
f11.12(r, t, g11.11(r, t, ζ, η), η − 1) + f11.12.1(r, t, ζ, η)

)
= f11.12(r, t, ζ, η).

Since this is also true for every non-null induced subgraph of G, it follows that degen(G) ≤
f11.12(r, t, ζ, η). This concludes the induction on η. This completes the proof of Lemma 11.12.

We are now ready to prove Theorem 11.1, which we restate:

Theorem 11.1. Let r ≥ 2, t, ζ and η be positive integers. Then there exists a constant
f11.1 = f11.1(r, t, ζ, η) ∈ N with the following property: Let (H, s) be a rooted r-broadleaved
tree of spread at most ζ, and height at most η. If G is an H-free graph which does not
contain Kt,t as a subgraph, then degenr(G) ≤ f11.1.

Proof of Theorem 11.1. We may assume that t ≥ 2 since otherwise the theorem holds
trivially. Let f11.1 be defined as follows:

f11.1(r, t, ζ, η) :=

f11.2(r, ζ, t), if η = 1
max{f11.2(r, g11.12(r, t, ζ, η), t)− 1, f11.12(r, t, ζ, η)} else

Suppose that η = 1. Then, by Lemma 11.2, we have that ∆r(G) ≤ f11.2(r, ζ, t), and thus

degenr(G) ≤ ∆r(G) ≤ f11.2(r, ζ, t) = f11.1(r, t, ζ, 1),

as desired. Thus, we may assume that η ≥ 2.

In what follows, we construct an ordering of the vertices of G which witnesses that
degenr(G) ≤ f11.1(r, t, ζ, η). Let v1, . . . , vi be a maximal, with respect to i, sequence of
vertices of G such that: dr

G(v1) ≤ f11.2(r, g11.12(r, t, ζ, η), t)− 1, and for every j ∈ {2, . . . , i}
we have that:

dr
G\{v1,...,vi−1}(v) ≤ f11.2(r, g11.12(r, t, ζ, η), t)− 1.
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We note that the set {v1, . . . , vi} may be empty. Let G′ := G \ {v1, . . . , vi}. Then, by
the maximality of v1, . . . , vi, we have that δr(G′) ≥ f11.2(r, g11.12(r, t, ζ, η), t). Thus, by
Lemma 11.2, we have that every vertex of G′ is a root of a (g11.12(r, t, ζ, η), 1)-limb in G′.
Thus, by Lemma 11.12, we have that degen(G′) ≤ f11.12(r, t, ζ, η) ≤ f11.1(r, t, ζ, η). Let
n := |V (G′)|, and let u1, . . . , un be an ordering of the vertices of V (G′) which witnesses
that degen(G′) ≤ f11.12(r, t, ζ, η) ≤ f11.1(r, t, ζ, η). Then, v1, . . . , vi, u1, . . . , un is an ordering
of the vertices of V (G), which witnesses that degenr(G) ≤ max{f11.2(r, g11.12(r, t, ζ, η), t)−
1, f11.12(r, t, ζ, η)} = f11.1(r, t, ζ, η). This completes the proof of Theorem 11.1.

11.2 Excluding a complete bipartite subgraph and an
induced bloomed clique

We recall the definition of bloomed cliques. Let Kp be a complete graph on p vertices.
Let H be the graph that is obtained from Kp as follows: for each v ∈ Kp we add a copy
Cv of qKp−1 to Kp so that these copies are pairwise disjoint and pairwise anticomplete.
Finally, we add edges to H so that each vertex v ∈ Kp is complete to V (Cv). We call H
a q-bloomed p-clique. We call Kp the base clique of H, and we call the cliques of Cv the
private cliques of v. A bloomed clique is a q-bloomed p-clique for some positive integers q
and p. We note that bloomed cliques are diamond-free chordal graphs but not bull-free
graphs. In particular, bloomed cliques are not broadleaved trees. The main result of this
section is Theorem 3.34 which we restate:

Theorem 3.34. Let p, q and t be positive integers. Then there exist constants f3.34 =
f3.34(p, q, t) ∈ N and h3.34 = h3.34(p, q, t) ∈ N with the following property: If G is a graph
that does not contain a Kt,t as a subgraph or a q-bloomed p-clique as an induced subgraph,
then χf3.34(G) ≤ h3.34.

Let G be a graph which contains a q-bloomed p-clique H as a subgraph (not necessarily
induced), and let Kp be the base clique of H. We say that H is a semi-induced q-
bloomed p-clique subgraph in G if the following hold: for every distinct v1, v2 ∈ V (H), if
v1v2 ∈ E(G) \E(H), then there exist distinct vertices v′

1, v
′
2 ∈ Kp such that for each i ∈ [2]

there exists a private clique Ci of v′
i such that vi ∈ Ci.
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We first need the following lemma:

Lemma 11.13. Let p, q and t be positive integers. Then, there exists a constant f11.13 =
f11.13(p, q, t) ∈ N with the following property: If G is a graph such that G does not contain
Kt,t as a subgraph, and G contains a semi-induced q-bloomed f11.13-clique subgraph, then G

contains q-bloomed p-clique as an induced subgraph.

Proof of Lemma 11.13. We claim that f11.13 = R(f3.32(q(p−1), t), p) satisfies the statement
of the lemma. Let H be a semi-induced q-bloomed f11.13-clique subgraph in G. Let K be
the base clique of H. For each vertex v ∈ K let Cv := NH(v) \K. Let F be the graph on
{Cv : v ∈ K} where two vertices Cv and Cw are adjacent in F if and only if the sets Cv

and Cw are adjacent in G. Since |V (F )| = |K| = R(f3.32(q(p− 1), t), p) it follows that F
contains either an independent set of size p or a clique of size f3.32(q(p− 1), t).

Let us suppose towards a contradiction that F contains a clique of size f3.32(q(p− 1), t).
Let C be such a clique. Then, C is a collection of f3.32(q(p − 1), t) pairwise disjoint and
pairwise adjacent q(p−1)-subsets of V (G). Thus, by Lemma 3.32, it follows that G contains
a Kt,t as a subgraph, which is a contradiction.

Thus, F contains an independent set of size p. Let A be such a set. Let K ′ := {v ∈ K :
Cv ∈ A}. Then G[K ′ ∪ {Cv : v ∈ K ′}] is a q-bloomed p-clique in G. This completes the
proof of Lemma 11.13.

We are now ready to prove Theorem 3.34.

Proof of Theorem 3.34. We claim that the constants

f3.34 := f11.13(p, q, t),

and
h3.34 := 2

(
(f11.13 − 1) · (R(f3.32(f11.13 − 1, t))− 1, q + 1)

)
+ 1

satisfy the statement of the theorem. Suppose that ω(G) < f3.34. Then, by coloring all the
vertices of G with the same color we have a Kf3.34-free coloring of G which witnesses that
χf3.34(G) = 1 ≤ h3.34. Thus, we may assume that ω(G) ≥ f3.34.
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We need some terminology for the rest of the proof. Let K be an f3.34-clique, and
let v ∈ K. We say that v is K-happy if N(v) \ K contains q cliques of size (f3.34 − 1)
which together with K \ {v} form a set of q + 1 pairwise disjoint and pairwise anticomplete
(f3.34−1)-cliques. If for an f3.34-clique K and a vertex v ∈ K we have that v is not K-happy,
then we say that v is K-unhappy. We note that if for a f3.34-clique K we have that every
v ∈ K is K-happy, then G[N [K]] contains a semi-induced q-bloomed f3.34-clique subgraph
in G. Indeed, for every v ∈ K let Cv ⊆ N(v)\K be a set of q pairwise disjoint and pairwise
anticomplete (f3.34 − 1)-cliques, so that Cv is anticomplete to K \ {v}. In particular, the
sets {Cv : v ∈ K} are pairwise disjoint. Then, G[K ∪ {Cv : v ∈ K}] is a semi-induced
q-bloomed f3.34-clique subgraph in G. By the above observation, Lemma 11.13, and the
fact that G contains no q-bloomed p-clique as an induced subgraph, it follows that there
is no f3.34-clique K in G such that for every v ∈ K we have that v is K-happy. Thus, we
may assume that every f3.34-clique K contains at least one K-unhappy vertex. For every
f3.34-clique K let vK be an arbitrary but fixed K-unhappy vertex.

Claim 11.13.1. For every v ∈ V (G), there exists a set Xv ⊆ N(v), such that:

• |Xv| ≤ (f3.34 − 1) · (R(f3.32(f3.34 − 1, t), q + 1)− 1); and
• For every f3.34-clique K such that vK = v we have that Xv ∩ (K \ {v}) ̸= ∅.

Proof of Claim 11.13.1. Let v ∈ V (G), let C := {K : vK = v}, and let S be a maximal
set of pairwise disjoint (f3.34 − 1)-cliques in C ′ := {K \ {v} : K ∈ C}. We claim that S
contains no q + 1 pairwise disjoint and pairwise anticomplete (f3.34 − 1)-cliques. Suppose
not. Let S ′ be a (q + 1)-subset of S such that the cliques in S ′ are pairwise disjoint
and pairwise anticomplete. Let K ′ ∈ S ′. Then, v is K ′ ∪ {v}-happy, contradicting that
K ′ ∪ {v} ∈ C. We claim that |S| < R(f3.32(f3.34 − 1, t), q + 1). Suppose not. Then, S
contains f3.32(f3.34 − 1, t) pairwise adjacent (f3.34 − 1)-cliques. Thus, by Lemma 3.32, it
follows that G contains a Kt,t as a subgraph, contradicting our assumptions for G. Hence,
|S| ≤ R(f3.32(f3.34 − 1, t), q + 1)− 1. Let Xv := ∪K∈SK. We note that:

|Xv| = (f3.34 − 1) · |S| ≤ (f3.34 − 1) · (R(f3.32(f3.34 − 1, t), q + 1)− 1).

We also note that, by the maximality of S, it follows that Xv ∩K ̸= ∅ for every K ∈ C ′.
This completes the proof of Claim 11.13.1. ■
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For every v ∈ V (G) let Xv ⊆ N(v) be as in the statement of Claim 11.13.1. Let
b := (f3.34−1) ·(R(f3.32(f3.34−1, t), q+1)−1). Let D be the following digraph: (V (G), {vv′ :
v′ ∈ Xv}). Then, D has out-degree at most b. It follows, by Lemma 10.4, the that the
underlying graph of D has a K2-free coloring which uses at most 2b+ 1 = h3.34 colors. Let
ϕ : V (G)→ [h3.34] be such a coloring. We claim that ϕ is a Kf3.34-free coloring of the graph
G. Suppose not. Let i ∈ [h3.34] be such that ϕ−1(i) contains an f3.34-clique. Let K ⊆ ϕ−1(i)
be an f3.34-clique. Let v ∈ Xvk

∩K. Then, {vK , v} ⊆ ϕ−1(i) contradicting the fact that ϕ
is a K2-free coloring of the underlying graph of D. The Kf3.34-free coloring ϕ of G witnesses
that χf3.34(G) ≤ h3.34. This completes the proof of Theorem 3.34.
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Chapter 12

Excluding a complete multipartite
subgraph and an induced broadleaved
star

The main result of this chapter is Theorem 3.35, which we restate:

Theorem 3.35. Let q ≥ 2, r, s ≥ 2 and t ≥ 1 be integers. Then there exist constants
f3.35 = f3.35(q, r, s, t) ∈ N and h3.35 = h3.35(q, r, s, t) ∈ N, with the following property: If G
is a graph that does not contain a complete q-partite graph with all parts having size t as
a subgraph and G does not contain an r-broadleaved s-star as an induced subgraph, then
∆h3.35(G) ≤ f3.35. In particular χh3.35(G) ≤ f3.35 + 1.

We begin with the following lemma, in which we describe a structure, with parameters
two integers t ≥ 1 and q ≥ 2, and show that its presence in a graph implies the existence of
a complete q-partite subgraph with all of its parts of size t.

Lemma 12.1. Let t ≥ 1 and q ≥ 2 be integers, and let G be a graph. Let S1, . . . , Sq be
pairwise disjoint tq-subsets of V (G). For every i ∈ [q], let Si = {vi

1, . . . , v
i
tq}. For every

This chapter is based on ongoing joint work with Taite LaGrange, Mathieu Rundström, and Sophie
Spirkl.
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p ∈ [tq], let Qp = {vi
p : vi

p ∈ Si}. If there exist a bipartite graph G1 on parts A = {ap :
p ∈ [tq]} and B = {bp : p ∈ [tq]}, and a bipartite graph G2 on parts C = {ci : i ∈ [q]} and
D = {di : i ∈ [q]}, such that the following hold:

• for every i, j ∈ [q] with i < j there exists an isomorphism ϕij : V (G1)→ Si∪Sj which
witnesses that the bipartite graph(

Si ∪ Sj, {vi
xv

j
z : x, z ∈ [tq] and vi

xv
j
z ∈ E(G)}

)
is isomorphic to G1, and ϕij is such that for every p ∈ [tq] we have that ϕij(ap) = vi

p

and that ϕij(bp) = vj
p; and

• for every p, p′ ∈ [tq] with p < p′ there exists an isomorphism ψpp′ : V (G2)→ Qp ∪Qp′

which witnesses that the bipartite graph(
Qp ∪Qp′ , {vi

pv
j
p′ : i, j ∈ [q] and vi

pv
j
p′ ∈ E(G)}

)
is isomorphic to G2, and ψpp′ is such that for every i ∈ [q] we have that ψpp′(ci) = vi

p

and that ψpp′(di) = vi
p′; and

• there exist distinct p, p′ ∈ [tq] such that apbp′ ∈ E(G1).

Then G contains a complete q-partite graph with parts of size t as a subgraph.

Proof of Lemma 12.1. Let p, p′ ∈ [tq] be distinct such that apbp′ ∈ E(G1). By symmetry
we may assume that p < p′.

Claim 12.1.1. For every s, s′ ∈ [tq] with s < s′ we have that asbs′ ∈ E(G1).

Proof of Claim 12.1.1. Let s, s′ ∈ [tq] with s < s′. To prove that asbs′ ∈ E(G1) we fix a
bipartite graph between “rows” (the Si’s), here we choose the bipartite graph between S1

and S2. Then using ϕ12 we identify the “copy” of asbs′ ∈ E(G1) in this bipartite graph;
using ψ−1

ss′ and ψpp′ we deduce the equivalence of asbs′ ∈ E(G1) with v1
pv

2
p′ ∈ E(G), and
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finally using ϕ−1
12 we prove the equivalence of asbs′ ∈ E(G1) with apbp′ ∈ E(G1).

asbs′ ∈ E(G1) ⇐⇒ ϕ12(as)ϕ12(bs′) ∈ E(G)
⇐⇒ v1

sv
2
s′ ∈ E(G)

⇐⇒ ψ−1
ss′ (v1

s)ψ−1
ss′ (v2

s′) ∈ E(G2)
⇐⇒ c1d2 ∈ E(G2)
⇐⇒ ψpp′(c1)ψpp′(d2) ∈ E(G)
⇐⇒ v1

pv
2
p′ ∈ E(G)

⇐⇒ ϕ−1
12 (v1

p)ϕ−1
12 (v2

p′)
⇐⇒ apbp′ ∈ E(G1).

Since apbp′ ∈ E(G1), it follows by the above that asbs′ ∈ E(G1). This completes the proof
of Claim 12.1.1. ■

For each i ∈ [q] let Pi := {vi
(i−1)t+s : s ∈ [t]}. Then for every pair of distinct i, j ∈ [q],

the isomorphism ϕij and Claim 12.1.1 witness that G[Pi ∪ Pj] contains as a subgraph a
complete bipartite graph with bipartition {Pi, Pj}. Thus, G[{Pi : i ∈ [q]}] contains a
complete q-partite graph with all parts of size t as a subgraph. This completes the proof of
Lemma 12.1.

The following lemma is the main step towards the proof of Theorem 3.35. In the proof
of Theorem 3.35 we apply Lemma 12.2 in the neighborhood of a vertex of a graph which
excludes an induced broadleaved star and a complete multipartite subgraph, in order to
upper bound its Kr-degree by a function of the clique number of the graph.

Lemma 12.2. Let q, r, t, x and ω be positive integers. Then there exist constants f12.2 =
f12.2(q, r, t, x, ω) ∈ N and h12.2 = h12.2(q, r, t, x, ω) ∈ N with the following property: If G is
a graph and S1, . . . , Sf12.2 are pairwise disjoint h12.2-subsets of V (G), then at least one of
the following holds:

(i) G contains as a subgraph a complete q-partite graph with all parts of size t; or
(ii) G contains an ω-clique; or

(iii) there exists an x-subset I of {1, . . . , f12.2}, such that for each i ∈ I there exists a set
S ′

i ⊆ Si, with |S ′
i| ≥ r, and the sets {S ′

i}i∈I are pairwise anticomplete.
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Proof of Lemma 12.2. Let m = max{ω, x, q}, m′ = max{ω, r, tq}. We claim that h12.2 :=
R2m2 (m′) and f12.2 := R

2h2
12.2

(m) satisfy the lemma.

The proof proceeds by two successive Ramsey-coloring arguments that aim to obtain
a collection of tq-subsets of the elements of a q-subset of {Si : i ∈ [f12.2]}, which satisfy
the assumptions of Lemma 12.1. This will yield outcome (i) from the statement of our
lemma. Outcomes of the Ramsey-coloring arguments that are not favorable for this goal
will result in outcomes (ii) and (iii). For each i ∈ [f12.2], let Si = {vi

y : y ∈ [h12.2]}. Let
A = {ay : y ∈ [h12.2]}, and let B = {by : y ∈ [h12.2]}.

Claim 12.2.1. There exists an m-subset I1 of [f12.2] and a bipartite graph G1 with bipartition
{A,B} such that: for every i, j ∈ I1 with i < j there exists an isomorphism ϕij : V (G1)→
Si ∪ Sj which witnesses that the bipartite graph(

Si ∪ Sj, {vi
yv

j
z : y, z ∈ [h12.2] and vi

yv
j
z ∈ E(G)}

)
is isomorphic to G1, and ϕij is such that for every p ∈ [h12.2] we have that ϕij(ap) = vi

p and
that ϕij(bp) = vj

p.

Proof of Claim 12.2.1. Let K be the complete graph on [f12.2]. Note that the number of
bipartite graphs with bipartition {A,B} is 2h2

12.2 . Let

ϕ : E(K)→ {all the bipartite graphs with bipartition {A,B}},

be a 2h2
12.2-edge-coloring of K, which is defined as follows: for each 1 ≤ i < j ≤ f12.2 we set

ϕ(ij) = (A ∪B, {aybz : vi
yv

j
z ∈ E(G)}).

Since |V (K)| = f12.2 = R
2h2

12.2
(m), Ramsey’s theorem (Theorem 1.2) gives a monochromatic

m-clique I1 ⊆ [f12.2]. Let I1 be such an m-clique, let e ∈ E(K[I1]), and let G1 = ϕ(e).

For every i, j ∈ I1 with i < j let ϕij : V (G1) → Si ∪ Sj be the function which
is defined as follows: for every p ∈ [h12.2] we have ϕij(ap) := vi

p and ϕij(bp) := vj
p.

It is immediate that ϕij is an isomorphism which witnesses that the bipartite graph(
Si ∪ Sj, {vi

yv
j
z : y, z ∈ [h12.2] and vi

yv
j
z ∈ E(G)}

)
is isomorphic to G1.

Then the m-subset I1 of [f12.2], the bipartite graph G1, and the isomorphisms {ϕij :
i, j ∈ I1 and i < j} satisfy the statement of our claim. This completes the proof of
Claim 12.2.1. ■
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For each y ∈ [h12.2], let Qy := {vi
y : i ∈ I1}. Let C := {ci : i ∈ I1}, and let

D := {di : i ∈ I1}.

Claim 12.2.2. There exists an m′-subset I2 of [h12.2] and a bipartite graph G2 with bi-
partition {C,D} such that: for every p, p′ ∈ I2 with p < p′ there exists an isomorphism
ψpp′ : V (G2)→ Qp ∪Qp′ which witnesses that the bipartite graph(

Qp ∪Qp′ , {vi
pv

j
p′ : i, j ∈ I1 and vi

pv
j
p′ ∈ E(G)}

)
is isomorphic to G2, and ψpp′ is such that for every i ∈ I1 we have that ψpp′(ci) = vi

p and
that ψpp′(di) = vi

p′.

Proof of Claim 12.2.2. Let K be the complete graph on [h12.2]. Note that the number of
bipartite graphs with bipartition {C,D} is 2m2 . Let

ψ : E(K)→ {all the bipartite graphs with bipartition {C,D}},

be a 2m2-edge-coloring of K, which is defined as follows: for each 1 ≤ p < p′ ≤ h12.2 we set

ψ(pp′) =
(
C ∪D, {cydz : vy

pv
z
p′ ∈ E(G)}

)
.

Since |V (K)| = h12.2 = R2m2 (m′), Ramsey’s theorem (Theorem 1.2) gives a monochromatic
m′-clique I2 ⊆ [h12.2]. Let I2 be such an m′-clique, let e ∈ E(K[I2]), and let G2 = ψ(e).

For every p, p ∈ I2 with p < p′ let ψpp′ : V (G2) → Qp ∪ Qp′ be the function which
is defined as follows: for every i ∈ I1 we have that ψpp′(ci) = vi

p and that ψpp′(di) = vi
p′ .

It is immediate that ψpp′ is an isomorphism which witnesses that the bipartite graph(
Qp ∪Qp′ , {vi

pv
j
p′ : i, j ∈ I1 and vi

pv
j
p′ ∈ E(G)}

)
is isomorphic to G2.

Then, I2, the bipartite graph G2, and the isomorphisms {ψpp′ : p, p′ ∈ I2 and p < p′}
satisfy the statement of our claim. This completes the proof of Claim 12.2.2. ■

Suppose that E(G1[{ay : y ∈ I2} ∪ {by : y ∈ I2}]) = ∅. Then, since m ≥ x and |I2| ≥ r,
letting I be an arbitrary but fixed x-subset of I1, and letting S ′

i := {vi
p ∈ Si : p ∈ I2} for

each i ∈ I, we get the outcome (iii) from the statement of the lemma. Hence, we may
assume that E(G1[{ay : y ∈ I2} ∪ {by : y ∈ I2}]) ̸= ∅.
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Let aybz ∈ E(G1[{ay : y ∈ I2} ∪ {by : y ∈ I2}]). Suppose that y = z. Then the set
{vi

y : i ∈ I1} is an m-clique in G. Since m ≥ ω, in this case we get outcome (ii) from
the statement of the lemma. Thus, we may assume that y ̸= z. It follows, by the exact
same arguments as in the proof of Claim 12.1.1, that for all s, s′ ∈ I2 with s < s′ we have
asbs′ ∈ E(G1).

Let I ′
1 (respectively I ′

2) be an arbitrary but fixed q-subset (respectively tq-subset) of
I1 (respectively I2). For each i ∈ I ′

1, let S ′
i := {vi

p ∈ Si : p ∈ I ′
2}. Let G′

1 := G1[{ay : y ∈
I ′

2} ∪ {by : y ∈ I ′
2}] and G′

2 := G2[{ci : i ∈ I ′
1} ∪ {di : i ∈ I ′

1}]. Since, for all s, s′ ∈ I2

with s < s′ we have asbs′ ∈ E(G1), it follows that for all s, s′ ∈ I ′
2 with s < s′ we have

asbs′ ∈ E(G′
1).

Then, the graphs G′
1 and G′

2, and the collections of isomorphisms {ϕij|V (G′
1) : i, j ∈

I ′
1 and i < j}, and {ψpp′|V (G′

2) : p, p′ ∈ I ′
2 and p < p′}, witness that the q sets S ′

i (each of
size tq) satisfy the assumptions of Lemma 12.1. Thus, G contains as a subgraph a complete
q-partite graph with parts of size t. This completes the proof of Lemma 12.2.

We are now ready to prove Theorem 3.35, which we restate:

Theorem 3.35. Let q ≥ 2, r, s ≥ 2 and t ≥ 1 be integers. Then there exist constants
f3.35 = f3.35(q, r, s, t) ∈ N and h3.35 = h3.35(q, r, s, t) ∈ N, with the following property: If G
is a graph that does not contain a complete q-partite graph with all parts having size t as
a subgraph and G does not contain an r-broadleaved s-star as an induced subgraph, then
∆h3.35(G) ≤ f3.35. In particular χh3.35(G) ≤ f3.35 + 1.

Proof of Theorem 3.35. Let ω := ω(G). We claim that the constants

f3.35 := f12.2(q, r − 1, t, s, ω)− 1 and h3.35 := h12.2(q, r − 1, t, s, ω) + 1

satisfy the statement of the theorem.

Suppose not. Then ∆h3.35(G) > f3.35. Let v ∈ V (G) be such that dh3.35(v) ≥ f12.2(q, r −
1, t, s, ω). Then N(v) contains f12.2(q, r − 1, t, s, ω) pairwise disjoint cliques, each of size
h3.35 − 1 = h12.2(q, r − 1, t, s, ω).

Let S1, . . . , Sf12.2(q,r−1,t,s,ω) be pairwise disjoint h12.2(q, r − 1, t, s, ω)-cliques of G[N(v)].
Since G[N(v)] does not contain a complete q-partite graph with all parts having size t as
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a subgraph, and ω(G[N(v)]) < ω, it follows, by Lemma 12.2, that there exist an s-subset
I of {1, . . . , h12.2(q, r − 1, t, s, ω)}, such that for each i ∈ I there exists a set S ′

i ⊆ Si,
with |S ′

i| ≥ r − 1, and the sets {S ′
i}i∈I are pairwise anticomplete. Let S := ∪i∈IS

′
i. Then

G[S∪{v}] is an r-broadleaved s-star contradicting that G does not contain an r-broadleaved
s-star as an induced subgraph. Hence, ∆h3.35(G) ≤ f3.35. Thus, by Proposition 3.21, we
have that χh3.35(G) ≤ f3.35 + 1. This completes the proof of Theorem 3.35.
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Chapter 13

Excluding a bowtie

We recall that given two integers s, t ≥ 2, an (s, t)-bowtie is a graph isomorphic to the
graph we obtain from the disjoint union of a Ks and a Kt by adding a new vertex complete
to everything else. Thus, bowties are exactly the broadleaved trees that can be obtained
from a path of length two by substituting a complete graph on at least 2 vertices for
each of the two leaves of the path. The main result of this chapter is that the Forbidden
Broadleaved Forest Conjecture (Conjecture 3.20) holds with polynomial bounds for bowties.
In particular, we prove Theorem 3.36 which we restate:

Theorem 3.36. Let s, t ≥ 2 and ω ≥ 1 be integers, with s ≤ t, and let

f3.36 = f3.36(s, t) = (s+ 1)(t+ 3s2 − 2s) + (t− 1) ∈ N

and
h3.36 = h3.36(s, t, ω) =

⌈⌈ ω

t− 1
⌉

+ eωs−1 + ωs+1
⌉
∈ N.

Then, for every (s, t)-bowtie-free graph G with ω(G) = ω, we have: χf3.36(G) ≤ h3.36. In
particular, the class of all (s, t)-bowtie-free graphs is polynomially χf3.36(s,t)-bounded, and
thus strongly Pollyanna.

This chapter is based on ongoing joint work with Taite LaGrange, Mathieu Rundström, and Sophie
Spirkl.
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We begin the preparation for the proof of Theorem 3.36 with the following lemma, in
which we show how to color a maximum clique and its neighborhood in a bowtie-free graph.

Lemma 13.1. Let s ≥ 2 and t ≥ 2 be integers, with s ≤ t. Let K be a maximum clique in
an (s, t)-bowtie-free graph G. Then χt(G[N [K]]) ≤ ⌈ω(G)

t
⌉+ e · ω(G)s−1 + ω(G)s+1.

Proof of Lemma 13.1. We may assume that ω(G) ≥ t, and thus |K| ≥ t, since otherwise
we have χt(G[N [K]]) = 1.

For each K ′ ⊆ K with |K ′| ≤ s− 1, we denote by AK′ the, possibly empty, subset of
N(K) that is complete to K \K ′ and anticomplete to K ′ in G.

For every s-subset K ′ ⊆ K and for every v ∈ K \K ′ we denote by BK′,v the set of all
vertices in N(K) that are adjacent to v and anticomplete to K ′. We note that for every
vertex u ∈ N(K), either exists a set K ′ ⊆ K with |K ′| ≤ s− 1 such that u ∈ AK′ , or u has
at least s non-neighbors in K, and thus there exist a vertex v ∈ K and an s-subset K ′ of
K such that u ∈ BK′,v. Thus, we have:

V (G[N [K]]) ⊆ K ∪
( ⋃

K′⊆K
|K′|≤s−1

AK′

)
∪
( ⋃

K′⊆K
|K′|=s
v∈K

BK′,v

)
.

Hence,

χt(G[N [K]]) ⊆ χt(G[K]) + χt

(
G
[( ⋃

K′⊆K
|K′|≤s−1

AK′

)])
+ χt

(
G
[( ⋃

K′⊆K
|K′|=s
v∈K

BK′,v

)])
. (13.1)

We claim that for every K ′ ⊆ K with |K ′| ≤ s − 1 we have ω(G[AK′ ]) < s. Suppose
not. Let S ⊆ AK′ be an s-clique. Then, since S is complete to K \K ′, we have that the
set (K \K ′) ∪ S is a clique in G. Thus, ω(G) ≥ |(K \K ′) ∪ S| ≥ ω(G) + 1, which is a
contradiction. Hence, for every K ′ ∈ N1 we have ω(G[AK′ ]) < s ≤ t. Thus, χt(G[AK′ ]) ≤ 1,
and hence:

χt

(
G
[ ⋃

K′⊆K
|K′|≤s−1

AK′

])
≤

∑
K′⊆K

|K′|≤s−1

χt(G[AK′ ]) ≤
∑

K′⊆K
|K′|≤s−1

1 =
s−1∑
k=1

(
ω(G)
k

)
≤ eω(G)s−1. (13.2)
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Let K ′ ⊆ K be such that |K ′| = s, and let v ∈ K. We claim that G[BK′,v] is Kt-free.
Suppose not. Let S ⊆ BK′,v be a t-clique. Then G[K ′ ∪ {v} ∪ S] is an (s, t)-bowtie
in G, contradicting that G is (s, t)-bowtie-free. Thus, χt(G[BK′,v]) ≤ 1. Observe that
|{BK,v : K ′ ⊆ K; |K ′| = s; v ∈ K}| = ω(G) ·

(
ω(G)−1

s

)
≤ ω(G) · (ω(G)− 1)s ≤ ωs+1. Thus,

χt

(
G
[( ⋃

K′⊆K
|K′|=s
v∈K

BK′,v

)])
≤

∑
K′⊆K
|K′|=s
v∈K

χt(G[BK′,v]) ≤ ω(G)s+1 · 1 = ω(G)s+1. (13.3)

Since, χt(G[K]) = ⌈ω(G)
t−1 ⌉, by Equation 13.1, Equation 13.2 and Equation 13.3, we have:

χt(G[N [K]]) ≤ ⌈ω(G)
t− 1 ⌉+ eω(G)s−1 + ω(G)s+1.

This completes the proof of Lemma 13.1.

As we discussed in Section 3.2, an important tool for the proof of Theorem 3.36 is
Lemma 3.37 which we restate and prove below:

Lemma 3.37. Let s ≥ 2 and t ≥ 2 be integers, let G be an (s, t)-bowtie-free graph, and let
G′ be the graph obtained by G after deleting every edge that does not belong to a 3s-clique.
Then G′ is an (s, t+ 3s2 − 2s)-bowtie-free graph.

Proof of Lemma 3.37. Let us suppose towards a contradiction that G′ contains an (s, t+
3s2 − 2s)-bowtie H as an induced subgraph. Let C and C ′ be the cliques of size s and
t+ 3s2 − 2s of H respectively, and let x be the unique vertex of H which is complete to
C ∪ C ′.

We claim that for every v ∈ C we have NG(v) ∩ C ′ ≤ 3s− 2. Indeed, we may assume
that NG(v) ∩ C ′ ̸= ∅. Let u ∈ NG(v) ∩ C ′. We observe that the edge vu of G belongs to
the clique {v} ∪ (NG(v) ∩C ′). Suppose for contradiction that |NG(v) ∩C ′| ≥ 3s− 1. Then
|{v} ∪ (NG(v) ∩ C ′)| ≥ 3s. Thus, vu ∈ E(G′) which contradicts the fact that vu /∈ E(H)
and H is an induced subgraph of G′. Hence, for every v ∈ C we have |NG(v)∩C ′| ≤ 3s− 2.

Let C ′′ := C ′ \N(C). It follows by the above that |C ′′| ≥ (t+ 3s2 − 2s)− s(3s− 2) = t.
Thus, G[C ∪ {x} ∪ C ′′] contains an (s, t)-bowtie, which contradicts the fact that G is an
(s, t)-bowtie-free graph.
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We are now ready to prove Theorem 3.36 which we restate:

Theorem 3.36. Let s, t ≥ 2 and ω ≥ 1 be integers, with s ≤ t, and let

f3.36 = f3.36(s, t) = (s+ 1)(t+ 3s2 − 2s) + (t− 1) ∈ N

and
h3.36 = h3.36(s, t, ω) =

⌈⌈ ω

t− 1
⌉

+ eωs−1 + ωs+1
⌉
∈ N.

Then, for every (s, t)-bowtie-free graph G with ω(G) = ω, we have: χf3.36(G) ≤ h3.36. In
particular, the class of all (s, t)-bowtie-free graphs is polynomially χf3.36(s,t)-bounded, and
thus strongly Pollyanna.

Proof of Theorem 3.36. Let G be a graph as in the statement of Theorem 3.36. We may
assume that ω(G) ≥ f3.36 since otherwise we have χf3.36(G) = 1, and we are done.

Let G′ be the graph that we obtain from G after deleting every edge of G which is not
contained in a 3s-clique. Then, by Lemma 3.37, G′ is (s, t + 3s2 − 2s)-bowtie-free. We
remark that ω(G′) = ω(G) = ω.

We claim that every Kf3.36-free coloring of G′ is a Kf3.36-free coloring of G. Indeed, let
ϕ : V (G′)→ N be a Kf3.36-free coloring of G′, and let ϕ−1(i) be a color class of ϕ. Suppose
for contradiction that G[ϕ−1(i)] contains an f3.36-clique, say S. Since G′[S] is not a clique,
it follows that there exists an edge {u, v} ⊆ S such that uv ∈ E(G) and uv /∈ E(G′).
Since uv /∈ E(G′), it follows that uv is not in a 3s-clique of G contradicting the fact that
{u, v} ⊆ S.

By the above, it follows that in order to prove the statement of the theorem it suffices
to prove that χf3.36(G′) ≤ h3.36. In what follows, we prove this by induction on |G′|.

For the basis of the induction, suppose that |V (G′)| < f3.36. Then, χf3.36(G′) = 1.
Let us suppose that |V (G′)| ≥ f3.36, and that if H is an (s, t + 3s2 − 2s)-bowtie-free
graph with |V (H)| < |V (G′)|, such that every edge of H is contained in a 3s-clique, then
χf3.36(H) ≤ h3.36(s, t, ω(H)).

Let K be an ω-clique in G′, and let R := V (G′) \ NG′ [K]. By Lemma 13.1, we
have that χt(G′[NG′ [K]]) ≤ h3.36(s, t, ω). Let ϕ1 : NG′ [K] → [h3.36(s, t, ω)] be a Kt-free
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coloring that witness this. By the induction hypothesis we have that χf3.36(G′[R]) ≤
h3.36(s, t, ω(G[R])) ≤ h3.36(s, t, ω). Let ϕ2 : R→ [h3.36(s, t, ω)] be a Kf3.36-free coloring that
witnesses χf3.36(G′[R]) ≤ h3.36(s, t, ω).

Let ϕ := ϕ1 ∪ ϕ2. We claim that ϕ is a Kf3.36-free coloring of G′. Suppose not. Let C
be a monochromatic clique of size f3.36 in G′.

We claim that C ∩K = ∅. Suppose not. Then C ⊆ NG′ [K] contradicting the definition
of ϕ|N [K] = ϕ1. Thus, we have that C ⊆ NG′(K) ∪R.

Since, by the definition of ϕ|N [K] = ϕ1, there is no monochromatic t-clique in NG′(K),
we have that |C ∩NG′(K)| ≤ t− 1 and hence we have:

|C∩R| ≥ f3.36(s, t)− (t−1) = (s+1)(t+3s2−2s)+(t−1)− (t−1) = (s+1)(t+3s2−2s).

Since, by the definition of ϕ|R = ϕ2, R contains no monochromatic f3.36-clique, it follows
that C ⊈ R. Hence, |C ∩NG′(K)| ≥ 1.

Claim 13.1.1. Let x ∈ NG′(K). If NG′(x) ∩ R contains a (t + 3s2 − 2s)-clique, then
|NG′[K](x)| < s.

Proof of Claim 13.1.1. Let x ∈ NG′(K) and let S1 be an (t+ 3s2−2s)-clique in NG′(x)∩R.
Let us suppose towards a contradiction that |NG′[K](x)| ≥ s. Let S2 be a subset of size s of
NG′[K](x). Then G′[S1 ∪ {x} ∪ S2] is an (s, t+ 3s2 − 2s)-bowtie in G′ which contradicts the
fact that G′ is (s, t+ 3s2 − 2s)-bowtie-free. This completes the proof of Claim 13.1.1. ■

Let x ∈ C ∩NG′(K), and let y ∈ NG′[K](x). Recall that every edge of G′ is contained in
a 3s-clique. Let Q be a 3s-clique in G′ {x, y} ⊆ Q. Let Q′ := Q \K. Since |NG′[K](x)| < s,
we have |Q ∩K| < s. Thus, |Q′| ≥ 2s. Let Q1 := {v ∈ Q′ : |NG′[C∩R](v)| ≥ t + 3s2 − 2s}
and let Q2 := Q′ \Q1.

We claim that |Q1| < s. Suppose not. Then, by Claim 13.1.1, we have that each vertex
in Q1 ⊆ C∩NG′(K) has at most s−1 neighbors in K. Let A1 be an s-clique that is a subset
of Q1. Then |NG′(K)(A1)| ≤ s2. Thus, |K \NG′(A1)| ≥ f3.36 − s2 ≥ t+ 3s2 − 2s. Let A2 be
a (t+ 3s2− 2s)-subset of K \NG′(A1). Then G′[A1 ∪{y}∪A2] is an (s, t+ 3s2− 2s)-bowtie
in G′ which contradicts the fact that G′ is (s, t + 3s2 − 2s)-bowtie-free. Hence, |Q1| < s.
Thus, since |Q′| ≥ 2s, we have |Q2| ≥ s.
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Let X be an s-subset of Q2. Now, by the definition of Q2, we have |NG′[C∩R](X)| ≤
s(t+ 3s2 − 2s). Since |C ∩R| ≥ (s+ 1)(t+ 3s2 − 2s) we have that:

|C ∩R| − |NG′[C∩R](X)| ≥ (s+ 1)(t+ 3s2 − 2s)− s(t+ 3s2 − 2s)
= (t+ 3s2 − 2s).

Let Y be a (t+ 3s2 − 2s)-subset of |C ∩R| − |NG′[C∩R](X)|. Then G′[X ∪ {x} ∪ Y ] is an
(s, t+ 3s2 − 2s)-bowtie in G′ contradicting that G′ is (s, t+ 3s2 − 2s)-bowtie-free. Hence,
there is no monochromatic f3.36-clique in G′. Thus, ϕ is an Kf3.36-free coloring of G. Since
ϕ : V (G′) → [h3.36(s, t, ω)], it follows that χf3.36(G′) ≤ h3.36(s, t, ω). This completes the
induction on |V (G′)|. This completes the proof of Theorem 3.36.
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Part IV

Kr+1-free segment graphs with large
fractional Kr-free chromatic number
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Chapter 14

On-line coloring games and their
game graphs

In this chapter, we discuss a method for constructing graphs of bounded clique number,
arbitrarily large Kr-free chromatic number, and additional desirable properties such as
membership in a specific class and having a certain geometric representation. To our
knowledge, this method was first observed by Pawlik, Kozik, Krawczyk, Lasoń, Micek,
Trotter, and Walczak [103] (see also [88]) and was later formalized by Krawczyk and Walczak
[89]. The method relies on a connection between “on-line graph coloring games” and the
properties of colorings of their so-called “game graphs”.

An on-line coloring game is a game which is played by two deterministic players the
Presenter and the Algorithm in rounds. In each round, Presenter introduces a new vertex,
and, for each of the vertices presented in the previous rounds (if any), declares whether or
not this vertex is adjacent to the new vertex. Then, in the same round, Algorithm assigns
a color to the new vertex.

Let G be a graph and let C be a family of nonempty sets. An injective function
µ : V (G)→ C is called a representation of G in C if the edges of G are defined in terms of
µ. For example, such a representation may be an intersection (or an overlap) model of G.

All the results of this chapter are included in or follow immediately from the paper [89] by Krawczyk
and Walczak.

146



Variants of the on-line coloring game which we defined above may arise by imposing
restrictions on Presenter and/or Algorithm. Bellow we mention some possible restrictions
for Presenter and Algorithm that will be useful for our purposes:

(i) For each round i ∈ [n] the graph that Presenter has built so far belongs to a specific
class of graphs.

(ii) Presenter is required to build (round-by-round together with the graph G) a represen-
tation of G in a specific family of non-empty sets.

(iii) For a fixed finite set of positive integers X, we have that Algorithm is restricted to
use “colors” only from the set X.

Let C be a family of non-empty sets, and let G be an on-line coloring game with a
representation in C, as in (ii) above. Let n be a positive integer, G be a graph, µ : V (G)→ C
be a function, and ≺ be a linear order on V (G). If the graph G and the representation µ

can occur in n rounds of the game G, with the vertices of G introduced by Presenter in the
game according to ≺, then we say that (G, µ,≺) is an n-round presentation scenario of G.

A rooted forest is a forest in which every connected component is a rooted tree. A
graph G is a game graph of G if there exist: a rooted forest F on the vertex set V (G), a
representation µ : V (G)→ C, and a linear order ≺ on V (G), such that the following hold:

(i) For each v ∈ V (G), let Pv be the unique path in F from a root to v. Then(
G[V (Pv)], µ

∣∣∣
V (Pv)

, ≺
∣∣∣
V (Pv)

)
is a |V (Pv)|-round presentation scenario of G.

(ii) For every edge uv ∈ E(G), either u is an ancestor of v or v is an ancestor of u in F .

Here is the first connection between an on-line coloring game and its game graphs that
we would like to point out:

Observation 14.1 (Krawczyk and Walczak [89]). Let G be an on-line coloring game, and
let G be a game graph of G. It follows from condition (i) in the definition of game graphs
that ω(G) = max{ω(G[V (Pv)]) : v ∈ V (G)}. In particular if one of the restrictions for
Presenter in G is that the graph they build at each round should be Kr-free for some integer
r ≥ 2, then ω(G) ≤ r.
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Let G be an on-line coloring game and let Σ be a strategy of Presenter for G. Then,
following [89], we say that Σ is a finite strategy if the total number of presentation scenarios
that can occur in G when Presenter plays according to Σ is finite.

The following lemma, on which the proofs of the main results of this part rely heavily,
gives the method that we mentioned in the introduction of this chapter for constructing
graphs with bounded clique number and large Kr-free chromatic number. Krawczyk and
Walczak [89] proved this lemma for on-line K2-free coloring games but their proof works as
is for Kr-free coloring games.

Lemma 14.2 (Krawczyk and Walczak [89, Lemma 2.2]). Let r ≥ 2 be an integer, let X
be a finite set of positive integers, let G be an on-line coloring game in which Algorithm is
restricted to use colors only from the set X, and suppose that Presenter has a finite strategy
Σ such that for every presentation scenario S that can occur while Presenter plays according
to Σ, Presenter can force Algorithm to create a monochromatic r-clique. Let S(Σ) be the
set of all presentation scenarios of Σ. Then there exists a game graph G of G such that
χr(G) > |X| and |V (G)| = |S(Σ)|.

Proof of Lemma 14.2. Since Σ is a finite strategy, we have that S(Σ) is a finite set. For
each S ∈ S(Σ) let v(S) be the last vertex which is presented by Presenter in the scenario S.
Let V := {v(S) : S ∈ S(Σ)}.

Let F be the graph on V such that for distinct presentation scenarios S, S ′ ∈ S(Σ) we
have that v(S)v(S ′) ∈ E(F ) if and only if S is the presentation scenario that describes the
situation (constructed graph, representation, and order in which the vertices are presented)
in the scenario S ′ of G in the round exactly before the presentation of the vertex v(S ′), or
vice versa. It is easy to see that F is a forest, whose roots are exactly the presentation
scenarios whose graph has only one vertex.

Let G be the graph on V such that for distinct presentation scenarios S, S ′ ∈ S(Σ) we
have that v(S)v(S ′) ∈ E(G) if and only if S in an ancestor of S ′ in F and v(S)v(S ′) is an
edge of the graph corresponding to the presentation scenario S ′, or vice versa.

Finally, we define µ : V (G)→ C as follows: for every S ∈ S(Σ), µ(v(S)) := µS(v(S)),
where µS′ is the representation that Presenter defines in the scenario S ′. From the above
and the definition of game graphs, it follows that G is a game graph of G.
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We claim that χr(G) > |X|. Suppose not. Let ϕ : V (G)→ [|X|] be a Kr-free coloring
of G. Consider the following strategy, call it A, of Algorithm against Presenter’s strategy
Σ for the game G. When a new vertex, say v, is presented, this is the last vertex of a
presentation scenario S. Since Presenter plays according to Σ we have that S ∈ S(Σ). Thus,
v(S) ∈ V (G). Algorithm assigns to v the color ϕ(vS). When Algorithm plays according
to A in S, Algorithm produces a Kr-free coloring of the graph presented in S which uses
colors only from the set |X|. This contradicts our assumptions for Σ. Hence, we have
χr(G) > |X|. This completes the proof of Lemma 14.2.

We will also need the following observation:

Observation 14.3 (Krawczyk and Walczak [89]). Let G be an on-line coloring game. The
game graphs of G only depend on the restrictions of Presenter.
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Chapter 15

Kr+1-free segment graphs of
arbitrarily large Kr-free chromatic
number

In this chapter, using the method that we discussed in Chapter 14, and building on the
methods of Pawlik, Kozik, Krawczyk, Lasoń, Micek, Trotter, and Walczak [104], we prove
Theorem 3.38 which we restate:

Theorem 3.38. Let k and r ≥ 2 be positive integers. Then there exists a Kr+1-free segment
graph G, such that χr(G) ≥ k.

15.1 An on-line Kr-free coloring game on Kr+1-free
interval overlap graphs

Throughout this chapter we denote by I the set of all closed intervals of R. Let I ∈ I. We
denote by l(I) (respectively, by r(I)) the left end (respectively, the right end) of I, that
is, l(I) := min{x : x ∈ I} and r(I) := max{x : x ∈ I}. Let J ⊆ I and let x ∈ R. Then,

This chapter is based on ongoing joint work with Bartosz Walczak.
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throughout this chapter, we denote by J (x) the set of intervals in J which contain the
point x, that is J (x) := {I ∈ J : x ∈ I}.

Let r be a positive integer, and let X be a finite set of positive integers. Then we denote
by IOVr(X) the on-line coloring game, with the following properties:

(i) In every round of the game the graph G which has been built by the Presenter so far
is a Kr+1-free interval overlap graph;

(ii) Presenter, in addition to the graph, builds an overlap model µ : V (G)→ I of G;
(iii) If an interval I ′ is presented, by Presenter, in a later round than an interval I, then

l(I ′) > l(I); and
(iv) Algorithm is restricted to use “colors” only from the set X.

We denote by G(IOVr(X)) the class of game graphs of IOVr(X). It is clear, by the
definition of game graphs and the definition of IOVr(X), that the game graphs of IOVr(X)
only depend on the restriction (i) to Presenter.

In [103], Pawlik, Kozik, Krawczyk, Lasoń, Micek, Trotter, and Walczak, considered the
game IOV2(X) without the restriction (iv) that we impose to Algorithm (to use colors
only from a specific palette of colors). They imposed to Algorithm the restriction that the
coloring that they create should remain K2-free throughout the game. We denote this game
by IOV2. They characterized the game graphs of IOV2, as follows:

Theorem 15.1 (Pawlik, Kozik, Krawczyk, Lasoń, Micek, Trotter, and Walczak [103]). Let
G be a game graph of IOV2. Then G is a K3-free rectangle overlap graph.

Krawczyk, Pawlik, and Walczak [88] strengthened the above by showing:

Theorem 15.2 (Krawczyk, Pawlik, and Walczak [88]). Let G be a game graph of IOV2.
Then G is a K3-free directed rectangle overlap graph.

As we discussed in Section 2.3, every directed rectangle overlap graph is a segment
graph. We note that the only difference on the restrictions that Presenter has in the game
IOV2 compared to the game IOVr(X) is the clique number of the graph that Presenter
builds. The following theorem is an immediate corollary of Theorem 15.2, Observation 14.3
and Observation 14.1.
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Theorem 15.3. Let r ≥ 2 be a positive integer, let X be a finite subset of N+, and let G
be a game graph of IOVr(X). Then G is a Kr+1-free directed rectangle overlap graph, and
thus a Kr+1-free segment graph.

It follows by Lemma 14.2 that to prove Theorem 3.38 it suffices to prove the following:

Theorem 15.4. Let k and r be a positive integers, and let X be a k-subset of N+. In
the game IOVr(X), Presenter has a finite strategy Σ(r,X) to force Algorithm to create a
monochromatic r-clique.

15.2 A Presenter’s strategy for IOVr(X)

We deduce Theorem 15.4 as an immediate corollary of the following stronger statement,
which facilitates an inductive proof.

Lemma 15.5. Let k, r ∈ N+, let X be a k-subset of N+, and let R be a closed interval of R
which has positive length. In the game IOVr(X), Presenter has a finite strategy Σ(r,X,R)
to construct a family of intervals J together with a point x ∈ R, that satisfy the following
conditions:

(i) every interval of J is contained in the interior of R; and
(ii) Algorithm is forced to create a monochromatic r-clique on the graph G[µ−1(J (x))].

Proof of Lemma 15.5. We prove the statement of the lemma by induction on r. For the
base case, let r = 1. Presenter presents an arbitrary but fixed interval I in the interior of
R, and an arbitrary point x ∈ I ⊆ R. Then J := {I} and x satisfy the statements of the
lemma.

Now let r ≥ 2 and suppose that for every positive integer r′ with r′ < r we have: for
every positive integer k′, for every k′-subset X ′ of N+, and for every closed interval R′

of positive length, Presenter has a finite strategy Σ(r′, X ′, R′) as in the statement of the
lemma.
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Claim 15.5.1. Let i ∈ {1, . . . , k} be an integer, and let R′ be a closed interval of R which
has positive length. Then Presenter has a finite strategy Σ′(r,X,R′, i) for IOVr(X), to
construct a family of intervals Ji with the property that every interval of Ji is contained
in the interior of R′, together with a point xi in the interior of R′, such that one of the
following holds:

(a) G[µ−1(Ji(xi))] contains at least i monochromatic (r − 1)-cliques which are pairwise
colored with different colors, and G[µ−1(Ji(xi))] contains no r-clique.

(b) G[µ−1(Ji(xi))] contains a monochromatic r-clique.

Proof of Claim 15.5.1. We prove the claim by induction on i. For i = 1, we define
Σ′(r,X,R′, 1) to be the strategy Σ(r− 1, X,R′). Strategy Σ(r− 1, X,R′) gives outcome (a)
of Σ′(r,X,R′, 1). Let i ≥ 2 and suppose that the claim holds for smaller values of i.

We describe the strategy Σ′(r,X,R′, i). Presenter starts by playing according to
Σ′(r,X,R′, i − 1). If outcome (b) of Σ′(r,X,R′, i − 1) occurs, then Presenter stops, and
Ji−1 and xi−1 are the desired set of intervals and point respectively. Thus, we may assume
that outcome (a) of Σ′(r,X,R′, i− 1) occurs. Let Q1, . . . , Qi−1 be (i− 1) monochromatic
(r − 1)-cliques of the graph G[µ−1(Ji−1(xi−1))] which are pairwise colored with different
colors. Let Y ⊆ X be the set of colors of these cliques. Thus, |Y | = i− 1.

Let rmin := min{r(I) : I ∈ Ji−1(xi−1)}, and let R′′ := [xi−1, rmin]. Observe that any
interval, introduced by Presenter, that lies entirely in the interior of R′′, is pairwise nested
with every interval of the set Ji−1(xi−1).

Sub-Claim 15.5.1.1. Presenter can now create a family of intervals J ∗, all contained in
the interior of R′′, and a point x∗ ∈ R′′, such that one of the following hold:

(1) Algorithm is forced to create a monochromatic (r − 1)-clique in G[µ−1(J ∗(x∗))] with
a color from the set X \ Y , and the graph G[µ−1(J ∗(x∗))] contains no r-clique.

(2) Algorithm is forced to create a monochromatic r-clique in G[µ−1(J ∗(x∗))] with a color
from the set X.

Proof of Sub-Claim 15.5.1.1. Note that, by the induction hypothesis, we have the strategy
Σ(r − 1, X \ Y,R′′). If Presenter could “simply” play this strategy, then we would get
outcome (1). Unfortunately Presenter cannot “simply” play this strategy since in the game
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IOVr(X) Algorithm can use any of the colors of the set X, and is not restricted, by any
means, to use only colors from the set X \Y . In what follows, we show that we can overcome
this difficulty.

Algorithm 1 “Simulation of Σ(r − 1, X \ Y,R′′)” as part of the strategy Σ′(r,X,R′, i)
when outcome (a) of Σ′(r,X,R′, i− 1) occurs.

1: L ← ∅.
2: xL ← novalue.
3: I, xL ← next interval and next point according to the strategy Σ(r − 1, X \ Y,R′′)

“applied” to the intervals of the set L (with the coloring, with colors from X \Y , created
by the Algorithm) and the point xL.

4: l′′ ← max{{xi−1} ∪ {l(J) : J ∈ L and l(J) < l(I)} ∪ {r(J) : J ∈ L and r(J) < l(I)}}.
5: Presenter plays according to the strategy Σ′(r,X, [l′′, l(I)], i− 1). Let A and z be the

resulting set of intervals and point, respectively.
6: if G[µ−1(A(z))] contains a monochromatic r-clique then
7: return A and z ▷ This is the second outcome of Sub-Claim 15.5.1.1.
8: else
9: Let Q1, . . . , Qi−1 be distinctly monochromatic (r − 1)-cliques in G[µ−1(A(z))].

10: if ∃i′ ∈ [i− 1], every vertex of Qi′ is colored with a color c ∈ X \ Y then
11: return A and z ▷ This is the first outcome of Sub-Claim 15.5.1.1.
12: else
13: Presenter now introduces the interval [z, r(I)].
14: if Algorithm colors the interval [z, r(I)] with a color c ∈ Y then
15: return A and z. ▷ This is the second outcome of Sub-Claim 15.5.1.1.
16: else
17: L ← L ∪ {[z, r(I)]}
18: if L(xL) contains a monochromatic (r− 1)-clique in a color from X \Y then
19: return L and xL. ▷ This is the first outcome of Sub-Claim 15.5.1.1.
20: else
21: Go to line 3.

Presenter continues according to item 15.2. We observe that:

• By the choice of l′′ in line 4 of item 15.2, we have that if an interval of the strategy
Σ′(r,X, [l′′, l(I)], i− 1) (from line 5) does not contain z, then it does not overlap with
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any of the intervals presented outside of Σ′(r,X, [l′′, l(I)], i− 1).
• if an interval, say I∗, of the strategy Σ′(r,X, [l′′, l(I)], i − 1) (from line 5) contains
z, then the only interval of those presented outside of Σ′(r,X, [l′′, l(I)], i− 1) in the
game which may overlap with I∗ is the interval which is introduced in line 13, and
the interval in line 13 is introduced only if the graph G[µ−1(A(z))] is Kr-free. Thus,
the graph G[µ−1(A(z))] remains Kr+1-free.

• Finally, we note that the interval overlap graph of L is isomorphic to the interval
overlap graph that we get from the intervals that we compute for the strategy
Σ(r − 1, X \ Y,R′′) without “extending” them to the left as we do in line 17. This
is because, by the choice of l′′ and the fact that z ≥ l′′, the interval I (as in line 17)
overlaps with the same subset of intervals of L as the interval [z, r(I)].

The above observations show that item 15.2 is a valid (according to the rules of the game) way
for Presenter to continue in Σ′(r,X,R′, i). This completes the proof of Sub-Claim 15.5.1.1.

■

The set of intervals Ji := Ji−1 ∪ J ∗ and the point xi := x∗ (as in the statement of
Sub-Claim 15.5.1.1) satisfy the requirements of Σ′(r,X,R′, i). This completes the induction
on i. This completes the proof of Claim 15.5.1. ■

We describe the strategy Σ(r,X,R). Let Σ′(r,X,R, k), Jk and xk, be as in the statement
of Claim 15.5.1. Presenter plays according to Σ′(r,X,R, k). If outcome (b) of Σ′(r,X,R, k)
occurs, then Presenter stops. In this case Jk and xk is the desired set of intervals and point
respectively. Suppose that outcome (a) of Σ′(r,X,R, k) occurs. Presenter plays an interval
I, such that l(I) = xk, I is contained in R, and I overlaps with all the intervals of the set
Jk. Let J := Jk ∪ {I}. We note that since G[µ−1(J (xk))] contains no r-clique, Presenter
is allowed to present the interval I, that is, the graph remains Kr+1-free. Now, let i ∈ X be
the color that Algorithm assigns to I. Recall that G[µ−1(Jk(xk))] contains monochromatic
(r− 1)-cliques in all colors of X. Let Qi be the (r− 1)-subset of Jk such that G[µ−1(Qi)] is
an (r− 1)-clique with all of its vertices colored with i by Algorithm. Then G[µ−1(Qi∪{I})]
is a monochromatic r-clique. Thus, the family of intervals J and the point xk satisfy the
requirements of the strategy Σ(r,X,R). This completes the induction on r. This completes
the proof of Lemma 15.5.
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Chapter 16

Kr+1-free segment graphs of bounded
clique number and arbitrarily large
fractional Kr-free chromatic number

The main result of this chapter is Theorem 3.39 which we restate:

Theorem 3.39. Let k and r ≥ 2 be positive integers. Then there exists a Kr+1-free segment
graph G, such that χf

r (G) ≥ k.

Similarly to our proof of Theorem 3.38 which states the existence of Kr+1-free segment
graphs of arbitrarily large Kr-free chromatic number, we will deduce Theorem 3.39 as a
corollary of the existence of an appropriate Presenter’s strategy for an appropriate on-line
game. We find it more convenient, for our purposes, to work with a measure-theoretic
definition of the fractional Kr-free chromatic number. In Section 16.1, we introduce the
measure assignments of graphs and the Kr-free measure assignment number, and we prove
that the Kr-free measure assignment number of a graph equals to its fractional Kr-free
chromatic number. In Section 16.2, we introduce the on-line measure assignment games. In
Section 16.3, we define an on-line measure assignment game whose game graphs are directed
rectangle overlap graphs, and discuss how the proof of Theorem 3.39 can be reduced to

This chapter is based on ongoing joint work with Bartosz Walczak.
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the proof of the existence of an appropriate Presenter’s strategy for this on-line measure
assignment game. In Section 16.4, we prove the existence of the desired Presenter’s strategy,
and thus we prove Theorem 3.39. Finally, in Section 16.5, we show how Theorem 3.39
implies a negative answer to the following question that we discussed in Section 2.4:

Question 15 (Fox, Pach, and Suk [59]). Let r ≥ 4 and n be integers. Is there a constant
cr > 0 such that every Kr+1-free segment graph on n vertices contains a Kr-free set of size
crn?

16.1 A measure-theoretic definition of fractional Kr-
free chromatic number

In the rest of this chapter, we use Lebesgue measure and some related measure-theoretic
notions (such as measurable sets). We refer the reader to [124] for the definitions of these
measure-theoretic notions. Throughout this chapter, we denote byM the set of all Lebesgue
measurable subsets of R, and for each A ∈M we denote by λ(A) the Lebesgue measure of
A.

Let G be a graph, and let ℓ be a positive integer. An ℓ-wide measure assignment of G is a
function f : V →M such that for every v ∈ V (G) we have λ(f(v)) ≥ ℓ. A 1-wide measure
assignment of G is simply called a measure assignment of G. Let r ≥ 2 be an integer and
let f be an ℓ-wide measure assignment of G. We say that f is a Kr-free ℓ-wide measure
assignment of G if the following holds: for every r-clique Q of G we have ⋂v∈Q f(v) = ∅. A
1-wide Kr-free measure assignment of G is simply called a Kr-free measure assignment of
G.

Observation 16.1. Let G be a graph, let r ≥ 2, ℓ be positive integers, and let M ∈ R+.
Then there exists a Kr-free measure assignment f : V (G)→ [0,M ] ∩M of G if and only if
there exists an ℓ-wide Kr-free measure assignment f ′ : V (G)→ [0, ℓ ·M ] ∩M of G.

Let r ≥ 2 be an integer. The Kr-free measure assignment number of a graph G, which
we denote by χλ

r (G), is defined as follows:

χλ
r (G) := min{M ∈ R+ : ∃ is a Kr-free measure assignment f : V (G)→ [0,M ] ∩M}.
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Proposition 16.2. Let r ≥ 2 be an integer and let G be a graph. Then χf
r (G) = χλ

r (G).

Proof of Proposition 16.2. Let F be the set of all subsets of V (G) which induce Kr-free
subgraphs. Let (x̄S)S∈F be an optimal solution for the following:

min{
∑
S∈F

xS :
∑

v∈S∈F
xS ≥ 1 for all v ∈ V (G);xS ≥ 0}. (16.1)

Then, χf
r (G) = ∑

S∈F x̄S. Let M := ∑
S∈F x̄S. Let {S1, . . . , Sk} be an enumeration of

the elements of F . For an open interval I in R we denote by r(I) the right endpoint of
its closure. Let I1 ⊆ R be the open interval (0, x̄S1). For each i ∈ {2, . . . , k}, let Ii be the
open interval (r(Ii−1), r(Ii−1) + x̄Si

). Observe that r(Ik) = M . Let f : V (G)→ [0,M ]∩M
be defined as follows: f(v) = ∪{ISi

: v ∈ Si}.

Claim 16.2.1. χλ
r (G) ≤ χf

r (G).

Proof of Claim 16.2.1. It suffices to prove that f is a Kr-free measure assignment of G,
then we will have χλ

r (G) ≤M = χf
r (G).

First, we note that each Ii is a Lebesgue measurable set, with measure: λ(Ii) = |Ii| =
x̄Si

, and the sets I1, . . . , Ik are pairwise disjoint. Hence for each v ∈ V (G) we have that the
set f(v) = ⋃

{ i:v∈Si} Ii which is assigned to v by f is a finite union of disjoint measurable
intervals, and so measurable, In particular, for every v ∈ V (G), we have:

λ
(
f(v)

)
=

∑
{i:v∈Si}

λ(Ii) =
∑

{i:v∈Si}
|Ii| =

∑
{i:v∈Si}

x̄Si
≥ 1,

where the last inequality follows by the constrains of the linear-programming problem 16.1.

Let us suppose towards a contradiction that there exists an r-clique, say Q, such that⋂
v∈Q f(v) ̸= ∅. Let t ∈ ⋂

v∈Q f(v). Since the sets I1, . . . , Ik are pairwise disjoint, we
have that t ∈ Ij for exactly one index j. But then v ∈ Sj for every v ∈ Q, so Q ⊆ Sj,
contradicting the fact that G[Sj ] is Kr-free. Hence, we have ⋂v∈Q f(v) = ∅. This completes
the proof of Claim 16.2.1. ■
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Let M > 0 be such that χλ
r (G) = M and let f : V (G) → [0,M ] ∩M be a Kr-free

measure assignment of G which witnesses this. For every S ∈ F let

AS :=
(
∩v∈S f(v)

)
∩
(
∩v /∈S ([0,M ] \ f(v)

)
and let

x∗
S = λ(AS).

Claim 16.2.2. (x∗
S)S∈F is a feasible solution for the linear-programming problem 16.1, and

that ∑S∈F x
∗
S = M . Thus, χf

r (G) ≤ χλ
r (G).

Proof of Claim 16.2.2. For every S ∈ F the set AS is a finite intersection of measurable
sets and thus a measurable set. Hence, for every S ∈ F we have x∗

S = λ(AS) ≥ 0.

For every t ∈ M , let S(t) := {v ∈ V (G) : t ∈ f(v)}. We claim that for every t ∈ M
the set St is Kr-free. Suppose not. Let Q be an r-clique in G[S(t)]. Then, t ∈ ∩v∈Qf(v),
contradicting the fact that f is Kr-free measure assignment. Thus, for every t ∈M the set
St is Kr-free.

We claim that {AS : S ∈ F} is a partition of [0,M ]. Indeed, this follows by the fact
that for every t ∈M we have that t ∈ AS if and only if S = S(t). Thus, the {AS : S ∈ F}
is a family of pairwise disjoint non-empty subsets of [0,M ] and since, by the above, we
have that for every t the set S(t) is Kr-free, it follow that for every t there exists we have
AS(t) ∈ F . Thus, {AS : S ∈ F} is a partition of [0,M ].

Since, {AS : S ∈ F} is a partition of [0,M ], it follows that λ(∪S∈FAS) = λ([0,M ]) = M .

Let v ∈ V (G). We have:

∑
S∋v

x∗
S =

∑
S∋v

λ(AS) = λ
( ⋃

S∋v

λ(AS)
)

= λ
(
{ t ∈ [0,M ] : v ∈ S(t)}

)
= λ

(
f(v)

)
≥ 1,

where the last inequality follows from the definition of Kr-free measure assignment. This
completes the proof of Claim 16.2.2. ■

This completes the proof of Proposition 16.2
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16.2 On-line measure assignment games

An on-line measure assignment game is a game which is played by two deterministic players
the Presenter and the Algorithm in rounds. In each round, Presenter introduces a new
vertex, and, for each of the vertices presented in the previous rounds (if any), declares
whether or not this vertex is adjacent to the new vertex. Then, in the same round, Algorithm
assigns a Lebesgue measurable subset to the new vertex.

We note that, similarly with on-line coloring games, variants of the on-line measure
assignment game which we defined above may arise by imposing restrictions on Presenter
and/or Algorithm. In the following we mention some possible restrictions for Presenter and
Algorithm that will be useful for our purposes:

(i) For each round i ∈ [n] the graph that Presenter has built so far belongs to a specific
class of graphs.

(ii) Presenter is required to build (round-by-round together with the graph G) a represen-
tation of G in a specific family of non-empty sets.

(iii) For some positive integer ℓ the measure assignment that Algorithm creates is required
to be ℓ-wide.

(iv) For a fixed set X ∈ M, Algorithm is restricted to use, for the measure assignment
that they construct, only measurable subsets of X.

The notions of presentation scenario, game graphs, and finite strategy of Presenter are
defined as in Chapter 14. The following lemma is the analogue of Lemma 14.2 for on-line
measure assignment games. We omit its proof as it is essentially identical to the proof of
Lemma 16.3.

Lemma 16.3. Let r ≥ 2 and ℓ ≥ 1 be integers, let M be a positive real number, let G be
an on-line measure assignment game in which Algorithm is restricted to create an ℓ-wide
measure assignment using only measurable subsets of [0,M ], and suppose that Presenter
has a finite strategy Σ such that for every presentation scenario S that can occur while
Presenter plays according to Σ, Presenter can force Algorithm to create an r-clique Q such
that λ(⋂v∈Q f(v)) > 0, where f is the measure assignment created by Algorithm. Let S(Σ)
be the set of all presentation scenarios of Σ. Then there exists a game graph G of G such
that χλ

r (G) > M
ℓ

and |V (G)| = |S(Σ)|.
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16.3 An on-line measure assignment game on Kr+1-free
interval overlap graphs

Throughout this chapter, we denote by I the set of all closed intervals of R. Let I ∈ I. We
denote by l(I) (respectively, by r(I)) the left end (respectively, the right end) of I, that
is, l(I) := min{x : x ∈ I} and r(I) := max{x : x ∈ I}. Let J ⊆ I and let x ∈ R. Then,
throughout this chapter, we denote by J (x) the set of intervals in J that contain the point
x, that is, J (x) := {I ∈ J : x ∈ I}.

Let r ∈ N+, let M ∈ R+, and let X ∈ [0,M ] ∩M. Then, we denote by FIOVr(X), the
on-line measure assignment game, with the following properties:

(i) In every round of the game the graph G which has been built by the Presenter so far
is a Kr+1-free interval overlap graph;

(ii) Presenter, in addition to the graph, builds an overlap model µ : V (G)→ I of G;
(iii) If an interval I ′ is presented, by Presenter, in a subsequent round than an interval I,

then l(I ′) > l(I); and
(iv) Algorithm creates a (2r − 1)-wide measure assignment which assigns to every vertex

of G a measurable set from X.

The following is an immediate corollary of Observation 14.3 and Theorem 15.3:

Theorem 16.4. Let r ∈ N+, let M ∈ R+, let X ∈ [0,M ] ∩M, and let G be a game graph
of FIOVr(X). Then, G is a Kr+1-free directed rectangle overlap graph, and thus a Kr+1-free
segment graph.

Recall that our goal in this chapter is to prove the following:

Theorem 3.39. Let k and r ≥ 2 be positive integers. Then there exists a Kr+1-free segment
graph G, such that χf

r (G) ≥ k.

It follows by Lemma 16.3 and Proposition 16.2, and Observation 16.1, that to prove
Theorem 3.39 it suffices to prove the following:

Theorem 16.5. Let r ∈ N+, let M ∈ R+, and let X ∈ [0,M ]∩M. In the game FIOVr(X),
Presenter has a finite strategy Σ(r,X) to force Algorithm to create an r-clique Q such that
λ(⋂v∈Q f(v)) > 0.

161



16.4 A Presenter’s strategy for FIOVr(X)

We deduce Theorem 16.5 as an immediate corollary of the following stronger statement,
which facilitates an inductive proof.

Lemma 16.6. Let r ∈ N+, let M ∈ R+, let X ∈ [0,M ]∩M, and let R be a closed interval
of R of positive length. In the game FIOVr(X), Presenter has a finite strategy Σ(r,X,R)
to construct a family of intervals J together with a point x ∈ R, that satisfy the following
conditions:

(i) every interval of J is contained in the interior of R; and
(ii) There exists a set Q of r-cliques in G[µ−1(J (x))] such that λ(⋃Q∈Q

⋂
v∈Q f(v)) ≥ 1.

Proof of Lemma 16.6. We prove the statement of the lemma by induction on r. For the
base case r = 1, Presenter presents an arbitrary but fixed interval I in the interior of
R, and an arbitrary point x ∈ I ⊆ R. Then the set of intervals J := {I}, the point x,
and the set Q := {{µ−1(I)}} satisfy the statement of the lemma. To see this, observe
that by the rules of the game FIOV1(X) the measure assignment f which is created
by Algorithm is required to be a (2 · 1 − 1)-wide measure assignment. Thus we have
λ(⋃Q∈Q

⋂
v∈Q f(v)) = λ(f(µ−1(I))) ≥ 2r − 1 = 1.

Now let r ≥ 2 and suppose that for every positive integer r′ with r′ < r, we have: for
every X ′ ∈ M such that λ(X ′) > 0, and for every closed interval R′ of positive length
Presenter has a finite strategy Σ(r′, X ′, R′) as in the statement of the lemma.

Claim 16.6.1. Let i ∈ {1, . . . , ⌈λ(X)⌉+1} be an integer, and let R′ be a closed interval of R
which has positive length. Then Presenter has a finite strategy Σ′(r,X,R′, i) for FIOVr(X),
to construct a family of intervals Ji with the property that every interval of Ji is contained
in the interior of R′, together with a point xi in the interior of R′, such one of the following
holds:

(a) G[µ−1(Ji(xi))] contains a set Q of (r − 1)-cliques such that λ(⋃Q∈Q
⋂

v∈Q f(v)) ≥ i,
and G[µ−1(Ji(xi))] contains no r-clique.

(b) There exists a set Q of r-cliques in G[µ−1(Ji(xi))] such that λ(⋃Q∈Q
⋂

v∈Q f(v)) ≥ 1.
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Proof of Claim 16.6.1. We prove the claim by induction on i. For i = 1, we define
Σ′(r,X,R′, 1) to be the strategy Σ(r − 1, X,R′). Let i ≥ 2 and suppose that the claim
holds for smaller values of i.

We describe the strategy Σ′(r,X,R′, i). Presenter starts by playing according to
Σ′(r,X,R′, i − 1). If outcome (b) of Σ′(r,X,R′, i − 1) occurs, then Presenter stops, and
Ji−1 and xi−1 are the desired set of intervals and point respectively. Thus, we may
assume that outcome (a) of Σ′(r,X,R′, i − 1) occurs. Let Qi−1 be a set of (r − 1)-
cliques in the graph G[µ−1(Ji−1(xi−1))] such that λ(⋃Q∈Qi−1

⋂
v∈Q f(v)) ≥ i − 1. Let

Y := ⋃
Q∈Qi−1

⋂
v∈Q f(v) ⊆ X. Thus, λ(Y ) ≥ i− 1.

Let rmin := min{r(I) : I ∈ Ji−1(xi−1)}, and let R′′ := [xi−1, rmin]. Observe that any
interval, introduced by Presenter, that lies entirely in the interior of R′′, is pairwise nested
with every interval of the set Ji−1(xi−1).

Sub-Claim 16.6.1.1. Presenter can now create a family of intervals J ∗, all contained in
the interior of R′′, and a point x∗ ∈ R′′, such that one of the following hold:

(1) There exists a set Q of (r − 1)-cliques in G[µ−1(J (x))] such that for every Q ∈ Q
and for every v ∈ Q we have that f(v) ⊆ X \ Y ; λ(⋃Q∈Q

⋂
v∈Q f(v)) ≥ 1; and the

graph G[µ−1(J ∗(x∗))] contains no r-clique.
(2) There exists a set Q of (r−1)-cliques in G[µ−1(J (x))] such that λ(⋃Q∈Q

⋂
v∈Q f(v)) ≥

i, and G[µ−1(J (x))] contains no r-clique.
(3) There exists a set Q of r-cliques in G[µ−1(J (x))] such that λ(⋃Q∈Q

⋂
v∈Q f(v)) ≥ 1.

Proof of Sub-Claim 16.6.1.1. Note that, by the induction hypothesis, we have the strategy
Σ(r − 1, X \ Y,R′′). If Presenter could “simply” play this strategy, then we would get
outcome (1). Unfortunately, Presenter cannot “simply” play this strategy since in the game
FIOVr(X) Algorithm can use any measurable subset of X, and is not restricted, by any
means, to use only subsets of the set X \ Y for the measure assignment that they construct.
Below, we show that we can overcome this difficulty.

Presenter continues according to Algorithm 2. We observe that:

• By the choice of l′′ in line 4 of Algorithm 2, we have that if an interval of the strategy
Σ′(r,X, [l′′, l(I)], i− 1) (from line 5) does not contain z, then it does not overlap with
any of the intervals of presented outside of Σ′(r,X, [l′′, l(I)], i− 1).
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Algorithm 2 “Simulation of Σ(r − 1, X \ Y,R′′)” as part of the strategy Σ′(r,X,R′, i)
when outcome (a) of Σ′(r,X,R′, i− 1) occurs.

1: L ← ∅.
2: xL ← novalue.
3: I, xL ← next interval and next point according to the strategy Σ(r − 1, X \ Y,R′′)

“applied” to the intervals of the set L (with the (2(r− 1)− 1)-wide measure assignment
f ′ := f − Y ), and the point xL.

4: l′′ ← max{{xi−1} ∪ {l(J) : J ∈ L and l(J) < l(I)} ∪ {r(J) : J ∈ L and r(J) < l(I)}}.
5: Presenter plays according to the strategy Σ′(r,X, [l′′, l(I)], i− 1). Let A and z be the

resulting set of intervals and point, respectively.
6: if G[µ−1(A(z))] contains a set Q of r-cliques such that λ(⋃Q∈Q

⋂
v∈Q f(v)) ≥ 1 then

7: return A and z ▷ This is the third outcome of Sub-Claim 16.6.1.1.
8: else
9: LetQ be a set of (r−1)-cliques in G[µ−1(A(z))] such that λ(⋃Q∈Q

⋂
v∈Q f(v)) ≥ i−1.

10: Z ← ⋃
Q∈Q

⋂
v∈Q f(v).

11: if λ(Y ∪ Z) ≥ i then
12: return A ∪ Ji−1 and z ▷ This is the second outcome of Sub-Claim 16.6.1.1.
13: else
14: Presenter now introduces the interval [z, r(I)].
15: if λ(f(µ−1([z, r(I)])) ∩ Z) ≥ 1 then
16: return A and z. ▷ This is the third outcome of Sub-Claim 16.6.1.1.
17: else
18: L ← L ∪ {[z, r(I)]}
19: if there exists a set Q of (r − 1)-cliques in G[µ−1(L(xL))] such that for

every Q ∈ Q and for every v ∈ Q we have that f(v) ⊆ X \ Y and
λ(⋃Q∈Q

⋂
v∈Q f(v)) ≥ 1 then

20: return L and xL. ▷ This is the first outcome of Sub-Claim 16.6.1.1.
21: else
22: Go to line 3.
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• If an interval, say I∗, of the strategy Σ′(r,X, [l′′, l(I)], i − 1) (from line 5) contains
z, then the only interval of those presented outside of Σ′(r,X, [l′′, l(I)], i− 1) in the
game which may overlap with I∗ is the interval which is introduced in line 14; and
the interval in line 14 is introduced only if the graph G[µ−1(A(z))] is Kr-free. Thus,
the graph that Presenter builds remain Kr+1-free throughout the game.

• Finally, we note that, throughout the game, the interval overlap graph of L is
isomorphic to the interval overlap graph that we get from the intervals that we
compute for the strategy Σ(r − 1, X \ Y,R′′) without “extending” them to the left as
we do in line 18. This is because, by the choice of l′′ and the fact that z ≥ l′′, the
interval I (as in line 3) overlaps with the same subset of intervals of L as the interval
[z, r(I)].

• We justify line 16: Let v := µ−1([z, r(I)]). Let Q′ := {Q ∪ {v} : Q ∈ Q}. Then, Q′ is
a set of r-cliques, all contained in the graph G[µ−1(A(z))]. Furthermore,

λ
( ⋃

Q∈Q′

⋂
u∈Q

f(u)
)

= λ
( ⋃

Q∈Q

( ⋂
u∈Q

f(u) ∩ f(v)
))

=

λ
(( ⋃

Q∈Q

⋂
u∈Q

f(u)
)
∩ f(v)

)
= λ(Z ∩ f(v)) ≥ 1.

• We prove that the function f ′(v) := f(v) \Y defined on the vertices which correspond
to the intervals of the set L is a 2(r − 1)− 1-wide measure assignment. Whenever we
add an interval to the set L in line 18 we have:

λ(f(µ−1([z, r(I)]) ∩ Y ) ≤ λ(f(µ−1([z, r(I)]) ∩ Z) + λ(Y \ Z) < 1 + 1 = 2.

Thus, λ(f(µ−1([z, r(I)]) \ Y ) ≥ 2(r − 1)− 1.

The above observations show that Algorithm 2 is a valid (according to the rules of the
game) way for Presenter to continue in Σ′(r,X,R′, i). This completes the proof of Sub-
Claim 16.6.1.1. ■

The set of intervals Ji := Ji−1 ∪ J ∗ and the point xi := x∗ (as in the statement of
Sub-Claim 16.6.1.1) satisfy the requirements of Σ′(r,X,R′, i). This completes the induction
on i. This completes the proof of Claim 16.6.1. ■

Observe that the strategy Σ′(r,X,R, ⌈λ(X)⌉+ 1) for the game FIOVr(X) is impossible
to result to the first outcome of Claim 16.6.1 since no subset of X has Lebesgue measure
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greater than or equal to λ(X)⌉+ 1. Thus, the strategy Σ′(r,X,R, ⌈λ(X)⌉+ 1) for the game
FIOVr(X), results to the second outcome of Claim 16.6.1. That is, Σ′(r,X,R, ⌈λ(X)⌉+ 1)
for the game FIOVr(X) results to a family of intervals J together with a point x ∈ R, that
satisfy the following conditions:

(i) every interval of J is contained in the interior of R; and
(ii) There exists a set Q of r-cliques in G[µ−1(J (x))] such that λ(⋃Q∈Q

⋂
v∈Q f(v)) ≥ 1.

We define Σ(r,X,R) := Σ′(r,X,R′, ⌈λ(X)⌉+ 1). This completes the induction on r. This
completes the proof of Lemma 16.6.

16.5 On linear Kr-free sets in Kr+1-free segment graphs

As we discussed in Section 3.3, our motivation to consider the fractional Kr-free chromatic
number of segment graphs comes from Question 15, which we restate:

Question 15 (Fox, Pach, and Suk [59]). Let r ≥ 4 and n be integers. Is there a constant
cr > 0 such that every Kr+1-free segment graph on n vertices contains a Kr-free set of size
crn?

The main result of this section is the following:

Theorem 3.41. Let r ≥ 2 and n be integers. Then there exists no constant cr > 0 such
that every Kr+1-free segment graph on n vertices contains a Kr-free set of size crn.

We will deduce Theorem 3.41 as an immediate corollary of Theorem 3.40 and the
following:

Theorem 3.40. Let C be the class of segment graphs, and let r ≥ 2 be a positive integer.
Then the following are equivalent:

1. There exists a constant cr > 0 such that for every graph G ∈ C we have αr(G) ≥
cr|V (G)|.

2. There exists a constant Cr > 0 such that for every graph G ∈ C we have χf
r (G) ≤ Cr.

166



The rest of this section is devoted to the proof Theorem 3.39.

To this end, we need to introduce some terminology. Let G be a graph, and let v ∈ V (G).
Let G′ be the graph which is obtained from G by adding a new vertex v′ which is complete to
NG(v) and adjacent to no other vertex, that is, G′ := (V (G)∪{v′}, (G)∪{v′u : u ∈ NG(v)}).
Then we call the vertex v′ of G′ a non-adjacent clone of v in G′, and we say that G′ is
obtained from G be taking a non-adjacent clone of v. We say that a class C of graphs is
closed under taking non-adjacent clones if for every for G ∈ C if G′ is a graph which is
obtained from G by taking non-adjacent clones of a vertex of G, then G′ ∈ C.

Proposition 16.7. The class of segment graphs is closed under taking non-adjacent clones.

Sketch of the proof of Proposition 16.7. Let G be a segment graph, let v ∈ V (G), and let
G′ be a graph which is obtained from G by adding k non-adjacent clones of v. Consider
the representation F of G with segments, and let zv be the segment which corresponds to
v. Let F ′ be the family of segments on the plane that we obtain by adding k new segments
to F , such that: these segments are pairwise disjoint; each of these has equal length with
zv; each of these is parallel to zv; and each of these intersects a segment z ∈ F if and only
if zz intersects z. Then F ′ witnesses that G′ is segment graph.

It follows, by Proposition 16.7 and the fact that the class of segment graphs is closed
under taking induced subgraphs, that in order to prove Theorem 3.40 it suffices to prove
the following:

Theorem 16.8. Let C be a class of graphs which is closed under induced subgraphs and
under taking non-adjacent clones, and let r ≥ 2 be an integer. Then the following are
equivalent:

1. There exists a constant cr > 0 such that for every graph G ∈ C we have αr(G) ≥
cr|V (G)|.

2. There exists a constant Cr > 0 such that for every graph G ∈ C we have χf
r (G) ≤ Cr.

Proof of Theorem 16.8. We first prove that the second statement implies the first. Let
G ∈ C, and let F be the family of all subsets of V (G) which induce Kr-free subgraphs. By
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linear programming duality, we have:

χf
r (G) = max

{ ∑
v∈V (G)

yv : yv ≥ 0, and
∑
v∈S

yv ≤ 1, ∀ S ∈ F
}
.

Let
yv := 1

αr(G) , for all v ∈ V (G).

Then clearly yv ≥ 0. Moreover, for every S ∈ F we have:
∑
v∈S

yv = |S| · 1
αr(G) ≤

αr(G)
αr(G) = 1,

since |S| ≤ αr(G). Thus, the dual constraints are satisfied. Let us call y the feasible
solution that we defined above. The objective value of y is:

∑
v∈V (G)

yv = |V (G)| · 1
αr(G) = |V (G)|

αr(G) .

Thus,
χf

r (G) ≥ |V (G)|
αr(G) .

Rearranging yields
αr(G) ≥ |V (G)|

χf
r (G)

≥ |V (G)|
Cr

,

Let cr := 1/Cr. Then αr(G) ≥ cr|V (G)|. Since, G was an arbitrary graph of the class C, it
follows that: for every G ∈ C we have αr(G) ≥ cr|V (G)|.

For the other direction. Let K be a positive integer such that 1
K
< cr, and let us suppose

towards a contradiction that there exists G ∈ C such that χf
r (G) > K. Let y = (yv)v∈V (G)

be an optimal solution for the following:

max
{ ∑

v∈V (G)
yv : yv ≥ 0, and

∑
v∈S

yv ≤ 1, ∀ S ∈ F
}
.

We may assume that each yv is rational. Then there exists an integer Z, and, for every
v ∈ V (G), a positive integer zv, such that yv = zv

Z
for every v ∈ V (G). Then, we have:∑

v∈V (G)
zv = Z

∑
v∈V (G)

yv = Zχf
r (G) > ZK.
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Let G′ be the graph that we obtain from G as follows: for every vertex v ∈ V (G) if
zv > 0 we add to G zv − 1 non-adjacent clones of v, otherwise we delete v. Then, G′ ∈ C.

We claim that αr(G′) ≤ Z. Let S ′ ⊆ G′ be such that G′[S ′] is Kr-free, and let S be
the set of all vertices v ∈ V (G) such that S ′ contains v or at least one clone of v. Then,
|S ′| = ∑

v∈S zv. Observe that G[S] is Kr-free. Then, by the feasibility of (yv)v∈V (G), we
have that: ∑v∈S yv ≤ 1. Thus,

|S ′| =
∑
v∈S

zv = Z
∑
v∈S

yv ≤ Z · 1 = Z.

This completes the proof that αr(G′) ≤ Z. For the number of vertices of the graph G′, we
have:

|V (G′)| ≥
∑

v∈V (G)
zv = Z

∑
v∈V (G)

yv = Zχf
r (G) > ZK.

Thus,
αr(G′)
|V (G′)| ≤

Z

ZK
= 1
K

< cr,

Hence, we have: αr(G′) < cr|V (G)|, which is a contradiction. This completes the proof of
Theorem 16.8.

Theorem 3.41, which we restate below, is an immediate corollary of Theorem 3.40 and
Theorem 3.39.

Theorem 3.41. Let r ≥ 2 and n be integers. Then there exists no constant cr > 0 such
that every Kr+1-free segment graph on n vertices contains a Kr-free set of size crn.
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Glossary of special terms and
notations

(T, s)-child, 117
(ζ, η)-uniform rooted r-broadleaved tree, 118
(ζ, η)-limb, 123
(k,Kr)-degenerate, 35
(k,Kr)-degenerate — (for a graph), 35
(k, l, C)-good, 106
(s, t)-bowtie, 40
(t, k, r)-decomposable — (for a graph), 30
Gi, 93
H-free — (for a graph), 2
H-free set, 24
K-happy, 130
K-unhappy, 130
Kr-free measure assignment of G, 157
Kr-free ℓ-wide measure assignment of G, 157
K2-free chromatic number of G, 3
Kr-degeneracy — (of a graph), 35
Kr-degree — (of a vertex), 35
Kr-free chromatic number, 16
Kr-free coloring, 3
Kr-free measure assignment number, 157
K+

t , 33
L-graph, 22
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L-shape, 22
R(s, t), 4
∆r(G), 35
αr(G), 43
χ-bounded — (for a class of graphs), 8
χ-bounding function, 8
χf

r (G), 42
χr-bounded — (for a class of graphs), 18
χr-bounding function, 18
δr(G), 35
ℓ-wide measure assignment of G, 157
Csub, 93
biclique(G), 4
degenr(G), 35
dr

G(v), 35
f ∪ g, 71
i-dense pair, 84
i-shrinkable, 84
i-shrinking the pair {X, Y } to the pair {X ′, Y ′}, 84
k-coloring, 3
k-degenerate — (for a graph), 11
k-edge-coloring, 3
k-nice, 99
k-orthogonal — (for a two tree-decompositions), 46
k-partite, 3
k-subset of X, 2
k-tolerant, 38
k-volcano, 37
n-round presentation scenario, 147
n-willow, 33
q-bloomed p-clique, 40
r-broadleaved s-star, 36
r-broadleaved forest, 33
r-broadleaved tree, 33
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r-clique, 3
r-quasi-planar, 23
r-strongly Pollyanna — (for a class of graphs), 15
r-uniform, 91
t-bad for (H, s), 122
t-bad for v in (H, s), 121

adjacent — (for two disjoint subsets of the vertex set of a graph), 3
Algorithm — (one of the two deterministic players in an on-line coloring game), 146
ancestor — (of a vertex in a rooted tree), 66
anticomplete — (for two disjoint subsets of the vertex set of a graph), 3

bag — (in a tree-decomposition), 28
base clique — (of a bloomed clique), 40
biclique number, 4
bloomed clique, 40
bottom-left, 69
boxicity — (of a graph), 20
branch — (of a rooted tree), 66
broadleaved forest, 34
broadleaved tree, 34
bull, 33
Burling graph, 66
Burling sequence, 66
Burling strongly chordal graphs, 67
Burling tree, 66

chair, 79
child — (of a non-leaf vertex in a rooted tree), 66
choose function — (of a Burling tree), 67
chordal, 27
chordal completion, 27
chordality — (of a graph), 27
chromatic index, 61
chromatic number, 3
chromatic number of a hypergraph, 91
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circle graph, 21
class, 3
claw, 65
clean family of rectangles, 22
clique number, 3
clique-child, 119
closed neighborhood of X in G, 3
closed under taking non-adjacent clones, 167
collinear, 70
colorable — (for a class of graphs), 30
coloring, 3
comparability graph, 80
compatible, 68
complete — (for two disjoint subsets of the vertex set of a graph), 3
complete k-partite, 3
complete bipartite, 4
complete multipartite, 4
complete tree-decomposition, 28
componentwise r-dependent, 30
contains H — (for a graph), 2
cycle in a hypergraph, 91

decomposable — (for a class of graphs), 30
degeneracy — (of a graph), 11
derived — (from a Burling tree), 67
derived graph, 67
descendants — (of a vertex in a rooted tree), 66
diamond, 33
directed family of rectangles, 22
directed shift graphs, 62
disjoint union, 71
distance, 29

edge-coloring, 3
edge-subdivision, 10
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enriched (ζ, 1)-uniform rooted r-broadleaved tree, 119
enriched (ζ, η)-uniform rooted r-broadleaved tree, 119
enriched uniform rooted r-broadleaved subtree of (H, s), 119
enriched uniform rooted r-broadleaved tree, 119
Erdős-Hajnal property — (for a class of graphs), 14
Erdős-Rogers function, 25

family, 3
finite strategy, 148
fractional Kr-free chromatic number, 42

game graph, 147
girth, 3
girth of a hypergraph, 91
graph fully derived — (from a Burling tree), 67
graph-intersection — (of a finite number of graph classes), 12
graph-union — (of a finite number of graph classes), 12

head, 125
height — (of a rooted tree), 29
height of the rooted r-broadleaved tree, 117
Helly property, 50
hereditary — (for a class of graphs), 3
hole, 27
homogeneous set in G, 34

independence number, 3
intersecting pair of sets, 20
intersection dimension of G with respect to A, 27
intersection graph, 20
intersection graph of F — (where F is a finite family of nonempty sets), 20
intersection model of G, 20
intersectionwise χ-imposing, 29
intersectionwise χ-guarding, 30
intersectionwise self-χ-guarding, 30
interval completion, 27
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interval graph, 20
interval overlap graph, 21

last-born — (in a Burling tree), 67
left principal branch, 69
length of a path, 3
line digraph, 62
line graph, 60
linear forest, 79

maximum Kr-degree — (of a graph), 35
measure assignment of G, 157
minimum Kr-degree — (of a graph), 35

neighborhood of X in G, 3
nested pair of sets, 20
net, 70
non-adjacent clone, 167

odd chord, 65
on-line coloring game, 146
on-line measure assignment game, 160
oriented derived graph, 67
oriented graph fully derived, 67
overlap graph, 20
overlap graph of F — (where F is a finite family of nonempty sets), 20
overlap model of G, 20
overlapping pair of sets, 20

parent — (of a vertex in a rooted tree), 66
path-decomposition, 28
path-width, 28
paw, 37
pentagram spider, 96
perfect — (for a graph), 8
Pollyanna — (for a class of graphs), 15
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polynomially χ-bounded — (for a class of graphs), 8
polynomially χr-bounded — (for a class of graphs), 18
Presenter — (one of the two deterministic players in an on-line coloring game), 146
preserves χr-boundedness, 93
preserves polynomial χr-boundedness, 93
principal branch — (in a rooted tree), 66
private cliques — (of a vertex in a bloomed clique), 40
product coloring obtained from f1, . . . , fk, 13

radius — (of a tree), 29
Ramsey number, 4
rectangle intersection graph, 20
rectangle overlap graph, 21
representation — (of a chordal graph), 28
representation of G in C, 146
representation tree — (of a chordal graph), 28
root — (of a rooted tree), 29
root of the broadleaved tree, 117
rooted r-broadleaved tree, 117
rooted forest, 147
rooted tree, 29

segment graph, 21
semi-induced q-bloomed p-clique subgraph, 128
separates A from B in G, 49
shift graph, 62
shrinkable, 84
siblings — (in a rooted tree), 66
simple, 68
simplicial — (for a vertex), 34
spread of a rooted tree, 117
spread of the rooted r-broadleaved tree, 117
star, 4
string graph, 22
strongly chordal graph, 65
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strongly Pollyanna — (for a class of graphs), 15
subdividing the edge uv, 10
subdivision — (of a graph), 10
substituting H for v in G, 33

the branch starts, 66
top-left, 72
topological graph, 23
transitive orientation, 80
tree-decomposition, 28
tree-width — (of a graph), 28
triangle — (for a clique of a graph), 3
trivially perfect graph, 31

underlying forest — (of a broadleaved forest), 34
underlying rooted tree of the rooted broadleaved tree, 117
underlying tree — (of a broadleaved tree), 34
unit interval, 59
universal vertex, 72
unshrinkable, 84

value of H, 112
volcano, 37

width — (of a tree-decomposition), 28
willow, 33
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