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Abstract

This paper serves to give a comprehensive review of the slice theorem. Given a proper
group action of a Lie group on a smooth manifold, the slice theorem provides a decompo-
sition of a tubular neighbourhood of an orbit in terms of the group, and the normal space
to the orbit at a point. In the first section of this paper, we spend time constructing and
proving the slice theorem for a finite dimensional Lie group acting on a finite dimensional
smooth manifold. In general, the slice theorem does not extend to infinite dimensional
manifolds, but there are instances in which slice theorems have been constructed. Namely,
the action of the group of diffeomorphisms on the space of metrics over a compact manifold,
and the action of the gauge group on the space of connections over a compact Riemannian
manifold both admit a slice theorem, provided we first extend to Sobolev spaces of high
enough regularity. Consequently, we first spend time developing the necessary framework
to understand these specific slice theorems, which is the focus of the rest of the paper.
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Chapter 1

The Slice Theorem in Finite

Dimensions

The goal of this paper is to give a comprehensive review of the Slice Theorem. To put
it loosely, the Slice Theorem says that if we have a Lie group G acting smoothly and
properly on a smooth manifold M, then for any x € M, there exists a G-invariant tubular
neighbourhood of the orbit of x, which can be traced by translations of a “slice” at =,
which is a submanifold containing x that is invariant under action by the isotropy group
of x. The aim of this first chapter is to give a full treatment of the Slice Theorem in finite
dimensions. To understand the actual statement of the theorem, as well as the proof, we
must first equip ourselves with the prerequisite knowledge.

1.1 Proper maps

In this section we talk about all the relevant properties of proper maps that lend themselves
to our study of proper group actions in Section 1.3.

Definition 1.1.1. Let X,Y be topological spaces. We say that a map F' : X — Y is
proper if for any compact set K CY, F~}(K) is compact in X.

We now give a couple of important properties of proper maps which will be useful later.

Theorem 1.1.2. Let X be a topological space, and let' Y be a locally compact Hausdorff
space. If a continuous map F : X — Y 1is a proper map, then F is closed.



Proof. Let K be a closed subset of X. Let y be a limit point of F(K) and let U > y
be precompact (here we use the fact that Y is locally compact). Then y is a limit point
of F(K)NU. Since F is proper, F~'(U) is compact, and thus K N F~*(U) is compact.
Then F(K N F~Y(U)) = F(K) N U must be compact as well, as F is continuous. But
Y is Hausdorff, so that F(K) N U must in fact be closed, hence contain all of its limit
points. Thus y € F(K)NU so y € F(K). Since y was an arbitrary limit point of F(K),
we conclude that F'(K) is closed. O

Lemma 1.1.3. Let M, N be smooth manifolds and let F' : M — N be an injective smooth
immersion. If F' is proper, then it is a smooth embedding.

Proof. Since F' is proper, it is closed by Theorem 1.1.2, and closed injective maps are
homeomorphisms onto their images. O

Lemma 1.1.4. Suppose X and Y are topological spaces, and F' : X —'Y is a continuous
map. Then the following are sufficient conditions for properness of F.

1. X is compact, and Y is Hausdorff.
2. F is closed with compact fibers.

3. F is a topological embedding with closed image.

Proof. 1. Let X be compact, and Y Hausdorff. Let K C Y be compact. Since Y is Haus-
dorff, K must be closed. Then by continuity of ', F~!(K) is closed in X, hence compact.

2. Suppose that F is closed with compact fibers. Let K be compact in Y. Let {Ug }aca
be an open cover of F~1(K). By assumption, the fibre F~!(p) C X is compact, so there
exists a finite subset A, C A such that {U,}aea, is an open cover of F~!(p). Now, since

X — (UaeAp U,) is closed in X, we obtain that F(X - (U U, )) is closed in Y, hence

agh, T

V, = Y—F(X— (U U )) is some open set in Y that contains p € K. Then {V,},ex is

aEN, T
an open cover for K, and by compactness there exists a finite Ky C K such that UpE Ko Vp
covers K.



But observe that

Py = (v R(x (U o))

a€hp

=X\ F(F(x\ (U w))

a€hp

cx\ (x\ (U )
:UUO” p

aEl,

so in fact we have

FU)yc (Y v = U (U va).
PEKo pEKy a€hp
But since K, is finite, and each A, is finite, we have a finite subset of A given by
Ao = U,ex, Ap 50 that {Us}aea, is a finite subcover of {Ua }aea. Hence F~H(K) is compact.

3. Suppose that F' is a topological embedding with closed image. Let K be compact
in Y. Since F(X) is closed in Y, we know that K N F(X) is closed in K (with respect to
the subspace topology), hence it is compact in K. But since compactness is an intrinsic
property of topological spaces, we then know that KN F(X) is compact in Y hence in F/(X)
with respect to the subspace topology there as well. Finally, because F'is a homeomorphism
onto its image, F~'(K) = F~'(F(X) N K) is compact. O

Lemma 1.1.5. The restriction of a proper map to a closed subset is a proper map.

Proof. Suppose F : X — Y is a proper map between topological spaces, and let A C X be
closed. Then for any compact set K C Y, we know that F|4(K) = AN F~'(K), which is
closed in F~!(K) with respect to the subspace topology. But then AN F~!(K) is compact
as a closed subset of a compact set. O

1.2 Overview of Group actions

We assume that the reader has a basic understanding of Lie groups and general group
actions. Note that much of this section comes from [14].



Definition 1.2.1. Let G be a Lie group, M a smooth manifold, and ® : G x M — M be
an action on M, that is, ®(g,m) = g - m. The action is said to be a smooth action if the
action map ® is smooth.

Lemma 1.2.2. If & : G x M — M 1is a smooth action of a Lie group G on a smooth
manifold M, then ®,: M — M defined by ®,(p) = g - p is a diffeomorphism on M.

Proof. Observe that the map defined by action of an element g € G on M is invertible:

g (gra)=(g"g) x=2

and right action by g~! is by definition a smooth map as well. Hence action by ¢ is a
smooth map with smooth inverse, and thus a diffeomorphism. O

The following is very useful, and helps us transfer some nice topological properties of
M to the orbit space M /G in later sections.

Proposition 1.2.3. The quotient map m : M — M /G is an open map.

Proof. Let U C M be open. Then 7(U) is the equivalence class [u]. for u € U, where
x ~ wu if and only if z = g-u for some g € G. Thus 7(U) is the equivalence class comprised
of the orbits of all elements in U, that is, GU. Then 7~ (7(U)) = U, gU, which is open
by Lemma 1.2.2. O

Definition 1.2.4. Let G be a Lie group that acts smoothly on the smooth manifolds M
and N. A map F : M — N is said to be equivariant if for all ¢ € G and p € M,

F(g-p)=g-F(p).

The following theorem provides a very strong statement regarding maps that satisfy
this property for certain group actions.

Theorem 1.2.5 (Equivariant Rank Theorem). Let M and N be smooth manifolds, and
let G be a Lie group. Suppose that F': M — N 1s a smooth map that is equivariant with
respect to a transitive smooth G action on M and any smooth G action on N. Then F has
constant rank. Thus, if F' is surjective then it is a smooth submersion. If F' is injective, it
is a smooth immersion. And if F' is bijective, it is a diffeomorphism.



Proof. Denote the group actions ® : G x M — M and ¥ : G x N — N, and let ®, be as
in Lemma 1.2.2, and ¥, be defined analogously. Fix any p € M and consider the following

commutative diagram:

M —2 s T, N

d(cbg)pl f‘“’g)””

chg(p)M dF@g(p) T‘I’g(F(p))N

Since ¢, and V¥, are diffeomorphisms, it must be that dF} is of the same rank as dFg, ).
And since ® : G x M — M is transitive, then by defintion, for any ¢ € M there exists
g € G so that ®,(p) = ¢q. Hence dF, has the same rank as dF, for any ¢ € M. Thus F
must be of constant rank. The remaining statements now follow immediately from [1,
Theorem 4.14]. O

The Equivariant Rank Theorem helps us prove that the orbits are in fact submanifolds
of M, but first we need the following fact about maps of constant rank.

Lemma 1.2.6 (Constant Rank Level Set Theorem). Let M and N be smooth manifolds,
and let ' : M — N be a smooth map with constant rank r. Fach level set of F' is a properly
embedded submanifold of codimension r in M That is, it is an embedded submanifold S C M
and the inclusion map v : S < M 1is a proper map.

Proof. Let m = dim M, and r = rankF. Take some arbitrary ¢ € N and consider the
set F~!(g). By [14, Theorem 4.12] there exist charts (U, ¢) centered at p € M and (V)
centered at ¢ = F(p) € N such that in these charts, (denoting F' as the coordinate
representation of ).

SNU = {(z',....;a", 2", .. ,a™) € U|I/7\(:c1, Loat "t a™) = (0,...,0)}
={(z*, ..., 2", 2" . 2™) e Ul(z*,...,2",0,..,0) = (0,...,0)}
™) eUlrt = =2" =0}

ceey 9 g eeey

and thus S is an embedded manifold of dimension m — r. Furthermore, as {¢} is closed in
N, S = F~1(q) must be closed in M by continuity of F. Then by Lemma 1.1.4 part 3, we
conclude that F'is proper. ]



Proposition 1.2.7. Let ® : G x M — M be a smooth action of a Lie group G on a smooth
manifold M. For each p € M, the orbit map ®®) : G — M defined by ®P(g) = g - p
is smooth and has constant rank, so the isotropy group G, = (®®)~L(p) is a properly
embedded Lie subgroup of G. If G, = {e}, then ®®) js an injective smooth immersion, so
the orbit G - p is an immersed submanifold of M.

Proof. The orbit map is smooth because it is a composition of smooth maps

GG x{pt—=Gx M2 M.

Since @ is a group action, it satisfies the property that for any g, h € G, (hg)-p = h-(g-p),
and thus we can write

" (hg) = (hg) -p=h-(g-p) = h- 0¥ (g),
so that ®® : G — M is equivariant with respect to the left action of G on itself and the
action on M.

Since groups act transitively on themselves, Theorem 1.2.5 tells us that ®® is a map of
constant rank, and thus Lemma 1.2.6 tells us that the level set (®®)~!(p) is an embedded
submanifold of GG, hence a Lie subgroup of G.

Finally, suppose that G, = {e}. If ®®(g') = ®®)(g), then ¢’ - p = g - p so that

dg ' -p = p and thus ¢¢g-' = e, hence g = ¢, so that ®® is injective. Then again
invoking Theorem 1.2.5, we get that ®® is an immersion, and thus ®?(G) = G(p) is an
immersed submanifold of M. m

We conclude with a short Lemma that is of importance to us in the next section.

Lemma 1.2.8. Let ® : G x M — M be a smooth action of a Lie group G on a smooth
manifold M. Then M admits a G-invariant open cover. That is, there exists an open cover

{U;}ier of M such that g - U; = U; for all g € G.

Proof. Let {V;}ie; be any open over of M, and set U; = G - V;. Since any ¢ - V; is open
by virtue of the action being a diffeomorphism, we can see that U; is open, and {U,}cs
clearly covers M. O]



1.3 Proper Group Actions on Manifolds

The orbits of a group acting on a manifold are very important when it comes to under-
standing the action. The orbits tell us which points are related by some element of the
group. Given a point p on M, the orbit of p is essentially those points that can be “reached”
by p under the action of GG. Since G is a group, one can easily see that the orbits provide
an equivalence relation on M. That is, p ~ ¢ if there exists some g € G such that g-p = ¢.
Because of the geometric structure added by these orbits, we often like to look at the “orbit
space” M /G of the group action. The problem is, for some arbitrary group action the orbit
space M /G need not have nice properties. However, under the additional assumption that
the group action is proper we obtain rich geometric structure on the orbit space M/G. In
this section we study this structure. We begin by talking about what it means for an action
to be proper, then delve into all of the nice properties of proper actions, and conclude with
showing that proper actions give rise to G-invariant Riemannian metrics, which are vital
for proving the Slice Theorem in section 1.5.

Definition 1.3.1. A continuous left action by a Lie group G on a topological space X is
said to be proper if the map

GxM—MxM
(9,p) = (9-p,p)

is a proper map.

We denote this extended action map by ®gyi : G X M — M x M.

A natural question when given the above definition is why we require ®oyy : G X M —
M x M to be proper, and not just ® : G x M — M. It turns out asking that ®. be
proper is a weaker requirement than asking that ® be proper. This should make sense
intuitively, as @, contains ® in the first component of its image, but also remembers the
‘pre-action’ element of M in the second component, which restricts the possible elements
in the pre-image of a compact set in M x M.

To highlight this discrepancy, consider the group action of R on R by addition. The
map Pey : R x R — R X R defined by (g,x) — (g + z,z) is proper: take any compact set
K C R xR. Since K is closed and bounded, then 7 (K) C R is a closed bounded set of
R, which must be contained in a set of the form [a, b], and similarly, mo(K) is a closed set
contained in some [¢,d]. Then the pre-image of K is a set of elements (g,z) € R x R such



that g+ € [a,b] and = € [c,d]. This is the important thing to note, since we require that
x € [c,d], then for g + z to be in [a, b], we must have g > ¢ — a and g < d — b, hence our
first factor is bounded also, and the pre-image of K is closed and bounded, thus compact.

The important thing to notice is that this same group action viewed as the map
R x R — R is not proper. Indeed, consider any point x € R. Then the pre-image of
x is actually isomorphic to all of R, since the pre-image of any point x is an equivalence
class [(g,y)]~ € R x R, where (¢,y) ~ (¢',v/) < g+y=¢ +y = x. So, we can see that
this map being proper is a much stronger requirement.

Another question one might have is why we even want a proper map in the first place.
Well, a group action being proper allows us to say a lot more about the action than
otherwise. To see how bad things can get if the action is not proper, consider the action of
GL,(R) acting on R™ by left multiplication. To see why this action is not proper, observe

S w(O0)(e o))

which is clearly not compact. Now, let us take a look at how bad the orbit space M/G of
this action is. We know that for any two nonzero v, w € R", there exists some A € GL,(R)
such that Av = w. Thus, all nonzero elements are contained in a single orbit. Since A0 = 0
for all A € GL,(R), we see that 0 is in its own orbit. Note that any neighbourhood of the
origin contains some non-zero vector. Now consider 7(0) € M/G (letting 7 : M — M/G
be our quotient map) and let U > 7r(5) be any open set. Then 7~1(U) is open, and thus
there exists some nonzero v € R™ such that v € 771(U). But then n(v) € U, and thus
U = M/G (since there are only the two orbits). So, we conclude that the orbit space M /G
is just {0, 1} with the Seirpinski topology: {&, {1},{0,1}}. So if the action is not proper,
the orbit spaces do not even have to be Hausdorff.

Now, we denote the set G(A|B) = {g € G|ANgB # T}.

Example 1.3.2. Let ® : G x G — G be defined by ®(g,h) = gh. That is, ® is group
multiplication on G. Then recall that ®ey : GX G — G X G is given by Peyi(g, h) = (gh, h).
Then notice that if we define ¥ (g, h) := (gh~', h), then this is a smooth map as well. Now,
observe
Vo (I)ext(ga h) = \Ij(gh7 h)
= (ghh™", 1)
= (g,h),



and

(I)ext o \Ij(ga h) = (bext(ghil’ h)
= ((gh™")h, h)

=(g,h).
Thus ¥ = oL

. Then since ®_} is a smooth map, we obtain that for any compact
K € G x G, &} (K) must be compact, by continuity of ¥. Hence ®.y is a proper map,

ext
and the action is proper.

So, we showed that groups act properly on themselves by left or right multiplication.

Lemma 1.3.3. Let ® : G x M — M be a continuous action of a topological group G on a
Hausdorff topological space M. Then ® is a proper action if and only if for all A,B C M
precompact (resp. compact), G(A|B) is precompact (resp. compact).

Proof. (=) : Suppose that ® is a proper action. Let A and B be precompact. Clearly
G(A, B) 2 G(A|B) so to prove both cases, it suffices to show that G(A, B) is compact.
Indeed, for the compact set

AxBCMxM,

we know that - B B
L (Ax B)={(g9,m)lm € B,g-m € A}

which by properness of ®. is compact. Then applying m; to both sides here we see that
(A x B)) = G(A|B),
which by continuity of 7y is compact.

(<) : Suppose now that for all A, B C M precompact (resp. compact), G(A|B) is
precompact (resp. compact). Let K C M x M be compact. Then 7 (K), m(K) C M are
compact. Since K C 71(K) x mo(K), and K is closed, it suffices to show that ®_} (71 (K) x
mo(K)) is compact. Indeed,

q)—l

ext

(m1(K) x mo(K)) = {(g,m) € G x M|m € my(K),g-m € m(K)}
= G(m (K)|my(K)) x my(K)

which is compact as the product of compact sets. O

The following is easy to see if we recall that every set in a compact Hausdorff space is
precompact.



Corollary 1.3.4. Every continuous action by a compact Lie group on a Hausdorff topo-
logical space is proper.

Proposition 1.3.5. Let & : G x M — M be a proper action. Then ¥Yx € M, G, is
compact.

Proof. Let x € M be arbitrary, then

G, ={9€Glg-z=ux} =0 ((x,2))

ext

which is compact, since @ is proper. O

If we have the added property that the action is free, we in fact obtain a very well-
known result which says that M /G is in fact a smooth manifold. We provide the following
theorem without proof, which the interested reader can find in [14, Chapter 21].

Theorem 1.3.6 (Quotient Manifold Theorem). Let G be a Lie group acting smoothly,
freely, and properly on a smooth manifold M. Then the orbit space M/G is a smooth
manifold of dimension dim M —dim G, and has a unique smooth structure with the property
that the quotient map m: M — M/G is a smooth submersion.

Corollary 1.3.7. Let G be a Lie group acting properly on M, and let x € M. Then
m: G — G/G, is a principal G,-bundle.

Proof. Since G, is compact by Proposition 1.3.5 it is closed, and thus by Example 1.3.2
and Lemma 1.1.5 G, acts properly on GG. Also, groups act freely on themselves, and thus
by Theorem 1.3.6, we obtain that G/G, is a smooth manifold, and we have a smooth
submersion 7 : G — G/G,. Then around any point ¢G, € G/G,, we know that 7 admits
a smooth section o. That is, we have a neighbourhood U > ¢gG, and a smooth map
o0 :U — G such that m oo = Idy.

Now, we claim that the map

0:Ux Gy — 7 1U)
(9Gy, h) — 0(9Gy)h

is a diffeomorphism. Clearly ¢ is smooth. Take any s € 7~1(U). That is s € G such that
7(s) = sG, € U. Then since 7o 0(sG,) = Idy(sG,) = sG., we see that o(sG,)G, = sGy,
and thus there exists hy € G so that o(sG,)hs = s. But then

0(sGyy hs) = 0(sGy)hs = s

10



thus ¢ is a surjection, and noting that hy = o(sG,)"'s € G,, we can define the inverse
Y N U) = Gy x U
U(s) = (sGyy 0(5G,)'s)
and clearly this is smooth (as a product of smooth maps). Hence ¢ is a diffeomorphism.

Now observe that for any h € G, we have

V(s)h = (sG,,0(sG,) 's) - h
= (5G4, 0(sG,) sh)

heGa
= <sth, U(ShGI)_1$h>

= (sh)

hence v is G -equivariant, and thus provides a local trivialization of 7= 1(U) 2 U x G,.

)

Now, suppose that we have two local trivializations (U,vy) and (V,1y) such that
UNV # @. That is, we have open sets U,V C G/G, and local sections oy : U — G and
oy : V — G such that m ooy = Idy and 7o oy = Idy .

Then observe that for the map ¥y oty : (UNV) x G, — (UNV) x G, we get

Yy 0y (5Ga, h) = Yy (oy(sGy)h)
_ <0v(sz)th, aU(av(sz)th)—laV(sz)h)

and although this last line looks messy, once we remember that h € G, and that oy (sG, )G, =
sGy, so oy (sG,)hG, = sG,, we obtain

Yo 0 U (G, h) = (SGI, agl(sz)aV(sGI)h)

and so the transition functions are exactly 1y (sG.) = oy (sG,)ov(sG,). But then,
since w(oy(sG,)) = sG, = mw(oy(sG;)), we obtain that aal(sGI)av(sGI) € G,. Then
vy :UNV = G, and 7: G — G/G, is a G -principal bundle. n

One nice property of compact Lie groups is that when acting on a manifold, the orbits
are compact embedded submanifolds. For an arbitrary Lie group acting properly, although
we do not necessarily get that the orbits are compact, we do still get something ‘almost as
nice’.

Most of the remaining results and their proofs can be found in [21, Theorem 4.2.4].

11



Theorem 1.3.8. Let ® : G x M — M be a proper smooth action of a Lie group G on
a smooth manifold M. Then the map ®, : G/G, — M defined by gG, — g-x is an
embedding.

Proof. Let x € M be arbitrary. We know from Corollary 1.3.7 that G/G, is a smooth
manifold.

Claim: &, is a proper map.

Proof of Claim: Let K C M be compact. Observe that

O K)={9G, € G/G,lg-x € K}
- G/GI<K‘x>,

which is compact by Lemma 1.3.3. |
Since ®,, is proper, by Lemma 1.1.3 it suffices to show that &, is an injective immersion.

First suppose that ®,(g) = ®,(h). Then gxr = hx and thus h~'gz = z so that
h=lg € G, and ¢G, = hG,. Hence ®, is injective.

Since the tangent space of G/G, at any point is canonically isomorphic to T.(G/G.),
and @, is G-equivariant it suffices to show that [(®,).]cq, is injective. Let v € T.q, (G/G)
be such that [(P,).|eq, (v) = 0. Since 7 : G — G/G, is a surjective submersion, we know
that there exists some ) € T,G such that [7,].(n) = v. Then, noticing that &(—, z) = ®,om,
we compute

[(@(=,2))ule(n) = [(P2)ec, © [mde(n)
= [(¢)$)*]6Gz (U)
= 0.
Then consider the curve exp(tn):
o blexp(in), )| _ = o Blesp((t + 5)m), )|,
= 2 afesp(shn.explina)|
= [(@(exp(s), =))ulo 0 [(®(=, 2)).]e(n)
=0,

which is true for any s € R, hence exp(tn) -z = z. That is, m(exp(tn)) = eG,, for all t € R,
so that v = [m.]c(n) = 0. Hence ®, is an immersion. O

12



Corollary 1.3.9. For a smooth proper action of a Lie group G on a smooth manifold M,
the orbits are closed submanifolds of M.

We saw in Proposition 1.2.3 that 7 : M — M/G is always an open map. It turns out
that if the action is proper, this map is also closed:

Proposition 1.3.10. Let & : G x M — M be a smooth proper action of a Lie group G on
a manifold M. Then m: M — G/M is closed, and M /G is locally compact Hausdorff and
second countable.

Proof. Let A C M be closed. By Theorem 1.1.2, & (A) = GA x A is closed in M x M,
hence GA is closed since m; is closed. Since 77 (7(A)) = GA, we get that w(A) is closed
by definition of the quotient topology.

Now take x,y € M such that Gy # Gx. We use a slight abuse of notation and let Gz,
Gy denote the equivalence classes of their respective orbits in M/G. Since Gz and Gy are
both closed, and M is normal, we know that there exist open sets U O Gz and V D Gy
such that U NV = @. By Proposition 1.2.3, 7(U) is an open set containing Gx. And by
the fact that 7 is closed, we know that (M/G)\7(U) is an open set containing Gy. So,
M /G is Hausdorff.

Finally, second countability of M /G is a direct consequence of Proposition 1.2.3, as any
countable basis of M descends to a countable basis of M/G. O

The following then follows from the fact that a second countable, locally compact
Hausdorff space is paracompact, the proof of which can be found in [15][Theorem 4.77].

Corollary 1.3.11. For a Lie group G acting properly on a manifold M, the orbit space
M/G is paracompact.

1.4 A (G-invariant Riemannian metric

We now introduce the final (and arguably the most important) piece of machinery, which
allows us to prove the Slice Theorem.

Theorem 1.4.1. Let G be a Lie group acting properly on a smooth manifold M. There
exists a G-invariant Riemannian metric on M.
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The proof of this is not trivial, and it uses the following two important topological
properties that properness gives us.

Lemma 1.4.2. Let G be a Lie group acting properly on a smooth manifold M. Then

1. Any cover of M by G-invariant open sets admits a subordinate partition of unity by
G-invariant smooth functions.

2. The algebra of G-invariant smooth functions, C=(M)%, separates orbits of M.

Proof of Lemma. Let {U; };e; be a G-invariant open cover of M, which exists by Lemma 1.2.8.

Now, we know that by Proposition 1.2.3, 7 : M — M/G is an open map, and thus
{m(U;) }ier is an open cover of M /G. Since the action is proper, we have by Corollary 1.3.11
that M /G is paracompact, and thus there exists a locally finite refinement {W,},cp of
{m(U;) }iei- Now if there are multiple W,’s contained in a single m(U;), replacing them
with

wi= |J W

aEN W, CU;

preserves local finiteness, so that {W; }icr is a locally finite cover of M/G. It is not difficult
to see that {71, };cs is a locally finite cover of M. Indeed, taking any p in M we know
that there exists an open neighbourhood B.(w(p)) in M/G that intersects only finitely
many W;, and taking pre-images we see that {71 (W;)};c; is a locally finite cover of M.

Now we know that there exists a locally finite partition of unity of M along with a
mapping ¢ : N — I such that suppv; C W_l(WL(j)), and such that supp; is compact for
each j. Now, choosing a right invariant Haar measure p on GG, we define the function

(z) = / bi(g - 2)du(g).

We claim that this is smooth: By smoothness of the group action and v;, the integrand
is smooth in x. Furthermore, as 1; is compactly supported, applying the Dominated
Convergence Theorem allows us to differentiate under the integral sign.

Next we claim that supp gojG C 7 Y(W,(j)). Suppose towards a contradiction that
x & (W), but @ € supp(¥§). Since z ¢ 7' (W,;)), we know that t;(z) = 0. Then
there must be some h € G such that ¢;(h-x) # 0. But then h -z € 7 (W), so

[z] € Wy(;), a contradiction. Hence supp(¢)¢) € w=H(W,;)).

14



Now, observe that the cover {supp w]G} need not be a locally finite; just because x €
supp ¢; for finitely many j, there is no reason for us to believe that (G - z) Nsupp; # @
for only finitely many j. Since C*°(M) is a Fréchet space, there exists a sequence of

seminorms | - [[; on C°°(M) defining the Fréchet topology. Since we can always define
new seminorms p;(-) = > 7_, || - ||;, we can assume that || - ||; is an increasing family of
seminorms: || - ||; < || - ||j+1 for all j. Now, define
- 1
a2 STt
JENu(j)=i 7

and we can see that ¢; is G-invariant and smooth. Furthermore, supp(g;) C 7 !(W;), and
thus {supp(p;)}ier is a locally finite covering of M. Thus ), ., ¢; < oo everywhere and
we can set

i = v -
Zie[ Pi
so that ¢; is G-invariant and {p;} is a partition of unity on M, subordinate to the cover
{m=Y(W;) }ier and thus subordinate to {U; }ics, as desired. This concludes the proof of the
first statement.

Now, let z,y € M such that w(z) # 7(y). Since M /G is paracompact and Hausdorff,
it is normal, and there exist disjoint neighbourhoods W, 3 w(z) and W, > n(y). Then
{7t (W), 7= (W,), M\((G - ) U (G - y))} is a G-invariant open cover of M, and there
exists a subordinate partition of unity {¢,, ¢y, o}, which separates G -z and G - y. n

We can now prove the existence of a G-invariant Riemannian metric on M.

Proof of Theorem 1.4.1. Let n be an arbitrary Riemannian metric on M, and let (K);en
be a compact exhaustion of M. Let {x;};en be a set of cutoff functions x; : M — [0, 1] such
that supp(x;) € Int(Kj41) and x;(z) = 1,Vx € K;. Then letting p be a right invariant
Haar measure on G (as in Lemma 1.4.2), we can define a symmetric 2-form on M with
support in K; by

ni(z)(v,w) = /Gxg'(g ~2)n(g - ) ([(Pg)elz(v),; [(Pg)s]a(w))dp(g)

where v, w € T, M. By construction n; is G-invariant, and for € G- K}, it is in fact positive
definite. Now since {G - Int(K;)};en is a G-invariant open cover of M, by Lemma 1.4.2
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there exists a subordinate G-invariant partition of unity {¢,}. Then we can construct a
Riemannian metric v on all of M by setting

1a) = 3 pylana)

for all x € M. For all g € G and v,w € T'M we see that

g-1(@) (v, w) = ((By)")(v(2) (v, w))
=D (@) )aly(@)m () (v, w))

jEN
= > ({9 - 2)(®y) oy () (v, w))
jJEN
=D @i@)m(a) (v, w)
jEN
= () (v, w)
hence v is a G-invariant Riemannian metric on M. [

1.5 The Slice Theorem

We saw in Section 1.3 that for a proper action of G on M, the orbits were properly
embedded submanifolds of M. Then if we equip M with a Riemannian metric, we obtain
that for any z € M, the Tubular Neighbourhood Theorem [I3, Theorem 5.25] tells us
that there exists a tubular neighbourhood of G - z. But we can do much better than
this. We showed in Theorem 1.4.1 that there exists a G-invariant Riemannian metric on
M. Tt turns out that if the metric on M is a G-invariant metric, then we obtain a tubular
neighbourhood that decomposes into G-invariant cross-sections, and that the cross section
containing x ‘traces out’ the tubular neighbourhood, under the action of GG. That is, action
by G ‘slides’ this cross section, or rather normal submanifold at z, along the orbit so that
it remains normal to the orbit as it traces out the entire tubular neighbourhood.

In this section we will formalize the idea of this ‘cross-section’ and then prove the
existence of this ‘fancy’ tubular neighbourhood, which is precisely the statement of the
Slice Theorem.

Before we state the slice theorem, we first introduce the notion of a ‘slice’.

16



Definition 1.5.1. Let G be a Lie group acting on a smooth manifold M, and equip M
with a G-invariant Riemannian metric v as in Theorem 1.4.1. Consider for some x € M,
the normal space V,, = T, M /T,(Gz) to the orbit Gx. For any g € G, the differential of
the action, (®,)., sends a vector in T, M back into T, M, and thus, since it is an isometry,
induces an automorphism on V. This gives rise to a representation p : G, — GL(V,),
which is defined by p(g)([v]) = ¢ o (®,).(v) where ¢ : T, M — T, M/T,(Gzx) is the quotient
map. Now, since G — G/G, is a principal G, bundle by Corollary 1.3.7, we obtain the
associated bundle G x, V,. This is referred to as the slice bundle. For small enough ¢, we
know that the exponential is defined on V; = {v € V,||jv||, < e}. We call V} a slice at z.

Theorem 1.5.2 (The Slice Theorem). Let ® : G x M — M be a smooth proper action of
a Lie group G on a smooth manifold M. Then for any x € M, there exists a G-equivariant
diffeomorphism from a G-invariant neighbourhood of the zero section of G x, V, onto a
G-invariant neighbourhood of Gx such that the zero section is mapped to the orbit Gz.

In order to prove the Slice Theorem, the following lemma from [l1, Chapter 1.3] is
useful:

Lemma 1.5.3. Let ® : G x M — M be a proper action. Then for all x € M, and every
open set W 2 G, in G, there exists a neighbourhood U of x such that G(U|U) C W.

Proof of Lemma. Let V' be a neighbourhood of = such that G(V|V) is precompact (the
existence of such a set is guaranteed by Lemma 1.3.3). Let A = G(V|V)\W C WC. If A
is empty, we are done (as V' would then be our desired neighbourhood), so we can assume
it is non-empty. Since W is closed, A C W, and thus AN G, = @. Hence for all a € A,
there exist neighbourhoods C, of a and V,, of x such that C,V, NV, = &.

Then J,.4 C. is an open cover of A. Note that A is compact, as A C G(V|V), and

G(V|V) is precompact by choice of V. Then there exists a finite subset F' C A, so that
U,er Ca is an open cover of A. Then U =V N(),cp Va is open, and

G(U|U) € NaerG(Va|Va) € G(V|V), and
GUIU)NAC ([ GValVa) (| Ca) =2

acl a€l

Hence it must be that G(U|U) C W. O

Proof of Slice Theorem. We proceed as in [11]. Let v be a G-invariant metric on M, which
exists by Theorem 1.4.1. Let x be any point in M. Take € > 0 such that the exponential
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map exp is defined on the neighbourhood V; = {v € V,|||v|, < €}. By G-invariance of v,
we know that for all v € V7, and g € GG, we have the following:

g - exp(v) = exp(p(g)v),
d(z,exp(v)) = vl

Now, as per Definition 1.5.1, we know that (G x Vi, m,G x¢g, V) is a G,-principal
bundle. Then we define

¢:GxVE— M,
(g,v) = g - exp(v),

which is smooth. And so we are left with the following commutative diagram:

GXV;%M

“l/

GXGZ‘/;

Since ¢ is smooth, and 7 is surjective, we know that ¢ is smooth. And since ¢ is of maximal
rank at (e, 0), so too is ¢ at 7(e,0).

Recall that G X, V£ is an associated bundle for the principal G -bundle G — G/G,,
and dim(G x ¢, VE) = dim G/G,+dim V? = dim M. Hence by the inverse function theorem,
there exists a neighbourhood of 7(e, 0) in G X, V,F over which ¢ is a diffeomorphism. Then
there is a neighbourhood W of G, so that after possibly shrinking € we have ¢|-(wxve) is
a diffeomorphism onto an open set in M. Now, by Lemma 1.5.3, after possibly shrinking
e (again), we can assume that the open ball U = {y € M|d(z,y) < 2¢} satisties G(U|U) C
w.

Recall that for any g € G, g- — : M — M is a diffeomorphism, so that g - ¢ is a
diffeomorphism on w(W x V). But ¢ respects the G-action. That is, for any g € G, and
any |h,v] € (G x V), we have

©(g - [h,v]) = @(lgh, v]) = (gh) - exp(v) = g - (h-exp(v)) = g - @([h, v]).

Thus since Gr(W x V&) = n(G x V), we see that ¢ is of maximal rank on 7(G x V).
Then to show that ¢ is a diffeomorphism, it remains only to show that it is injective. To
obtain injectivity, it suffices to show that if ¢(g,v) = ¢(¢',v’), then [¢',v'] ~ [g,v].
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Indeed, suppose that ¢(g,v) = ¢(¢’,v"). Then by definition g - exp(v) = ¢’ - exp(v’), so
that exp(v) = g~ '¢’ - exp(v’). Then

d(z,97 "¢ - z) < d(z,exp(v)) + d(exp(v),g ' g'z)
= |Jv|| + d(g~"g' exp(v'), 9" ' g')

J/

=d(exp(v’),z), by G-invariance

= lloll + IVl < 2¢

Hence g~ ¢’z € U so that g7'¢’ € W, and thus by injectivity on m(W x V¥), [e,v] =
lg~"g', '], so that [g,v] = [¢',v']. O
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Chapter 2

Sobolev Spaces of Sections

Unfortunately, the Slice Theorem does not translate into infinite dimensions as nicely as
we would like. This is largely due to the lack of an infinite dimensional inverse function
theorem, which in the previous section we used to prove the Slice Theorem. However,
given certain infinite dimensional manifolds, special cases of the Slice Theorem have been
developed. In this chapter we consider two cases of an infinite dimensional analogue for
the Slice Theorem. First we study the space of Riemannian metrics on a compact manifold
M under the action by the group of diffeomorphisms on M. Second, we study the space
of connections on a bundle E with unitary structure group G over a compact, oriented
Riemannian manifold M being acted on by the gauge group.

2.1 Differential Operators on Vector Bundles

Since we cannot use the same techniques to establish these special infinite dimensional
Slice Theorems as we did in the finite dimensional case, we need to develop a lot of new
machinery. That is to say that switching to infinite dimensional manifolds and Lie groups
requires a lot more analysis, for which this section provides a brief overview of the important
results we need. We assume the reader has taken an introductory course in functional
analysis.

Let E and F be vector bundles of rank r, [ respectively, over a smooth manifold M and
let {Uy}aen be an open covering of M such that E and F trivialize over each U,, and we
have coordinates (2!, ...,2") over each U,.
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Let I'(E') denote the space of smooth sections of the vector bundle E, and I'.(F) denote
the space of compactly supported smooth sections of the vector bundle E.

Let {s1,..., 8.} be alocal frame for E over U,. Then we can write £ = £ls;.

Definition 2.1.1. A linear, differential operator of order k is a linear map P : I'(F) —
['(F) such that in coordinates, and with respect to our local frames, we can write

1Al gd
( ) Z Z 83;1 a..g(axn)kn

J=10<|\<Lk

where the A are multi-indices (Aq,...,\,), with [A\| = A\ + -+ + \,, and for each ¢, 7,
Py € C*(U,). Also it must be that there exists at least one non-zero P} for |A| =

(otherwise the operator would be of order ¢ < k where ¢ highest is the highest integer such
that there is P} # 0 for |A| = ¢).

A familiar example of a differential operator is the gradient operator V:C®R3) —
X(R?) defined in Cartesian coordinates by V = 61827 + ea5- ay + e3x: 6z We can see from the
expression of the gradient that it has order 1. Also, a very common differential operator
that shows up in physics is the Laplacian A : C”(Rg) — C°°(R?), which is defined as the
composition of the gradient with the divergence That is, A = div(Vf), and in Euclidean
coordinates this looks like Af = 812 + 2 e [+ 822, where we can see that clearly this is of
order 2.

The exterior derivative d : Q™(M) — Q™ (M) (where Q™ denotes the space of m-
forms on M) is another commonly seen differential operator, and has order 1.

The above differential operators are very well understood, and admit nice properties
that do not necessarily hold true for any differential operator. However, we can characterize
any differential operators by its symbol, which can tell us more about how the operator
behaves.

Definition 2.1.2. Let P : I'(F) — I'(F) be a differential operator of order k. Let = € M,
and take some t € T*M. Take f differentiable in a neighbourhood of x such that f(z) =
and df, =t and then define

o (P): E, — F,

1 k
£ P @)
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It is easy to see that o;(P) is a linear map (as P is). Furthermore, by requiring that
f(z) = 0, we obtain the property that the symbol depends only on the highest order
derivatives of P. That is, the symbol of a differential operator P of order k depends only
on the terms with multi-index A such that |[\| = k.

We say that P has injective symbol at v € M if for all nonzero ¢ € T) M the map
oi(P) : E, — F, is injective. If moreover o4(P) : E, — F, is bijective, then we say that P
is elliptic at x.

If we assume that M is orientable, and equip M with a Riemannian metric g, we obtain
a corresponding Riemannian volume measure V;, on M. Now, taking some inner product

(+,+) on E defined pointwise, for &, € I'.(E), (&, {)g is compactly supported, and thus we
define the L?-inner product on T'.(E) by

€ ey = [ (€Qav,

We denote the completion of T'.(E) with respect to this induced norm of this inner product
as L*(F), so L*(E) is a Hilbert space.

Similarly if we have a fibre metric (,)r on F' defined pointwise, we can repeat the

above construction to obtain the Hilbert space L?(F).

Definition 2.1.3. Let P : I'(E) — I'(F) be a differential operator of order k. We say that
the operator P*: I'(F) — I'(E) is a formal adjoint of P if for all £ € I'(E) and ¢ € T'.(F)
we have

(P&, Q) 2y = (& P Q) r2(m)-

It turns out that for any given differential operator, it has a unique formal adjoint
operator.

Proposition 2.1.4. Let P : I'(E) — ['(F) be a differential operator of order k. Then
there exists a unique map P* : T'(F) — I'(E) as defined in Definition 2.1.3. Furthermore,
for any x € M and t € T M, we have o;(P*) = (—1)ka,(P)*.

Proof. See [20, Section 4] O

Corollary 2.1.5. If P : T'(E) — I'(F) is a differential operator of order k with injective
symbol, then P*P is an elliptic differential operator.

Proof. Indeed, P*P has symbol (—1)*a,(P)* o o,(P), and since o;(P) is injective, o;(P)*
must be surjective, hence (—1)*a,(P)* o o4(P) is a bijection. O
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The following example will be useful to us in section 3.6.

Example 2.1.6. Let v be a Riemannian metric on M, and let Sym, (M) denote the space
of smooth symmetric 2-forms over M. Then

a, : X(M) — Sym, (M)
X = EX’%

where Lx is the Lie derivative of 7 in the direction X, is a first order linear operator with
injective symbol.

Proof. Let X € X(M), and w € T*M @ T*M. [, Example 12.35] shows us that we can
write out the Lie derivative in coordinates as
oX* oxk, . :
ﬁxw = (Xwij + wkjW + wlk%)dl' &® dl‘j,

where it becomes evident that it is indeed a first order differential operator.

Now take t € T M, and take f € C°°(M) such that df, = t, and f(x) = 0. Then
oi(oy) : TuM — (Symy(M)), CT"M @ T*M

is defined on some v € T, M and if we extend it to some vector field X € X(M) (so that
it makes sense to apply the Lie derivative),

o1(ay)(v) = (Lyx7)e = 1@ 1x,7 + 1x,7 @

where the second equality can be worked out by evaluating (Lyx7)(Y1,Y2) for vector fields
Y1, Ys and using various properties of the Lie derivative, and the fact that f(z) = 0. From
this we can see that o;(a,)(v) € (Symy(M)), is independent of the extension X of v.

[t remains to show that v — t ® 1,7+ 1,y ®t is injective. Suppose t @ 1,7+ 1,7 @t = 0.
Then let e* = ¢, and extend to a basis {e', ...,e"} of T M. Then we write ¢,y = ;€' (v)e,
so that

vije' (v)e? @ e' + i€’ (v)e' ® el =0

and thus for any vectors w = w'e;, u = u'e; € T, M we obtain

Yijv'wlu' = —y 0w (2.1)
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Suppose v! # 0. Then letting w = u = v gives us that
Y It = —yvtelol,
and thus 7;;0'07 = 0, so that v = 0 by positive definiteness of ~.

If instead v' = 0, then let u = v and w = e, and substitute into (2.1) to give us
iv'v! =0,
and again by positive definiteness, v = 0.

So, in either case, we must have v = 0, and thus oy : T, M — (Sym,(M)), is injective.
]

Example 2.1.7. Let A denote a connection V4 : T(E) — I'(T*M ® E). The induced
connection on the endomorphism bundle d4 : I'(End(E)) — I'(T"M ® End(F)) is a first
order linear operator with injective symbol.

Proof. For 6 € I'(End(E)), we know that in local coordinates and with respect to some
frame, we can write

da=d+[A, "]

where A is the connection matrix for V4 with respect to the local frame. From this, it is
clear that d4 is a first order linear differential operator.

Now, let z € M and let t € TXM and f € C*°(M) such that df, = ¢. Then for any
f € End(E),

oi(da)(B) = da(fB)(z)
= (df ® B)(z) + (f ® da(B)) ()
= (t®p)(x)

Hence oy(d4) : End(E), — T:M ® End(F), is defined by 8 +— t ® 3, which is clearly
injective. [
2.2 Sobolev Spaces and Embeddings

We would like to eventually work with the space of smooth sections of a vector bundle.
However we run into the problem that this space is not a very ‘nice’ space. For instance,
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this space is not even complete. However, we can embed this space into much nicer spaces;
Hilbert spaces even. In this section we walk through various equivalent constructions of
these aforementioned Hilbert spaces. We then give important topological properties of
these spaces.

For the remainder of this chapter, let E be a rank r vector bundle over a compact
n-dimensional oriented manifold M, and let {U,}.en be an open cover of M by domains
of coordinate charts such that F is trivial over U,, and let {p,}aca be a partition of unity
subordinate to {U,}aen. Since M is compact, we can assume that A is finite. Let T'(F)
denote the space of smooth sections on F.

2.2.1 Sobolev spaces on M via coordinates

Since U, is diffeomorphic to a subset of R™ we can use the standard Euclidean volume
measure dV to define the standard L*norm || - ||z, for smooth functions f € C*°(U,):

I fllz2wa) = </Ua |f]2dV)é.

Now, let A be a multi-index, and let (2!,...,2") denote the local coordinates on U,.

Then we denote D) = (leaﬁl@xn)xn

Now, recall that for a section & € I'(U,), we can use a local frame {s{, ..., s%} on U, to

write £ = &7s%, where each £ € C*(U,).

Then for each &7, £ € T'(U,), and Dy(p,&’) € C5°(Uy). Then we can define the Sobolev
k-norm of £ € T'(E|y,) on U, by

°) ’I”

1€l iy =D > 1Al 2wa)- (2.2)

7=1 0<|A|<k

Similarly, if £ € I'(F), we can express &|p, = &, and we know that £ is well-defined on
overlaps. So, we can write Dy& = > 1 (Dapal). Since A is finite, this is well-defined.
And thus we can write the Sobolev k-norm of £ € I'(E) as

1€ 1] 5 () ZZ Z 1(Da(pa&) | 2 () - (2.3)

a€eh j=1 0<[\|<k

25



The reader is encouraged to check that (2.3) is in fact a norm on I'(E). Note that the
norm (2.3) depends on the choice of coordinates and partition of unity, however the norms
induced by different choices are all equivalent. We then define H*(E) as the completion
of I'(E) with respect to this norm. Note that as this norm is induced via the L?-inner
product of the form

(& Qnre ZZ > ADA(Pa&), Da(pal?)) 12(w1) (24)

aeh j=1 0<|\|<k

we obtain that H*(E) is a Hilbert space.

2.2.2 Sobolev spaces via the Fourier Transform

We now provide a separate construction of the Sobolev space H”, using the Fourier trans-
form, which helps us to prove the simple version of the Sobolev Embedding theorem, as well
as understand the importance of higher order terms in our differential operators. Some-
thing of importance to note is that defining the Sobolev norm with the Fourier transform
on a manifold M must be done in coordinates, and thus extending it globally here is making
use of the fact that M is compact.

On C*®(R"), define the seminorms ¢;,(u) = sup,cgpa{(1 + |2[>)2|Dau(z)|, N < k}.
Then one can check that the set of all u € C*°(R") such that every g;(u) < oo with
countable family of seminorms {q;};ken is a Fréchet space, called the Schwartz space,
denoted .(R™). Intuitively, the functions in this space and their derivatives “decay fast

enough”. For example, C2°(R") C .(R").
Let u € C2°(R") and define the Fourier transform of u by

a(¢) = ! / ) u(z)e ™ de

for x, € R and - = 2'¢t + - - - + 2™(", the standard Euclidean dot product. Consider

now the map Z* : /(R") — (R") defined by (F*u)(() = ﬁfu(a:)e”(d:t. The
reader is encouraged to check that this is in fact an adjoint of .# with respect to the L2-

inner product for any u, f € .. Using the Dominated Convergence theorem and Fubini’s
theorem, one can show that #*%# = .Z.7* = I (see [21, Section 1.2]), and thus .#* acts as
an inverse on ./(R"). Then with respect to the L? inner product (u, f) = fu(x)f(x)dx,
we have (Fu, F f)r2 = (F*Fu, f)r2 = (u, f)r2, so that || ZFul|;2 = ||ul| L2, making .Z# an
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isometry on . (R™). Also, since compactly supported functions are Schwartz functions, it
follows that with respect to the L? inner product, we have .(R") = L*(R"), and thus we
recover Plancherel’s theorem, that ||ul|p2 = ||d] 2 for u € L*(R™).

For any u € .(R"), we compute

(Da)t() = (Dy) s / a(Q)eSdc
- /(DA>$(a<¢>e“'<)d< (2.5)

where (* = @1 -+ (M. Also, the subscript for (D)), is just there for clarity, and in the
second line we used the Dominated Convergence theorem to move the operator (D)), inside
the integral. Now we again take the Fourier transform

((DA/)E(:B))(()Z : / (271)3 / NG a(Q)e dge " d

and thus

lulle = D I Dxu@)]lz2

A<k

= 3" IDru@)llze

X<k

= > IIPa(O)]le

X<k

=D Il

X<k

=3 [ IePlatordc

X<k

We now show that there exist constants C1, Cy such that C;(1+|¢[*)* < > <k ICM? <
Co(1+]¢J?)*. The following clever proof for this inequality was relayed in [10]. We instead
claim that there exists constants C; and Cy such that for all t € R,

Gt +[¢P)F < ) P < Gyt + ¢

A<k
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Since ¢ € R", we have v = (¢,{) € R*"™ and then we can write |[v||?* = (||v]]?)* =
(1 + [C]*)*, and also Y7y 172 = 37 w22 Observe that f(v) = 2, V> is
a homogeneous polynomial of degree 2k. That is, f(v) = ||v|**f (ﬁ) Hence it suffices
to prove the inequality on the unit sphere S™. Since f is positive and continuous, and
S™ compact, we can take some upper bound Cj for f on S”. That is f(r) < Cy on S™.
Furthermore, f obtains a minimum on S", say at (z1,...,Z,41). Then at least one z; is
non-zero, and

fv) = o,
making C; = z2¥ an appropriate lower bound here. Thus we have proven the inequality
on S", as desired. Then setting ¢ = 1, we obtain our desired inequality.

This tells us that for functions the k-Sobolev space H*(R™), (the functions in L? for
which Dyu € L? for || < k) we can equivalently define the Sobolev k-norm by

Jullr ~ | (1[G a(6) P (2.6

That is, we can define Sobolev space H*(R") as the set of u € .#” such that 4 is locally
square integrable and (1 + [£]?)*a4 € L?(R"), where we are defining .¥” to be the dual
of the Fréchet space ., which is the closure of . under the mapping f(u) = (u, f) =
Jgn u(2) f(z). Since C°(R™) is dense in the weighted L*-space (L*(R™), (1 + [¢[*)*) (the
proof for which looks the same as it does in the standard L?(R")), so too is .(R"). Then
since .Z : H¥(R") — (L*(R"), (1 + [¢|*)*) is an isometric isomorphism, we obtain that
F S (R")) is dense in H*(R™).

Proposition 2.2.1. Let u € C*(R). The norm defined by
lull = lfullzz + Y [1Dxull 2 (2.7)
A=k
15 equivalent to the Sobolev k-norm on R™.
Proof. This is in fact true for all Sobolev spaces (not just the L2-based ones as we are
considering here), however the proof for a general Sobolev space is rather lengthy, and

we refer the interested reader to [, Theorem 5.2], which also proves it on more general
domains than just R".

Before we begin, let us recall the notation (* = C{\I ... (M for a multi-index )\, and

note that this is distinct from [¢|¥ = (v/GZ +--- + 2)*, where k € N.
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First observe that if || < 1, then (1 + [¢|*)F < 2%, and if |¢| > 1, then

(1+I¢I)" zk; ( )|§|2J < Z ( >|§|2k 2H|C|2E.

Then (1 -+ [¢|?)F < 25(1 +[¢]*), so 1+ [¢]** < (1 + [¢[P)F < 281 + [¢]*).

Also, letting (%) = 12,

CPP = (|G + -+ [Gal)E
k
()
A=k

and thus since (}) > k, we obtain D=k ¢ < [¢*F < maxy— (§) >k ¢?, so in fact
the norm in 2.6 is equivalent to [(1 4 37, [¢**])a(¢)[*d(, and thus

ol ~ / 1+ 3 M)

A=k
aQPdc+ [ 1O Pla() e
R” " D=k (2.8)
= [[a(Q)llz + Y 10U 22
|\=k
= llu(@)ll2 + Y 1 Dyul@)]| .2
I\|=k
which concludes the proof. n

Note that by our definition of the Sobolev space for sections of a vector bundle, the
above proposition extends to H*(E) as well.
2.2.3 Sobolev Spaces via Connections
Let V¥ be a connection on E, so VF : T'(E) — I'(T*M ® E), and let VL denote the

Levi-Civita connection on T'M for our Riemannian metric g on M, and let V¢* denote the
induced connection on T*M. Then VE¢*®V is the induced connection on 7*M ® E. That
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is VIC* @ VE . T(T*M @ E) — T'(T*M ® T*M ® E) and thus we can again use the Levi-
Civita connection to give us an induced connection on T*M @ T*M @ E. Continuing in this
manner, using the induced connection on the bundle ®" T*M ® E (namely Q" VL@ VE)
we define the map

vk T(E) — r(é T"M ® E)

£ V(V(..V(€))))-
——

k-times

It turns out that this is a differential operator of order k, and not only that, but
we can use it in place of D, for our definition of the Sobolev norm. Indeed, given a
Hermitian inner product h defined on the fibers of E, we obtain a pointwise defined inner
product on Q" T*M ® E defined as follows: Let U be an open set over which we have
local coordinates (x!,...,2") and a frame {si,...,s,.} for E|y. Then we can write any
¢ e N(Q"T*M ® E) locally as &l i dr @ ... ® dr™ ® s,. We then define the pointwise

inner product (¢, ) = g"'...g"kh,, ! v

VSi1. g Sk

Using compactness of M, and arguing by induction, one can prove the following.

Proposition 2.2.2. The following norm on I'(E) is equivalent to the Sobolev k-norm:

k
€l = 3 [ 1Tz, 29)
=0

2.2.4 Embeddings

On E, we denote by C* the space of k-times continuously differentiable sections. Now, let
{Uq}aen be an open cover of M over which we have coordinates and local trivializations
of E. Then consider the shrunken open cover {V,},eca such that V, C U, (such a cover
always exists). Again we write |y, as &,. We define the uniform C* norm by

I€llcrm =D > sup [(DA&)- (2.10)

a€h j=1 0<|x<k TEVe

Note that C*(E) is a Banach space.
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Remark 2.2.3. Given a partition of unity p, corresponding to the cover {U, }aen it turns
out that the following definition for the C*-norm is equivalent to ours

1€l (i ZZ > sup |[(Dalpad)]. (2.11)
aeh j=1 0<|x|<k TEVa

This second definition looks much more similar to (2.3), and will thus be useful for us to
transfer the following results on R™ to E.

It is easy to see from our local coordinate definition of Sobolev norm that if u € H?,
then (30— Da)u € H**. We now present the most important result of this section.

Theorem 2.2.4 (Sobolev Embedding Theorem). If s > % + k, then H*(E) C C*(E) and
the embedding is continuous.

Proof. We first prove this on R", and then extend to sections of E.
Let uw € H*(R™). Then by (2.5), we have that

S

Do) < - /\c a(O)]d¢

L+ F IR

1 ISAEPAL )
= (2% (/Rn WCZC> </Rn(1+ ¢17)* (<) dC)

Holders inequality

[

i(¢)d¢

w|3

and thus squaring this gives us

1 A2
D) < G [ e [ PG
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Now we sum over all |A\| < k to give us

lu(@)llren = sup > [Dau(e)f?

TER™ <\ <k

Lo IOP
< Y G [ e [ asIRylacorac

0<[A <k

A2
- ﬁ( 5 %dc) ( [+ |<|2>S|a<c>|2dg>

1 ¢ 2\s|n 2
= 2oy (/R WCK) (/n(H IC1%)°1a(<)] dC)

where to obtain the last line we used the inequality Y7, [C** < C(1 4 [¢[*)¥, proven
in section 2.2.2. Then since for s —k > %, (14 [¢|*)*"* € L'(R), we obtain the constant

_ 1 C
Cl - (2m)n (f]Rn (1+[C[2)—F dC) such that

lu(@)llcr@ny < Crflu(z)]

Hs(R"™),
and thus H*(R") C C*(R").

To see why this extends to sections in H*(E), we consider the form of the C*(E) norm
as given in (2.11). Since each p,&’, is a smooth function on R™, the result for R” applies. [

Note that the following corollary is also true under the same regularity assumptions
as the Sobolev Embedding Theorem (s > %), however since for our purposes in the later
sections lower regularity provides no added benefits, we will prove it under a slightly weaker
assumption.

Corollary 2.2.5. For |5] > %, the space H*(R") is a Banach algebra under the operation
of pointwise multiplication.

Proof. Suppose | 5| > % and take u,v € H*(R"). Then, using the generalized Leibniz rule
for multi-indices, we can write each Dy(uv) = >\ ( )DouD)_qv, where o < X\ means

a' < X for all 1 <i < n. Also, by Theorem 2.2.4 and our assumption on s, we know that
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u,v € C°(R), and thus we can write

[uv]| s (gny = [luvllz2@e + > I1DA(uv)]| 2n)
|Al=s
< sup (@) ||ull 2@y + Z( )H (Datt)(Da—av)|| 22(@n).
reR™

IA|=s a<A

But since |5] > §, for every |A\| = s, either s — || > § or s — |\ — a] > §, and thus by

Theorem 2.2.4 either (Dyu) € C’O(R") or Dy_,v € C°(R"). As a result, we obtain

[uv]

oy < sup oz H|uHL2Rn+Z( S sup [Dau(@)] [ Daavll2en)

A=s \a<xlal<|s) TR

+ Z sup |D,\_av(x)|||Dau||L2(Rn)>.

n
agxlal>| 5] TR

(2.12)

Now, observe that

Y. > s [Dau(@)l|Da-avlzzn

IA=s a<Xlal<| 3] k"

Z Z sup | Dou(z Z Z HD/\—aUHLQ(R))

IA=s a<Alal<| 2] TR A=s a<Xilal<|4]

< ||U||CL%J(R)||U||HL%J(R)

< Collv]

@)U 7o (m)

for some Cy € R, where in the last line we used Sobolev Embedding Theorem, and the
easy to see fact that for k < s, ||ul| grr) < ||u|lgs®). We can use the exact same argument
for the other summand from (2.12), to obtain

|uv]| = (rey < Slelﬂlg (@)l z2@e) + Crllvllms ) 1wl m= @)
Finally, again using the aforementioned fact, and a similarly easy to see fact that if & < s,
v]lckmy < |v]lesm), we see that [[v]|com)l|ullz2m) < |lv (®)- S0 again invoking the

Sobolev Embedding Theorem,

juv]

mo@ny < Collv|| sy |l s m)

hence H*(R) is a Banach space under pointwise multiplication. O
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Corollary 2.2.6. For a vector bundle E over a compact manifold M, H*(E) is a Banach
algebra under the action of pointwise multiplication.

As mentioned in the previous proof, it is not hard to see that for & < s, || - || gs(p) is
stronger than the norm || || ge(gy. That is, || || grmy < [Jull#e(k), so clearly H*(E) C H*(E).
It turns out that we can say something even stronger than this.

Theorem 2.2.7 (Rellich Lemma). When s > k, the embedding H*(E) C H*(E) is com-
pact.

Proof. See [24][Chapter 1, Section 5. O

To understand another result of the Sobolev Embedding Theorem, we first introduce
the notion of the Fréchet derivative.

Definition 2.2.8. Let f : E — F be a map between Banach Spaces. Suppose that f
is differentiable at £ € E. Then there exists a continuous linear map A, : E — F such
that for some 6 > 0 and ||{|| < § we can write f(£ + () = f(&) + A(C) +<(Q)||¢]| g, where
lime,pe(¢) = 0. Then supposing that f is differentiable on some open set U C E, we
define the Fréchet derivative of f, denoted Df : U — L(E,F), by D¢f = A¢ as defined
above.

Since D¢f € L(E, F), assuming that Df is differentiable in some open set U C E we
can again take the Fréchet derivative to give us D(Df)): U — L(E, L(E, F)).

We can continue in this way to define D*f : U — L(E,L(E--- (L(E, F))---)).

Since L(E,L(E---(L(E,F))---)) & L¥E,,E,--- ,E,F) (where L(E,,E,--- |E, F)
is the space of multilinear maps from E X --- x E to F') it is often easier to think about
—_—

k—times

the k-th Fréchet derivative of f as a map D¥f : U — L¥(E x E--- x E, F), writing its
evaluation as D¥f(&y, ..., &) € F.

This allows us now to state the following Theorems, which we will need later on.

Theorem 2.2.9 (Banach Space Inverse Function Theorem). Let X and Y be Banach
spaces, and let U C X be an open neighbourhood of 0. Suppose F : U — Y is a map of
class C*, such that

DyF : X =»Y

s a bounded linear isomorphism of X onto Y. Then there exists an open neighbourhood
V C U containing 0 such that F’v V. — F(V) is a C*-diffeomorphism.
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Theorem 2.2.10. Let E and F' be vector bundles over M and let f : E — F be a smooth
fiber preserving map. Then if s > %5, the map f o (—) : H*(E) — H*(F) defined by
o foais smooth and its derivatives satisfy D5(f o )(&1, ..., &) = Dagyf (&1, s &x)

Proof. See [19, pp. 41-42] O

2.3 Elliptic and Operators with Injective Symbol

In the previous section we saw that for the Sobolev norm, we can define it either using
derivatives of all orders up to k, or only the derivatives of order k£ and zero. In this section
we extend this idea, by looking at elliptic operators, which capture all the highest order
differential information.

Definition 2.3.1. Let P : I'(E) — I'(F) be a differential operator. Fix some &, € I'(E),
and suppose that for all ¢ € I'(F)

(n, C>L2(F) = (¢, P*QL?(E)-

Then we say that n is a weak solution to P§ = .

By continuity, a differential operator P : I'(E) — I'(F) of order k extends uniquely to
a bounded linear map P, : H*(E) — H**(F) (here s > k). If we recall that the adjoint
P* : T'(F) — T'(F) was defined by (P, () = (£, P*(), and by continuity this defining
property also extends to &, ¢ € H® giving us P? : H*(F) — H**(F).

Theorem 2.3.2 (Elliptic Regularity Theorem). Let M be a compact manifold, and let E
and F' be vector bundles over M. Let P : I'(E) — I'(F) be an elliptic operator of order
k, and suppose n € L'(E). Suppose that ¢ € L'(E) is a weak solution to P¢ = n. If
n € H*(E), then & € H***(E) and there exists some constant C > 0 independent of & such
that

& zs+rry < C1PENm=r) + 1€l L2 () ) - (2.13)

Corollary 2.3.3. Let £ € I'(E). And let P : I'(E) — T'(E) be an elliptic differential
operator of order s. The norm defined by

€llsp = €]z + [1PE]| 2

is equivalent to the H*(E) norm.
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Proof. 1t suffices to find constants C; and C5 such that
C1 (I1PElam) + 1€l r2m) ) < I€llmscmy < Ca(1PElram) + IEllz2m))-

From definition 2.1.2, we can see that if we take a constant Co = max<xj<keen {15 (2)l| Lz}
(where || - ||L(z) is the operator norm induced by the inner product on E, and P is the
matrix coefficient for D)) then

1
FHPSHLQ(E) < Z D&l 22()
0 0<[A <k
and thus

1
50HP€HL2(E) €l < D0 DAz + €] 2y

0<[A|<k

= > IDéleawm) + 20l m)

1<|A[<k

<2( Y IDAElram)-

0<[A|<k

Hence letting C; = min{ﬁ, 1}, we obtain

C(I1PElzam) + lgliz) < D2 1Dx¢ e

0<N <k

By Theorem 2.3.2, and the fact that L? C L' over compact domains, we obtain Cy such
that

l€llss < Ca(I1PEl e + lgllez ).

sy ~ || llsp- O

Hence, we conclude that || - |

Theorem 2.3.4. Let P : I'(E) — I'(F) be a smooth, linear, elliptic differential operator
of order k, and let s > k. Then

1. The kernel of the extension P : H*(E) — H*®(E) is a finite dimensional, closed

subspace of T'(E). Note that PY , : H*7F(E) — H* ?*(E) must be elliptic as well, so
that ker P, also consists only of smooth sections.
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2. We obtain an L*-orthogonal direct-sum decomposition

H**(F) = P,(H*(E)) ® ker P*_,.. (2.14)
Proof. See [17, Section 3.1] O

It turns out that in order to obtain the direct sum decomposition above, it suffices for
P to only have injective symbol.

Theorem 2.3.5 (Berger-Ebin decomposition for operator with injective symbol). Let P :
[(E) — [(F) be a smooth, linear differential operator of order k with injective symbol.
Then for s > k, there is an L*-orthogonal direct sum decomposition

H*%(F) = P,(H*(E)) @ ker P} ,..

First we need some important facts.

Lemma 2.3.6. Let X and Y be Banach spaces and let T : X — Y be a bounded linear
map. Assume that W is an algebraic linear complement to T(X) in Y, which we will
denote by Y =T (X)+ W. Then if W is closed, T(X) is closed and Y =T(X)® W is a
topological direct sum.

Proof. This proof follows [20][Chapter VIII, Theorem 1]. Let 7 : X — X/ker T denote the
quotient map. Then T'(x) = T o (), where T : X/ker T — Y is injective and bounded.
Thus since we only need to show that T(X) =T : X/kerT — Y is closed in Y, it suffices
to show it for T injective.

Let W be the closed algebraic complement of 7'(X) in Y. Hence W is itself a Banach
space. Consider the Banach space X @& W with the direct product topology. Define
T:X®W =Y by T =T(z)+ 2 Then T is a continuous bijection of Banach spaces,
hence a Banach space isomorphism. Since X is closed in X & W, it must be that 7'(X) is
closed in Y. O

Lemma 2.3.7. We have ker P*P = ker P and ker PP* = ker P*.

Proof. These are both immediate from (&, P*P§) 12(gy = (P§, P&) 12(p) and (§, PP*) 12(p) =
(P, P*) 12(p).- O

Lemma 2.3.8. Let P : ['(E) — I['(F) be a continuous, linear differential operator with
injective symbol. Then the following hold:
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1. P,(H*(E)) = P,P:,  (H**(F)).
2. Py (HM(F)) = PL, P,(H*(E))
3. ker P, N P,(H*(E)) = {0}.

Proof. This proof is based on claims made in [23].

1. The D direction is clear. For the reverse inclusion, consider { € Py(H*(E)), then & =
P,(n) for some n € H*(E). Then By Corollary 2.1.5, P*P is elliptic, so by Theorem 2.3.4,

we have the orthogonal decomposition
H*7*(B) = P;_,P(H*(E)) ® ker(P,_y, Psa,)
Le

Hence 1 = P¥  Psiox(v) + w for some v € H**?*(E) and w € ker P. Then
& = P,() = PPl Poron(v)+w) = PP}y Posor(v)+Po(w) = PP}y (Posor(v) € PPy (HE(F)).

P P, (H*(FE)) & ker Ps_o.

~—~
mma 2.3.7

2. The D direction is clear. For the reverse direction, consider {& = Pr ,(n) €
Pr ,(H**(E)). By the orthogonal decomposition of H*~2* to show that & € P* , P,(H*(E))
it suffices only to show that & | ker P, 5. Indeed, for any v € ker P,_o, we have

(§,v) = (P;_(n),v) = (n, Pi_gv) = (n,0) = 0.

3. Take § € ker P._ NP,(H*(E)). Then§ = Py(n), and (Py(n), Ps(n)) = (n, P._;Ps(n)) =
0,s0&=P(n)=0. O

Proof of Theorem 2.3.5. Since ker P?_, is closed in H*7*(F), to get the direct sum decom-
position, by Lemma 2.3.6 it suffices to show that there exists an algebraic linear decompo-
sition H*"*(F) = P,(H*(F)) + ker P} ,.

Take some £ € H**(F). Then P* ,(§) € H*~?*(E), and then by part 2 of Lemma 2.3.8,
P* (&) = P Ps(n) for some n € H*(E). Then £ = Py(n) + v for v € ker P*,. By
Lemma 2.3.8 part 3, this n and P(v) are unique. Hence we obtained the desired algebraic
decomposition.

Moreover, for any n € H*(E), and v € ker P} , we have (Psn,v) = (n, PX ,v) =0, so
that they are orthogonal. Hence

H*"(F) = P,(H*(E)) & ker P*_,

is an orthogonal decomposition.
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Chapter 3

A Slice Theorem for the Moduli
Space of Metrics

Let M™ be a compact manifold, and assume |5| > 7, so that by Corollary 2.2.5 H® is a
Banach algebra. Let & be the group of diffeomorphisms on M, where the binary operation
is composition. Let .# denote the set of smooth Riemannian metrics on M. In this section
we will see that for 2 acting on .# by pullback, we obtain a ‘slice theorem’ on .#. That
is, just as in the finite dimensional case for the proper action of a Lie group on a smooth
manifold, we will show that for any v € .#, the orbit of v looks a lot like a quotient of &
by the isotropy group of v, and this orbit admits a neighbourhood with cross-sections that
are invariant under action by the isotropy group of ~.

This specific slice theorem was proved by David G. Ebin, and we will work through its
construction following the ideas and arguments originally presented in [3] and [4].

Let us first discuss the action of ¥ on .

Definition 3.0.1. We define the action of the diffeomorphism group Z on the set of metrics
A over M by ®(p,7v) = ¢*y, where ¢*v is the pullback of v under the diffeomorphism ¢,
characterized by (¢*).(v, w) = V(@) (@0, psw).

Remark 3.0.2. For v € . and ¢,9 € 2, we have Id*y = v, and

D(v,0p) = (Yop)y =" W) =2W "y, ) =2(P(7,v¥), ).

Thus, the map ® : 4 x 9 — # defined by ®(v,¢) = ¢*y is a right action of ¥ on ..
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Now, we wish to study this action intensively and develop a slice theorem for it. How-
ever, neither & nor .# are very nice spaces, in fact neither space is even complete. So, we
will make use of the theory of Sobolev spaces we developed in the last chapter, embedding
these into their own respective Sobolev spaces of sections of a bundle over M. We can then
extend the group action to these much nicer spaces, whose richer geometric structure lend
themselves to developing a slice theorem for this extended action. So, we shall spend the
next couple sections developing the geometry of these spaces.

3.1 The Group Z°"!

In this section we will look at the Sobolev space 2°!, and show that this is both a group
and has infinite dimensional manifold structure.

Let N be some arbitrary manifold. We denote by H*(M, N) the space of s-regular
maps from M to N, which is defined using our standard definitions of Sobolev spaces of
sections as H*(M x N), where M x N — M is a trivial bundle over M.

The method that Ebin employs to show that 2°! is a smooth manifold is to show that
25! is an open subset of the smooth manifold H*(M, M). So, first we must show that
H*(M,N) is a smooth Hilbert manifold, modelled on the Hilbert space H*(f*I'N). We
begin the process by constructing a chart around every point f € H*(M, N).

Impose a Riemannian metric v on N and take some f € H*(M,N). By continuity of
f, and compactness of M we know that f(M) is compact in N and thus there is a uniform
neighbourhood W of the zero section in T'N|¢(asy such that exp |y is a diffeomorphism onto
its image.

Denote
H*>(f'TN) = {§ € H*(f'TN) : max|[£(p)ll, < e},
so that £(x) € W, for all z € M. Note that by Theorem 2.2.4, H*(f*T'N) — C°(f*TN),
hence H**(f*T'N) is an open neighbourhood of zero in H*(f*T'N).

We can also see that x — expy, (€(z)) € H*(M, N), since £ € H*(M, W), and exp €
C>®(W,N). Furthermore, as exp is a diffeomorphism on W, we obtain that the map
Wy H*(f*TN) — H*(M, N) defined by £ — (z — expy(,(§())) is injective.

We use this map to define a set of local charts on H*(M, N) given by

U (HS’E(f*TN), \Iff> : (3.1)

feH*(M,N)
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The proof that these in fact define smooth charts on H*(M, N) can be found in [3, pp.
47-50].

We can construct the manifold C'* (M, N) analogously, modelled on the bundle C*(f*T'N).

We simplify to the case where N = M, and consider the set of maps from M — M
that are continuous, invertible, and both the map and its inverse have continuous first
derivatives.

Definition 3.1.1. Define C*(2) C C*(M, M) by {f € C*(M, M) : f is invertible and f~! €
O (M, M)}.

Proposition 3.1.2. The set C1(2) is open in C*(M, M).
Proof. See [8, Chapter 2, Theorem 1.6] ]

Note that by our choice of s we have s+1 > 5 +1, and thus by the Sobolev Embedding
Theorem 2.2.4 we have an embedding ¢ : H*™ (M, M) < C'(M, M). We now use this fact
to help us develop a notion of diffeomorphisms of regularity s.

Definition 3.1.3. Define 2! .= Hs*Y(M, M) N CY(2).

Proposition 3.1.4. The set 2°! is a smooth manifold.

Proof. Since C'(2) C C'(M, M) is open by Proposition 3.1.2, and ¢ : H*"'(M, M) —
CY(M,M) is a continuous embedding, we know that 2°T' = ,~1(C'(2)) is open in
HsY (M, M). Hence since H*"Y(M, M) is itself a smooth manifold, we obtain a smooth
structure on Z°*1. O

We need the following statement.

Lemma 3.1.5 (Theorem 1.2 from [7]). Let M™ be a closed oriented manifold, N a smooth
manifold. Suppose that s > 5 + 1. Then for any r >0,

o u: H"(M,N) x 25 — H*(M, N), defined by (f,p) — f o, and
o inv: 25" — 2%, defined by p — @}

are both C"-maps.

Lemma 3.1.6. For ¢ € 27, H*"Y(TM) = H*"(p*T M) are homeomorphic as Banach
spaces.
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Proof. We define a map

O : H*H\(TM) — H* Y (o*TM)
X =" X.

Since regularity is preserved under composition, we can write its inverse map as

ot H*Yp*TM) — H**Y(TM)
Y = (0 )'Y.
So © is a bundle isomorphism. We wish to show that it is a homeomorphism of Sobolev

spaces. By the Open Mapping Theorem, it suffices to show that the map X +— X op is a
bounded linear map.

It is clear that this is a linear, bijective map, as (Y + X)op =Y op+ X o .

To see that it is bounded, we let N = TM, and let r = 0, and then applying
Lemma 3.1.5, we obtain that this is a C° map. Thus © is a bounded linear bijection
between Banach spaces, and thus a homeomorphism by the Open Mapping Theorem. [

Proposition 3.1.7. 7,2t = H**(TM) for any ¢ € 2°t1.

Proof. Take some ¢ € 2°t1. By our construction of the charts (3.1), and by openness of
25 in H5TY(M, M), we know that there exists € > 0 such that <H5+1’€(¢*TM), \IISD)

is a coordinate chart around ¢ in 2°t'. But since H*™(p*T'M) is a Hilbert space, the
tangent space at any point in H*™1¢(p*T'M) can be identified with H**1(o*T'M). Then
by the Lemma, we obtain T,,2°t! = HS*1(TM), the space of regularity s + 1 vector fields
on M. O

Proposition 3.1.8. The manifold 2 is a topological group.
Proof. This is an immediate result of Lemma 3.1.5. O]

In particular, for diffeomorphisms ¢ € 2 C 21, we have that both post-composition
and pre-composition are in fact smooth maps.

Proposition 3.1.9 (Proposition 3.4 in [1]). Let ¢ € 2°' and let R,,L, : 2°' —
25t denote right and left group multiplication (in this case, pre-composition and post-
composition, respectively) by ¢. Then R, is smooth, and if ¢ € &, then L, is smooth.
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Proof. Let ¢ € 2°T! and take some X € Ty 2™ = H*TY(*TM) = HH(TM). We
recall that the charts on 2°*! are defined using a Riemannian metric v on M, and the
resulting exponential. We will show that R, is smooth in some open set U = H*t1<(¢*T' M)
containing ¢. Taking some n € U, we have n = expy,.,(X) for some X € H*"'*(¢*T M),
and so

Ry (1) = expy)(X) o @
= exp¢0@(~) (X © @)7

so we can see that R, acts on the model space H**'(¢*T'M) via pullback by ¢. In
Lemma 7?7 we showed that this was a bounded linear map on Banach spaces, hence it is
smooth.

Now, we check the left action L, for smoothness. If we consider the trivial bundle
m: M x M — M with 7(z,y) = z, then we can identify H*(M, M) with the space of H®
sections of M x M, written H*(M x M) using our notation, and where ¢» € H*(M, M)
corresponds to the section x — (z,%(z)). Then for ¢ € 2°1 we can view it as a smooth
fiber preserving map ¢ : M x M — M x M defined by (z,y) — (z,¢(y)). Then by
Theorem 2.2.10, we obtain that 1) — ¢ o) is smooth. O]

3.2 The Manifold .#°

We want a nice way to define Riemannian metrics of regularity s on M. Recall that by
definition we define the space of smooth Riemannian metrics as .# C I'(Sym,(M)), such
that for all v € # and z € M, v, : T, M x T, M — R is positive definite. We will use
a similar method for defining the space of regularity s metrics over M, but in order to
define such a set using a pointwise property as we do for smooth metrics, we will want
these sections to be continuous.

Definition 3.2.1. Define the set C°(.#) C C°(Sym,(M)) by the property: v € C°(.#)
if and only if for every x € M, v(x) is positive definite.

Proposition 3.2.2. The set C°(A) is open in C°(Symy(M)).
Proof. Consider some open cover {U,},ca such that there exist both coordinate charts
and vector bundle trivializations over each U,, and let {p,}acn be a subordinate partition

of unity. First note that the space of positive definite symmetric matrices is open in the
set of symmetric matrices. Then consider some v € C°(.#). Let us take an orthonormal

43



frame for 7y in each trivialization, so that the local representation v is of the form v* = I,.
Let the pointwise fibre metric on Sym, (M) be such that it induces the spectral norm || - 2.
Then for e = 1 if we take 8 € C°(Sym,(M)) such that

18 = Yllcosymyary < 1,

we obtain by definition (2.10) that for all a € A,

18% =%l < 1.

Hence all eigenvalues of 3 are strictly positive, so that § is positive definite.
So for any v € C°(.#) there exists an open ball in C°(Sym,(M)) containing v such
that it is entirely contained within C°(.#), so that C°(.#) is open in C°(Sym,(M)). O

Since we have s > 7, we know by the Sobolev Embedding Theorem 2.2.4 that H*(Sym,(M)) C
C°(Sym,(M)), so the following definition makes sense.

Definition 3.2.3. Define .#° := H*(Sym,(M)) N C°(.#).

Proposition 3.2.4. The set #* is a smooth manifold.

Proof. The Sobolev Embedding Theorem 2.2.4 tells us that the embedding ¢ : H*(Sym,(M)) —
C%(Sym,(M)) is continuous. Then since C°(.#) is open in C°(Sym,(M)), we obtain that

M5 = 17 (C°(M)) is open in H*(Sym,(M)), which is a Hilbert space. Hence .#Z* is a
smooth, infinite dimensional manifold. O

Corollary 3.2.5. T,.#° = H*(Sym,(M)), for all v € 4°*.

Proof. This is immediate from the fact that .#* is open in the Hilbert space H*(Sym,(M)).
[l

Definition 3.2.6. Given v € .#*, ~ induces a pointwise inner product on T*M via the
musical isomorphism, and this extends to a pointwise inner product on ®k T*M defined
on simple tensors by (/1 ® -+ ® Sy, w1 @ -+ Q wy) = Hle(ﬁi, w;)~, and an inner product
on Sym, (7 M), which here we will also denote (-, -),. Then we define an inner product on
P(Sym, (T*M)) by

@B = | (B, (32)

where g, is the volume form on M induced by ~.
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Since by choice of s, v € C°(.#), by compactness of M we obtain from the proof for [20),
Chapter 9, Section 2, Theorem 1] that the above metric induces the standard H°-topology
(which is just the L?*topology) on H®(Sym,(M)).

Since this is a positive-definite inner product on H*(Sym,(M)), we say that it is a weak
Riemannian metric. However it is not a strong Riemannian metric, since the L2-topology
is strictly weaker than the H*-topology on H*(Sym,(M)).

However, we will see shortly that this still defines a connection and corresponding
exponential map on .Z°, and thus will suffice for the purpose of developing the slice
theorem.

First we will show that for fixed a, § € H*(Sym,(M)), the map #° > v+~ (a, ), € R
is smooth.

We provide the following two results without proof. Their justifications can be found
in [1, Section 4]

Proposition 3.2.7. The weak Riemannian metric defined by (3.2) is smooth.

Proposition 3.2.8. The weak Riemannian metric (3.2) is invariant under action by the
diffeomorphism group 2°*1.

In fact this weak metric can be used to induce a strong Riemannian metric on .#°,
and though it will be of less importance to us than the weak metric, it will still have the
following property which we need in our proof of the slice theorem.

Proposition 3.2.9. There exists a strong, continuous, 2° ' -invariant Riemannian metric

()% on A>.

Proof. See [, Section 4] O

3.3 The Quotient Group Z°"'/I,

Definition 3.3.1. Fix v € .#* and denote by I, the isotropy group of v in 2***. That
is, Iy ={p € 7" 1 "y =7},

Proposition 3.3.2. Fory e .# C .#°, 1, C 9° consists only of smooth diffeomorphisms.
That is, I, N 9 = 1,.
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Proof. Take ¢ € I, so that for allz € M and all v, w € T, M, (¢*7)2(v, W) = Yo(a) (@sv, prw) =
vz (v, w). We define a differential operator Q : 2°™' — .#* by

Qp) = ¢™.

We notice a small problem in that () is not linear, and so we cannot compute its symbol.
However, we can surmount this obstacle by first linearizing Q).

Consider some curve passing through ¢ € 2*t1. Given our construction of charts on
25+, we can consider the family of diffeomorphisms that arise from our charts for 2°*!,
given by ¢ = exp,((t Xy, (), for X € H**H(T'M). Then %hzogat = X, and thus

d *
DLpQ(X) = ah:o@ﬂ = Lx7,

and we know from Example 2.1.6 that this has injective symbol.

Now, let J = D,Q : H**Y(TM) — H*(Sym,(M)) denote this linearization at . Then
consider the operator P = J*Q : 2°t! — _#, and observe that since J* is a linear map,
(since ¢ is fixed) we obtain at 1 € 2**! the linearization D, P = J*D,Q, so setting ¢ = ¢,
we obtain D, P = J*J, and as J has injective symbol D, P is elliptic by Corollary 2.1.5.
Now, since P is a differential operator of order 2, and the linearization of P is elliptic at
¢, we can apply elliptic regularity of P to ¢ (see [2, Lemma 17.16]). That is, if Pp € H*,
there exists C' > 0 such that

el mmr2aeany < C 1Pl arran + 1@l 2nan)-
But then since Py = (D,Q)*y, which is smooth, we obtain that for any k € N,
H‘PHHIM(M,M) < 00,

hence ¢ € C*°(M, M). Hence ¢ € 2. O

We now wish to show that I, embeds into 2°*!. We first note that by Myers-Steenrod,
I, with the C'-topology is a Lie group.

Definition 3.3.3. We let g = Tiq/, denote the Lie algebra of 7.

Proposition 3.3.4. The inclusion ¢ : I, C 25t s smooth.
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Proof. The full proof is very technical (see [3, pp. 94-100]), but we will give the main idea
here.

Recall by Proposition 3.1.9, R, is a smooth map, and at any n € I, we have =
R, o010 R,-. So it suffices to show that it is smooth at Id.

For a small enough neighbourhood U of Id in I,, the group exponential Exp : g — I,
is a diffeomorphism, and thus provides us with a chart. Recall that on 27! we have
coordinates on some neighbourhood of the identity given by (H*(T'M), V1q) as in (3.1).
Let exp be the Riemannian exponential on M which induces the aforementioned chart. Let
U be small enough so that for all X € U, «(Exp(X)) € Wiq(H*™1(TM)). Then note that
since Exp : g — I, is smooth, the isometry n = Exp(X) : M — M is smoothly dependent
on X € U. In charts on 2°t! () = n is given by some vector field Y, € H*(TM) so
that, as maps on M, n(z) = (v — exp,((Y;),). That is, we want to know that the vector
field Y;, such that exp(Y,) = n depends smoothly on 7. Since the Riemannian exponential
Exp is defined by a 2nd order ODE, this boils down to the smooth dependence of initial
conditions on the solutions of ODEs. [

We now state some definitions which we will be applying throughout the rest of this
chapter.

Definition 3.3.5. Let M be a Banach manifold. Let N be a subset of M and assume
that at every point y € N there exists some chart (U, 1)) centered at y, and some open sets
Uy, Us such that ¢ : U — U; x Uy is a Banach Space isomorphism, and

vy NU)=U; x{0}.
Then we say that N is a submanifold of M.

Definition 3.3.6. Let f : M — N be a smooth map between Banach manifolds. We say
that

e f is an immersion if at every x € M, T, f is an injective map, and T, f(T, M) is
closed with closed linear complement in 7'y, N.

e f is a submersion if at every x € M, T, f is a surjective map and ker 7T, f is closed
with closed linear complement in 7, M.

e fis an embedding if it is an immersion that is also a homeomorphism onto its image.
In this case the image is a submanifold.
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Proposition 3.3.7. The inclusion I, C 2% s an embedding.

Proof. See [1, Corollary 5.4] O

Proposition 3.3.8. The quotient space 2°t' /L, is a smooth manifold.

Proof. See [1, p 24] O

3.4 Properties of the Action

In order to understand the slice theorem for the space of Riemannian metrics, we must
first gain a deeper understanding of the action map ® : 2! x . #° — #°.

Definition 3.4.1. We reuse our previous notation to denote also the extended action map
O : 25T x H* — #°. This map acts in the exact same way, ®(p,7) = p*7.

Proposition 3.4.2. The extension of the action map ® : 2°TY x M* — H* defined by
O(p,y) = ™y is continuous in both arguments. Moreover for fized v € #, the map
O(-, ) : D51 — H* is smooth.

Proof. Recall that .#* is modelled on H*(Sym,(M)). We know also that 2°t! C 2*.
Then ¢ € 2°, and dp € H*(TM,TM). Then we write for any v,w € TM,
(0, 7)a(v, W) = Vo) (dipv, dipw).

In local trivializations, the above takes the form of composition and matrix multiplication.
The composition is continuous by Lemma 3.1.5, and the multiplication is continuous by
Corollary 2.2.5.

Now fix some v € .. Then for all r > 0, v € H**"(Sym,(M)). Thus by Lemma 3.1.5,
the map ®(-,~) is C” for all r > 0, hence it is smooth. ]

3.5 The Orbits of the Action

Just as we did in section 1.3 for finite dimensional manifolds, we will now attempt to show
that the orbits ®(2°!, v) are in fact embedded submanifolds of .Z*.

For the remainder of this chapter, we assume v € .Z.
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Lemma 3.5.1. Tiq®,, : T1a(2°™) — T, (A*) is the map T1a®~(X) = Lx7.

Proof. Take X € Tjq2°*!. Then by Proposition 3.1.7, we can think of X as an element
of H**1(TM). Recall that we have a chart near Id € 2°! defined using the Riemannian
exponential map and let ¢, = [z — exp,(tX,)] be a curve passing through Id. Then

d
T1a®,(X) = —

o (0i7) = Lx7.

t=0

[]

Corollary 3.5.2. The subspace Tiq ©,(2°) is closed in T,.4*, and its complement is
closed.

Proof. By Example 2.1.6, we know that Tiq®, has injective symbol, and thus by Theo-
rem 2.3.5, we obtain the decomposition

H*(Sym*(T*M)) = Tia®., (H*(TM)) @ ker(T1a®-)*.
O

Now we show that the same thing applies at any point n € 2! by writing T, @, at
any 1 € 2°t! using Tiq @, and conjugating.

Lemma 3.5.3. We have T,, ®.(T,,(2°*")) = n* o Tiq ©, o(T,R,~1)(T,,(2°1))
Proof. Take £ € 2°*!, then
"o @, 0R1(§) = (Eon)y
=" (7)€
=&,

so that n*o®, oR, 1 = ®,. Then by Lemma 3.5.1, and the fact that the pullback is linear,
we obtain

1,2, =n"0oTiq®,0T,R,)1.
O

Lemma 3.5.4. The linear maps n* : H*(Symy(M)) — H*(Symy(M)) and T R, :
1,2t — Tia2**" are Banach-space homeomorphisms.
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Proof. The linear map n* is a Banach space homeomorphism on H*(Sym,(M)) by Lemma 3.1.5.

Take X € H**'(n*T'M) and consider the curve x +— exp,(,(tX,) passing through 7 in
the direction X. Then observe that

d
Tan—l<X) = a expn(,) (tX) o 7’]71
t=0
d —1
= % expno,fl(_)(tX on )
t=0
=Xon !,

and we already showed that this was a Banach space homeomorphism in Lemma 3.1.6. [

Corollary 3.5.5. At any n € 2°, T, ®,(H* (n*TM)) is closed in H*(Sym,(M)) and
has closed linear complement.

Proof. By the preceding lemma we know that T,R,-1 : T,2°"! 5 T 2**' and thus
by Corollary 3.5.2, H*(Symy(M)) = Tiq P, 0T, R,-1(T,2°") & ker(T1a®,)*. That is,
Tia @ 0T, R, -1 (T, 2°") is closed in H*(Sym,(M)) with closed linear complement. Then
again by the preceding lemma, since n7* is a homeomorphism of Banach spaces, we obtain
that

H(Symy(M)) = 1" 0 Toa &, oT, R+ (T,2°%) & 1 (ker(Tia, ).

Hence by Lemma 3.5.3, T, ., (H*'(n*T'M)) is closed in H*(Sym,(M)). O

Definition 3.5.6. Define the map o, : 9°T1 /L, — 4 by d.,(I,n) = n*y. Note then that
P, (n) = @, om(n), where 7 : 25t — Z5F1 /[ is the quotient map.

Lemma 3.5.7. The map 7 : 2°tt — 25t /L, is smooth.

Proof. See [1, pp. 23-25] O

Proposition 3.5.8. For any n € 2°t', T}, ®. is an immersion.

Proof. Note that T, ®, = Ty, ®, oT,w. Then since 7 is a submersion, we have

Ty &)V(Thn(gsﬂ/lw)) =T, (I)v(Tn@Hl)a

and thus Ty, ®,(T7,,,(2°1!/1,)) is closed in T,,.#* with closed linear complement by Corol-
lary 3.5.5. It remains to show that <I>7 is smooth and injective.
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Recall first that by Proposition 3.4.2, @, is smooth. Note also that since 7 is smooth,
and @, = @, or, it must be that ®, is smooth.

Let us now show that &)7 is injective. By our observation T, ®, = 17, <i>7 ol,m, it
suffices to show that ker T, ®, C ker T, w. Let’s first show that this is true at Id € 75888
Take some X € ker T1q ®, and let © be the flow of X. Since X € ker T1q ®, and T14 ¢, = «,
then X € ker a = ker a*«a using Lemma 2.3.7. But o*« is an elliptic operator, so by part
2 of Theorem 2.3.4, X is a smooth vector field, and for all ¢ we have ©, € ¥ C Z°+!.
Moreover, for all ¢y, using Lemma 3.5.1 we have

d . d .
t Oy = it @t+to’Y
t=to t=0
d .
= It (O 0Oy,)"y
t=0
d * *
= % Gt()(@t ,}/)
d .
% @t7>

t=0
= @:0 <

t=0
- 0;,(£x7)
= 0; (0) =0,
and thus O}y = O}y = Id*y = v and therefore ©, € I, for all t. Hence 7(0,) = I, for all
t, and thus Tiam(X) = 0.

Now let’s extend this idea to some arbitrary n € 257!, Recall that Lemma 3.5.3
gives us T, @, = n* o T}q @, o1, R,-1, and suppose for some X € H**'(n*TM) we have
T, ®,(X) = 0. By virtue of Lemma 3.5.4, we have T, R,-1(X) = (n™')*X € ker(n*oTiq ®,),
and n* is injective, so it must be that (n~)*X € ker Tiq ®,. Then by the first part of this
proof we have (n71)*X € ker Tigw. But m commutes with right multiplication, and thus
T = Ry ,omo Ry, so that T,m =Ty Rp, 0 Tiqmw o T, R,-1, and thus

Tyr(X) = Th, Riyy o Tiam 0 TyRy+(X) = T1, Ri,y o Tram (7)) X) = 0.
Hence X € ker T, 7. O

Proposition 3.5.9. &, : 2°* /[ — #* is an embedding.
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Proof. See [3][Proposition 6.13]. O

Let us denote O, = ®.(2°™), the orbit of v under action by Z***.

Corollary 3.5.10. The orbit O, is closed in A°.

3.6 Ebin’s Slice Theorem for the Moduli Space of Rie-
mannian Metrics

Theorem 3.6.1. Let v € .#. Then there exists a submanifold S, of #*° such that:

1. Foralln e L,,n*(Sy) = S,.
2. If n € 2° is such that n(S,) NS, # &, thenn € L,.

3. If x : U — 27 is a local cross section at the identity for © : 25T — 91/ and
U :U xSy, — A° is defined by V(u,s) = x(u)*s, then U is a homeomorphism onto
a neighbourhood of ~v in #*.

Proof. We follow the proof of Ebin in [, Section 7, Theorem)].

By Proposition 3.5.9, we know that the tangent bundle of the orbit 7'(&,) is a subbundle
of T.#*|s,. We would like to use the fact that at every n*y in &, the tangent space splits
as described in the previous section.

First we define the normal bundle, defined at any point n*(v) by

1%

() = AW € Toe) | g, : {w, B)e(y) = 0, forall B € TO,}.

Since the pointwise inner product (:,-),«, is only a weak Riemannian metric, we cannot
immediately conclude that this is a smooth subbundle of T'M]|,. , there is lots of work
we still must do to show this. It suffices to find a smooth surjective bundle map P :
T(0,)|¢, — T O, such that ker P = v(0,).

Notation change: Recall that in Lemma 3.5.1, we showed that Tiq ®., was the same map
as a defined in Example 2.1.6. So to save space, since we will be writing it a lot, we write
a in place of T1g ® for the remainder of this proof.

We know from Corollary 3.5.2 that v.,(0,) = ker o*, and thus by Proposition 3.2.8, we
obtain that v,y = n*(ker o) = n*(v,).
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We will digress for a moment to talk about the operator a*«a. Recall that « is injective,
so that a*a : H™3(TM) — H***(T'M) is elliptic. Then by Theorem 2.3.4, we know that

HYYTM) = o*a(H*"(TM)) @ ker(a*a) = O (H*(TM)) @ ker (3.3)

Lemma 2.3.7

and thus the restricted map (a*«)

ara(Hs3(rar) 1S A0 isomorphism, so it makes sense

to take its inverse. We will denote this restriction by (a*a)|1 for short, since with our
convention for writing the decomposition, this restriction is on the first factor. This ends
the digression.

We will define P using a similar idea to the one used in Lemma 3.5.3, by conjugating
with n*. Define P at n*y by

—1
Py n*a((a*a)h) a* () Tyen | g, — Ty O,

By Lemma 2.3.8, o* (H*(Symy(M))) = a*a(H*T(T'M)), so post-composing o* with <(a*a)}1> 1
makes sense.

Let us do a quick sanity check and make sense of the domain and image spaces. We
know from Lemma 3.5.4 that n* is a linear homeomorphism of Banach spaces, so (7~ 1)* :
Tyent®| o, — TiqM*|p,, which is the domain of o*. Also, the image of « is 1140, and
n*(11a0,) = T, 0., by Lemma 3.5.3.

We claim that ker P, = n*(kera*). Indeed, suppose that P, (w) = 0 for some

-1
w € H*(Symy(M)). We know that n* is a linear isomorphism, and ((a*oz)h) is an
isomorphism whose image is orthogonal to ker a:

((a*a)}1>_1(a*(HS(Sym2(M)))):a*(H5+2(Sym2(M)))Lkeroz*oz ~— kera,

Lemma 2.3.7

Looking at the definition of P, every map in the composition is injective on the image
of the preceding map, except a*. Then if Py, (w) = 0, observe that

Py (w) = 7\7*04((04*04)‘1>_i a* @(w) =0.

injective

Vv
injective on the image of a*
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Thus it must be that (n~')*w € ker o*. Hence w € n*(ker a*), so that ker P = ker v(0,).

Let’s show that P, is surjective. By (3.3) and the discussion above, we know that

((@)],) " (@ (B (Symy (M) = " (H™(Symy (31)))
is the orthogonal complement of ker o in H***(T'M), and thus
o((0a)],) (o (B (Symy(M)) = a(H(TM)) = T, 6,

Then using that n* : T,0., — T+, 0, (as we showed above), we see that P, is surjective.

We will take for granted that P, depends smoothly on 7. But the interested reader can
find details in [1, pp. 32-33] and [23, Corollary 7.4 and 7.5]. Note that in the latter, a* is
denoted by 4.

So, at this point we have obtained that v(&,) is in fact a smooth vector bundle over
0.,. Now, consider the exponential on .#*° induced by the weak Riemannian metric. The
restriction exp |, (s, is a diffeomorphism on some neighbourhood of the zero section of v.
By Proposition 3.5.9, we can identify an open neighbourhood of the identity coset U > I,
in 2571 /I, with an open neighbourhood of v € @,. Let x : U — 2°! be a smooth local
cross section at the identity (such a map exists by [/, Proposition 5.10]). Then since the
weak metric is 2° -invariant, we can take also a small neighbourhood V' of the zero section
in v, such that the exponential is a diffeomorphism on W = {n*w :n € x(U),w € V) C v.

Now we make use of the strong Riemannian metric from Proposition 3.2.9. We can
thus take
V=2 fw € B (Symy(M)) : (w,w)? < 22},

for some £ > 0. Recall from Proposition 3.2.9 that (-,-)* is 2 !-invariant. Thus for any
n € I, and B,w € H*(Symy(M)), we have (n*8,n'w);., = (8,w);. Hence I, acts as
by orthogonal transformations with respect to our strong metric on H*(Symy(M)), so our
neighbourhood % is invariant under action by I,. Adjust ¢ (hence V') and U so that exp |w

is still a diffeomorphism onto its image.

Since the strong Riemannian metric induces a distance function p on .#°, then with
respect to p we can take some ¢ > 0 such that Bas(y) C exp(WW). Then, we take some
g0 < € giving us v5°, and take Uy C U such that exp(Wy) C Bs(7y). Then we define our
‘slice’” as

S, = exp(v).

Now all that is left is to verify that S, does in fact satisfy properties 1-3.

o4



1. Let n € I, and take some s € S,. Then s = exp(w) for w € v2°. Then since the weak
Riemannian metric is 2°"-invariant, the exponential defined by the weak Riemannian
metric is Z2°l-equivariant. So we have

n* exp(w) = exp(n*w) € S,

since % (1y) = Vyey = vy and (nw,nw)3 = (w,w), as the strong metric is 2°*'-invariant.

2. Take g, h € S, such that n*g = h for some n € 2°*!. Then

p(v.1m"y) < p(v, h) + p(h, ™)
= p(v,h) + p(n*g,n™)
<5+,

which tells us that n € x(U). Also, since g,h € S, C exp(V), there exists v,, v, € V such
that g = exp(v,) and h = exp(vy). Hence
exp(vn) = h =1"g =" exp(vy) = exp(n*vy).
But since n € x(U) and vy, v, € V C v, then n*v,, v, € W, hence by injectivity of exp on
W, it must be that n*vy, = v,. Hence n*(v,) = v,, son € L,.
3. Consider the set Wy = {n*w|n € x(U),w € v°}. Then define

©:UxS,— 4%,
(Iyn, s) = n"s.

Then as a composition of continuous maps, and by definition of W5 and the fact that exp
is a diffeomorphism on W5, we obtain that © is a continuous bijection.

Now, consider some g € exp(W2). Then g = exp(n*v,) for some n € x(U) and v, € v2°,
and we can see that n*v, = exp~!(g). Hence letting Tg, : v — O, be the smooth bundle
projection map, we can see that I,n = g, oexp~'(g). Then n = x o mg, o exp~'(g), so
n' = (xomg, oexp !(g))". Then since g = exp(n*v,), using the equivariance of the
exponential, we see that exp(vy) = (n71)*g = ((x o mg, 0 exp~'(g))~")*g, so putting it
together we get

07 (g) = (x omg, oexp” (g), (x 0 7mg, 0 exp‘l(g))‘l)*g) :

which is continuous. Hence © is a homeomorphism onto its image. O]
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Chapter 4

A Slice Theorem on the Moduli
Space of Connections

As before, let (M", ) be a compact, oriented Riemannian manifold. Assume [5] > 5+ 1,
so that by Corollary 2.2.5 H?® is a Banach algebra. Let E be a bundle over M with
compact structure group G. In this chapter we will construct a slice theorem for the space
of connections o7, acted on by the gauge group . This slice theorem was originally proven

by Simon Donaldson, and the construction here follows that in [22].

4.1 The group 4°! and the space &°

Let {U,}aca be a covering of M over which we have coordinates and local trivializations
of our bundle E. We first find a nice way to define H*(Aut(£)) locally. Let [5] > %,
and consider some open set U,. Then consider H*(U,G), the set of H® maps from U
to the structure group G. Corollary 2.2.5 gives us that H*(U,G) has pointwise defined
multiplication (hence composition of linear maps) and inversion. We say that our bundle
E is an H*-G-bundle if the transition functions can be given on intersections by maps in
H*(U,NUgz, G).

Let P be the reduced frame bundle of E considered as an H**t'-G-bundle and consider
the corresponding gauge group H*™(Px4G). By Corollary 2.2.5, pointwise multiplication
in ¥*t! is a smooth map. In fact, inversion too is smooth on ¢5*1.

Proposition 4.1.1. Multiplication 45T x 45Tt — G5! and inversion 94+t — G5+ are
smooth maps.
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Proof. In Corollary 2.2.5 we showed for [5] > % that pointwise multiplication was a
bounded linear map on Sobolev spaces. Since bounded linear maps between Banach spaces
are smooth, we obtain that pointwise multiplication is smooth.

As for inversion, note that since M is compact, and u is everywhere invertible over M,
| det u| obtains a minimum. Then u~! = ﬁadju is well-defined over all of M. Since adj
has entries composed of polynomials in the entries of u, we obtain again from Corollary 2.2.5
that u +— u ! is smooth. O

Denote the Lie algebra bundle associated to the gauge group by gp = P X 44 @, where
again P is the reduced frame bundle, and g = Lie(G).

We can write any smooth connection locally as V4 = d + A, and we know that the
connection matrix A transforms under change of frame g, : U, N Ug — G by the formula

Aﬂ = g;éd(gaﬂ) + go_z[%Agaﬁa

hence transition functions of regularity s+ 1 give rise to connections of regularity s. In the
remainder of this section, we will construct the notion of a regularity s connection, and
then define an action of the Gauge group 4**! on these connections.

We know that the difference between two smooth connections is always a smooth End F-
valued 1-form. That is, picking some reference connection V°, we can write any connection

V as
vA=v'+ 4
where A € I'(T*M ® gg).
We use this property to define the space of s-regular connections on F.

Definition 4.1.2. Fix some smooth reference section V°, and define the space of s-regular
connections as the affine space

A5 ={V'+A:Ac H(T*M ®@gg)}.

We use the shorthand V4 = V° + A throughout this chapter, and often times refer to this
connection just by its defining 1-form A.

Note that since 47* is an affine space modelled on H*(gg), we know that at any point
A€ ® Tadd® = H(T*M ® gg). Let v be a fibre metric on E. Then note that v and
v induce an inner product on & as follows. For w,n € Tyo/* C H*(EndE), we use the
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induced pointwise inner product on sections of a,b € I'(T*M Q EndFE) = T'(T*M @ E*Q F)
to give us the L2-inner product

<Cl,b> = /]\4(w777)(T*M®9E)dV’Y (41)

where dV/, is the Riemannian volume form induced by .

We denote dy : I'(End(E)) — I'(T*M ® End(F)) as the induced connection on the
endomorphism bundle. Note that here we are technically abusing notation by writing d 4
in place of (d4)s, the unique extension of d4 to the Sobolev s-space.

Definition 4.1.3. We define a left action ® : ¥**! x &7* — &/* which we will just denote
shorthand by ®(u, V4) = u - V4 by its action on a section ¢ € I'(E):

(u- VHE = uVA(u'e),
we can see that this is equivalent to

uVA(u_lf) = uda(u )¢+ uu_lvA(f)
= (uda(u™t) + VAE

Then, noting that d4(Idg) = 0 to give us uds(u™') = —da(u)u~! we obtain
(uda(u™") + Ve = (=da(u)u™" + VA,
hence we can define the action without sections simply by

w-VA =V —dy(u)ut (4.2)

Let us confirm that the action above really is a left action. For u,v € ¢°, and V4 € o7*,
we have

(uwv) - VA = VA — dy (uv)(uw) ™!
= VA — (da(u)v +uda(v))o'u?
= VA — da(u)u™ —uds(v)vtu!

=u- VA —udy(v)v 't
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Now we consider some section £ € I'(F), which allows us to use the initial definition of
u - VA to simplify
(u- VA —uda(v)o 'u™) = uVA(u'E) — uda(v)v'u"'¢
= u(V* = da(v)o7 ") (u'€)
= (- (- V) (©),
confirming that this is indeed a left action.
Note that for a € H*(T*M ® gg), for any section £ we obtain
w- (VA +a)¢ = u(VAuE) 4+ au™€)
= uVA(u™E) + uau '€,

and the first term we can see is just the standard action of u on V4, so we obtain the
general expression

u- (VA +a)=u-V*+ Ad,(a). (4.3)
Lemma 4.1.4. For any w € H*(End(FE)), the covariant derivative satisfies the property

dy(ay(uwu™) = uda(w)ut.

Proof. Let £ be some section of E. Then using (4.2)

dy(ay(uau™)€ = (u - V) (uwu™ ) — uwu™((u - V4)E)
= VA (uwu™1E) — da(u)wu ¢ — uwu ' VAE + uwutda(u)u e
= da(u)wu ¢+ uVAHwuE) — uVA (wutE)

— da(u)wu ¢ — uwu'VAE - uwu T dy (u)um e
= uVA (wu ) — uwu ' VAE + uwu T da(u)uE
= uds(W)u' €+ uwVA(uE) — uwu VA + uwu T d g (u)uE
= uda(W)u™" ¢ + uwda(u™)E + uwu ' VA — uwuT VAE +uwu g (u)uTE
= udp(w)u™ € + uwd g (u )€ 4+ uwudy (w)utE,
where in the second line we used equation (4.2). Recalling that ds(u=')u = —utd4(u),
so that da(u™!) = —u~tda(u)u™?, we subsutute into the last line to obtain

dy(ay(uau™)E = uda(w)u™ '€ — uwu™ da(w)u™ "€ + uwu da(u)u™ "¢
= ud(w)u™ ¢
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Using this Lemma we can derive an analogous result that will help us to construct our
‘slice’ in a later section. But first we need the following handy fact.

Lemma 4.1.5. There exists an Ad-invariant inner product on H*(T*M ® gg).

Proof. Since G is compact, there exists an Ad-invariant inner product (-, )y on g. Observe
that the Riemannian metric v and the inner product (-,-), induce an inner product on
T*M ® gg defined on simple tensors by

(a ® W7B ® Q)T*M@)QE = (aaB)W ’ (wv ‘9)97

and is thus also invariant under the adjoint action of G on T"M ® g.

Then for the induced L inner product on H*(T*M ® gg), we obtain on simple tensors
a=a®uwb=p0c H(T*M ® gg) that

(a,b) = /M (0, B)(w, 0)gddV.

Then we observe that for u € 95!, since at every point x € M, u(x) € G, we obtain

(Adu(@). Adu() = [ (0,5),(Adu). A (8))ga

- /M (0, B)(w, 0)5dV,
= (a,b).

Hence there exists an L?-inner product on H*(T*M ®gg) that is invariant under the adjoint
action by @51 O

Lemma 4.1.6. For any a € H*(T*M @ EndFE), the adjoint of the covariant derivative sat-
isfies the property d, , (uwu™t) = ud’(a)u™, where dyay denotes the covariant derivative
induced by the connection u - V4.

Proof. We know that d is defined by the property that for any k,s > 1 and w € H*(EndE)
and a € H*(T*M ® EndFE) we have (a, daw) 2y = (dha,w) 2. Let w € H*(EndE) be
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arbitrary, then using Lemma 4.1.4,

uan ™", dyay (uu " wuu )

uau ud (v wu)ut)

where we invoked the fact that the induced inner product is invariant under gauge trans-
formations. Since w was arbitrary, we conclude that dj too satisfies dj A)(uau_l) =

uda(a)u™?t. O

Proposition 4.1.7. The group 9° is a smooth manifold.

Proof. See [18, Proposition 2.11]. ]

4.2 Properties of the Action

Proposition 4.2.1. The action ® : 95! x o/* — o/* is a smooth map of Banach mani-
folds.

Proof. See [18, Proposition 3.12]. O

4.3 The Orbits of the Action

As in previous chapters, we denote the orbit map of the action ¥4**! - A for some fixed
connection A by @, : @t — 7% defined by ®p(u) =u- A.

Lemma 4.3.1. The tangent space TaO 4 is the image of da(H*(gg)).
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Proof. Let v(t) = exp(tX) be a one-parameter subgroup of ¢**! in the direction X €
H®"'(g3%,). Then for any section ¢ € T'(E),

(Gl

d
exp(tX) - VA>§ =

exp(tX)VA ( eXp(tX)_15>

t=0

exp(tX) (dA(exp<—tX ))(€) + exp(—tX) (VA5>>

da(ldp)) (€) + 145 (V4€) ) + 1 (da(= X)) (€) = X(V4¢))
) (da(X))(&) = X (V)
X)) ().

d_
=X
= X(V

(4.4)

where in the second line we use the defining property of the covariant derivative d4 on the
endomorphism bundle, and the third line is just the product rule. and thus the tangent
space of 9°- A at Id- A= Ais —da((H*™(gg)), which is the same as d4(H*"(gg)) by
linearity of d4. O]

Recall from example 2.1.7 that dy : ['(End(F)) — I'(T*M ® End(F)) has injective
symbol. Then the restriction dA‘gE :I(gp) — T'(T*M ® gg) too has injective symbol, and

thus by Theorem 2.3.5, we obtain the L2-orthogonal decomposition
H(T*M @ gg) = da(H* (gg)) @ ker d¥,.

We already noted that the left hand side above can be identified with T447°, and so we
have a decomposition of T4.27® that is orthogonal with respect to the inner product (4.1).
We then define V4 = V4 + ker d%, and

Vi ={Vi+ae€ H(T"M @ gp) : a € kerd’y and ||a|| s (1 msgy) < €}

Then the set V3 is our candidate for the ‘slice’ at A in 04.

Before we can attempt to construct our slice theorem, we must first equip ourselves
with the tools necessary to deal with non-trivial isotropy groups.

Again we denote by I4 the isotropy group of the connection A € &7°.

Since M is connected, the holonomy group Hols of a connection A is unique up to
conjugacy. Hence it suffices to identify it with a representative at a single point. So, let
Hol, denote the holonomy group of V4 at some z € M.
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Lemma 4.3.2 (Lemma 4.2.8 in [22]). For any connection A over a connected base M, 14
is isomorphic to the centralizer of Holy in G.

Proof. Recall that Cg(Hols) = {g € G : gh = hg,Vh € Hols}, and I, = {u € ¥* :
u- VA =V}

Let u € 14, we first show that at any point x € M, u,h = hu, for all h € Holy. We
then show that this property is independent of the base point, and use this as the defining
property for our isomorphism.

Take h € Holya, and let v : [0,1] — M be a loop at x for which the parallel transport
with respect to the connection V4 is represented by h. That is, for any ¢ € E,, we have

hé =11,E.
Let o : [0,1] — M be any piecewise smooth path with a(0) = . Consider the maps
Ha(t) O Uy 2[0, 1] X Ex — Ea(t)
Uq(t) © Ha(t) 2[0, 1] x B, — Ea(t).
We can see that (I,) © ta(o))(§) = u,€, and since

u€el g

vA4 (u o Ha(t)f) VA (u_lu o Ha(t)§>
= uV (o)
-0,

we obtain that ;I )€ is the unique parallel transport of u,§ along a.. But by definition,
so is Iy pu.§. Hence ugyllag) = Ila)us, and thus, in particular, for the loop v at =, we
have u,IL, = IL u,.

Now, using the idea above, we define a map

(U IA — Cg(H01A>

U > Ug.

It is clear that W is well-defined. We show that U is bijective by showing that it has an
inverse.

Consider the map

O : Cg(HOIA) — IA
g=9

63



where
Gy = HagH;1

for some piecewise smooth path o with «(0) = z, and a(1) = y.

First note that g, is independent of path. Indeed, if «, and § are two such paths
connecting  and y, then o 37! is a loop at x and so we consider II T € Holy

Mg =, gl
g€Cg(Holy)

therefore
Mgl = Tlgglly".

So, © is well-defined. And we showed earlier that u,Il, = ,u,, so that u, = T,u,I
and thus if g = u,, we obtain g, = u, for all y € X, s0 © = U1,

Hence U : 14 = Cg(Holy). O

Corollary 4.3.3. For any A € &/° the isotropy group I, C 4°! is a Lie group.

Proof. Note that Cg(Holy) is closed in the Lie group G, hence itself a Lie group. Then
since Iy = Cg(Holy), 1,4 is a Lie group. O

Lemma 4.3.4. We have Lie(I4) = ker (dA c H(gp) — H¥(T*M ® gE))

Proof. This just follows from the fact that Ti4,, o = —d4, as computed in Lemma 4.3.1.
O

Lemma 4.3.5. The tangent space at the identity Tiq4*™ splits into an L?-orthogonal
direct sum
ﬂdgerl = dZ(HS+2(T*M (024 gE)) ) ker dA.

Proof. Since d4 has injective symbol, d*d, is elliptic, so by Theorem 2.3.4, we an L*-
orthogonal decomposition

H(gp) = d%da(H*"(gp) @ ker d'yd .

But we know from Lemma 2.3.7 that ker d*d4 = ker d4, and from Lemma 2.3.8, d%d(H*"3(gg)) =
d4(H*"2(T*M ® gg)). Hence, recalling that T349°™' = H*"'(gg), we are done. O

Lemma 4.3.6. The slice V4 is invariant under action by 14.
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Proof. Take u € I, and a € ker d’. Now since u € I, using equation (4.3) we get
u- (VA +a) = VA + Ad,(a)
and thus the statement amounts to showing that Ad,(a) € ker d*. Indeed,

uelyg Lemma 4.1.6 acker d
d* (uau™) "= dZ(A)(uau_l) =" udjy(a)u

Lemma 4.3.7. The subgroup 14 is closed in G+L.

Proof. This is an immediate consequence of Proposition 4.2.1.

4.4 Donaldson’s Slice Theorem for the Moduli Space

of Connections

Since I is a subgroup of ¥**1 it acts freely on ¥*™! and thus ¥**1 — @¥5*1/[, is a
principal 14 bundle. Also, in Lemma 4.3.6 we showed that for u € I, for any VA+a € Vy
we have ®(u, A+ a) = u - (VA + a) € V4. Thus the associated bundle ¢! x;, ker d is

also a smooth Banach manifold. We are now ready to state the slice theorem.

Theorem 4.4.1. For any A € /¢ there exists € > 0 such that 9°™ x;, V5 is diffeomorphic

to a neighbourhood of Oy in of*.

Proof. We use the arguments and ideas given in [5] and [9].

We define a map

UGt Vg — o,
[u, VA +a] = u- (VA +a),

and wish to show that for small enough ¢, ¥
phism onto its image, which necessarily contains 4.

Recall that by Lemma 4.3.5 we have the decomposition

T4, 95 = &\ (H*™(T*M ® gg) ® ker d 4.
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Also remember that Lie(I4) = ker d4, and denote I§ := exp(d%(H***(T*M ® gg)).

We now show that there is a neighbourhood of (Idg, 0) € I+ x V, that is a diffeomorphic
to a neighbourhood of V4 € &*. Define the map

QIIXXVA%%S,
(g,VA+a)»—>g-(VA+a).

We compute the differential at (Idg, V4) in the direction of (X, a) € Tia,Ix X TaVa:

= d
Daap,o)¥(X,a) = pr <exp(tX) (VA + ta))
=0

= — <exp(tX) VA 4 exp(tX)ta exp(tX)_1>
= —d:_(X) +a

where in the last line we used equation (4.4). But we know that Ty = da(H*"(gg)) ®
ker d%, and by Lemma 4.3.5, we have

da(H* " (gp)) = da(dy(H*THT*M ® gg)) = da(Twals).

Hence D(IdEyA)\i/ is a linear isomorphism, and thus again invoking Theorem 2.2.9, and
denoting I;° = {u € I} : |u—Idg|| get1(px qc) < 0}, we obtain § > 0 and € > 0 such that
for 17, and V5, \I/‘Ij,tsxvj I7° x V5 — Uy C /% is a diffeomorphism onto its image.
Now we analyze ¢°*! near the identity to equip us with the second key observation needed
to show that ¥ is a diffeomorphism.

Let p : I x I4 be the multiplication map, u(g,h) = gh in ¢**! which is smooth by
Proposition 4.1.1. Then for X € d%(H*"*(T*M ® gg)) and Y € kerd4, we have

Ddpiapm(X,Y) =X +Y,

hence D(1q,, 1d,) is just the identity map on Tiq, 95t = d* (H*"*(T*M ® gg)) @ kerdy.
Thus, by Theorem 2.2.9, there exists an open neighbourhood U; x Uy of (Idg, Idg) € I35 x 14
such that u|y,xy, is a diffeomorphism onto its image, which we can assume to be some
ball Bj,(Id) in ¢5"!. Then every element u € Bs,(Idg) decomposes uniquely as u = gh for
gEUlgljanthUgglA.
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Now pick 6 > 0 such that Ij’d C Uy, and observe that that Bs,(Idg) x;, V5 is diffeo-
morphic to I;° x V5. To see this, define

O : By, (Idg) x1, Va = I,° X Vy
[gh, VA +a] = (¢, - (VA +a)).

This is well-defined by the aforementioned unique decomposition of u € Bg,(Idg). It is
easy to verify that for any € > 0 this has inverse map

0 : I7° x V5 — By, (Idg) x7, V5
(9, VA +a) = [g,V* +dl.
Indeed
O(d(g, V" +a)) = O([g, V" + a]) = (¢V" + a)
and
9(O([g, VA +a))) = 9(g, VA +a) = [g, VA + al.

Since ¥ is clearly smooth, © is a diffeomorphism.

Then, after possibly shrinking é and choosing € > 0 such that ¥ is a local diffeomor-
phism, we obtain .
YoO: BgO(IdE) X1 Vj — Uy C o

is a diffeomorphism. However, this is not quite what we were after. We want to extend
this to the entire orbit & .

Observe first that since for any v € 4°*1 v acts on an element [u, VA +a] € 9571 x,
Vs via v - [u, VA + a] = [vu, VA + a], and since the left translation map on ¢! is a
diffeomorphism, we know that Bs,(v) = Bs,(Idg). Also, observe that

v-U([u, VA +a)=v- (u- (VA +a) =vu- (V*+a) = ¥([vu, VA +d]),
so U respects the G-action. Hence
U|Bs, @)%, v = Lo © WoOo Ly : Bs(v) X1, V§ = Upay C

is a diffeomorphism onto some neighbourhood U,,4) of v - V4. But this only tells us that ¥
is a local diffeomorphism. We do not know yet that ¥ is injective over its entire domain.

To obtain this we use the following result, adapted to fit our context and notation.
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Lemma 4.4.2 (Lemma 10.14 in [9]). There exists gg > 0 such that if V5 VS € V°

are equivalent by any gauge transformation u € 4°TL, then u = uyy, where v € I, and
Uy € B50 (IdE)

Now take ¢y as in the lemma. Suppose for (u, V5), (v, VF) € @°*! x Vi° we have
U([u, VP]) = U([o/, VP]). Then u-V? =o' - V5 and thus VF = (u ') - V. Hence
u ' = uyy, for v € I4 and ug € Bs,(Idg). Then

U ([Idg, V7)) = U([uey, VF]) = U([ug, 7" - V7))

but [Idg, V?], [ug,y" - VF] € Bs, x1, V5°, and thus since ¥ is a diffeomorphism on
Bs, X1, V30, it must be that Idg = ug, and VZ =~71. V5 so that ¥ is injective on all of
gS—H X[A Vjo

Hence
v gS—H X A Vjo — UﬁA

is a diffeomorphism onto a tubular neighbourhood of &4.
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