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Abstract

It was shown in the paper Multisymplectic structures induced by symplectic structures
by Barron and Shafiee that an analogue of Gromov’s non-squeezing theorem holds for affine
maps which preserve a power ωk of the symplectic form ω on R2n. In the present paper,
we state and prove in two ways an improved version of their result which is closer to the
classical affine non-squeezing theorem. One proof closely follows their argument, and the
other consists of a reduction to the classical case by showing that, except for the case
k = n, every linear map that preserves ωk must be symplectic or anti-symplectic.

We then study when a general calibration form satisfies an (affine) non-squeezing theo-
rem. Particular focus is given to the special Lagrangian case, where we are able to establish
an affine non-squeezing theorem for the holomorphic volume form dz1 ∧ · · · ∧ dzn. The
classical symplectic affine rigidity theorem states roughly that a non-singular linear map
is symplectic or anti-symplectic if and only if it preserves the “capacity” of every ellipsoid.
We establish an affine special Lagrangian version of this theorem under the additional
assumption that the map is complex-linear.
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Chapter 1

Introduction

One of the main questions of symplectic geometry is whether one symplectic manifold can
be embedded into another (or whether one subset of a symplectic space can be embedded
into another) by a symplectic map. One angle of attack on this problem is to try to
develop invariants of symplectic manifolds which obstruct embeddings. Gromov proved in
his foundational paper [7] his non-squeezing theorem, which states that a ball of radius r
can be embedded into a “symplectic” cylinder of radius R only if r ≤ R.

Motivated by the embedding problem, Ekeland and Hofer in [4] developed such a sym-
plectic invariant (of subsets of R2n) which they called a symplectic capacity. They estab-
lish the existence of a symplectic capacity and use it to give another proof of Gromov’s
non-squeezing theorem. Their capacities were then used to prove that symplectic (or
anti-symplectic) maps can be characterized as the maps preserving the capacities of every
ellipsoid, and they used this to answer the rigidity problem for symplectic maps (what is
the uniform limit of a sequence of symplectic maps?). Chapter 2 of the present paper is
devoted to a discussion of the classical non-squeezing theorem, where we focus on the affine
case and on the applications in [4].

In [2], it was observed by Barron and Shafiee that a more general non-squeezing the-
orem, at least in the affine case, holds for the “multisymplectic geometries” given by the
powers ωk of the symplectic form ω on R2n, and that there is a corresponding “multi-
symplectic capacity” for these geometries (still in the affine case). The motivation for
the present paper is to find a generalization of the classical non-squeezing theorem and
capacities (including the applications in [4]) to more general geometries along the lines of
[2]. Our generalizations in Chapter 4 (to general calibrations) and Chapter 5 (the special
Lagrangian case) mostly stay in the affine case.
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Here is a more detailed breakdown of the contents. Chapter 2 is a review of some
classical results. We briefly recall the non-linear version of Gromov’s non-squeezing theorem
in Section 2.1, and in Section 2.2 we prove the affine version of the theorem. The affine non-
squeezing theorem suggests a “non-squeezing property” for linear maps, which we prove
characterizes symplectic and anti-symplectic maps. We then define the linear symplectic
width and prove that a linear map is symplectic or anti-symplectic if and only if it preserves
the linear symplectic width of every ellipsoid (“affine rigidity”). In Section 2.3, we show
that every ellipsoid admits a symplectic normal form and we compute the linear symplectic
width of an ellipsoid in terms of its normal form. In Section 2.4, we assume that Gromov’s
non-squeezing theorem holds and we explore its consequences for the rigidity of symplectic
geometry; in particular, we establish a non-linear version of the affine rigidity theorem.

In Chapter 3, we study non-squeezing for the powers of the symplectic form. In Section
3.1 we state and prove the affine non-squeezing theorem for ωk discovered in [2, Theorem
2.16] and then we go on to improve the bound in their result. One of the crucial technical
ingredients in this proof is that the stabilizer of ωk is closed under transposition. This
follows from the results of Section 3.2, where we study the stabilizer in GL(2n,R) of ωk

and we give a complete description of it in terms of the usual symplectic group. We apply
this to give another proof of the affine non-squeezing theorem for ωk by reduction to the
symplectic case. In Section 3.3, we apply our characterization of the stabilizer of ωk to
show that ωk enjoys a non-linear non-squeezing theorem as well (again a consequence of
the symplectic case), and then we give applications to symplectic manifolds (in particular
obtain a new proof of the main theorem of the recent paper [1]).

In Chapter 4, motivated by the proof in Section 3.1 of the affine non-squeezing theorem
for ωk, we show that a calibration on a real inner product space enjoys an affine non-
squeezing theorem when its stabilizer is closed under transposition. We also show that this
is not a necessary condition for a calibration to satisfy an affine non-squeezing theorem.
In Section 4.2, we briefly study the particular case of the G2 calibration, where we show
that it is very easy to prove that a non-linear non-squeezing theorem holds (due to the fact
that the G2 3-form determines the metric.)

In Chapter 5, we study the special Lagrangian case. Section 5.1 consists of the technical
linear-algebraic facts needed throughout the chapter. In Section 5.2, we show that for
n ≤ 3, the special Lagrangian calibration Re(dz1 ∧ · · · ∧ dzn) on R2n enjoys the affine
non-squeezing theorem. We then turn to studying, for all n, affine non-squeezing and
rigidity for the complex-valued n-form dz1 ∧ · · · ∧ dzn. In particular, we establish an affine
non-squeezing theorem for this form and a restricted version of the affine rigidity theorem
for complex-linear maps. We conclude the paper by listing some follow-up questions in
Section 5.3.
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Chapter 2

Classical non-squeezing and
capacities

We discuss Gromov’s non-squeezing theorem with a focus on the linear case. The presen-
tation here follows [14].

2.1 Gromov’s non-squeezing theorem

Consider R2n equipped with the standard symplectic form

ω = dx1 ∧ dy1 + · · ·+ dxn ∧ dyn.

We denote by B(r) the closed ball of radius r centered at the origin in R2n and by Z(R)
the closed symplectic cylinder

Z(R) = {(x1, . . . , xn, y1, . . . , yn) ∈ R2n : x21 + y21 ≤ R2}.

Theorem 2.1. (Gromov’s non-squeezing theorem) If there exists a symplectic embedding
of (B(r), ω) into (Z(R), ω), then r ≤ R.

We could have stated Gromov’s non-squeezing theorems for the corresponding open
ball and open cylinder, but it will be more convenient for us to work with their closures.

It is crucial that the cylinder Z(R) is defined with respect to the symplectic splitting
R2

x1,y1
× R2n−2, since there is no analogue of the non-squeezing theorem for, say, the ball

and the cylinder
B(R)× Rn = {(x, y) ∈ R2n : |x|2 ≤ R2}
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defined with respect to the Lagrangian splitting Rn
x×Rn

y . Indeed, for every δ > 0, the map
(x, y) 7→ (δx, δ−1y) is a symplectic embedding which takes the unit ball into B(δ)× Rn.

We will not prove Gromov’s non-squeezing theorem in its full generality here, but we
will prove the theorem for affine symplectic maps in the next section. Gromov’s proof in
[7] used the theory of pseudo-holomorphic curves, which deserves mention but is outside
the scope of this paper. Another proof was given by Ekeland and Hofer in [4] using the
construction of a particular kind of symplectic invariant known as a symplectic capacity.
Symplectic capacities and their applications will be the focus of the rest of this chapter.

2.2 Affine non-squeezing, capacities, and rigidity

Let us start by establishing some notation. We denote the symplectic group by

Sp(2n,R) = {Ψ ∈ GL(2n,R) : Ψ∗ω = ω}.

We will denote the standard symplectic basis of R2n by e1, . . . , en, f1, . . . , fn, so that

ω = e1 ∧ f 1 + · · ·+ en ∧ fn.

We will make use of the almost complex structure J on R2n associated to the symplectic
structure ω and the standard Euclidean metric g, defined by ω(x, y) = g(Jx, y). Note that

Ψ ∈ Sp(2n,R) if and only if ΨTJΨ = J.

Before proving the non-squeezing theorem for affine symplectic maps, we need the following
fact about the symplectomorphism group. In general, when we try to generalize the affine
case of the non-squeezing theorem to other calibrations in later chapters, the idea of certain
groups being closed under transposition will become important.

Lemma 2.2. The symplectic group is closed under transposition.

Proof. If Ψ is symplectic, then so is Ψ−1. This implies that (Ψ−1)TJΨ−1 = J . Taking the
inverses of both sides and using the fact that J−1 = −J gives ΨJΨT = J . In other words,
(ΨT )TJΨT = J , implying that ΨT is symplectic.

We are now ready to state and prove the affine non-squeezing theorem.

Theorem 2.3. (Affine non-squeezing) If there exists an affine symplectomorphism taking
(B(r), ω) into (Z(R), ω), then r ≤ R.
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Proof. Suppose that ψ is an affine symplectomorphism such that ψ(B(r)) ⊆ Z(R), where
ψ is given by ψ(z) = Ψz+ z0 for Ψ in Sp(2n,R) and z0 in R2n. Since the symplectic group
is closed under transposition, ΨT is also symplectic, and it follows that

1 = |ω(e1, f1)| = |ω(ΨT e1,Ψ
Tf1)|.

From the fact that ω(·, ·) = g(J ·, ·) and the Cauchy-Schwarz inequality, we have that

1 = |ω(ΨT e1,Ψ
Tf1)| ≤ |JΨT e1||ΨTf1| = |ΨT e1||ΨTf1|.

So, either ΨT e1 or ΨTf1 has norm at least one. We may assume without loss of generality
that |ΨT e1| ≥ 1. Now, define z = ±r ·ΨT e1/|ΨT e1| with the sign to be determined. Since
z ∈ B(r), it follows that ψ(z) ∈ Z(R), hence

R2 ≥ ⟨e1, ψ(z)⟩2 + ⟨f1, ψ(z)⟩2

≥ ⟨e1,Ψz + z0⟩2

= [⟨ΨT e1, z⟩+ ⟨e1, z0⟩]2

= [±r|ΨT e1|+ ⟨e1, z0⟩]2.

By choosing the sign to be the same as that of ⟨e1, z0⟩, we see that R2 ≥ r2|ΨT e1|2 ≥ r2,
and so R ≥ r.

The only place where we used the fact that Ψ (rather, ΨT ) was symplectic was in the
equality |ω(e1, f1)| = |ω(ΨT e1,Ψ

Tf1)|, so we see that the affine non-squeezing theorem
holds for affine anti -symplectomorphisms as well. We can also deduce the result for anti-
symplectomorphisms from the result for symplectomorphisms by composing with an anti-
symplectomorphism of the unit ball with itself. (This method is used in the proof of the
upcoming Proposition 2.6.)

Let us say that a subset B of R2n is a linear (resp. affine) symplectic ball of radius
r if it is linearly (resp. affinely) symplectomorphic to B(r). We similarly define linear
(resp. affine) symplectic cylinders to be subsets of R2n that are linearly (resp. affinely)
symplectomorphic to Z(R) for some R > 0. A consequence of the affine non-squeezing
theorem is that the radius R is an affine symplectic invariant of a symplectic cylinder.

We say that a linear map Ψ: R2n → R2n has the linear non-squeezing property if, for
every linear symplectic ball B of radius r and every linear symplectic cylinder Z of radius R,
the condition Ψ(B) ⊆ Z implies that r ≤ R. The affine non-squeezing theorem implies that
every linear symplectomorphism has the linear non-squeezing property; moreover, linear
anti-symplectomorphisms also have the linear non-squeezing property. It is a perhaps
surprising fact, which we will now prove, that this property characterizes such maps.
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Theorem 2.4. (Affine rigidity) Let Ψ be a non-singular linear map from R2n to itself such
that both Ψ and Ψ−1 have the linear non-squeezing property. Then Ψ is either symplectic
or anti-symplectic.

Proof. Suppose that Ψ is neither symplectic nor anti-symplectic. Then neither is ΨT , so
that (ΨT )∗ω ̸= ω and (ΨT )∗ω ̸= −ω. The intersection of the two open and dense sets of
pairs (x, y) such that ((ΨT )∗ω)(x, y) ̸= ω(x, y) and ((ΨT )∗ω)(x, y) ̸= −ω(x, y) is non-empty,
so we can find a pair (u, v) which witnesses both conditions simultaneously:

ω(ΨTu,ΨTv) ̸= ω(u, v) and ω(ΨTu,ΨTv) ̸= −ω(u, v).

This condition on u and v is an open condition, so we may perturb u and v to ensure that
ω(u, v) ̸= 0 and that ω(ΨTu,ΨTv) ̸= 0, the latter requiring the non-singularity of Ψ. By
replacing Ψ by Ψ−1 if necessary, we may assume that |ω(ΨTu,ΨTv)| < |ω(u, v)|, and then
finally by scaling u if necessary we may assume that

0 < |ω(ΨTu,ΨTv)| < ω(u, v) = 1.

Since ω(u, v) = 1, there exists a linear symplectomorphism Φ such that Φe1 = u and
Φf1 = v. If we define λ =

√
|ω(ΨTu,ΨTv)|, then similarly there exists a linear symplecto-

morphism Φ′ such that Φ′e1 = ±λ−1ΨTu and Φ′f1 = λ−1ΨTv.

Now, define A = (Φ′)−1ΨTΦ. By construction, Ae1 = ±λe1 and Af1 = λf1. It follows
that AT (B(1)) ⊆ Z(λ), for if z ∈ B(1), then

⟨e1, AT z⟩2 + ⟨f1, AT z⟩2 = ⟨±λe1, z⟩2 + ⟨λf1, z⟩2 = λ2(⟨e1, z⟩2 + ⟨f1, z⟩2) ≤ λ2.

Since λ < 1, the map AT = ΦTΨ(Φ′T )−1 cannot have the linear non-squeezing property,
implying that Ψ can’t have it either.

Using the affine rigidity theorem, we can in fact characterize linear symplectomorphisms
and anti-symplectomorphisms as exactly those maps which preserve a certain affine sym-
plectic invariant known as the linear symplectic width (or Gromov width) (Theorem 2.7).
The linear symplectic width of a (non-empty) subset A of R2n is defined to be

wL(A) := sup{πr2 : Ψ(B(r)) ⊆ A for some affine symplectomorphism Ψ}.

We take πr2 in the definition of the linear symplectic width so that in the case of R2, the
linear symplectic width and the area of a disk agree. The linear symplectic width satisfies
the following three properties:
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• Monotonicity : If A and B are subsets of R2n and if Ψ(A) ⊆ B for some affine
symplectomorphism Ψ, then wL(A) ≤ wL(B).

• Conformality : wL(λA) = λ2wL(A).

• Non-triviality : wL(B(r)) = wL(Z(r)) = πr2.

The monotonicity and conformality properties of wL are immediate from the definition,
and the non-triviality property can be proven by the following chain of inequalities:

πr2 ≤ wL(B(r)) ≤ wL(Z(r)) ≤ πr2. (2.1)

The first inequality is immediate from the definition, the second follows from monotonicity
and the fact that B(r) ⊆ Z(r), and the third follows from the affine non-squeezing theorem.

The monotonicity property implies that the linear symplectic width of a subset of R2n

is an affine symplectic invariant.

Proposition 2.5. If Ψ is an affine symplectomorphism, then wL(A) = wL(Ψ(A)) for every
subset A of R2n.

Proof. By monotonicity, wL(A) ≤ wL(Ψ(A)). Since Ψ−1 is also an affine symplectomor-
phism, we have by monotonicity again that wL(Ψ(A)) ≤ wL(Ψ

−1(Ψ(A))) = wL(A).

In particular, any linear symplectic ball (resp. cylinder) of radius r (resp. R) has linear
symplectic width πr2 (resp. πR2). We will also need the following fact that the linear
symplectic width is also an affine anti-symplectic invariant.

Proposition 2.6. If Ψ is an affine anti-symplectomorphism, then wL(A) = wL(Ψ(A)) for
every subset A of R2n.

Proof. As above, it suffices to show that wL(A) ≤ wL(Ψ(A)). For this, we need to show
that if B(r) is taken into A by an affine symplectomorphism Φ, then πr2 ≤ wL(Ψ(A)).
Let T be the anti-symplectomorphism given by (x, y) 7→ (−x, y), so that T (B(r)) = B(r).
It follows that Ψ ◦ Φ ◦ T is an affine symplectomorphism taking B(r) into Ψ(A), and so
πr2 ≤ wL(Ψ(A)).

Our interest in the linear symplectic width comes from the fact that it allows us to
characterize linear symplectomorphisms and anti-symplectomorphisms as those linear maps
which preserve the linear symplectic width. Specifically, we do not need our map to preserve
the width of every subset of R2n; we will prove that it suffices for it to preserve the width
of (closed) ellipsoids centered at the origin. (In particular, as we will prove in the next
section, the linear symplectic width of such an ellipsoid is easy to compute.)
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Theorem 2.7. Let Ψ: R2n → R2n be a linear map. The following are equivalent:

1. Ψ preserves the linear symplectic width of every ellipsoid centered at the origin.

2. Ψ is symplectic or anti-symplectic.

Proof. We first prove that 2 implies 1. If Ψ is symplectic, then Proposition 2.5 implies that
it preserves the width of every ellipsoid centered at the origin, and if Ψ is anti-symplectic,
then we are done by Proposition 2.6.

Let us now prove that 1 implies 2. We’ll start by proving that Ψ is invertible. If Ψ is
not invertible, then Ψ(B(1)) is contained in a proper linear subspace of R2n. Thus, any ball
which embeds into Ψ(B(1)) must embed into a proper subspace of R2n. This is impossible
for a ball of positive radius, since the image of any such ball under an embedding must
have a non-empty interior, so it follows that wL(Ψ(B(1))) = 0. But the normalization
property implies that wL(Ψ(B(1))) = wL(B(1)) = π, a contradiction.

We now show that Ψ and Ψ−1 have the linear non-squeezing property. Let B be a linear
symplectic ball of radius r and let Z be a linear symplectic cylinder of radius R such that
Ψ(B) ⊆ Z. Since B is an ellipsoid centered at the origin, we have that wL(B) = wL(Ψ(B))
by assumption, and so

πr2 = wL(B) = wL(Ψ(B)) ≤ wL(Z) = πR2.

Note that Ψ−1 also preserves the linear symplectic width of every ellipsoid E centered at
the origin, since

wL(Ψ
−1(E)) = wL(Ψ(Ψ−1(E))) = wL(E).

(The first equality follows from the fact that Ψ−1(E) is an ellipsoid centered at the origin
and the fact that Ψ preserves the width of all such ellipsoids.) The same argument as before
then shows that Ψ−1 has the linear non-squeezing property. We conclude by the affine
rigidity theorem (Theorem 2.4) that Ψ must then be symplectic or anti-symplectic.

Note that by the conformality property wL(λE) = λ2wL(E), a linear map preserves
the capacity of all ellipsoids centered at the origin if and only if it preserves the capacity
of all sufficiently small ellipsoids centered at the origin. (We will use this in the proof of
Theorem 2.12.)
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2.3 The symplectic width of an ellipsoid

Theorem 2.7 suggests that we should try to understand the linear symplectic widths of
(closed) ellipsoids centered at the origin. We will restrict here to closed ellipsoids centered
at the origin. Generally, we want to try to find linear symplectic invariants of ellipsoids.
In fact, we can find a complete linear symplectic invariant of an ellipsoid known as the
symplectic spectrum. We begin with the following theorem of symplectic linear algebra.

Theorem 2.8. (Williamson’s theorem.) Given a real symmetric positive-definite 2n× 2n
matrix M , there exists an S in Sp(2n,R) such that STMS = Λ⊕Λ, where Λ is a diagonal
n × n matrix with positive entries. Moreover, up to a reordering, the sequence λ1, . . . , λn
of diagonal entries of Λ does not depend on S.

Proof. The matrix M− 1
2JM− 1

2 is anti-symmetric since M− 1
2 is symmetric and J is anti-

symmetric, and it is invertible since M− 1
2 and J are, so there exists a matrix Q ∈ O(2n)

such that

QM− 1
2JM− 1

2QT = J2 ⊗D, J2 =

(
0 −1
1 0

)
,

where ⊗ is the Kronecker product and D is an n×n diagonal matrix with positive entries.
Note that J = J2 ⊗ In, so that in particular

(I2 ⊗D− 1
2 )(QM− 1

2JM− 1
2QT )(I2 ⊗D− 1

2 ) = J.

Let D̃ = I2 ⊗D, so that

(M− 1
2QT D̃− 1

2 )TJ(M− 1
2QT D̃− 1

2 ) = J.

This means that S =M− 1
2QT D̃− 1

2 is a symplectic matrix. Also,

STMS = D̃− 1
2QM− 1

2MM− 1
2QT D̃− 1

2 = D̃−1 =

(
D−1 0
0 D−1

)
,

which proves existence. For uniqueness, suppose that ST (Λ ⊕ Λ)S = Λ′ ⊕ Λ′ for some
symplectic S. Since SJST = J , this identity is equivalent to S−1J(Λ⊕ Λ)S = J(Λ′ ⊕ Λ′).
So, J(Λ⊕ Λ) and J(Λ′ ⊕ Λ′) have the same eigenvalues. The eigenvalues of J(Λ⊕ Λ) are
±iΛjj and likewise for J(Λ′⊕Λ′), so Λ and Λ′ agree up to a permutation of the diagonal.

Now, given a tuple r = (r1, . . . , rn) with 0 < r1 ≤ · · · ≤ rn, we define

E(r) :=

{
(x, y) ∈ R2n :

n∑
j=1

x2j + y2j
r2j

≤ 1

}
.

9



We will now use Williamson’s theorem to prove that every closed ellipsoid centered at the
origin is linearly symplectomorphic to one of the form E(r) for a unique such r.

Proposition 2.9. Given any closed ellipsoid E centered at the origin, there exists an
S in Sp(2n,R) and a unique tuple r = (r1, . . . , rn) with 0 < r1 ≤ · · · ≤ rn such that
E = S(E(r)).

Proof. We can find a real symmetric positive-definite 2n× 2n matrix M such that

E = {z ∈ R2n : g(z,Mz) ≤ 1}.

By Theorem 2.8, we can find an S in Sp(2n) and a diagonal n × n matrix Λ such that
STMS = Λ ⊕ Λ. We may assume that the diagonal entries of Λ are decreasing, which in
particular uniquely determines Λ. If z = (x, y) ∈ R2n, then

g(Sz,MSz) = g(z, (Λ⊕ Λ)z) =
n∑

j=1

λ2j(x
2
j + y2j ) =

n∑
j=1

x2j + y2j
(1/λj)2

.

So, if we define rj = 1/λj, then 0 < r1 ≤ · · · ≤ rn by the assumption that λ1 ≥ · · · ≥ λn,
and it follows that S−1E = E(r) for r = (r1, . . . , rn).

We call the tuple r associated to E in the statement of Proposition 2.9 the symplectic
spectrum of E. An immediate consequence as promised at the start of this section is
that two closed ellipsoids are linearly symplectomorphic if and only if they have the same
symplectic spectrum. We conclude this section by computing the linear symplectic width
of an ellipsoid in terms of its symplectic spectrum.

Theorem 2.10. Let E be a closed ellipsoid centered at the origin in R2n. If r = (r1, . . . , rn)
is the symplectic spectrum of E, then the linear symplectic width of E is given by

wL(E) = πr21.

Proof. Since linear symplectomorphisms preserve the linear symplectic width, and since E
is linearly symplectomorphic to E(r), it suffices to show that wL(E(r)) = πr21. Since

B(r1) ⊆ E(r) ⊆ Z(r1),

it follows from the monotonicity property of wL that

πr21 = wL(B(r1)) ≤ wL(E(r)) ≤ wL(Z(r1)) = πr21.
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2.4 Non-linear symplectic capacities and rigidity

We now seek to generalize the content of Section 2.3 to the non-linear case. In particular,
we will show that Theorem 2.7 admits a generalization to a theorem which characterizes
non-linear symplectomorphisms and anti-symplectomorphisms.

To generalize Theorem 2.7, we need to generalize the linear symplectic width. We define
a symplectic capacity on R2n to be a map

c : {non-empty subsets of R2n} → [0,∞]

satisfying the following three non-linear analogues of the properties of wL:

• Monotonicity : If there exists a symplectic embedding ψ : A ↪→ R2n such that ψ(A) ⊆
B, then c(A) ≤ c(B).

• Conformality : c(λA) = λ2c(A).

• Non-triviality : c(B(1)) > 0 and c(Z(1)) <∞.

(A symplectic embedding A ↪→ R2n is one which extends to a symplectic embedding of an
open neighbourhood of A.) We note that the non-triviality axiom for a symplectic capacity
above is slightly weaker than the non-triviality property for the linear symplectic width.
We will say that a symplectic capacity c is normalized if c(B(1)) = c(Z(1)) = π. It follows
from the conformality axiom that c(B(r)) = πr2 and c(Z(R)) = πR2 for any normalized
capacity c.

It is not clear from the definition that symplectic capacities exist, let alone normalized
ones. Following the linear case, we define the symplectic width (or Gromov width) of a
non-empty subset A of R2n to be

w(A) := sup{πr2 : ψ(B(r)) ⊆ A for some symplectic embedding ψ : B(r) → R2n}.

Just as in the linear case, it is immediate from the definition that w satisfies the mono-
tonicity and conformality properties. The same argument (see (2.1)) that proved that the
linear symplectic width had the non-triviality property proves that w has the non-triviality
property and is normalized, but the application of the affine non-squeezing theorem must
be replaced by an application of Gromov’s non-squeezing theorem (Theorem 2.1).
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The converse is true as well: if a normalized capacity on R2n exists, then Gromov’s
non-squeezing theorem holds. Indeed, if c is any normalized capacity, and if the ball B(r)
embeds symplectically into the cylinder Z(R), then

πr2 = c(B(1))r2 = c(B(r)) ≤ c(Z(R)) = c(Z(1))R2 = πR2.

In [4], Ekeland and Hofer introduced the general notion of a symplectic capacity on R2n and
gave a proof of Gromov’s non-squeezing theorem by constructing a normalized capacity on
R2n. A variant of the Gromov width in particular featured in Gromov’s original paper [7] as
the radius, defined for a symplectic manifold (M,ω) as the supremum of the radii of balls
which embed symplectically into (M,ω). (One can also define capacities on symplectic
manifolds as opposed to subsets of R2n, but we will focus only on capacities on R2n.)

As another approach, rather than measuring the size of a subset of R2n by embedding
progressively larger balls into it, we can try to measure the size of a subset by embedding
it into progressively smaller cylinders. That is, we can define

w(A) := inf{πr2 : ψ(A) ⊆ Z(r) for some symplectic embedding ψ : A→ R2n}.

The proof that w is a normalized capacity is nearly identical to the proof that w is.
Moreover, if c is any normalized capacity on R2n, then we have that w ≤ c ≤ w. Indeed,
if B(r) ↪→ A and A ↪→ Z(R) for some r, R > 0 and some subset A of R2n, then

πr2 = c(B(r)) ≤ c(A) ≤ c(Z(R)) = πR2.

So, w and w are the “extreme” normalized capacities. In particular, if w(A) = w(A) for
some subset A of R2n, then every normalized capacity attains the same value on A. In
fact, we have already seen a large class of subsets of R2n for which this is the case.

Theorem 2.11. Let c be any normalized capacity on R2n. If E is any closed ellipsoid in
R2n, then c(E) is equal to the linear symplectic width of E. (In particular, every normalized
capacity takes the same value on any given ellipsoid.)

Proof. After a translation to the origin, the exact same proof as that for Theorem 2.10
goes through with c in place of wL, since the monotonicity property for c implies that any
linear symplectomorphism taking E to E(r) will also preserve c.

As a second application of the existence of symplectic capacities, we will prove the
following theorem due to Ekeland and Hofer. We will then deduce a non-linear analogue
of Theorem 2.7. In what follows, we fix a normalized capacity c on R2n.
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Theorem 2.12. ([4, Theorem 5]) Let (φk) be a sequence of continuous maps B(ρ) → R2n

converging uniformly to φ : B(ρ) → R2n. Suppose that each φk preserves the capacity of
every ellipsoid centered at the origin in B(ρ). If φ is differentiable at 0, then φ′(0) is
symplectic or anti-symplectic.

Proof. We may assume that φ(0) = 0. We will make use of the maximal capacity w defined
above. Let E ⊂ B(ρ) be a fixed ellipsoid centered at the origin. Given ε > 0, the definition
of w(φ(E)) ensures that there exists an r and a symplectic embedding ψ : φ(E) → R2n

such that
ψ(φ(E)) ⊆ Z(r) and w(φ(E)) ≤ πr2 < w(φ(E)) + ε

Choose an ellipsoid Ẽ (perhaps not centered at the origin) such that ψ(φ(E)) ⊂ int(Ẽ)
and πr2 ≤ w(Ẽ) ≤ w(φ(E)) + ε. By uniform convergence, it follows that ψ(φk(E)) ⊂ Ẽ
for all large enough k, and so

w(E) = c(E) = c(ψ(φk(E))) ≤ w(ψ(φk(E))) ≤ w(Ẽ) ≤ w(φ(E)) + ε.

Since ε > 0 was arbitrary, we see that w(E) ≤ w(φ(E)) for every ellipsoid E ⊂ B(ρ). So,
for t ∈ (0, 1), it follows from this and the conformality property that

w(E) =
1

t2
w(tE) ≤ 1

t2
w(φ(tE)) = w

(
1

t
φ(tE)

)
.

Since t−1φ(t·) converges uniformly to φ′(0) as t ↓ 0, we conclude by the same argument
(with t−1φ(t·) and φ′(0) in place of φk and φ, respectively) that

lim
t↓0

w

(
1

t
φ(tE)

)
≤ w(φ′(0)E).

As a result,
w(E) ≤ w(φ′(0)E) (2.2)

for every ellipsoid E ⊂ B(ρ). It follows from (2.2) as in the proof of Theorem 2.7 that
φ′(0) is invertible. In particular, there exists a d > 0 such that

|φ′(0)x| ≥ d|x|, x ∈ R2n.

We now show the reversed inequality in (2.2). Since φ is differentiable at 0, we have that

|φ(x)− φ′(0)x| ≤ ε(|x|)|x|, x ∈ B(ρ),
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where ε : [0, ρ] → [0,∞) is defined by ε(0) = 0 and

ε(r) = sup

{
|φ(x)− φ′(0)x|

|x|
: 0 < |x| ≤ r

}
, r ∈ (0, ρ].

(Note that ε is increasing and continuous.) It follows that for every δ > 0, there is a k(δ)
such that for k ≥ k(δ),

|φk(x)− φ′(0)x| ≤ ε(|x|)|x|+ δ, x ∈ B(ρ). (2.3)

Fix γ > 0. We now make the following claim:

There exists a τ ∈ (0, (1 + γ)−1) and an integer k such that for every z in E, the
equation

tφk((1 + γ)τx) + (1− t)φ′(0)((1 + γ)τx) = φ′(0)(τz) (2.4)

has no solutions (x, t) ∈ ∂E × [0, 1].

We will prove the claim by contradiction. Suppose that for every τ and k, there are z,
x, and t as above such that (2.4) holds. We first rewrite (2.4) as

φ′(0)(τz − (1 + γ)τx) = t [φk((1 + γ)τx)− φ′(0)((1 + γ)τx)] .

It follows that

|φk((1 + γ)τx)− φ′(0)((1 + γ)τx)| ≥ |φ′(0)(τz − (1 + γ)τx)|
≥ τd|z − (1 + γ)x|
≥ τdC

where C > 0 is a constant depending only on E and γ. (We can take C to be the distance
between E and (1+ γ)∂E.) If we choose δ = ε((1+ γ)τρ)(1+ γ)τρ and k ≥ k(δ), then, by
(2.3) and the fact that ε is increasing, it follows that

0 < dτC ≤ ε(|(1 + γ)τx|)|(1 + γ)τx|+ δ

≤ 2ε((1 + γ)τρ)(1 + γ)τρ.

Since ε is continuous and ε(0) = 0, it is possible to choose τ to be small enough so that
this inequality does not hold. This contradiction proves the claim.

Let us use the claim above to finish the proof. With τ and k as above, we will show
that

φ′(0)(τE) ⊂ φk((1 + γ)τE). (2.5)
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Suppose that this were not the case, so that there is a z in E for which the equation
φ′(0)(τz) = φk((1 + γ)τx) has no solution x ∈ E. Define a map H : ∂E × [0, 1] → S2n−1

by

H(x, t) =
tφk((1 + γ)τx) + (1− t)φ′(0)((1 + γ)τx)− φ′(0)(τz)

|tφk((1 + γ)τx) + (1− t)φ′(0)((1 + γ)τx)− φ′(0)(τz)|
.

The map H is well-defined by the claim just proven. The assumption we just made implies
that H(·, 1) extends to E, which implies that H(·, 1) must have Brouwer degree zero. The
maps H(·, 1) and H(·, 0) are homotopic, so they must have the same degree. But H(·, 0)
is given by

H(x, 0) =
φ′(0)((1 + γ)x− z)

|φ′(0)((1 + γ)x− z)|
=

φ′(0)(x− (1 + γ)−1z)

|φ′(0)(x− (1 + γ)−1z)|
,

so it must have degree 1 or −1. This contradiction shows that the inclusion in (2.5) must
hold. It follows that

τ 2w(φ′(0)E) = w(φ′(0)(τE)) ≤ w(φk((1 + γ)τE)) = (1 + γ)2τ 2w(E).

Since γ > 0 was arbitrary, it follows that w(E) ≤ w(φ′(0)E). Combining this with (2.2),
we conclude that

w(E) = w(φ′(0)E), for every ellipsoid E ⊂ B(ρ).

The linearity of φ′(0) and the conformality property of w imply that φ′(0) preserves the
w-capacity of every ellipsoid in R2n centered at the origin. It follows from Theorem 2.11
that φ′(0) preserves the linear symplectic width of every such ellipsoid, and we conclude
from Theorem 2.7 that φ′(0) is either symplectic or anti-symplectic.

Our first application of Theorem 2.12 is to prove the following non-linear analogue of
Theorem 2.7.

Theorem 2.13. Let φ : R2n → R2n be a smooth map. The following are equivalent.

1. φ preserves the capacity of every ellipsoid.

2. φ∗ω = ±ω.

Proof. We begin by proving that 2 implies 1. If φ is symplectic, then we have already seen
that φ preserves the capacity of every subset of R2n. If φ is anti-symplectic and if E is an
ellipsoid in R2n, then we can find an anti-symplectomorphism ψ such that ψ(E) = E, and
then it follows from the symplectic case that c(φ(E)) = c(φψ(E)) = c(E). (Such a ψ can
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be constructed by using Proposition 2.9, similar to the construction of the map T in the
proof of Proposition 2.6.)

Now, suppose that φ preserves the capacity of every ellipsoid. We want to prove
that for every z in R2n, the linear map φ′(z) satisfies φ′(z)∗ω = ±ω. (The sign will be
independent of z by continuity.) By composing with translations, we may assume without
loss of generality that z = 0 and φ(z) = 0. For t > 0, define

φt(x) =
1

t
φ(tx).

The conformality property of c immediately implies that each φt preserves the capacity of
every ellipsoid centered at the origin. Since (φt) converges uniformly to φ′(0) as t ↓ 0, it
follows from Theorem 2.12 that φ′(0) is either symplectic or anti-symplectic.

As a second application of Theorem 2.12, we have the following rigidity result, due to
Eliashberg [5] and Gromov [8]. We follow the proof due to Ekeland and Hofer in [4].

Theorem 2.14. For any symplectic manifold, the group of symplectomorphisms is closed
in the group of diffeomorphisms with respect to the C0-compact-open topology.

In other words, if a sequence of symplectomorphisms converges uniformly on compact
sets to a diffeomorphism, then the limit is actually a symplectomorphism. We stress that
no assumptions on the derivatives of the symplectomorphisms are needed.

Proof. This is a local statement, so by Darboux’s theorem we may assume that we have a
sequence (φk) of symplectic embeddings of the ballB(ρ) into R2n which converges uniformly
to a smooth embedding φ : B(ρ) → R2n and that we need to prove that φ′(0) is symplectic.
The maps φk are symplectic, so in particular they preserve the capacity of every ellipsoid,
and then Theorem 2.12 implies that φ′(0) is either symplectic or anti-symplectic. As we
will now show, the fact that each φk is actually a symplectic embedding (and not just a
continuous map preserving capacities) rules out the case that φ′(0) is anti-symplectic.

If n is odd, then any anti-symplectomorphism is orientation-reversing. Since each φk

preserves the orientation, φ does too, implying that φ′(0) must be an orientation-preserving
linear map. So, if n is odd, then φ′(0) can only be symplectic. Suppose now that n is even.
On a sufficiently small ball contained in R2 × B(ρ), the sequence (idR2 × φk) converges
uniformly to idR2 × φ. Since each idR2 × φk is symplectic, the previous argument applies
to show that idR2 × φ′(0) is symplectic, and so φ′(0) must be symplectic.
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Chapter 3

Non-squeezing for ωk

We discuss analogues of the non-squeezing theorem for the powers of the standard sym-
plectic form on R2n.

3.1 Affine non-squeezing for ωk

Let us again consider R2n with the standard symplectic form, which we write in terms of
the standard symplectic basis denoted by e1, . . . , en, f1, . . . , fn. In [2], Barron and Shafiee
noticed that the powers ω, ω2, . . . , ωn each satisfy an analogue of the affine non-squeezing
theorem. As before, let B(r) denote the closed ball of radius r in R2n. If 1 ≤ k ≤ n, then
we define the symplectic k-cylinder Zk(R) by

Zk(R) :=

{
(x1, . . . , xn, y1, . . . , yn) ∈ R2n :

k∑
j=1

x2j + y2j ≤ R2

}
.

The following theorem is the affine non-squeezing theorem obtained by Barron and Shafiee.

Theorem 3.1. [2, Theorem 2.16] Suppose that 1 ≤ k ≤ n. Let Ψ: R2n → R2n be an affine
map of the form z 7→ Az + b, where A is a linear map preserving ωk and b ∈ R2n. If

Ψ(B(r)) ⊆ Zk(R), then r ≤
2k
√

(2k)!
√
2

R.

For brevity, let us denote the coefficient of R in the conclusion of Theorem 3.1 by Ck.
That is,

Ck =
2k
√
(2k)!√
2

. (3.1)
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Note that Ck = 1 when k = 1, so we recover the classical affine non-squeezing theorem
(Theorem 2.3) as a special case.

Note that when k > 1, the coefficient Ck is always greater than 1. Also, if k = n, then
Ψ is volume-preserving and maps B(r) into the ball Zn(R) = B(R), so we obtain r ≤ R
trivially. So, in particular, the constant Cn is not optimal in the case that k = n. In fact,
we will prove later in this section (Theorem 3.4) that we can choose Ck = 1 for each k.

The proof of Theorem 3.1 follows essentially the same steps as the classical affine non-
squeezing theorem. The first step is to argue that AT also preserves ωk. While this was
easy to prove in the classical case, it is perhaps not so obvious here, and no proof is given
in [2]. We will give a proof in the next section; in fact, we will prove that Theorem 3.1
essentially reduces to the classical case.

Let us proceed with the proof for now under the assumption that AT does preserve ωk.
It follows that

k! = |ωk(AT e1, A
Tf1, . . . , A

T ek, A
Tfk)|. (3.2)

In [2, Lemma 2.4] it is claimed that for u1, . . . , u2k ∈ R2n,

ωk(u1, . . . , u2k) =
k!

2k

∑
σ∈S2k

sign(σ)
k∏

i=1

ω(uσ(2i−1), uσ(2i)),

but this is incorrect. We give the correct formula for ωk and then continue along the lines
of [2].

Proposition 3.2. For any u1, . . . , u2k ∈ R2n,

ωk(u1, . . . , u2k) =
1

2k

∑
σ∈S2k

sign(σ)
k∏

i=1

ω(uσ(2i−1), uσ(2i)). (3.3)

Proof. Using the definition of the wedge product in terms of the projection Alt, we see
that

ωk(u1, . . . , u2k) =
(2 + · · ·+ 2)!

2! · · · 2!
Alt(ω ⊗ · · · ⊗ ω)(u1, . . . , u2k)

=
(2k)!

2k
· 1

(2k)!

∑
σ∈S2k

sign(σ)(ω ⊗ · · · ⊗ ω)(uσ(1), . . . , uσ(2k))

=
1

2k

∑
σ∈S2k

sign(σ)
k∏

i=1

ω(uσ(2i−1), uσ(2i)).
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For brevity, we will denote the vectors AT e1, A
Tf1, . . . , A

T ek, A
Tfk by w1, . . . , w2k. By

using (3.3) to evaluate the right-hand side of (3.2), we obtain

k! = |ωk(AT e1, A
Tf1, . . . , A

T ek, A
Tfk)|

≤ 1

2k

∑
σ∈S2k

|sign(σ)|
k∏

i=1

|ω(wσ(2i−1), wσ(2i))|

≤ 1

2k

∑
σ∈S2k

k∏
i=1

|wσ(2i−1)||wσ(2i)|

=
1

2k
(2k)! · |w1| · · · |w2k|.

By (3.1), this gives
k!

C2k
k

=
k! · 2k

(2k)!
≤ |w1| · · · |w2k|.

It follows that one of w1, . . . , w2k must have length at least 2k
√
k!/Ck. We may assume

without loss of generality that w1 does. The proof concludes exactly as it does in the
classical case by consideration of the image of ±r · w1/|w1| for an appropriate choice of
sign. We note that with the correct formula (3.3) for ωk, we actually obtain in Theorem
3.1 the stronger bound r ≤ (Ck/

2k
√
k!)R. This is still not optimal, though, since Ck >

2k
√
k!

whenever k > 1.

In what follows, we show that is possible to avoid the use of (3.3) completely and to
obtain the result of Theorem 3.1 with 1 in place of the coefficient Ck. We will achieve this
with the use of Wirtinger’s inequality.

Theorem 3.3. Suppose that 1 ≤ k ≤ n. For any orthonormal v1, . . . , v2k in R2n,

|ωk(v1, . . . , v2k)| ≤ k!,

with equality if and only if the span of v1, . . . , v2k is closed under J .

Proof. (Following [6, 1.8.2].) Let us consider first the case that k = 1. By Cauchy-Schwarz,
we have that

|ω(v1, v2)| = |g(Jv1, v2)| ≤ |Jv1| · |v2| ≤ 1,

with equality if and only if Jv1 and v2 are colinear, i.e., if and only if the span of v1 and
v2 is closed under J .
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Now, suppose that k > 1. Let S be the span of v1, . . . , v2k. By the normal form theorem
for skew-symmetric bilinear forms, there is an orthonormal basis u1, . . . , u2k of S such that

ω|S =
k∑

j=1

ω(u2j−1, u2j)u
2j−1 ∧ u2j.

In particular,

ωk(u1, . . . , u2k) = k! ·
k∏

j=1

ω(u2j−1, u2j).

Note that ωk(u1, . . . , u2k) only depends on u1 ∧ · · · ∧ u2k. Since v1, . . . , v2k and u1, . . . , u2k
are both orthonormal bases of S, we have that v1 ∧ · · · ∧ v2k = ε · u1 ∧ · · · ∧ u2k for some
ε ∈ {1,−1}, and it follows that

|ωk(v1, . . . , v2k)| = |ωk(u1, . . . , u2k)| = k! ·
k∏

j=1

|ω(u2j−1, u2j)|.

It follows from the case that k = 1 that |ωk(v1, . . . , v2k)| ≤ k!. In particular, if equality
holds, then |ω(u2j−1, u2j)| = 1 for each j, so by the case that k = 1 again it follows that S
is closed under J . Conversely, if S is closed under J , then, for each j,

Ju2j−1 =
2k∑
ℓ=1

g(Ju2j−1, uℓ)uℓ =
2k∑
ℓ=1

ω(u2j−1, uℓ)uℓ = ω(u2j−1, u2j)u2j.

It follows that |ω(u2j−1, u2j)| = |Ju2j−1| = |u2j−1| = 1 for each j, and we conclude from
the above that |ωk(v1, . . . , v2k)| = k!.

We would like to apply Wirtinger’s inequality to estimate the right-hand side of (3.2).
Since Wirtinger’s inequality is for orthonormal vectors, we apply the Gram-Schmidt process
to w1, . . . , w2k to obtain orthogonal vectors v1, . . . , v2k:

v1 = w1, vj = wj −
j−1∑
i=1

projvi(wj).

Note that |vj| ≤ |wj| for each j, for |wj|2 is equal to a sum of squares which includes |vj|2.
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Moreover, by construction we have that w1 ∧ · · · ∧ w2k = v1 ∧ · · · ∧ v2k. It follows that

k! = ωk(w1, . . . , w2k) = ωk(v1, . . . , v2k)

= |v1| · · · |v2k| · ω
(
v1
|v1|

, . . . ,
v2k
|v2k|

)
≤ |v1| · · · |v2k| · k!
≤ |w1| · · · |w2k| · k!.

So, |w1| · · · |w2k| ≥ 1. As before, we may assume without loss of generality that |w1| ≥ 1,
and then the proof that r ≤ R follows exactly as it does in the classical case. So, modulo
the proof that the stabilizer of ωk is closed under transposition (which we will see in the
next section), we have proven the following affine non-squeezing theorem for ωk.

Theorem 3.4. Suppose that 1 ≤ k ≤ n. Let Ψ: R2n → R2n be an affine map of the form
z 7→ Az + b, where A is a linear map preserving ωk and b ∈ R2n. If Ψ(B(r)) ⊆ Zk(R),
then r ≤ R.

3.2 The stabilizer of ωk

The proofs of Theorem 3.1 and Theorem 3.4 depended on the as-of-then unproven fact
that the stabilizer of ωk is closed under transposition. In this section, we will prove that
this is the case. In fact, we have the following stronger result.

Theorem 3.5. Suppose that 1 ≤ k ≤ n− 1. Let A : R2n → R2n be a linear map for which
A∗(ωk) = ωk. If k is odd, then A∗ω = ω, and if k is even, then A∗ω = ω or A∗ω = −ω.

In other words, if we let Spk(2n,R) denote the stabilizer of ωk in GL(2n,R), then we
have that

Spk(2n,R) =


Sp(2n,R), if k is odd and k ≤ n− 1,

Sp(2n,R) ∪ Sp−(2n,R), if k is even and k ≤ n− 1,

SL(2n,R), if k = n,

where
Sp−(2n,R) = {A ∈ GL(2n,R) : A∗ω = −ω}.

Actually, we will prove the following stronger fact.
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Theorem 3.6. Suppose that 1 ≤ k ≤ n−1. Let ω =
∑n

i=1 e
i∧f i be the standard symplectic

form on R2n and let Ω be any 2-form on R2n with constant coefficients such that cΩk = ωk

for some constant c. Then, there exist scalars λ1, . . . , λn such that Ω =
∑n

i=1 λi e
i ∧ f i.

The role of the constant c will become clear in the course of the proof.

Let us first prove that Theorem 3.5 follows from Theorem 3.6. Given that A∗(ωk) = ωk,
let Ω = A∗ω. Then Ωk = ωk, so that Ω =

∑n
i=1 λi e

i ∧ f i for some scalars λ1, . . . , λn by
Theorem 3.6. Since

Ωk = k!
∑

i1<···<ik

λi1 · · ·λik ei1 ∧ f i1 ∧ · · · ∧ eik ∧ f ik ,

we see from the equation Ωk = ωk that the product of any k of λ1, . . . , λn without repetition
in the indices must equal 1. Since k ≤ n− 1, it follows that λ1 = · · · = λn. For example,

λ1 =
λ1λ3 · · ·λk+1

λ3 · · ·λk+1

=
λ2λ3 · · ·λk+1

λ3 · · ·λk+1

= λ2.

This method readily generalizes to show that λi = λj for all i and j. (If we had k = n, then
the only equation we would have would be λ1 · · ·λn = 1, which can’t be solved uniquely
for any λi.) Since λk1 = 1, it follows that λ1 = · · · = λn = 1 if k is odd and ±1 if k is even.

To prove Theorem 3.6, we need the following lemma.

Lemma 3.7. Let (V, ω) be a 2n-dimensional real symplectic vector space. For each j =
1, . . . , n, the map

Lj : Λn−jV ∗ → Λn+jV ∗, θ 7→ θ ∧ ωj

is an isomorphism.

Note that it is essential for the lemma that we consider the map θ 7→ θ ∧ ωj only on
Λn−jV ∗, for Λn−jV ∗ and Λn+jV ∗ have the same dimension. To prove Theorem 3.6, we will
actually only need the statement of Lemma 3.7 in the case that j = n − 1, but the proof
of the lemma for all j is nearly identical to the proof for j = n− 1.

Proof. We proceed by induction on j, starting from j = n and proceeding backwards. The
base case holds simply because Ln is multiplication on scalars by the volume form ωn.
Suppose that for some j ≤ n, the map Lj is an isomorphism. To prove that Lj−1 is an
isomorphism, it suffices to prove that it is injective, so suppose that θ is a (n− j+1)-form
such that Lj−1(θ) = 0. It follows that

0 = Lj−1(θ) ∧ ω = θ ∧ ωj.
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We contract both sides of the above equation by an arbitrary v in V to obtain

0 = (ivθ) ∧ ωj ± jθ ∧ (ivω) ∧ ωj−1.

Since θ ∧ ωj−1 = 0, the second term on the right-hand side vanishes and we are left with
(ivθ) ∧ ωj = 0. But ivθ is of degree n− j, so this says that Lj(ivθ) = 0. By the inductive
hypothesis, ivθ = 0, and since v was arbitrary, θ = 0.

We are now ready to prove Theorem 3.6. In the following proof, we will drop the wedge
product for brevity, and all forms will be forms with constant coefficients.

Proof. (Of Theorem 3.6.) We proceed by induction on n. If n = 2, then k = 1 and cΩ = ω.
This implies that Ω = c−1

∑
eif i, proving the base case. Now, suppose the theorem holds

for a given n ≥ 2. Let ω =
∑n+1

i=1 e
if i be the standard symplectic form on R2(n+1), and

suppose that Ω is a 2-form on R2(n+1) such that cΩk = ωk for some scalar c and some
integer k with 1 ≤ k ≤ (n+ 1)− 1 = n. If k = 1, then we are immediately done as in the
base case, so let us assume that k ≥ 2. Decompose Ω into four components as follows:

Ω = Ω0 + α + β + γ,

where

• Ω0 is a 2-form without any en+1 or fn+1 terms,

• α = en+1α0 for some 1-form α0 without any en+1 or fn+1 terms,

• β = fn+1β0 for some 1-form β of the same type as α0, and

• γ = λ en+1fn+1 for some scalar λ.

Note that α2 = β2 = γ2 = αγ = βγ = 0. It follows from this and the binomial theorem
that

Ωk = Ωk
0 + kΩk−1

0 (α + β + γ) +
k(k − 1)

2
Ωk−2

0 (α + β + γ)2

= Ωk
0 + kΩk−1

0 (α + β + γ) + k(k − 1)Ωk−2
0 αβ.

If we similarly decompose ω into ω0 + en+1fn+1, where ω0 =
∑n

i=1 e
if i, then we obtain

ωk = ωk
0 + kωk−1

0 en+1fn+1.
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Comparing the components of cΩk and of ωk which have no en+1 or fn+1, only one of the
two, and both gives us the following four equations:

cΩk
0 = ωk

0 ,

Ωk−1
0 α0 = 0,

Ωk−1
0 β0 = 0,

λcΩk−1
0 + c(k − 1)Ωk−2

0 α0β0 = ωk−1
0 .

It should be emphasized that all of the forms in the above four equations only contain
e1, f 1, . . . , en, fn, and we will be thinking of them as forms on R2n = span{e1, f1, . . . , en, fn}.

We first prove that Ω0 is symplectic. Suppose that ivΩ0 = 0 for some v in R2n. It
follows that

0 = iv(cΩ
k
0) = iv(ω

k
0) = k(ivω0)ω

k−1
0 .

This implies that (ivω0)ω
n−1
0 = 0, and then it follows from Lemma 3.7 that ivω0 = 0. Since

ω0 is the standard symplectic form on R2n, this forces v to be zero, hence Ω0 is symplectic.
From the equation Ωk−1

0 α0 = 0 it follows that Ωn−1
0 α0 = 0, and since Ω0 is symplectic,

Lemma 3.7 implies that α0 = 0. The same argument gives β0 = 0, which leaves us with
the fourth equation,

λcΩk−1
0 = ωk−1

0 .

By the inductive hypothesis, Ω0 =
∑n

i=1 λi e
if i for some scalars λ1, . . . , λn, and we conclude

that
Ω = Ω0 + λ en+1fn+1 = λ1 e

1f 1 + · · ·+ λn e
nfn + λ en+1fn+1.

Note that if we had not included the coefficient c in the statement of Theorem 3.6,
then we would have ended up with the equation λΩk−1

0 = ωk−1
0 , to which the inductive

hypothesis would not apply unless we were able to pull λ into the power of k − 1.

Using Theorem 3.5, we can give an alternate proof of Theorem 3.4 by reducing it to the
symplectic case. Suppose that ψ is an affine map which preserves ωk and takes B(r) into
Zk(R). We have already seen that if k = n, then r ≤ R due to the fact that ψ must be
volume-preserving and Zn(R) = B(R). Suppose that k < n. In this case, it follows from
Theorem 3.5 that ψ must preserve ω up to a sign. Since Zk(R) ⊆ Z(R), we have that ψ is
an affine symplectomorphism or anti-symplectomorphism taking B(r) into Z(R). By the
classical affine non-squeezing theorem, we conclude that r ≤ R.
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In Section 2.2, after we had proven the affine non-squeezing theorem for ω, we showed
that we can characterize symplectic and anti-symplectic linear maps as those maps pre-
serving the linear symplectic widths of ellipsoids. Now that we have proven the affine
non-squeezing theorem for ωk, it is natural to try to do the same for maps preserving ωk.
As we will see below in Proposition 3.8, it is a consequence of Theorem 3.5 that the natural
analogue of the linear symplectic width for ωk does not result in a new invariant of subsets
of R2n. In particular, the natural k-symplectic analogue of Theorem 2.7 will reduce to the
symplectic case when k ≤ n− 1.

We define the linear k-symplectic width of a subset A of R2n by

wk(A) := sup{ω2kr
2k : Ψ(B(r)) ⊆ A for some affine map Ψ preserving ωk},

where ω2k is the volume of the unit ball in R2k. Note that the linear symplectic width
wL(A) is exactly w1(A); more generally, we have the following expression relating the two.

Proposition 3.8. For any subset A of R2n,

wk(A) =
ω2k

πk
· [wL(A)]

k.

Proof. If B(r) embeds into A by an ω-preserving affine map, then it certainly embeds into
A by an ωk-preserving affine map, so

wk(A) ≥ ω2kr
2k =

ω2k

πk
· [πr2]k.

It follows that wk(A) ≥ ω2k

πk · [wL(A)]
k. Conversely, if B(r) embeds into A by an ωk-

preserving affine map, then that affine map is either symplectic or anti-symplectic by
Theorem 3.5, so that (recalling Proposition 2.6), we have

ω2k

πk
· [wL(A)]

k ≥ ω2k

πk
· [πr2]k = ω2kr

2k.

It follows that ω2k

πk · [wL(A)]
k ≥ wk(A), so in fact equality must hold.

3.3 Applications to non-linear ωk-preserving maps

We turn to studying k-symplectic analogues of the results of Section 2.4. We begin by
noting that the application of Theorem 3.5 used to prove the affine non-squeezing theorem
for ωk by reduction to the symplectic case readily generalizes to prove the following non-
linear non-squeezing theorem for ωk.
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Proposition 3.9. If there exists an ωk-preserving embedding of B(r) into Zk(R), then
r ≤ R.

Proof. Any ωk-preserving embedding is either symplectic or anti-symplectic by Theorem
3.5 applied pointwise to the derivatives of the map. Since Zk(R) ⊆ Z(R), it follows from
Gromov’s non-squeezing theorem (Theorem 2.1) that r ≤ R.

Just as we did at the end of the previous section, we define the non-linear k-symplectic
width wk(A) of a subset of R2n by

wk(A) := sup{ω2kr
2k : ψ(B(r)) ⊆ A for some ωk-preserving embedding ψ}.

The same formula as in Proposition 3.8 that related the linear k-symplectic width to the
linear symplectic width holds for the non-linear k-symplectic width and the Gromov width,
by the same proof. We can also define the “maximal k-capacity”

wk(A) := inf{ω2kR
2k : ψ(A) ⊆ Zk(R) for some ωk-preserving embedding ψ},

but it is no longer clear whether the relation of Proposition 3.8 holds between wk and the
classical maximal capacity w. More generally, we can define “k-capacities” analogous to
general symplectic capacities. We will pursue the idea of more general capacities in the
next chapter.

The proof of Theorem 2.13 relied on Theorem 2.12, whose proof required showing that
a particular linear map preserved the maximal capacity of every ellipsoid and the fact that
every normalized capacity takes the same value on any given ellipsoid (Theorem 2.11). It
is not clear whether this holds for the maximal k-capacity wk.

On the other hand, by using Theorem 3.5, it is easy to establish (by reduction to the
symplectic case) a k-symplectic analogue of Theorem 2.14. Given a symplectic manifold
(M,ω), we let Symp(M,ω) denote the group of self-diffeomorphisms of M preserving ω,
and we also let Sympk(M,ω) denote the group of self-diffeomorphisms preserving ωk.

Proposition 3.10. For any symplectic 2n-manifold (M,ω) and any integer k with 1 ≤
k ≤ n−1, the group Sympk(M,ω) is closed in Diff(M) with respect to the C0-compact-open
topology.

Proof. If k is odd, then we clearly have that Sympk(M,ω) = Symp(M,ω) by Darboux’s
theorem and Theorem 3.5, so the result reduces to Theorem 2.14 in this case.
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Let us assume that k is even. Just as in the proof of the classical version of the theorem,
we may assume by Darboux’s theorem that we have a sequence (φj) of ωk-preserving
embeddings of the ball B(ρ) into R2n which converges uniformly to a smooth embedding
φ : B(ρ) → R2n and that we need to prove that φ′(0) preserves ωk. By Theorem 3.5, each
φj is either symplectic or anti-symplectic. In particular, each φj preserves the Gromov
width of every ellipsoid centered at the origin in B(ρ). Therefore, by Theorem 2.12, it
follows that φ′(0) is symplectic or anti-symplectic. Since k is even, it follows that φ′(0)
preserves ωk.

If M is not connected and if k is even, then an ωk-preserving map could be symplectic
on one component and anti-symplectic on another, so the description of Sympk(M,ω) in
general is more complicated. But when M is connected, it is easy to describe the groups
Sympk(M,ω) for 1 ≤ k ≤ n− 1.

Theorem 3.11. If (M,ω) is a connected symplectic 2n-manifold, then

Sympk(M,ω) =

{
Symp(M,ω), if k is odd and k ≤ n− 1,

Symp(M,ω) ∪ Symp−(M,ω), if k is even and k ≤ n− 1,

where Symp−(M,ω) is the group of anti-symplectomorphisms.

Proof. Apply the Darboux theorem and then Theorem 3.5.

We conclude this chapter with an application to some recent results found in [1] on
the groups Sympk(M,ω). By using Theorem 3.11, we are able to give a quick proof of the
main theorem of [1].

Theorem 3.12. ([1, Theorem 2]) For any symplectic 2n-manifold (M,ω) and any integer
k with 1 ≤ k ≤ n − 1, the identity component of Sympk(M,ω) is equal to the identity
component of Symp(M,ω).

Proof. Suppose that f is an ωk-preserving self-diffeomorphism of M that is connected
to the identity by a path of such maps. Then f restricts to a self-diffeomorphism of
each component of M which preserves ωk, so, by Theorem 3.11, we see that f is either
symplectic or anti-symplectic on each component. Since f is connected to the identity,
which is a symplectomorphism, it must be a symplectomorphism itself.
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Chapter 4

(Affine) non-squeezing for general
calibrations

We aim to generalize the affine non-squeezing theorem for the symplectic form ω and its
powers ωk to a more general class of forms known as calibrations. We define calibrations
and discuss when analogues of the affine non-squeezing theorems (Theorems 2.3 and 3.4)
hold for them.

4.1 When does a calibration satisfy the non-squeezing

theorem?

We are generally interested in developing invariants for calibrated geometries which are
analogous to invariants from symplectic geometry. So, it is natural to see how much of the
theory of Chapters 2 and 3 can be generalized; in particular, whether the non-squeezing
theorems generalize and whether calibrated geometries support an interesting theory of
capacities. We will begin by exploring this question in the affine case, as we did in Chapters
2 and 3.

The proof of the affine non-squeezing theorem for ωk (Theorem 3.4) essentially depended
on the following two facts about ωk:

1. The group of linear maps preserving ωk is closed under transposition (which follows
from Theorem 3.5).
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2. Wirtinger’s inequality (Theorem 3.3). (In the proof of the affine non-squeezing the-
orem for ω, Theorem 2.3, we proved Wirtinger’s inequality in the case k = 1.)

Wirtinger’s inequality, in more general terms, states that the form ωk/k! is a calibration
on R2n whose calibrated subspaces are exactly the 2k-dimensional complex subspaces.

We begin by reviewing the notion of a calibration and some of the basic theory. We
say that a linear k-form α on an inner product space (V, g) is a calibration if it has comass
one, i.e., if

|α(v1, . . . , vk)| ≤ 1 for all orthonormal v1, . . . , vk ∈ V, (4.1)

and if equality holds for at least one k-tuple (v1, . . . , vk). We say that a k-dimensional
oriented subspace L of V is α-calibrated (or just calibrated if the form is clear from the
context) if there is an oriented orthonormal basis v1, . . . , vk of V such that α(v1, . . . , vk) = 1.
Note that if this is true for one such basis, then it is true for every such basis; more
succinctly, α|L = volL. The application of Gram-Schmidt used to deduce Theorem 3.4
from Wirtinger’s inequality generalizes to show that, in fact, α is a calibration if and only
if

|α(v1, . . . , vk)| ≤ |v1| · · · |vk| for all v1, . . . , vk ∈ V,

with equality for at least one (v1, . . . , vk).

More generally, calibrations can be defined on Riemannian manifolds. A calibration on
a Riemannian manifold (M, g) is defined to be a closed k-form α such that for each x in
M , the linear k-form αx on TxM has comass one. A k-dimensional oriented submanifold
L of M is said to be α-calibrated if TxL is αx-calibrated for each x in L.

We will not need this in this paper, but one motivation for studying calibrations comes
from the fact that calibrated submanifolds are minimal submanifolds ([9, Theorem 4.2]).
The equations for a calibrated submanifold are first-order, so they are often easier to solve
than the minimal submanifold equations, which are second-order.

Before trying to generalize the affine non-squeezing theorem, we catalogue some exam-
ples of calibrations. Most of our examples come from the theory of Riemannian manifolds
with special holonomy.

1. As we have already seen, Wirtinger’s inequality implies that each ωk/k! on R2n

for k = 1, . . . , n is a calibration whose calibrated subspaces are the 2k-dimensional
complex subspaces. It follows that the calibrated submanifolds are the complex 2k-
dimensional submanifolds. (This corresponds to Kähler geometry.)
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2. The 3-form on R7 associated to G2-geometry, as well as its Hodge dual, are both
calibrations on R7 whose calibrated subspaces are called associative and coassociative,
respectively. (We refer to [12, Definition 3.14] for the definitions of these two forms.)
We will return to this example in the next section.

3. Consider the holomorphic volume form Ω = dz1 ∧ · · · ∧ dzn on Cn = R2n. The
real part of Ω is a calibration whose calibrated submanifolds are said to be special
Lagrangian submanifolds. (More generally, Re(eiθΩ) is a calibration for every θ ∈ R.)
The question of (affine) non-squeezing for this calibrated geometry will be the focus
of Chapter 5.

4. The form e1∧· · ·∧ek on Rn, where e1, . . . , en is any orthonormal basis with dual basis
e1, . . . , en, is a calibration whose only calibrated subspace is the span of e1, . . . , ek.
(This is a straightforward consequence of Cauchy-Schwarz on ΛkRn.)

In the remainder of this section, we will focus on linear calibrations and generalizing
the affine non-squeezing theorem. To formulate the non-squeezing theorem for a given
calibration, we need to replace the symplectic cylinder with a “calibrated cylinder” which
we now define. For a given calibration α on Rn and a given α-calibrated subspace L, we
define the corresponding calibrated cylinder of radius R by

ZL(R) = {x ∈ Rn : |projL(x)|2 ≤ R2}.

The symplectic k-cylinder Zk(R) is the calibrated cylinder for the calibration ωk/k! with
respect to the calibrated subspace spanned by e1, f1, . . . , ek, fk. (The adjective “calibrated”
in “calibrated cylinder” refers to the subspace on which the cylinder is based. In general,
ZL(R) is not a calibrated submanifold.)

The fact that ωk/k! had comass one was one of the ingredients we needed to prove the
affine non-squeezing theorem in Chapter 3. The other was the fact that its stabilizer is
closed under transposition. As we now prove, if we assume that this holds for some given
calibration, then that calibration satisfies the following affine non-squeezing theorem. The
proof proceeds along the exact same lines as the proofs of the affine non-squeezing theorems
in Chapters 2 and 3 (Theorems 2.3 and 3.4, respectively).

Proposition 4.1. Let α ∈ Λk(Rn)∗ be a calibration. If the stabilizer of α in GL(n,R) is
closed under transposition, then α has the following affine non-squeezing property: if ψ is
an affine map preserving α for which ψ(B(r)) ⊂ ZL(R) for some α-calibrated subspace L,
then r ≤ R.
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Proof. Suppose that ψ is given by ψ(x) = Ψx+x0, where Ψ
∗α = α and x0 ∈ Rn. Choose an

oriented orthonormal basis e1, . . . , ek of L, so that α(e1, . . . , ek) = 1 since L is α-calibrated.
Since ΨT must preserve α by assumption, it follows that

1 = |α(e1, . . . , ek)| = |α(ΨT e1, . . . ,Ψ
T ek)| ≤ |ΨT e1| · · · |ΨT ek|.

So, one of |ΨT e1|, . . . , |ΨT ek| has norm at least 1. We may assume without loss of generality
that |ΨT e1| ≥ 1. Define x = ±r · ΨT e1/|ΨT e1|, where the sign is to be determined. Since
x ∈ B(r), we have ψ(x) ∈ ZL(R), and so

R2 ≥ ⟨e1, ψ(x)⟩2 + · · ·+ ⟨ek, ψ(x)⟩2

≥ ⟨e1,Ψx+ x0⟩2

= [⟨ΨT e1, x⟩+ ⟨e1, x0⟩]2

= [±r|ΨT e1|+ ⟨e1, x0⟩]2.

By choosing the sign in the definition of x to be the sign of ⟨e1, x0⟩, it follows that R2 ≥
r2|ΨT e1|2 ≥ r2, and so R ≥ r.

The condition that the stabilizer of the calibration is closed under transposition is not
a necessary condition for it to satisfy the non-squeezing property of Proposition 4.1. The
fourth family of calibrations in our list of examples above provides us with an example.
Let α = e1, where e1, e2 is an orthonormal basis of R2 with dual basis e1, e2. If Ψ is an
invertible linear map which preserves α, then it is necessarily of the form

Ψ =

(
1 0
c d

)
, d ̸= 0

with respect to the basis e1, e2. Suppose that the affine map ψ given by ψ(z) = Ψz+z0 sends
B(r) into ZL(R), where z0 = (x0, y0) and L = span{e1}. Since the orthogonal projection
onto L is just the projection onto the first component, this means that x + x0 ∈ [−R,R]
whenever x2 + y2 ≤ r2. In particular, if we take y = 0, then we see that x + x0 ∈ [−r, r]
whenever x ∈ [−r, r]. So, [−R,R] contains the interval x0 + [−r, r] of length 2r, meaning
that 2R ≥ 2r. However, ΨT will only preserve α if c = 0, which as we have just seen is not
necessary for the non-squeezing property to hold.

Recall that in the symplectic case, the affine non-squeezing theorem motivated the
definition of the linear symplectic width. The analogous construction for a calibration α
satisfying the conditions of Proposition 4.1 would be to define, for A ⊂ Rn,

wα(A) = sup{ωkr
k : ψ(B(r)) ⊆ A for some affine map ψ with ψ∗α = α}, (4.2)
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where ωk is the k-dimensional volume of the unit ball in Rk. The α-calibrated width wα

as defined here clearly has the exact same monotonicity property as the linear symplectic
width. The conformality property, which is also clear, takes the form wα(λA) = λkwα(A).
Finally, the normalization property would take the form wα(B(1)) = wα(ZL(1)) = ωk for
every calibrated subspace L; the proof of the normalization property depends on the affine
non-squeezing theorem for α and is proven in the exact same way as that for the usual
symplectic width, as in (2.1).

If we try to generalize the previous discussion to calibrations with possibly non-constant
coefficients on Rn, then it is not immediately clear what should replace the calibrated
subspace L in the non-squeezing theorem. So, it seems that the right calibrations to
consider for a general “non-squeezing theorem” are constant-coefficient calibrations on Rn.
All of our examples of calibrations here are such calibrations. So, it is reasonable to
ask whether these calibrations satisfy non-linear non-squeezing theorems as well. We will
explore the G2 case in the next section, where we will see that it is, in fact, trivial.

4.2 Non-squeezing for particular calibrated geome-

tries

Let us recall our short list of examples of calibrations from the previous section:

1. The symplectic form ω on R2n, and more generally ωk/k! for 1 ≤ k ≤ n.

2. The associative 3-form and coassociative 4-form on R7 corresponding to G2-geometry.

3. The real part of the holomorphic volume form Ω = dz1 ∧ · · · ∧ dzn on Cn = R2n, and
more generally Re(eiθΩ) for every real θ.

4. The form e1 ∧ · · · ∧ ek on Rn, where e1, . . . , en is any orthonormal basis with dual
basis e1, . . . , en.

We saw in Chapters 2 and 3 that the first class of examples all satisfy the non-squeezing
theorem, and in particular we explored the notion of a capacity for ω and the consequences
of the existence of capacities. We also saw that the last example e1 ∧ · · · ∧ ek satisfies the
affine non-squeezing theorem at the end of the previous section (despite it failing to satisfy
the hypotheses of Proposition 4.1).

Let us now focus on G2. Let φ0 denote the associative 3-form, so that G2 is exactly
the stabilizer in GL(7,R) of φ0. It is known that G2 is closed under transposition. So,
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in particular, the G2 3-form satisfies the affine non-squeezing theorem in the sense of
Proposition 4.1. In fact, much more is true.

Theorem 4.2. [12, Theorem 4.2] Every element of G2 preserves the metric.

As we will now prove, the non-linear non-squeezing property for isometric embeddings
of a ball into a cylinder (regardless of whether the cylinder is a calibrated cylinder for some
calibration) is straightforward to prove. In particular, it will follow from Theorem 4.2 that
there is a non-linear G2 non-squeezing theorem.

Proposition 4.3. Let ZL(R) be any cylinder in Rn based on any non-trivial subspace L
of Rn, i.e.,

ZL(R) := {x ∈ Rn : |projL(x)|2 ≤ R2}.
If φ : B(r) → Rn is an isometric embedding such that φ(B(r)) ⊆ ZL(R), then r ≤ R.

Proof. Choose an affine line ℓ parallel to L which intersects φ(0). The line ℓ intersects
∂ZL(R) in two points, say, p and q. The line will also intersect ∂(φ(B(r))) = φ(∂B(r)) in
two points, say, φ(x) and φ(y) for some x and y in ∂B(r). (See Figure 4.1.) The segment
of ℓ from p to q contains the segment from φ(x) to φ(y), so

2R ≥ d(φ(x), φ(y))

= d(φ(x), φ(0)) + d(φ(0), φ(y))

= d(x, 0) + d(0, y)

= 2r.

φ(B(r))
ZL(R)

ℓφ(0)
qp

φ(x) φ(y)

2r

2R

Figure 4.1: The proof of Proposition 4.3.
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We conclude this chapter with some comments on possible G2 analogues of the ap-
plications of non-squeezing and capacities of Section 2.4. Although the “non-linear G2

non-squeezing” theorem had a very simple geometric proof, it is not clear to the author
whether this excludes a non-trivial theory of “G2 capacities.”

In analogy with Section 3.3, it is natural to ask whether there are G2 analogues of
Theorems 2.13 and 2.14. To develop an analogue of Theorem 2.13, one would have to
figure out in particular a G2 analogue of the results in Section 2.3 on the symplectic
normal forms of ellipsoids. It is not clear to the author how to do this.

It is easy to write down as a conjecture the direct analogue of Theorem 2.14 for G2-
manifolds. Let (M, g, φ) be a G2-manifold, where φ is the G2 3-form. Let

G := {ψ ∈ Diff(M) : ψ∗φ = φ}.

The question is whether G is closed in Diff(M) with respect to the C0-compact-open topol-
ogy. At least in the case thatM is connected, it would in fact suffice to check whether G is
closed in Isom(M, g), since Isom(M, g) is closed in Diff(M) as a consequence of the Myers-
Steenrod theorem that any distance-preserving bijection between connected Riemannian
manifolds is in fact metric-preserving. (Indeed, if (Fn) is a sequence of Riemannian isome-
tries converging uniformly on compact sets to a diffeomorphism F , then F must be a metric
isometry since each Fn is and Fn → F pointwise, and then Myers-Steenrod implies that F
is a Riemannian isometry.) Perhaps it is easier to check whether G is closed in Isom(M, g),
since the latter is, again by a theorem of Myers-Steenrod, a finite-dimensional Lie group
with respect to the C0-compact-open topology (whereas Diff(M) never is).
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Chapter 5

(Affine) non-squeezing in the special
Lagrangian case

In Chapter 4, we explored the general question of when a calibration has the “affine non-
squeezing property” in Proposition 4.1. We verified that three of our four main examples
of calibrations (the symplectic form ω in Theorem 2.3, its powers ωk in Theorem 3.4, and
the G2 3-form in Proposition 4.3) all had the affine non-squeezing property. In this final
chapter we turn to the fourth and final example, the holomorphic n-form Ω = dz1∧· · ·∧dzn.

5.1 A brief review of special Lagrangian geometry

We will briefly review in this section the results needed in Section 5.2. We consider Cn =
R2n with coordinates zk = xk + iyk, and we define an n-form Ω on R2n by

Ω := dz1 ∧ · · · ∧ dzn = (dx1 + idy1) ∧ · · · ∧ (dxn + idyn).

Throughout this section, we let α and β denote the real and imaginary parts of Ω, respec-
tively. (Note that Ω regarded as a form on Cn is complex-linear, but α and β are only
real-linear.) We refer to [13] for the proof of the following theorem.

Theorem 5.1. ([13, Theorem 5.2]) For all orthonormal v1, . . . , vn in R2n,

|Ω(v1, . . . , vn)| ≤ 1,

with equality if and only if P = span{v1, . . . , vn} is Lagrangian, i.e., ω|P = 0.
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So, the “Ω-calibrated” subspaces of R2n are exactly the Lagrangian subspaces. (Since
Ω is complex-valued, it is not literally a calibration as defined in Chapter 4, but we will
eventually study in the next section an affine non-squeezing theorem for it.) An immediate
consequence of Theorem 5.1 is that for every real θ,

|Re(eiθΩ)(v1, . . . , vn)| ≤ 1 for all orthonormal v1, . . . , vn ∈ R2n.

To show that each Re(eiθΩ) is a calibration, it remains to show that for each θ, equality
holds for at least one (v1, . . . , vn). For example,

(eiθΩ)(e1, . . . , en−1, e
−iθen) = Ω(e1, . . . , en) = 1,

so in particular Re(eiθΩ)(e1, . . . , en−1, e
−iθen) = 1. We call a subspace of R2n special La-

grangian with phase e−iθ if it is calibrated with respect to Re(eiθΩ).

We will also need the following result, which states that Ω determines the complex
structure in a precise sense.

Theorem 5.2. Let V be a 2n-dimensional real vector space. Let Υ be a complex-valued
n-form on V that is decomposable and which satisfies Υ ∧ Υ ̸= 0. Let VC denote the
complexification of V . Define

V 1,0
C = {v ∈ VC : ivΥ = 0},
V 0,1
C = {v ∈ VC : ivΥ = 0},

Then the following statements hold.

1. VC = V 1,0
C ⊕ V 0,1

C .

2. The linear map J on VC defined by letting V 1,0
C (resp. V 0,1

C ) be the i-eigenspace (resp.
(−i)-eigenspace) restricts to a complex structure on V .

Moreover, if Υ = (e1 + if 1) ∧ · · · ∧ (en + ifn) with respect to a basis e1, . . . , en, f1, . . . , fn
of V , then Jek = fk and Jfk = −ek for each k.

Proof.

1. If Υ = θ1 ∧ · · · ∧ θn for some complex-valued 1-forms θ1, . . . , θn, then

θ1 ∧ · · · ∧ θn ∧ θ1 ∧ · · · ∧ θn ̸= 0.

This implies that (θ1, . . . , θn, θ1, . . . , θn) is a basis of V ∗
C . If the corresponding dual

basis of VC is (v1, . . . , vn, v1, . . . , vn), then we have that V 1,0
C = span{v1, . . . , vn} and

V 0,1
C = span{v1, . . . , vn}.
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2. We need to show that if v ∈ VC is real, then so is Jv. With respect to the decompo-
sition VC = V 1,0

C ⊕V 0,1
C , write v = v1,0+ v0,1. Since complex conjugation interchanges

V 1,0
C and V 0,1

C , the condition v = v means that v1,0 = v0,1. It follows that

Jv = iv1,0 − iv0,1 = −iv1,0 + iv0,1 = −iv0,1 + iv1,0 = Jv.

So, J maps real vectors to real vectors, i.e., it restricts to a complex structure on V .

Now, if Υ = (e1 + if 1) ∧ · · · ∧ (en + ifn), then ek − ifk is in V 1,0
C , so

Jek − iJfk = J(ek − ifk) = i(ek − ifk) = fk + iek.

Comparing real and imaginary parts gives us Jek = fk and Jfk = −ek.

5.2 Affine non-squeezing and rigidity

According to Proposition 4.1, if we can prove that the stabilizer of Re(eiθΩ) in GL(2n,R)
is closed under transposition, then it will satisfy an affine non-squeezing theorem. We will
explore this for some small values of n and only for the case that eiθ = 1.

1. n = 1. In this case, Re(Ω) = e1. We explored this example after the proof of
Proposition 4.1, where we showed that it satisfies an affine non-squeezing theorem,
despite its stabilizer failing to be closed under transposition.

2. n = 2. In this case, Re(Ω) = e1 ∧ e2 − f 1 ∧ f 2. Up to an orthogonal transformation
of R4, this case is just the symplectic case, which we already explored in Chapter 2.
Indeed, let Q ∈ O(4) be given by Qe1 = e1, Qe2 = −f1, Qf1 = e2, and Qf2 = f2.
Then Q∗(Re(Ω)) = ω. It follows that the stabilizer of Re(Ω) is conjugate to Sp(2,R)
by an element of O(4), so it is closed under transposition since Sp(2,R) is.

3. n = 3. In this case, it is no longer immediately clear whether the stabilizer of

Re(Ω) = e1 ∧ e2 ∧ e3 − e1 ∧ f 2 ∧ f 3 + e2 ∧ f 1 ∧ f 3 − e3 ∧ f 1 ∧ f 2

is closed under transposition. It follows from Hitchin’s work [10, Section 2.2] on
3-forms in six dimensions that if A ∈ GL(6,R), then α = Re(Ω) and A∗α determine
complex structures Jα and JA∗α on R6, respectively, which are related by

JA∗α = sign(detA)A−1JαA.
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Moreover, Jα is the standard complex structure J on R6. It follows from this and
the proof of Proposition 5.4 below that

Stab(Re(Ω)) = SL(3,C) ∪ (σ · SL(3,C)),

where σ is complex conjugation. It then follows from Corollary 5.5 that this stabilizer
is closed under transposition, so Re(Ω) enjoys the affine non-squeezing property.

It is not clear to the author how to approach the cases n ≥ 4. So, it is not clear whether
the form Re(Ω), or more generally the forms Re(eiθΩ) for real θ, should satisfy an affine
non-squeezing theorem in general.

Rather than trying to approach the general case of the stabilizer of Re(Ω), we can try
to focus on, for example, the smaller group given by stabilizer of both Re(Ω) and Im(Ω).
In fact, this is equivalent to studying Re(eiθ1Ω) and Re(eiθ2Ω) for any two distinct and
non-antipodal phases eiθ1 and eiθ2 , as we now show.

Proposition 5.3. Suppose that A ∈ GL(2n,R) preserves Re(eiθ1Ω) and Re(eiθ2Ω) for two
distinct and non-antipodal phases eiθ1 and eiθ2. Then A preserves Ω.

Proof. Let us write α = Re(Ω) and β = Im(Ω), so that

Re(eiθkΩ) = (cos θk)α− (sin θk)β, k = 1, 2.

The equations A∗(Re(eiθkΩ)) = Re(eiθkΩ) therefore say that(
cos θ1 − sin θ1
cos θ2 − sin θ2

)(
A∗α
A∗β

)
=

(
cos θ1 − sin θ1
cos θ2 − sin θ2

)(
α
β

)
.

The matrix on each side of the equation has determinant sin(θ1 − θ2), which is non-zero
since eiθ1 and eiθ2 are not antipodal. This implies that A∗α = α and A∗β = β, and so
A∗Ω = A∗α + iA∗β = α + iβ = Ω.

Recall from Theorem 5.1 that the form Ω satisfies the analogous “comass-one” condition
for a complex-valued form. If we can prove that the stabilizer of Ω in GL(2n,R) is closed
under transposition, then the proof of Proposition 4.1 goes through with α replaced by
Ω. This is a corollary of the following proposition. (Proposition 4.1 does not literally
apply because we stated it for real calibrations, but it is easily extended to complex-valued
“calibrations” with the exact same proof.)
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Proposition 5.4. The stabilizer of Ω in GL(2n,R) is SL(n,C), regarded as a subgroup of
GL(2n,R) via the embedding

GL(n,C) → GL(2n,R), X + iY 7→
(
X −Y
Y X

)
. (5.1)

Proof. Note that whenever A ∈ GL(n,C),

A∗Ω = (detCA)Ω. (5.2)

It is clear from (5.2) that every element of SL(n,C) preserves Ω. Conversely, let A be
an element of GL(2n,R) that preserves Ω. We will use Theorem 5.2 to show that A is
complex-linear. The complex structure induced by A∗Ω as in Theorem 5.2 must be the
same as that induced by Ω, i.e., the standard J . By the last part of the statement of
Theorem 5.2, it must be the case that JAek = Afk and JAfk = −Aek. In other words,
JAek = AJek and JAfk = AJfk, so JA = AJ . That is, A is complex-linear. It follows
from (5.2) that detCA = 1, i.e., A ∈ SL(n,C).

Corollary 5.5. The stabilizer of Ω in GL(2n,R) is closed under transposition.

Proof. Let us temporarily denote by F the embedding in (5.1). We need to prove that
F (SL(n,C)) is closed under transposition. Suppose that A = X + iY is in SL(n,C). Then

F (A)T =

(
X −Y
Y X

)T

=

(
XT Y T

−Y T XT

)
= F (A∗),

where A∗ = XT − iY T is the conjugate transpose of A. Since detCA
∗ = detCA = 1, we

see that F (A)T is in F (SL(n,C)).

By combining Theorem 5.1 and Corollary 5.5, we deduce the following affine non-
squeezing theorem for Ω.

Theorem 5.6. Let Ψ: R2n → R2n be an affine map of the form z 7→ Az + b, where A
preserves Ω and b ∈ R2n. If Ψ(B(r)) ⊆ ZL(R), where L is any special Lagrangian subspace
of R2n, then r ≤ R.

Following Section 2.2, we are seeking special Lagrangian analogues of the affine rigidity
theorem (Theorem 2.4) and of Theorem 2.7 (a linear map preserves the linear symplectic
width of ellipsoids exactly when it is ±-symplectic). We must restrict to the maps which
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preserve all of Ω, since that is the group of maps for which we were able to establish an
affine non-squeezing theorem.

To state an analogue of Theorem 2.4, we need to first define the analogue of the linear
non-squeezing property. We call a subset B of R2n a linear special Lagrangian ball of radius
r if there is a linear map A preserving Ω for which A(B(r)) = B. We call a subset Z of
R2n a linear special Lagrangian cylinder if there is a linear map A preserving Ω for which
A(ZL(R)) = Z for some R > 0, where L = Rn ⊂ Cn. As in the symplectic case, R is
an SL(n,C)-invariant of Z. We then say that a linear map Ψ: R2n → R2n has the special
Lagrangian linear non-squeezing property if, for any B and Z as above, the condition
Ψ(B) ⊆ Z implies that r ≤ R.

The conclusion of the affine rigidity theorem in the symplectic case was that if a non-
singular map has the non-squeezing property, then it is symplectic or anti-symplectic. We
are now working with a complex-valued form, so we must replace this condition with the
condition that the form is preserved up to a phase, i.e. Ψ∗Ω = eiθΩ for some real θ. (Note
that if this condition on Ψ holds, then (e−iθ/nΨ)∗Ω = Ω, so that e−iθ/nΨ ∈ SL(n,C) by
Proposition 5.4. In particular, Ψ is still necessarily complex-linear.)

Recall that the symplectic affine non-squeezing theorem is also true for affine anti-
symplectomorphisms, since the same proof went through under the assumption that ω
was preserved only up to a sign. In the exact same way, the proof of the “affine special
Lagrangian non-squeezing theorem” goes through if Ω is only preserved up to a phase.
Therefore, the corresponding affine rigidity property would be the following.

Let Φ be a non-singular linear map from R2n to itself such that both Ψ and Ψ−1 have
the special Lagrangian linear non-squeezing property. Then Ψ preserves Ω up to a phase.

The author was only able to prove this in the following special case.

Theorem 5.7. Let Ψ be a non-singular complex-linear map from Cn to itself such that both
Ψ and Ψ−1 have the special Lagrangian linear non-squeezing property. Then Ψ preserves
Ω up to a phase.

Proof. As in the proof of Theorem 2.4, assume that Ψ∗Ω ̸= eiθΩ for any real θ. Since Ψ is
complex-linear, it follows from (5.2) that (detC Ψ)Ω ̸= eiθΩ for any real θ, i.e., detC Ψ ̸∈ S1.
So, either |detC Ψ| < 1 or |detC Ψ| > 1. By replacing Ψ by Ψ−1 if necessary, we may assume
that |detC Ψ| < 1, so that by (5.2) again we have that

0 < |Ω(ΨT e1, . . . ,Ψ
T en)| < |Ω(e1, . . . , en)| = 1.
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Let λ > 0 satisfy λn = |Ω(ΨT e1, . . . ,Ψ
T en)|, and let θ be such that

Ω(λ−1e−iθΨT e1, . . . , λ
−1e−iθΨT en) = 1.

It follows that there exists a Φ in SL(n,C) such that Φek = λ−1e−iθΨT ek for each k. (Define
Φek as above and then let Φfk = JΦek.) Let A = Φ−1ΨT , so that Aek = λeiθek for each k.
If z ∈ B(1), then

n∑
k=1

⟨ek, AT z⟩2 =
n∑

k=1

⟨λeiθek, z⟩2 ≤ λ2|z|2 ≤ λ2,

where the first inequality follows from the fact that {eiθkek = (cos θ)ek + (− sin θ)fk}nk=1 is
an orthonormal family. So, AT maps B(1) into ZL(λ), where L = span{e1, . . . , en}. But
λ < 1, so this means that AT = Ψ(ΦT )−1 does not have the special Lagrangian linear
non-squeezing property, so neither does Ψ.

Let us explain why we restricted to complex-linear maps in Theorem 5.7. In the proof
of the symplectic rigidity theorem, we had assumed that Ψ∗ω ̸= ω and that Ψ∗ω ̸= −ω, and
it was easy to find a single pair of vectors that witnessed both conditions simultaneously.
In the current setting, we know that for each eiθ there are vectors u1, . . . , un (depending
on eiθ) for which (Ψ∗Ω)(u1, . . . , un) ̸= eiθΩ(u1, . . . , un). It is no longer clear whether one
can find a single n-tuple witnessing this condition for every eiθ.

One possible approach to finding such an n-tuple is the following. Given eiθ and
u1, . . . , un as above, it is certainly true that the same tuple u(eiθ) := (u1, . . . , un) works
for all nearby phases, i.e., there is an open neighbourhood Ueiθ of eiθ in S1 for which
(Ψ∗Ω)(u1, . . . , un) ̸= eiφΩ(u1, . . . , un) for all eiφ ∈ Ueiθ . By taking a finite subcover
Ueiθ1 , . . . , Ueiθk , we obtain a finite number of n-tuples u(eiθ1), . . . , u(eiθk) which witness the
desired condition for every eiθ. We want to reduce this finite number to 1. Perhaps this
can be done by some sort of averaging or interpolation, but the author was not successful.

Moving on, in analogy with the linear symplectic width and with the “calibrated ca-
pacity” defined in (4.2), we define the linear special Lagrangian width to be

w(A) := sup{ωnr
n : Ψ(B(r)) ⊆ A for some affine map Ψ preserving Ω}.

We want an analogue of Theorem 2.7 for the linear special Lagrangian width; that is,
we want to give a characterization of the “special Lagrangian linear maps” (those maps
preserving Ω up to a phase) as those maps preserving the linear special Lagrangian width.
We first need an analogue of Proposition 2.6.
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Proposition 5.8. If Ψ is a linear map that preserves Ω up to a phase, then w(Ψ(A)) =
w(A) for every subset A of R2n.

Proof. The proof is entirely analogous to the proof of Proposition 2.6. It suffices to show
that w(A) ≤ w(Ψ(A)) since the other inequality can be established by the same argument
with Ψ−1 in place of Ψ. For this, it suffices to show that if Φ(B(r)) ⊆ A for some
Φ ∈ SL(n,C), then ωnr

n ≤ w(Ψ(A)).

By assumption, Ψ∗Ω = eiθΩ for some real θ. If T is the complex-linear map given by
multiplication by e−iθ/n, then the map T takes B(r) to B(r), implying that Ψ◦Φ◦T maps
B(r) into Ψ(A). Since

detC(Ψ ◦ Φ ◦ T ) = (detCΨ)(detC Φ)(detC T ) = eiθ · 1 · e−iθ = 1,

we see from the definition of w that ωnr
n ≤ w(Ψ(A)).

Now, since we were only able to prove affine rigidity in the special Lagrangian case
(Theorem 5.7) for complex-linear maps, the following analogue of Theorem 2.7 must restrict
to such maps as well.

Theorem 5.9. Let Ψ: Cn → Cn be a complex-linear map. The following are equivalent:

1. Ψ preserves the linear special Lagrangian width of every ellipsoid centered at the
origin.

2. Ψ preserves Ω up to a phase.

Proof. The proof proceeds along the exact same lines as the proof for Theorem 2.7. Propo-
sition 5.8 shows that 2 implies 1, so let us prove that 1 implies 2. By the exact same ar-
gument as in the symplectic case (with the linear symplectic width replaced by the linear
special Lagrangian width) we see that Ψ must be invertible. By Theorem 5.7, we want
to prove that both Ψ and Ψ−1 have the special Lagrangian non-squeezing property. Let
B be a linear special Lagrangian ball of radius r and let Z be a linear special Lagrangian
cylinder of radius R such that Ψ(B) ⊆ Z. Since B is an ellipsoid centered at the origin, it
follows from the hypothesis 1 that

ωnr
n = w(B) = w(Ψ(B)) ≤ w(Z) = ωnR

n.

This implies that r ≤ R, proving that Ψ has the special Lagrangian non-squeezing property.
Since Ψ−1 is linear, Ψ−1(E) is an ellipsoid centered at the origin, and it follows that

w(E) = w(Ψ(Ψ−1(E))) = w(Ψ−1(E)),
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and then it follows from the same argument as for Ψ that Ψ−1 also has the special La-
grangian non-squeezing property. So, by Theorem 5.7, the map Ψ preserves Ω up to a
phase. (This is the only step in this proof where we use the complex linearity of Ψ; we
need it to be able to invoke Theorem 5.7.)

5.3 Further questions

Our affine rigidity result (Theorem 5.7) in the special Lagrangian case, as well as our char-
acterization of width-preserving maps in this case (Theorem 5.9), were both restricted to
complex-linear maps. The author does not know whether this assumption can be dropped.
One could also try to develop a non-linear theory along the lines of Section 2.4 for such
maps.

We have also left open whether the stabilizer of Re(Ω) (and more generally the stabi-
lizers of Re(eiθΩ) for real θ) is closed under transposition for the cases n ≥ 4.

The non-linear results in Section 2.4 relied on Gromov’s non-squeezing theorem (Theo-
rem 2.1) being true; more specifically, the existence of a normalized symplectic capacity was
equivalent to Gromov’s theorem. It seems one would need a special Lagrangian analogue
of the non-squeezing theorem to develop analogues of the results of Section 2.4.

To the author’s knowledge, the proofs of Gromov’s non-squeezing theorem that estab-
lish the existence of a normalized capacity all rely on the fact that symplectic manifolds
admit Hamiltonian vector fields and therefore a theory of Hamiltonian dynamics. It is not
clear what the analogue would be for the special Lagrangian case. On the other hand,
Gromov’s original proof of the non-squeezing theorem using pseudo-holomorphic curves
may be suitable for adaptation to a proof of a non-squeezing theorem for the special La-
grangian case. The notion of a Smith immersion generalizes pseudo-holomorphic curves,
and it has been shown that Smith immersions enjoy many analytic properties analogous
to the classical analytical properties of pseudo-holomorphic curves. (See [3] and [11].)
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du Québec, 48:477–487, (2024).

[2] T. Barron and M. Shafiee. Multisymplectic structures induced by symplectic struc-
tures. Journal of Geometry and Physics, 136:1–13, (2019).

[3] D. Cheng, S. Karigiannis, and J. Madnick. Bubble tree convergence of conformally
cross product preserving maps. Asian Journal of Mathematics, 24:903–984, (2020).

[4] I. Ekeland and H. Hofer. Symplectic topology and hamiltonian dynamics. Math Z,
200:355–378, (1989).

[5] Y. Eliashberg. A theorem on the structure of wave fronts and its applications in
symplectic topology. Functional Analysis and Its Applications, 21:227–232, (1987).

[6] H. Federer. Geometric Measure Theory. Springer Berlin, Heidelberg, (1996).

[7] M. Gromov. Pseudo holomorphic curves in symplectic manifolds. Inventiones math-
ematicae, 82:307–347, (1985).

[8] M. Gromov. Partial Differential Relations. Springer Berlin, Heidelberg, (1986).

[9] R. Harvey and H. B. Lawson, Jr. Calibrated geometries. Acta Math, 148:47–157,
(1982).

[10] N. Hitchin. The geometry of three-forms in six dimensions. Journal of Differential
Geometry, 55:547–576, (2000.

[11] A. Iliashenko and S. Karigiannis. A special class of k-harmonic maps inducing cali-
brated fibrations, 2024.

44



[12] S. Karigiannis. Introduction to G2 geometry. In Lectures and Surveys on G2-Manifolds
and Related Topics. Springer New York, NY, (2020).

[13] J. Lotay. Calibrated submanifolds. In Lectures and Surveys on G2-Manifolds and
Related Topics. Springer New York, NY, (2020).

[14] D. McDuff and D. Salamon. Introduction to Symplectic Topology. Oxford University
Press, third edition, (2017).

45


	Introduction
	Classical non-squeezing and capacities
	Gromov's non-squeezing theorem
	Affine non-squeezing, capacities, and rigidity
	The symplectic width of an ellipsoid
	Non-linear symplectic capacities and rigidity

	Non-squeezing for omega k
	Affine non-squeezing for omega k
	The stabilizer of omega k
	Applications to non-linear omega k-preserving maps

	(Affine) non-squeezing for general calibrations
	When does a calibration satisfy the non-squeezing theorem?
	Non-squeezing for particular calibrated geometries

	(Affine) non-squeezing in the special Lagrangian case
	A brief review of special Lagrangian geometry
	Affine non-squeezing and rigidity
	Further questions

	References

