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Abstract

It was shown in the paper Multisymplectic structures induced by symplectic structures
by Barron and Shafiee that an analogue of Gromov’s non-squeezing theorem holds for affine
maps which preserve a power w* of the symplectic form w on R?". In the present paper,
we state and prove in two ways an improved version of their result which is closer to the
classical affine non-squeezing theorem. One proof closely follows their argument, and the
other consists of a reduction to the classical case by showing that, except for the case
k = n, every linear map that preserves w* must be symplectic or anti-symplectic.

We then study when a general calibration form satisfies an (affine) non-squeezing theo-
rem. Particular focus is given to the special Lagrangian case, where we are able to establish
an affine non-squeezing theorem for the holomorphic volume form dz! A --- A dz". The
classical symplectic affine rigidity theorem states roughly that a non-singular linear map
is symplectic or anti-symplectic if and only if it preserves the “capacity” of every ellipsoid.
We establish an affine special Lagrangian version of this theorem under the additional
assumption that the map is complex-linear.
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Chapter 1

Introduction

One of the main questions of symplectic geometry is whether one symplectic manifold can
be embedded into another (or whether one subset of a symplectic space can be embedded
into another) by a symplectic map. One angle of attack on this problem is to try to
develop invariants of symplectic manifolds which obstruct embeddings. Gromov proved in
his foundational paper [7] his non-squeezing theorem, which states that a ball of radius r
can be embedded into a “symplectic” cylinder of radius R only if r < R.

Motivated by the embedding problem, Ekeland and Hofer in [4] developed such a sym-
plectic invariant (of subsets of R*") which they called a symplectic capacity. They estab-
lish the existence of a symplectic capacity and use it to give another proof of Gromov’s
non-squeezing theorem. Their capacities were then used to prove that symplectic (or
anti-symplectic) maps can be characterized as the maps preserving the capacities of every
ellipsoid, and they used this to answer the rigidity problem for symplectic maps (what is
the uniform limit of a sequence of symplectic maps?). Chapter 2 of the present paper is
devoted to a discussion of the classical non-squeezing theorem, where we focus on the affine
case and on the applications in [4].

In [2], it was observed by Barron and Shafiee that a more general non-squeezing the-
orem, at least in the affine case, holds for the “multisymplectic geometries” given by the
powers w” of the symplectic form w on R?", and that there is a corresponding “multi-
symplectic capacity” for these geometries (still in the affine case). The motivation for
the present paper is to find a generalization of the classical non-squeezing theorem and
capacities (including the applications in [1]) to more general geometries along the lines of
[2]. Our generalizations in Chapter 4 (to general calibrations) and Chapter 5 (the special
Lagrangian case) mostly stay in the affine case.



Here is a more detailed breakdown of the contents. Chapter 2 is a review of some
classical results. We briefly recall the non-linear version of Gromov’s non-squeezing theorem
in Section 2.1, and in Section 2.2 we prove the affine version of the theorem. The affine non-
squeezing theorem suggests a “non-squeezing property” for linear maps, which we prove
characterizes symplectic and anti-symplectic maps. We then define the linear symplectic
width and prove that a linear map is symplectic or anti-symplectic if and only if it preserves
the linear symplectic width of every ellipsoid (“affine rigidity”). In Section 2.3, we show
that every ellipsoid admits a symplectic normal form and we compute the linear symplectic
width of an ellipsoid in terms of its normal form. In Section 2.4, we assume that Gromov’s
non-squeezing theorem holds and we explore its consequences for the rigidity of symplectic
geometry; in particular, we establish a non-linear version of the affine rigidity theorem.

In Chapter 3, we study non-squeezing for the powers of the symplectic form. In Section
3.1 we state and prove the affine non-squeezing theorem for w* discovered in [2, Theorem
2.16] and then we go on to improve the bound in their result. One of the crucial technical
ingredients in this proof is that the stabilizer of w* is closed under transposition. This
follows from the results of Section 3.2, where we study the stabilizer in GL(2n,R) of w*
and we give a complete description of it in terms of the usual symplectic group. We apply
this to give another proof of the affine non-squeezing theorem for w* by reduction to the
symplectic case. In Section 3.3, we apply our characterization of the stabilizer of w* to
show that w”* enjoys a non-linear non-squeezing theorem as well (again a consequence of
the symplectic case), and then we give applications to symplectic manifolds (in particular
obtain a new proof of the main theorem of the recent paper [1]).

In Chapter 4, motivated by the proof in Section 3.1 of the affine non-squeezing theorem
for w*, we show that a calibration on a real inner product space enjoys an affine non-
squeezing theorem when its stabilizer is closed under transposition. We also show that this
is not a necessary condition for a calibration to satisfy an affine non-squeezing theorem.
In Section 4.2, we briefly study the particular case of the Go calibration, where we show
that it is very easy to prove that a non-linear non-squeezing theorem holds (due to the fact
that the Gy 3-form determines the metric.)

In Chapter 5, we study the special Lagrangian case. Section 5.1 consists of the technical
linear-algebraic facts needed throughout the chapter. In Section 5.2, we show that for
n < 3, the special Lagrangian calibration Re(dz! A --- A dz") on R?" enjoys the affine
non-squeezing theorem. We then turn to studying, for all n, affine non-squeezing and
rigidity for the complex-valued n-form dz!' A --- A dz". In particular, we establish an affine
non-squeezing theorem for this form and a restricted version of the affine rigidity theorem
for complex-linear maps. We conclude the paper by listing some follow-up questions in
Section 5.3.



Chapter 2

Classical non-squeezing and
capacities

We discuss Gromov’s non-squeezing theorem with a focus on the linear case. The presen-
tation here follows [14].

2.1 Gromov’s non-squeezing theorem

Consider R?" equipped with the standard symplectic form
w=dz' Ndy' + -+ da" A dy".
We denote by B(r) the closed ball of radius r centered at the origin in R** and by Z(R)
the closed symplectic cylinder
Z(R) = {(x1, .., To, Y1, -, Yn) € R 27 97 < R?Y.

Theorem 2.1. (Gromov’s non-squeezing theorem) If there exists a symplectic embedding
of (B(r),w) into (Z(R),w), then r < R.

We could have stated Gromov’s non-squeezing theorems for the corresponding open
ball and open cylinder, but it will be more convenient for us to work with their closures.

It is crucial that the cylinder Z(R) is defined with respect to the symplectic splitting

Rihyl x R?"=2 since there is no analogue of the non-squeezing theorem for, say, the ball

and the cylinder
B(R) x R" = {(z,y) € R*" : |z|* < R*}

3



defined with respect to the Lagrangian splitting R}, x R}. Indeed, for every § > 0, the map
(z,y) — (6x,57'y) is a symplectic embedding which takes the unit ball into B(§) x R™.

We will not prove Gromov’s non-squeezing theorem in its full generality here, but we
will prove the theorem for affine symplectic maps in the next section. Gromov’s proof in
[7] used the theory of pseudo-holomorphic curves, which deserves mention but is outside
the scope of this paper. Another proof was given by Ekeland and Hofer in [1] using the
construction of a particular kind of symplectic invariant known as a symplectic capacity.
Symplectic capacities and their applications will be the focus of the rest of this chapter.

2.2 Affine non-squeezing, capacities, and rigidity

Let us start by establishing some notation. We denote the symplectic group by
Sp(2n,R) ={¥ € GL(2n,R) : V*'w = w}.
We will denote the standard symplectic basis of R®*® by ey, ..., ey, fi,..., fn, so that
w=e'Afl4. g A S

We will make use of the almost complex structure .J on R?" associated to the symplectic
structure w and the standard Euclidean metric g, defined by w(z,y) = g(Jz,y). Note that

¥ € Sp(2n,R) if and only if U7 J¥ = J.

Before proving the non-squeezing theorem for affine symplectic maps, we need the following
fact about the symplectomorphism group. In general, when we try to generalize the affine
case of the non-squeezing theorem to other calibrations in later chapters, the idea of certain
groups being closed under transposition will become important.

Lemma 2.2. The symplectic group is closed under transposition.

Proof. If W is symplectic, then so is W~!. This implies that (¥~1)TJ¥~! = J. Taking the
inverses of both sides and using the fact that J=' = —.J gives ¥J¥T = J. In other words,
(T JOT = J, implying that T is symplectic. O

We are now ready to state and prove the affine non-squeezing theorem.

Theorem 2.3. (Affine non-squeezing) If there exists an affine symplectomorphism taking
(B(r),w) into (Z(R),w), then r < R.



Proof. Suppose that 9 is an affine symplectomorphism such that (B(r)) C Z(R), where
1 is given by 9(2) = Wz + 2, for ¥ in Sp(2n,R) and 2, in R*". Since the symplectic group
is closed under transposition, U7 is also symplectic, and it follows that

1= |w(er, fi)| = Jw(¥er, U7 f1)].
From the fact that w(-,-) = g(J-, ) and the Cauchy-Schwarz inequality, we have that
1= |w(Wle, U f)| < [JU ey || U f1] = [T ey || W £1).

So, either ¥Te; or U7 f; has norm at least one. We may assume without loss of generality
that |UTe;| > 1. Now, define z = 4r - UTe, /|UTe;| with the sign to be determined. Since
z € B(r), it follows that i(z) € Z(R), hence

By choosing the sign to be the same as that of (e}, z), we see that R? > r?[¥Te; |2 > r?,
and so R > r. ]

The only place where we used the fact that ¥ (rather, ¥7) was symplectic was in the
equality |w(er, f1)| = |w(¥Ter, UTf)|, so we see that the affine non-squeezing theorem
holds for affine anti-symplectomorphisms as well. We can also deduce the result for anti-
symplectomorphisms from the result for symplectomorphisms by composing with an anti-
symplectomorphism of the unit ball with itself. (This method is used in the proof of the
upcoming Proposition 2.6.)

Let us say that a subset B of R?" is a linear (resp. affine) symplectic ball of radius
r if it is linearly (resp. affinely) symplectomorphic to B(r). We similarly define linear
(resp. affine) symplectic cylinders to be subsets of R?" that are linearly (resp. affinely)
symplectomorphic to Z(R) for some R > 0. A consequence of the affine non-squeezing
theorem is that the radius R is an affine symplectic invariant of a symplectic cylinder.

We say that a linear map ¥: R?*® — R?" has the linear non-squeezing property if, for
every linear symplectic ball B of radius r and every linear symplectic cylinder Z of radius R,
the condition ¥(B) C Z implies that r < R. The affine non-squeezing theorem implies that
every linear symplectomorphism has the linear non-squeezing property; moreover, linear
anti-symplectomorphisms also have the linear non-squeezing property. It is a perhaps
surprising fact, which we will now prove, that this property characterizes such maps.



Theorem 2.4. (Affine rigidity) Let U be a non-singular linear map from R*" to itself such
that both W and W= have the linear non-squeezing property. Then U is either symplectic
or anti-symplectic.

Proof. Suppose that U is neither symplectic nor anti-symplectic. Then neither is U7, so
that (U7)*w # w and (VT)*w # —w. The intersection of the two open and dense sets of
pairs (x,y) such that (7)*w)(x,y) # w(z,y) and (¥1)*w)(z,y) # —w(x,y) is non-empty,
so we can find a pair (u,v) which witnesses both conditions simultaneously:

w(UTu, ¥T0) # w(u,v) and w(UTu, ¥T0) £ —w(u,v).

This condition on u and v is an open condition, so we may perturb u and v to ensure that
w(u,v) # 0 and that w(¥Tu, ¥Tv) # 0, the latter requiring the non-singularity of ¥. By
replacing U by U~! if necessary, we may assume that |[w(¥Tu, U7v)| < |w(u,v)|, and then
finally by scaling wu if necessary we may assume that

0 < Jw(¥Tu, ¥1v)| < w(u,v) = 1.

Since w(u,v) = 1, there exists a linear symplectomorphism & such that ®e; = u and
®fy = v. If we define A = /|w(¥Tu, UTv)|, then similarly there exists a linear symplecto-
morphism @ such that ®'e; = A1y and &' f; = A1 0T,

Now, define A = (®')"'WT®. By construction, Ae; = +Xe; and Af; = \f;. It follows
that AT(B(1)) € Z(\), for if z € B(1), then

(e1, AT2)? + (f1, AT2)? = (£her, 2)* + (M1, 2)" = N¥((er, 2)* + (f1,2)?) < N*

Since A < 1, the map AT = ®T¥(®'7)~! cannot have the linear non-squeezing property,
implying that ¥ can’t have it either. O]

Using the affine rigidity theorem, we can in fact characterize linear symplectomorphisms
and anti-symplectomorphisms as exactly those maps which preserve a certain affine sym-
plectic invariant known as the linear symplectic width (or Gromov width) (Theorem 2.7).
The linear symplectic width of a (non-empty) subset A of R*" is defined to be

wr(A) := sup{mr? : ¥(B(r)) C A for some affine symplectomorphism ¥},

We take 772 in the definition of the linear symplectic width so that in the case of R?, the
linear symplectic width and the area of a disk agree. The linear symplectic width satisfies
the following three properties:



e Monotonicity: If A and B are subsets of R*" and if W(A) C B for some affine
symplectomorphism U, then wy(A) < wg(B).

o Conformality: wp(AA) = Nw(A).
o Non-triviality: wr(B(r)) = wr(Z(r)) = mr.

The monotonicity and conformality properties of w; are immediate from the definition,
and the non-triviality property can be proven by the following chain of inequalities:

mr? < wp(B(r)) < wp(Z(r)) < mr?. (2.1)

The first inequality is immediate from the definition, the second follows from monotonicity
and the fact that B(r) C Z(r), and the third follows from the affine non-squeezing theorem.

The monotonicity property implies that the linear symplectic width of a subset of R?"
is an affine symplectic invariant.

Proposition 2.5. If U is an affine symplectomorphism, then wy(A) = wi,(V(A)) for every
subset A of R?".

Proof. By monotonicity, wr(A) < wp(¥(A)). Since ¥~ is also an affine symplectomor-
phism, we have by monotonicity again that wz(¥(A)) < wr(P~H(¥(A))) = wr(A). O

In particular, any linear symplectic ball (resp. cylinder) of radius r (resp. R) has linear
symplectic width 7r? (resp. 7wR?). We will also need the following fact that the linear
symplectic width is also an affine anti-symplectic invariant.

Proposition 2.6. If V is an affine anti-symplectomorphism, then wy(A) = wr(V(A)) for
every subset A of R?",

Proof. As above, it suffices to show that wr(A) < wg(¥(A)). For this, we need to show
that if B(r) is taken into A by an affine symplectomorphism ®, then 7r? < wg(¥(A)).
Let T be the anti-symplectomorphism given by (z,y) — (—z,y), so that T'(B(r)) = B(r).
It follows that W o ® o T is an affine symplectomorphism taking B(r) into W(A), and so
mr? < wp(U(A)). O

Our interest in the linear symplectic width comes from the fact that it allows us to
characterize linear symplectomorphisms and anti-symplectomorphisms as those linear maps
which preserve the linear symplectic width. Specifically, we do not need our map to preserve
the width of every subset of R?"; we will prove that it suffices for it to preserve the width
of (closed) ellipsoids centered at the origin. (In particular, as we will prove in the next
section, the linear symplectic width of such an ellipsoid is easy to compute.)
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Theorem 2.7. Let U: R?" — R?" be a linear map. The following are equivalent:

1. U preserves the linear symplectic width of every ellipsoid centered at the origin.

2. U s symplectic or anti-symplectic.

Proof. We first prove that 2 implies 1. If ¥ is symplectic, then Proposition 2.5 implies that
it preserves the width of every ellipsoid centered at the origin, and if ¥ is anti-symplectic,
then we are done by Proposition 2.6.

Let us now prove that 1 implies 2. We'll start by proving that W is invertible. If W is
not invertible, then W(B(1)) is contained in a proper linear subspace of R**. Thus, any ball
which embeds into W(B(1)) must embed into a proper subspace of R?". This is impossible
for a ball of positive radius, since the image of any such ball under an embedding must
have a non-empty interior, so it follows that wr(¥(B(1))) = 0. But the normalization
property implies that wr,(V(B(1))) = wr(B(1)) = 7, a contradiction.

We now show that U and ¥~! have the linear non-squeezing property. Let B be a linear
symplectic ball of radius r and let Z be a linear symplectic cylinder of radius R such that
V(B) C Z. Since B is an ellipsoid centered at the origin, we have that w(B) = wr(V(B))
by assumption, and so

mr? = wp(B) = w(V(B)) < wp(Z) = nR*.

Note that U1 also preserves the linear symplectic width of every ellipsoid F centered at
the origin, since
wr(PH(E)) = w(T(TH(E))) = wi(E).

(The first equality follows from the fact that W=!(F) is an ellipsoid centered at the origin
and the fact that ¥ preserves the width of all such ellipsoids.) The same argument as before
then shows that U~! has the linear non-squeezing property. We conclude by the affine
rigidity theorem (Theorem 2.4) that ¥ must then be symplectic or anti-symplectic. H

Note that by the conformality property wr(AE) = Awr(E), a linear map preserves
the capacity of all ellipsoids centered at the origin if and only if it preserves the capacity
of all sufficiently small ellipsoids centered at the origin. (We will use this in the proof of
Theorem 2.12.)



2.3 The symplectic width of an ellipsoid

Theorem 2.7 suggests that we should try to understand the linear symplectic widths of
(closed) ellipsoids centered at the origin. We will restrict here to closed ellipsoids centered
at the origin. Generally, we want to try to find linear symplectic invariants of ellipsoids.
In fact, we can find a complete linear symplectic invariant of an ellipsoid known as the
symplectic spectrum. We begin with the following theorem of symplectic linear algebra.

Theorem 2.8. (Williamson’s theorem.) Given a real symmetric positive-definite 2n x 2n
matriz M, there exists an S in Sp(2n,R) such that STMS = A® A, where A is a diagonal
n X n matriz with positive entries. Moreover, up to a reordering, the sequence A1, ..., \,
of diagonal entries of A does not depend on S.

Proof. The matrix M 3 JM3 is anti-symmetric since M =3 s symmetric and J is anti-
symmetric, and it is invertible since M ™2 and J are, so there exists a matrix @ € O(2n)
such that

OM2JM QT = J,® D, Jy = ((1) _01) ,

where ® is the Kronecker product and D is an n x n diagonal matrix with positive entries.
Note that J = J, ® I,,, so that in particular

(L@ D ) QM M 2Q7) (I, ® D2) = J.
Let D = I, ® D, so that
(M~2QTD )" J(M :QTD 2) = J.
This means that S = M _%QTf)_% is a symplectic matrix. Also,

-1

STMS =D2QM MM :Q"D 2 =D = (DO Dol) :
which proves existence. For uniqueness, suppose that ST(A @& A)S = A’ @ A for some
symplectic S. Since SJST = J, this identity is equivalent to ST'J(A & A)S = J(A' @ N).
So, J(A@® A) and J(A' @ A’) have the same eigenvalues. The eigenvalues of J(A @ A) are
+iA;; and likewise for J(A’@A’), so A and A’ agree up to a permutation of the diagonal. [J

Now, given a tuple r = (ry,...,r,) with 0 <ry <--- <r,, we define
E(r) = {(:E,y) c R* ZJT—Q% <1y.
j=1
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We will now use Williamson’s theorem to prove that every closed ellipsoid centered at the
origin is linearly symplectomorphic to one of the form E(r) for a unique such r.

Proposition 2.9. Given any closed ellipsoid E centered at the origin, there exists an
S in Sp(2n,R) and a unique tuple v = (ry,...,r,) with 0 < ry < --- < r, such that
E =S(E(r)).

Proof. We can find a real symmetric positive-definite 2n x 2n matrix M such that
E={zeR™":g(z, Mz) < 1}.

By Theorem 2.8, we can find an S in Sp(2n) and a diagonal n x n matrix A such that
STMS = A @ A. We may assume that the diagonal entries of A are decreasing, which in
particular uniquely determines A. If z = (z,y) € R*", then

Sz MS (A® Az 2 Sty
9(Sz, MSz) = g(z, (A ® Z (@5 +7) E(I/Aj)Q-

So, if we define r; = 1/\;, then 0 < ry <--- <, by the assumption that Ay > --- > A,
and it follows that S™'E = E(r) for r = (ry,..., 7). O

We call the tuple r associated to E in the statement of Proposition 2.9 the symplectic
spectrum of E. An immediate consequence as promised at the start of this section is
that two closed ellipsoids are linearly symplectomorphic ¢f and only if they have the same
symplectic spectrum. We conclude this section by computing the linear symplectic width
of an ellipsoid in terms of its symplectic spectrum.

Theorem 2.10. Let E be a closed ellipsoid centered at the origin in R*™. Ifr = (ry,...,ry)
is the symplectic spectrum of E, then the linear symplectic width of E is given by

wr(E) = 7r.

Proof. Since linear symplectomorphisms preserve the linear symplectic width, and since F
is linearly symplectomorphic to F(r), it suffices to show that wz(E(r)) = nr?. Since

B(ri1) C E(r) € Z(r),
it follows from the monotonicity property of w;, that

mri = wi(B(r)) < w(B(r) < wp(Z(r)) = mr{.

10



2.4 Non-linear symplectic capacities and rigidity

We now seek to generalize the content of Section 2.3 to the non-linear case. In particular,
we will show that Theorem 2.7 admits a generalization to a theorem which characterizes
non-linear symplectomorphisms and anti-symplectomorphisms.

To generalize Theorem 2.7, we need to generalize the linear symplectic width. We define
a symplectic capacity on R*™ to be a map

c¢: {non-empty subsets of R**} — [0, o0]

satisfying the following three non-linear analogues of the properties of wy:

e Monotonicity: If there exists a symplectic embedding 1): A < R?" such that ¢(A) C
B, then ¢(A) < ¢(B).

e Conformality: c(AA) = N*c(A).

e Non-triviality: ¢(B(1)) > 0 and ¢(Z(1)) < oo.

(A symplectic embedding A < R?" is one which extends to a symplectic embedding of an
open neighbourhood of A.) We note that the non-triviality axiom for a symplectic capacity
above is slightly weaker than the non-triviality property for the linear symplectic width.
We will say that a symplectic capacity ¢ is normalized if ¢(B(1)) = ¢(Z(1)) = m. It follows
from the conformality axiom that ¢(B(r)) = nr? and ¢(Z(R)) = mR? for any normalized
capacity c.

It is not clear from the definition that symplectic capacities exist, let alone normalized
ones. Following the linear case, we define the symplectic width (or Gromov width) of a
non-empty subset A of R?" to be

w(A) := sup{rr® : (B(r)) C A for some symplectic embedding ¢: B(r) — R*"}.

Just as in the linear case, it is immediate from the definition that w satisfies the mono-
tonicity and conformality properties. The same argument (see (2.1)) that proved that the
linear symplectic width had the non-triviality property proves that w has the non-triviality
property and is normalized, but the application of the affine non-squeezing theorem must
be replaced by an application of Gromov’s non-squeezing theorem (Theorem 2.1).

11



The converse is true as well: if a normalized capacity on R?" exists, then Gromov’s
non-squeezing theorem holds. Indeed, if ¢ is any normalized capacity, and if the ball B(r)
embeds symplectically into the cylinder Z(R), then

7r? = c¢(B(1))r* = ¢(B(r)) < ¢(Z(R)) = ¢(Z(1))R* = mR*.

In [1], Ekeland and Hofer introduced the general notion of a symplectic capacity on R** and
gave a proof of Gromov’s non-squeezing theorem by constructing a normalized capacity on
R?". A variant of the Gromov width in particular featured in Gromov’s original paper [7] as
the radius, defined for a symplectic manifold (M, w) as the supremum of the radii of balls
which embed symplectically into (M,w). (One can also define capacities on symplectic
manifolds as opposed to subsets of R*", but we will focus only on capacities on R?".)

As another approach, rather than measuring the size of a subset of R?" by embedding
progressively larger balls into it, we can try to measure the size of a subset by embedding
it into progressively smaller cylinders. That is, we can define

w(A) = inf{mr? : ¥(A) C Z(r) for some symplectic embedding v: A — R*"}.

The proof that w is a normalized capacity is nearly identical to the proof that w is.

Moreover, if ¢ is any normalized capacity on R?", then we have that w < ¢ < w. Indeed,
if B(r) = A and A — Z(R) for some r, R > 0 and some subset A of R?", then

7t = ¢(B(r)) < ¢(A) < ¢(Z(R)) = mR%.

So, w and W are the “extreme” normalized capacities. In particular, if w(A) = w(A) for
some subset A of R?" then every normalized capacity attains the same value on A. In
fact, we have already seen a large class of subsets of R?" for which this is the case.

Theorem 2.11. Let ¢ be any normalized capacity on R*™. If E is any closed ellipsoid in
R?", then c(E) is equal to the linear symplectic width of E. (In particular, every normalized
capacity takes the same value on any given ellipsoid.)

Proof. After a translation to the origin, the exact same proof as that for Theorem 2.10
goes through with ¢ in place of wy, since the monotonicity property for ¢ implies that any
linear symplectomorphism taking E to E(r) will also preserve c. O

As a second application of the existence of symplectic capacities, we will prove the

following theorem due to Ekeland and Hofer. We will then deduce a non-linear analogue
of Theorem 2.7. In what follows, we fix a normalized capacity ¢ on R?".
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Theorem 2.12. ([/, Theorem 5]) Let (1) be a sequence of continuous maps B(p) — R*"
converging uniformly to p: B(p) — R**. Suppose that each p;, preserves the capacity of
every ellipsoid centered at the origin in B(p). If ¢ is differentiable at 0, then ¢'(0) is
symplectic or anti-symplectic.

Proof. We may assume that ¢(0) = 0. We will make use of the maximal capacity w defined
above. Let E C B(p) be a fixed ellipsoid centered at the origin. Given & > 0, the definition
of W(p(F)) ensures that there exists an r and a symplectic embedding ¢: ¢(E) — R*™
such that

U(p(E) C Z(r)  and  W(p(E)) <7’ <W(p(E)) +e

Choose an ellipsoid E (perhaps not centered at the origin) such that 1 (¢(E)) C int(

")
and 7r? < wW(E) < w(p(E)) + . By uniform convergence, it follows that 1 (px(E)) C E
for all large enough k, and so

W(E) = c(E) = c(d(pn(E))) <w(d(en(E))) < w(E) <w(p(E)) + ¢

Since £ > 0 was arbitrary, we see that wW(E) < w(¢(FE)) for every ellipsoid £ C B(p). So,
for t € (0,1), it follows from this and the conformality property that

we(tE) = (40E) ).

.
[\

Since t~1p(t-) converges uniformly to ¢’(0) as ¢t | 0, we conclude by the same argument
(with t~1p(¢-) and ¢’(0) in place of ¢y and ¢, respectively) that

i v (%so(tE)) < WA (0)B).

As a result,
w(E) <w(¢'(0)E) (2.2)

for every ellipsoid £ C B(p). It follows from (2.2) as in the proof of Theorem 2.7 that
¢'(0) is invertible. In particular, there exists a d > 0 such that

£'(0)z] > dlz|,  xeR™
We now show the reversed inequality in (2.2). Since ¢ is differentiable at 0, we have that

o(x) = @' (0)z| < e(lz)|z], =€ Blp),

13



where ¢: [0, p] — [0, 00) is defined by (0) = 0 and
|o(z) — ¢'(0)x]
|z]

(Note that € is increasing and continuous.) It follows that for every § > 0, there is a k(J)
such that for k£ > k(9),

s(r)zsup{ :O<|x|§r}, re (0, p].

or(z) — @'(0)z| < ezl +0,  x € Blp). (2.3)

Fix v > 0. We now make the following claim:

There exists a 7 € (0,(1 +)™") and an integer k such that for every z in E, the
equation

top((1+7)72) + (1 = 1)@ (0)(1 + 7)72) = ©'(0)(72) (2.4)
has no solutions (x,t) € OE x [0,1].

We will prove the claim by contradiction. Suppose that for every 7 and k, there are z,
x, and t as above such that (2.4) holds. We first rewrite (2.4) as

@' (0)(rz = (L+)72) = t[on((1+7)72) — @' (0)((1 + 7)72)].
It follows that
oe((1+7)72) = @' (0)((1 +7)72)| = |¢'(0)(T2 — (1 +7)T2)]
> 7d|z — (14 )]
> 7dC
where C' > 0 is a constant depending only on E and «y. (We can take C' to be the distance
between E and (1+7)0E.) If we choose § = e((1+7)7p)(1+~)7p and k > k(J), then, by
(2.3) and the fact that ¢ is increasing, it follows that
0 <drC <e(|(14~)rz|)[(1 4+ ~)1x| + 0
< 2e((L+7)7p) (1 +7)7p.

Since ¢ is continuous and £(0) = 0, it is possible to choose 7 to be small enough so that
this inequality does not hold. This contradiction proves the claim.

Let us use the claim above to finish the proof. With 7 and k& as above, we will show
that

P (0)(TE) C or((1+7)7E). (2.5)
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Suppose that this were not the case, so that there is a z in F for which the equation
©'(0)(72) = wp((1 +7)72) has no solution # € E. Define a map H: OF x [0,1] — S~ !
by

_ tep((L+y)me) + (1= @' (0)((A + 7)) — ¢'(0)(72)
H(z,t) = - - .
[tor((1+ 7)) + (1 =)' (0)((1 + 7)72) — ¢'(0)(72)]
The map H is well-defined by the claim just proven. The assumption we just made implies
that H(-,1) extends to E, which implies that H (-, 1) must have Brouwer degree zero. The
maps H(-,1) and H(-,0) are homotopic, so they must have the same degree. But H(-,0)
is given by

_ PO +yr=2)  FO)@—-(1+7)"2)
H(z,0) = — = 7
" O)((L+7)z=2) @' (0)(z = (1 +7)7"2)]
so it must have degree 1 or —1. This contradiction shows that the inclusion in (2.5) must
hold. It follows that

TW(¢'(0)E) = w(¢' (0)(7E)) < W(pr((1+7)7E)) = (1 +7)*r"w(E).

Since v > 0 was arbitrary, it follows that wW(E) < w(¢'(0)F). Combining this with (2.2),
we conclude that

w(E) =w(¢' (0)E), for every ellipsoid £ C B(p).

The linearity of ¢’(0) and the conformality property of w imply that ¢'(0) preserves the
w-capacity of every ellipsoid in R?" centered at the origin. It follows from Theorem 2.11
that ¢/(0) preserves the linear symplectic width of every such ellipsoid, and we conclude
from Theorem 2.7 that ¢'(0) is either symplectic or anti-symplectic. O

Our first application of Theorem 2.12 is to prove the following non-linear analogue of
Theorem 2.7.

Theorem 2.13. Let p: R* — R?" be a smooth map. The following are equivalent.
1. ¢ preserves the capacity of every ellipsoid.
2. prw = Fw.

Proof. We begin by proving that 2 implies 1. If ¢ is symplectic, then we have already seen
that ¢ preserves the capacity of every subset of R?". If ¢ is anti-symplectic and if F is an
ellipsoid in R?", then we can find an anti-symplectomorphism 1 such that ¢(E) = E, and
then it follows from the symplectic case that c¢(¢(E)) = c(py(F)) = ¢(F). (Such a ¢ can
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be constructed by using Proposition 2.9, similar to the construction of the map T in the
proof of Proposition 2.6.)

Now, suppose that ¢ preserves the capacity of every ellipsoid. We want to prove
that for every z in R?", the linear map /(z) satisfies ¢'(2)*w = dw. (The sign will be
independent of z by continuity.) By composing with translations, we may assume without
loss of generality that z = 0 and ¢(z) = 0. For ¢ > 0, define

ou(x) = Toltn).

The conformality property of ¢ immediately implies that each ; preserves the capacity of
every ellipsoid centered at the origin. Since (g;) converges uniformly to ¢’(0) as t | 0, it
follows from Theorem 2.12 that ¢'(0) is either symplectic or anti-symplectic. O

As a second application of Theorem 2.12, we have the following rigidity result, due to
Eliashberg [5] and Gromov [3]. We follow the proof due to Ekeland and Hofer in [1].

Theorem 2.14. For any symplectic manifold, the group of symplectomorphisms is closed
in the group of diffeomorphisms with respect to the C°-compact-open topology.

In other words, if a sequence of symplectomorphisms converges uniformly on compact
sets to a diffeomorphism, then the limit is actually a symplectomorphism. We stress that
no assumptions on the derivatives of the symplectomorphisms are needed.

Proof. This is a local statement, so by Darboux’s theorem we may assume that we have a
sequence (i) of symplectic embeddings of the ball B(p) into R*® which converges uniformly
to a smooth embedding ¢: B(p) — R*" and that we need to prove that ¢'(0) is symplectic.
The maps ¢y are symplectic, so in particular they preserve the capacity of every ellipsoid,
and then Theorem 2.12 implies that ¢'(0) is either symplectic or anti-symplectic. As we
will now show, the fact that each ¢ is actually a symplectic embedding (and not just a
continuous map preserving capacities) rules out the case that ¢'(0) is anti-symplectic.

If n is odd, then any anti-symplectomorphism is orientation-reversing. Since each ¢y
preserves the orientation, ¢ does too, implying that ¢'(0) must be an orientation-preserving
linear map. So, if n is odd, then ¢’(0) can only be symplectic. Suppose now that n is even.
On a sufficiently small ball contained in R* x B(p), the sequence (idgz X @) converges
uniformly to idr2 X @. Since each idg2 X ¢y is symplectic, the previous argument applies
to show that idg2 x ¢'(0) is symplectic, and so ¢'(0) must be symplectic. O
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Chapter 3

Non-squeezing for wh

We discuss analogues of the non-squeezing theorem for the powers of the standard sym-
plectic form on R?".

3.1 Affine non-squeezing for w*

Let us again consider R?" with the standard symplectic form, which we write in terms of
the standard symplectic basis denoted by ey, ..., e, fi,..., fo. In [2], Barron and Shafiee
noticed that the powers w,w?,...,w" each satisfy an analogue of the affine non-squeezing
theorem. As before, let B(r) denote the closed ball of radius r in R*". If 1 < k < n, then
we define the symplectic k-cylinder Zi(R) by

k
Zk(R) = {(xlv”'uxnaylw"ayn) ERQn : in—i_y? S RQ}

j=1
The following theorem is the affine non-squeezing theorem obtained by Barron and Shafiee.

Theorem 3.1. [2, Theorem 2.16] Suppose that 1 < k <n. Let U: R?*" — R?" be an affine
map of the form z — Az + b, where A is a linear map preserving w* and b € R**. If

2k /(2k)!
U(B(r)) C Zp(R), then r < =B

For brevity, let us denote the coefficient of R in the conclusion of Theorem 3.1 by Cj.
That is,

(3.1)



Note that Cy, = 1 when k£ = 1, so we recover the classical affine non-squeezing theorem
(Theorem 2.3) as a special case.

Note that when k > 1, the coefficient C}, is always greater than 1. Also, if £ = n, then
VU is volume-preserving and maps B(r) into the ball Z,,(R) = B(R), so we obtain r < R
trivially. So, in particular, the constant C), is not optimal in the case that k£ = n. In fact,
we will prove later in this section (Theorem 3.4) that we can choose Cy =1 for each k.

The proof of Theorem 3.1 follows essentially the same steps as the classical affine non-
squeezing theorem. The first step is to argue that A7 also preserves w®. While this was
easy to prove in the classical case, it is perhaps not so obvious here, and no proof is given
in [2]. We will give a proof in the next section; in fact, we will prove that Theorem 3.1
essentially reduces to the classical case.

Let us proceed with the proof for now under the assumption that A” does preserve w¥.

It follows that

kl = ‘wk(ATeb Abe s >AT€k7 ATfk)| (32)
In [2, Lemma 2.4] it is claimed that for uy, ..., ugy € R*",
k! b
wk(ul, . ,U2k> = ﬁ SigH(O') HW(UU(%_D, ua(gi)),
g€Ss i=1

but this is incorrect. We give the correct formula for w* and then continue along the lines

of [2].

Proposition 3.2. For any ., ..., us € R*,
] k
WF(uy, ... ug) = o Z sign(o) Hw(ug(gi_l), Ue(2i))- (3.3)
gESyy =1

Proof. Using the definition of the wedge product in terms of the projection Alt, we see
that

244 2)!
wk(ul,...,u%) = %Alt(w@@w)(ul,,ugk)
2k)! 1 .
- <2k) ’ (2k)| Z Slgn<0>(w® ®w)(u0(1)>"'7u0(2k))

UESQk

k
1 .
= ok Z sign(o) Hw<u0(2i—1)7ucr(2i))'
1

gESyy 1=
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For brevity, we will denote the vectors ATe;, ATf,,..., ATe,, AT fi. by wy, ..., wq. By
using (3.3) to evaluate the right-hand side of (3.2), we obtain

R = | (ATer AT fro o AT AT )|

k
1 .
= 2k Z |sign(o)] H | (Wo(2i-1), W (2i))]

TESay, =1
] k
< 5 Z H | Wo(2i-1)|[Wo(2s)|
UESQk i=1
1 |
= r (2ZR)!- fun - oy
By (3.1), this gives
kKl kl-2k (s wl
— = —— < |wq| - |wWail.
C# o (2k)!

It follows that one of wq,...,ws, must have length at least VE! /Cr. We may assume
without loss of generality that w; does. The proof concludes exactly as it does in the
classical case by consideration of the image of +r - wy/|w;| for an appropriate choice of
sign. We note that with the correct formula (3.3) for w”*, we actually obtain in Theorem
3.1 the stronger bound r < (Cy/ ¥/k!)R. This is still not optimal, though, since Cj, > ¥/k!
whenever k > 1.

In what follows, we show that is possible to avoid the use of (3.3) completely and to
obtain the result of Theorem 3.1 with 1 in place of the coefficient C},. We will achieve this
with the use of Wirtinger’s inequality.

Theorem 3.3. Suppose that 1 < k < n. For any orthonormal vy, ..., vy, in R*",
\wk(vl, . ,UQk)’ S k',
with equality if and only if the span of vy, ..., ve is closed under J.

Proof. (Following [0, 1.8.2].) Let us consider first the case that £ = 1. By Cauchy-Schwarz,
we have that
w(vi, v2)| = |g(Jvr, v2)| < [Jvi] - |va] < 1,

with equality if and only if Jv; and vy are colinear, i.e., if and only if the span of v; and
vq 18 closed under J.
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Now, suppose that £ > 1. Let S be the span of vy, ..., v9;. By the normal form theorem

for skew-symmetric bilinear forms, there is an orthonormal basis uq, . .., ug of S such that
k
2j—1 2j
wls = E w(ugj—1, ug;) u? " A u.
Jj=1

In particular,
k

wk(ul, coyugg) = k- Hw(uzj_l,qu).
j=1

Note that w¥(uy, ..., us) only depends on uy A -« - A ugg. Since vy, ..., vop and ug, . .., ug
are both orthonormal bases of S, we have that v; A --- Awvg, =€ -uy A--- A ug, for some
e € {1,—1}, and it follows that

k
W (o, va)| = |wF (ua, - uag)| = KL T lw(ugjor, ugy)].

j=1

It follows from the case that & = 1 that |w*(vy,...,v)| < k!. In particular, if equality
holds, then |w(ug;j_1,us;)| = 1 for each j, so by the case that k = 1 again it follows that S
is closed under J. Conversely, if S is closed under J, then, for each j,

2% 2%
Jugjy =Y g(Jugjr,u)ue = w(ugj 1, ue)uy = wlug;_1, ug;)u;.
=1 =1
It follows that |w(ugj_1,us;)| = |Jugj—1| = |ugj_1| = 1 for each j, and we conclude from
the above that |[w¥(vy,. .., va)| = K. O

We would like to apply Wirtinger’s inequality to estimate the right-hand side of (3.2).
Since Wirtinger’s inequality is for orthonormal vectors, we apply the Gram-Schmidt process
to wy, ..., ws to obtain orthogonal vectors vy, ..., vo:

7j—1
U1 = Wi, V; = Wy — E PTOJui(wj)-
=1

Note that |v;] < |w,| for each j, for |w;|? is equal to a sum of squares which includes |v;]?.
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Moreover, by construction we have that wq A -+ Awgr = v1 A -+ Avg. It follows that

k! = wk(wl, C 7U)2k) = wk<’U1, N ,ng)
U1 U2k
= |vy| - |vg| - w (—,...,—)
|v1] |va
< |uy| -+ gk - K!
< |wy| - - Jwagl - KL
So, |wy| -+ |wak| > 1. As before, we may assume without loss of generality that |w;| > 1,

and then the proof that r < R follows exactly as it does in the classical case. So, modulo
the proof that the stabilizer of w* is closed under transposition (which we will see in the
next section), we have proven the following affine non-squeezing theorem for w*.

Theorem 3.4. Suppose that 1 < k < n. Let ¥: R* — R be an affine map of the form
z — Az + b, where A is a linear map preserving w* and b € R*™. If V(B(r)) C Zy(R),
then r < R.

3.2 The stabilizer of W*

The proofs of Theorem 3.1 and Theorem 3.4 depended on the as-of-then unproven fact
that the stabilizer of w* is closed under transposition. In this section, we will prove that
this is the case. In fact, we have the following stronger result.

Theorem 3.5. Suppose that 1 <k <n—1. Let A: R*™ — R?*" be a linear map for which

A*(WF) = Wk, If k is odd, then A*w = w, and if k is even, then A*w = w or A*w = —w.

In other words, if we let Sp,(2n,R) denote the stabilizer of w* in GL(2n,R), then we
have that

Sp(2n,R), if kisodd and k <n —1,
Spr(2n,R) = ¢ Sp(2n,R) USp~(2n,R), if kiseven and k <n — 1,
SL(2n, R), it k= n,

where

Sp~(2n,R) = {A € GL(2n,R) : A'w = —w}.

Actually, we will prove the following stronger fact.
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Theorem 3.6. Suppose that1 < k <n—1. Letw =", e'A f* be the standard symplectic
form on R?™ and let Q be any 2-form on R?™ with constant coefficients such that ¢ = w*
for some constant c. Then, there exist scalars Ay, ..., N, such that Q@ =" Nje' A fr.

The role of the constant ¢ will become clear in the course of the proof.

Let us first prove that Theorem 3.5 follows from Theorem 3.6. Given that A*(w¥) = w*,
let @ = A*w. Then QF = w", so that Q = Y7 A e' A f for some scalars A, ..., \, by
Theorem 3.6. Since

QF =kl Y Ny A €A ST A A A fIE

i1 <<,
we see from the equation 2% = w* that the product of any & of \q, ..., \, without repetition
in the indices must equal 1. Since kK < n — 1, it follows that \; = --- = \,,. For example,

_ )\1)\3 e )\k—f—l _ /\2/\3 e /\k+1

A
LD VRS Vil A3 Aegt

= )\2.

This method readily generalizes to show that A\; = A; for all i and j. (If we had k = n, then
the only equation we would have would be Ay ---\, = 1, which can’t be solved uniquely
for any \;.) Since )\’f =1, it follows that Ay = --- = A\, = 1 if k is odd and =£1 if £ is even.

To prove Theorem 3.6, we need the following lemma.

Lemma 3.7. Let (V,w) be a 2n-dimensional real symplectic vector space. For each j =
1,...,n, the map ' . ' '
L7 A"V — A"V, 0— 0N

s an isomorphism.

Note that it is essential for the lemma that we consider the map 6 + 6 A w’ only on
A"IV* for A"IV* and A"/ V* have the same dimension. To prove Theorem 3.6, we will
actually only need the statement of Lemma 3.7 in the case that j = n — 1, but the proof
of the lemma for all j is nearly identical to the proof for j =n — 1.

Proof. We proceed by induction on j, starting from j = n and proceeding backwards. The
base case holds simply because L™ is multiplication on scalars by the volume form w”.
Suppose that for some j < n, the map L’ is an isomorphism. To prove that L’~! is an
isomorphism, it suffices to prove that it is injective, so suppose that 0 is a (n — j + 1)-form
such that L771(0) = 0. Tt follows that

0=L"1"O)Aw=0N"
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We contract both sides of the above equation by an arbitrary v in V' to obtain
0= (i,0) Aw’ £ O A (iyw) Aw! .

Since O A w’~! = 0, the second term on the right-hand side vanishes and we are left with
(i,0) A w? = 0. But i,0 is of degree n — j, so this says that L7/(i,0) = 0. By the inductive
hypothesis, i,60 = 0, and since v was arbitrary, ¢ = 0. O]

We are now ready to prove Theorem 3.6. In the following proof, we will drop the wedge
product for brevity, and all forms will be forms with constant coefficients.

Proof. (Of Theorem 3.6.) We proceed by induction on n. If n = 2, then & = 1 and {2 = w.
This implies that Q = ¢ >~ e’ f*, proving the base case. Now, suppose the theorem holds

for a given n > 2. Let w = 3.1 ¢/ f? be the standard symplectic form on R2"+D  and

suppose that © is a 2-form on R2"+1D guch that ¢QF = w* for some scalar ¢ and some
integer k with 1 <k < (n+1)—1=mn. If k=1, then we are immediately done as in the

base case, so let us assume that k& > 2. Decompose () into four components as follows:
QO=Qy+a+8+7,

where

e () is a 2-form without any e"™! or f**! terms,
o a = e"lag for some 1-form «y without any e”™! or f*! terms,
o 3= f"t13, for some 1-form /3 of the same type as ag, and

o v = \e"Lf"F! for some scalar .

Note that o? = 3% = 42 = ay = By = 0. It follows from this and the binomial theorem
that

k(k—1
(ﬁ:Q§+Mw4m+ﬁ+7y+ijflﬂﬁﬂa+ﬁ+w2

= Qp + kT (a+ B4 7) + k(k— 1) %ap.
If we similarly decompose w into wg + €™ "1 where wy = > | €' f*, then we obtain

kE __  k k—1 _n+1 en+1
W' =wy + kwy e T
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Comparing the components of ¢Q2* and of w”* which have no e"*! or f"*!, only one of the

two, and both gives us the following four equations:

k_, k
CQO = Wo>
Qk~tay =0,
k—1
QO BU = 07

AU 4 e(k — DO 2apfy = wh

It should be emphasized that all of the forms in the above four equations only contain
et, f1,...,e", fm, and we will be thinking of them as forms on R?*" = span{ey, fi,...,€n, fu}-

We first prove that €y is symplectic. Suppose that i,y = 0 for some v in R?". It
follows that
0 = i, (cOQF) = iy (W) = k(iywo)wh .

This implies that (i,wo)wy " = 0, and then it follows from Lemma 3.7 that i,w, = 0. Since

wy is the standard symplectic form on R?", this forces v to be zero, hence Qg is symplectic.
From the equation QF 'ay = 0 it follows that Q0 'ay = 0, and since € is symplectic,
Lemma 3.7 implies that oy = 0. The same argument gives 5y = 0, which leaves us with

the fourth equation,
QT = Wit

By the inductive hypothesis, Qo = Y1 | \; €' f* for some scalars Ay, . .., \,, and we conclude
that
0= QO+)\€n+lfn+1 _ >\161f1 +"'+)\nenfn+)\€n+1fn+1.

]

Note that if we had not included the coefficient ¢ in the statement of Theorem 3.6,
then we would have ended up with the equation )\ng’l = ng, to which the inductive
hypothesis would not apply unless we were able to pull A into the power of £ — 1.

Using Theorem 3.5, we can give an alternate proof of Theorem 3.4 by reducing it to the
symplectic case. Suppose that 1 is an affine map which preserves w* and takes B(r) into
Z,(R). We have already seen that if £ = n, then r < R due to the fact that ¢ must be
volume-preserving and Z,(R) = B(R). Suppose that & < n. In this case, it follows from
Theorem 3.5 that ¢ must preserve w up to a sign. Since Z;(R) C Z(R), we have that v is
an affine symplectomorphism or anti-symplectomorphism taking B(r) into Z(R). By the
classical affine non-squeezing theorem, we conclude that » < R.
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In Section 2.2, after we had proven the affine non-squeezing theorem for w, we showed
that we can characterize symplectic and anti-symplectic linear maps as those maps pre-
serving the linear symplectic widths of ellipsoids. Now that we have proven the affine
non-squeezing theorem for w¥, it is natural to try to do the same for maps preserving w”.
As we will see below in Proposition 3.8, it is a consequence of Theorem 3.5 that the natural
analogue of the linear symplectic width for w* does not result in a new invariant of subsets
of R?". In particular, the natural k-symplectic analogue of Theorem 2.7 will reduce to the
symplectic case when k£ < n — 1.

We define the linear k-symplectic width of a subset A of R?*" by
wi(A) = sup{wyr® : U(B(r)) C A for some affine map ¥ preserving w*},

where woy, is the volume of the unit ball in R?*. Note that the linear symplectic width
wr(A) is exactly wq(A); more generally, we have the following expression relating the two.

Proposition 3.8. For any subset A of R?",

Wak
wi(A) = Tk [wi(A))*.
Proof. 1If B(r) embeds into A by an w-preserving affine map, then it certainly embeds into
A by an w-preserving affine map, so
wi(A) > war™ = - [
It follows that wy(A) > 2% - [w(A)]". Conversely, if B(r) embeds into A by an w-

preserving affine map, then that affine map is either symplectic or anti-symplectic by
Theorem 3.5, so that (recalling Proposition 2.6), we have

P [wr (A)]* > P [mr?)" = wopr?*.
It follows that <3 - [wy,(A)]* > wi(A), so in fact equality must hold. O

3.3 Applications to non-linear w*-preserving maps

We turn to studying k-symplectic analogues of the results of Section 2.4. We begin by
noting that the application of Theorem 3.5 used to prove the affine non-squeezing theorem
for w* by reduction to the symplectic case readily generalizes to prove the following non-

linear non-squeezing theorem for w*.
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Proposition 3.9. If there exists an w*-preserving embedding of B(r) into Z.(R), then
r < R.

Proof. Any w*-preserving embedding is either symplectic or anti-symplectic by Theorem
3.5 applied pointwise to the derivatives of the map. Since Zy(R) C Z(R), it follows from
Gromov’s non-squeezing theorem (Theorem 2.1) that r < R. O]

Just as we did at the end of the previous section, we define the non-linear k-symplectic
width wy(A) of a subset of R?" by

wi(A) = sup{wayr® : Y(B(r)) C A for some w-preserving embedding v}.

The same formula as in Proposition 3.8 that related the linear k-symplectic width to the
linear symplectic width holds for the non-linear k-symplectic width and the Gromov width,
by the same proof. We can also define the “maximal k-capacity”

Wr(A) := inf{wy R* : (A) C Zp(R) for some w*-preserving embedding ¢},

but it is no longer clear whether the relation of Proposition 3.8 holds between wy and the
classical maximal capacity w. More generally, we can define “k-capacities” analogous to
general symplectic capacities. We will pursue the idea of more general capacities in the
next chapter.

The proof of Theorem 2.13 relied on Theorem 2.12, whose proof required showing that
a particular linear map preserved the maximal capacity of every ellipsoid and the fact that
every normalized capacity takes the same value on any given ellipsoid (Theorem 2.11). It
is not clear whether this holds for the maximal k-capacity wy.

On the other hand, by using Theorem 3.5, it is easy to establish (by reduction to the
symplectic case) a k-symplectic analogue of Theorem 2.14. Given a symplectic manifold
(M, w), we let Symp(M,w) denote the group of self-diffeomorphisms of M preserving w,
and we also let Symp,, (M, w) denote the group of self-diffeomorphisms preserving w*.

Proposition 3.10. For any symplectic 2n-manifold (M,w) and any integer k with 1 <
k < n—1, the group Symp, (M, w) is closed in Diff (M) with respect to the C°-compact-open
topology.

Proof. 1If k is odd, then we clearly have that Symp,(M,w) = Symp(M,w) by Darboux’s
theorem and Theorem 3.5, so the result reduces to Theorem 2.14 in this case.
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Let us assume that k is even. Just as in the proof of the classical version of the theorem,
we may assume by Darboux’s theorem that we have a sequence (p;) of w*-preserving
embeddings of the ball B(p) into R?*" which converges uniformly to a smooth embedding
¢: B(p) — R?™ and that we need to prove that ¢'(0) preserves w*. By Theorem 3.5, each
@, is either symplectic or anti-symplectic. In particular, each ¢; preserves the Gromov
width of every ellipsoid centered at the origin in B(p). Therefore, by Theorem 2.12, it
follows that ¢’(0) is symplectic or anti-symplectic. Since k is even, it follows that ¢'(0)
preserves w”. ]

If M is not connected and if k is even, then an w”-preserving map could be symplectic
on one component and anti-symplectic on another, so the description of Symp, (M, w) in
general is more complicated. But when M is connected, it is easy to describe the groups
Symp,(M,w) for 1 <k <n-—1.

Theorem 3.11. If (M,w) is a connected symplectic 2n-manifold, then

Symp (M, w), if k is odd and k <n —1,
Sympy, (M, w) = _ o
Symp(M,w) U Symp™ (M,w), if k is even and k <n —1,

where Symp~ (M, w) is the group of anti-symplectomorphisms.
Proof. Apply the Darboux theorem and then Theorem 3.5. m

We conclude this chapter with an application to some recent results found in [1] on
the groups Symp,(M,w). By using Theorem 3.11, we are able to give a quick proof of the
main theorem of [].

Theorem 3.12. (/1, Theorem 2]) For any symplectic 2n-manifold (M,w) and any integer
k with 1 < k < n — 1, the identity component of Symp,(M,w) is equal to the identity
component of Symp(M,w).

Proof. Suppose that f is an w®-preserving self-diffeomorphism of M that is connected
to the identity by a path of such maps. Then f restricts to a self-diffeomorphism of
each component of M which preserves w*, so, by Theorem 3.11, we see that f is either
symplectic or anti-symplectic on each component. Since f is connected to the identity,
which is a symplectomorphism, it must be a symplectomorphism itself. O
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Chapter 4

(Affine) non-squeezing for general
calibrations

We aim to generalize the affine non-squeezing theorem for the symplectic form w and its
powers w® to a more general class of forms known as calibrations. We define calibrations
and discuss when analogues of the affine non-squeezing theorems (Theorems 2.3 and 3.4)
hold for them.

4.1 When does a calibration satisfy the non-squeezing
theorem?

We are generally interested in developing invariants for calibrated geometries which are
analogous to invariants from symplectic geometry. So, it is natural to see how much of the
theory of Chapters 2 and 3 can be generalized; in particular, whether the non-squeezing
theorems generalize and whether calibrated geometries support an interesting theory of
capacities. We will begin by exploring this question in the affine case, as we did in Chapters
2 and 3.

The proof of the affine non-squeezing theorem for w* (Theorem 3.4) essentially depended
on the following two facts about w”:

1. The group of linear maps preserving w” is closed under transposition (which follows
from Theorem 3.5).
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2. Wirtinger’s inequality (Theorem 3.3). (In the proof of the affine non-squeezing the-
orem for w, Theorem 2.3, we proved Wirtinger’s inequality in the case k = 1.)

Wirtinger’s inequality, in more general terms, states that the form w*/k! is a calibration
on R?" whose calibrated subspaces are exactly the 2k-dimensional complex subspaces.

We begin by reviewing the notion of a calibration and some of the basic theory. We
say that a linear k-form a on an inner product space (V) g) is a calibration if it has comass
one, i.e., if

la(vy, ... o) <1 for all orthonormal vy, ..., v, € V, (4.1)

and if equality holds for at least one k-tuple (vy,...,v;). We say that a k-dimensional
oriented subspace L of V' is a-calibrated (or just calibrated if the form is clear from the
context) if there is an oriented orthonormal basis vy, ..., vy of V such that a(vy, ..., v;) = 1.
Note that if this is true for one such basis, then it is true for every such basis; more
succinctly, a|p, = voly. The application of Gram-Schmidt used to deduce Theorem 3.4
from Wirtinger’s inequality generalizes to show that, in fact, « is a calibration if and only
if
la(vy, .o op)| < op - okl for all vy,...,v, €V,

with equality for at least one (vy,...,vg).

More generally, calibrations can be defined on Riemannian manifolds. A calibration on
a Riemannian manifold (M, g) is defined to be a closed k-form « such that for each x in
M, the linear k-form o, on T, M has comass one. A k-dimensional oriented submanifold
L of M is said to be a-calibrated if T, L is «,-calibrated for each z in L.

We will not need this in this paper, but one motivation for studying calibrations comes
from the fact that calibrated submanifolds are minimal submanifolds ([9, Theorem 4.2]).
The equations for a calibrated submanifold are first-order, so they are often easier to solve
than the minimal submanifold equations, which are second-order.

Before trying to generalize the affine non-squeezing theorem, we catalogue some exam-
ples of calibrations. Most of our examples come from the theory of Riemannian manifolds
with special holonomy.

1. As we have already seen, Wirtinger’s inequality implies that each w*/k! on R?"
for Kk =1,...,n is a calibration whose calibrated subspaces are the 2k-dimensional
complex subspaces. It follows that the calibrated submanifolds are the complex 2k-
dimensional submanifolds. (This corresponds to Kéhler geometry.)
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2. The 3-form on R” associated to Gy-geometry, as well as its Hodge dual, are both
calibrations on R” whose calibrated subspaces are called associative and coassociative,
respectively. (We refer to [12, Definition 3.14] for the definitions of these two forms.)
We will return to this example in the next section.

3. Consider the holomorphic volume form Q = dz' A --- A dz™ on C* = R?". The
real part of () is a calibration whose calibrated submanifolds are said to be special
Lagrangian submanifolds. (More generally, Re(e?Q)) is a calibration for every 6 € R.)

The question of (affine) non-squeezing for this calibrated geometry will be the focus
of Chapter 5.

4. The form e'A---Aef on R", where ey, .. ., e, is any orthonormal basis with dual basis
el,...,e", is a calibration whose only calibrated subspace is the span of e, ..., ey.

(This is a straightforward consequence of Cauchy-Schwarz on AFR™.)

In the remainder of this section, we will focus on linear calibrations and generalizing
the affine non-squeezing theorem. To formulate the non-squeezing theorem for a given
calibration, we need to replace the symplectic cylinder with a “calibrated cylinder” which
we now define. For a given calibration o on R™ and a given a-calibrated subspace L, we
define the corresponding calibrated cylinder of radius R by

ZL(R) = {z € R" : |proj, ()] < R*}.

The symplectic k-cylinder Zi(R) is the calibrated cylinder for the calibration w”/k! with
respect to the calibrated subspace spanned by ey, f1, ..., ek, fr. (The adjective “calibrated”
in “calibrated cylinder” refers to the subspace on which the cylinder is based. In general,
Zr(R) is not a calibrated submanifold.)

The fact that w*/k! had comass one was one of the ingredients we needed to prove the
affine non-squeezing theorem in Chapter 3. The other was the fact that its stabilizer is
closed under transposition. As we now prove, if we assume that this holds for some given
calibration, then that calibration satisfies the following affine non-squeezing theorem. The
proof proceeds along the exact same lines as the proofs of the affine non-squeezing theorems
in Chapters 2 and 3 (Theorems 2.3 and 3.4, respectively).

Proposition 4.1. Let o € A*(R™)* be a calibration. If the stabilizer of a in GL(n,R) is
closed under transposition, then a has the following affine non-squeezing property: if 1 is
an affine map preserving a for which (B(r)) C ZL(R) for some a-calibrated subspace L,
then r < R.
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Proof. Suppose that v is given by ¢(x) = Vx+x¢, where U*a = « and 2y € R". Choose an
oriented orthonormal basis ey, ..., e, of L, so that a(ey, ..., ex) = 1 since L is a-calibrated.
Since UT must preserve o by assumption, it follows that

1= |aler,...,ep)| = la(Tley, ..., Ule)| < [Wley|--- [UTeyl.

So, one of [UTey], ..., [¥Te;| has norm at least 1. We may assume without loss of generality
that [UTe;| > 1. Define z = 4r - UTe; /|UTe;|, where the sign is to be determined. Since
x € B(r), we have ¢(z) € Z,(R), and so

By choosing the sign in the definition of z to be the sign of (e, x), it follows that R? >
r?|[0Te > > r?, and so R > r. m

The condition that the stabilizer of the calibration is closed under transposition is not
a necessary condition for it to satisfy the non-squeezing property of Proposition 4.1. The
fourth family of calibrations in our list of examples above provides us with an example.
Let o = e!, where e;, e, is an orthonormal basis of R? with dual basis e!,e?. If ¥ is an
invertible linear map which preserves «, then it is necessarily of the form

10
\If:(c d), d+0

with respect to the basis eq, e5. Suppose that the affine map 1 given by ¢(2) = Wz+z, sends
B(r) into Z(R), where zy = (x,y0) and L = span{e;}. Since the orthogonal projection
onto L is just the projection onto the first component, this means that = + =g € [—R, R]
whenever 22 + y? < r?. In particular, if we take y = 0, then we see that z + ¢ € [—7, 7]
whenever z € [—r,7]. So, [—R, R] contains the interval zo + [—r,7] of length 27, meaning
that 2R > 2r. However, U7 will only preserve « if ¢ = 0, which as we have just seen is not
necessary for the non-squeezing property to hold.

Recall that in the symplectic case, the affine non-squeezing theorem motivated the
definition of the linear symplectic width. The analogous construction for a calibration «
satisfying the conditions of Proposition 4.1 would be to define, for A C R",

we(A) = sup{wpr® : Y(B(r)) C A for some affine map v with ¢¥*a = a}, (4.2)
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where wy, is the k-dimensional volume of the unit ball in R¥. The a-calibrated width w,
as defined here clearly has the exact same monotonicity property as the linear symplectic
width. The conformality property, which is also clear, takes the form wy(AA) = \w,(A).
Finally, the normalization property would take the form w,(B(1)) = wa(Z1(1)) = wy, for
every calibrated subspace L; the proof of the normalization property depends on the affine
non-squeezing theorem for v and is proven in the exact same way as that for the usual
symplectic width, as in (2.1).

If we try to generalize the previous discussion to calibrations with possibly non-constant
coefficients on R"™, then it is not immediately clear what should replace the calibrated
subspace L in the non-squeezing theorem. So, it seems that the right calibrations to
consider for a general “non-squeezing theorem” are constant-coefficient calibrations on R”™.
All of our examples of calibrations here are such calibrations. So, it is reasonable to
ask whether these calibrations satisfy non-linear non-squeezing theorems as well. We will
explore the Gs case in the next section, where we will see that it is, in fact, trivial.

4.2 Non-squeezing for particular calibrated geome-
tries

Let us recall our short list of examples of calibrations from the previous section:

1. The symplectic form w on R?**, and more generally w*/k! for 1 < k < n.
2. The associative 3-form and coassociative 4-form on R7 corresponding to G,-geometry.

3. The real part of the holomorphic volume form Q = dz! A--- Adz" on C* = R?", and
more generally Re(e?Q)) for every real 0.

4. The form e' A --- A e¥ on R™, where e, ..., e, is any orthonormal basis with dual

basis e', ..., e".

We saw in Chapters 2 and 3 that the first class of examples all satisfy the non-squeezing
theorem, and in particular we explored the notion of a capacity for w and the consequences
of the existence of capacities. We also saw that the last example e' A - - - A ¥ satisfies the
affine non-squeezing theorem at the end of the previous section (despite it failing to satisfy
the hypotheses of Proposition 4.1).

Let us now focus on G,. Let ¢y denote the associative 3-form, so that G, is exactly
the stabilizer in GL(7,R) of ¢o. It is known that G, is closed under transposition. So,
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in particular, the Gy 3-form satisfies the affine non-squeezing theorem in the sense of
Proposition 4.1. In fact, much more is true.

Theorem 4.2. [12, Theorem 4.2] Every element of Gy preserves the metric.

As we will now prove, the non-linear non-squeezing property for isometric embeddings
of a ball into a cylinder (regardless of whether the cylinder is a calibrated cylinder for some
calibration) is straightforward to prove. In particular, it will follow from Theorem 4.2 that
there is a non-linear G, non-squeezing theorem.

Proposition 4.3. Let Z(R) be any cylinder in R™ based on any non-trivial subspace L
of R, i.e.,

Zr(R) := {x € R™ : |proj,(z)|* < R*}.
If : B(r) — R™ is an isometric embedding such that p(B(r)) C Zr(R), then r < R.

Proof. Choose an affine line ¢ parallel to L which intersects ¢(0). The line ¢ intersects
0Z1(R) in two points, say, p and ¢g. The line will also intersect (¢ (B(r))) = ¢(0B(r)) in
two points, say, p(z) and ¢(y) for some x and y in B(r). (See Figure 4.1.) The segment
of ¢ from p to ¢ contains the segment from ¢(x) to ¢(y), so

2R > d(p(2), 0(y))
=d(p(z),¢(0)) + d(v(0), o(y))
= d(z,0) + d(0,y)

= 2r.
O
QO(B(T» ZL(R)
p(z) 20) |p(y) ¢
D ~ -~ - q
2r
<

Figure 4.1: The proof of Proposition 4.3.

33



We conclude this chapter with some comments on possible G, analogues of the ap-
plications of non-squeezing and capacities of Section 2.4. Although the “non-linear Go
non-squeezing” theorem had a very simple geometric proof, it is not clear to the author
whether this excludes a non-trivial theory of “Gy capacities.”

In analogy with Section 3.3, it is natural to ask whether there are G, analogues of
Theorems 2.13 and 2.14. To develop an analogue of Theorem 2.13, one would have to
figure out in particular a Gy analogue of the results in Section 2.3 on the symplectic
normal forms of ellipsoids. It is not clear to the author how to do this.

It is easy to write down as a conjecture the direct analogue of Theorem 2.14 for Go-
manifolds. Let (M, g, p) be a Go-manifold, where ¢ is the Gy 3-form. Let

G :={y € Dift(M) : " p = p}.

The question is whether G is closed in Diff (M) with respect to the C°-compact-open topol-
ogy. At least in the case that M is connected, it would in fact suffice to check whether G is
closed in Isom (M, g), since Isom(M, g) is closed in Diff (M) as a consequence of the Myers-
Steenrod theorem that any distance-preserving bijection between connected Riemannian
manifolds is in fact metric-preserving. (Indeed, if (F},) is a sequence of Riemannian isome-
tries converging uniformly on compact sets to a diffeomorphism F', then F' must be a metric
isometry since each F), is and F,, — F' pointwise, and then Myers-Steenrod implies that F'
is a Riemannian isometry.) Perhaps it is easier to check whether G is closed in Isom(M, g),
since the latter is, again by a theorem of Myers-Steenrod, a finite-dimensional Lie group
with respect to the C%-compact-open topology (whereas Diff (M) never is).
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Chapter 5

(Affine) non-squeezing in the special
Lagrangian case

In Chapter 4, we explored the general question of when a calibration has the “affine non-
squeezing property” in Proposition 4.1. We verified that three of our four main examples
of calibrations (the symplectic form w in Theorem 2.3, its powers w* in Theorem 3.4, and
the Gg 3-form in Proposition 4.3) all had the affine non-squeezing property. In this final
chapter we turn to the fourth and final example, the holomorphic n-form Q = dz'A- - -Adz".

5.1 A brief review of special Lagrangian geometry

We will briefly review in this section the results needed in Section 5.2. We consider C" =
R?" with coordinates z* = 2% + iy*, and we define an n-form €2 on R?" by

Q:=dz' Ao Ad2" = (dat +idyt) A A (da +idy™).

Throughout this section, we let @ and 3 denote the real and imaginary parts of 2, respec-
tively. (Note that € regarded as a form on C" is complex-linear, but o and [ are only
real-linear.) We refer to [13] for the proof of the following theorem.

Theorem 5.1. ([15, Theorem 5.2]) For all orthonormal vy, ..., v, in R*",
Qv ..., o) <1,

with equality if and only if P = span{vy,...,v,} is Lagrangian, i.e., w|p = 0.

35



So, the “Q-calibrated” subspaces of R?" are exactly the Lagrangian subspaces. (Since
Q) is complex-valued, it is not literally a calibration as defined in Chapter 4, but we will
eventually study in the next section an affine non-squeezing theorem for it.) An immediate
consequence of Theorem 5.1 is that for every real 0,

IRe(e?Q) (v, ..., u,)] < 1 for all orthonormal vy, ..., v, € R*".

To show that each Re(e??Q)) is a calibration, it remains to show that for each 6, equality
holds for at least one (vy,...,v,). For example,

(€®Q) (e, ... en_1,ee,) =Qler, ... en) =1,
so in particular Re(e®?Q)(eq, ..., e,_1,e ?e,) = 1. We call a subspace of R?" special La-
grangian with phase e~ if it is calibrated with respect to Re(e?(2).

We will also need the following result, which states that 2 determines the complex
structure in a precise sense.

Theorem 5.2. Let V' be a 2n-dimensional real vector space. Let T be a complex-valued
n-form on V' that is decomposable and which satisfies T AT # 0. Let V¢ denote the
complezification of V. Define

VY ={ve Ve i, T =0},
Vot ={v e Ve i, T =0},
Then the following statements hold.
1. Ve=Va"a V2

2. The linear map J on Vi defined by letting V¥ (resp. V') be the i-eigenspace (resp.
(—i)-eigenspace) restricts to a complex structure on V.

Moreover, if T = (e* +ift) A--- A (e™ +if™) with respect to a basis ey, ... ,en, f1,.--, [n
of V, then Jey = [ and J [, = —ey for each k.

Proof.
1. IfY =6 A--- A O™ for some complex-valued 1-forms 6%, ..., 6", then
GLA - AOTAGLA - AOT £ 0.

This implies that (6',...,0" 01,...,0") is a basis of VZ. If the corresponding dual
basis of V¢ is (v1,...,Un,01,...,0,), then we have that V(Cl’o = span{vy,...,v,} and
V(g’l = span{7y, ..., U, }.

36



2. We need to show that if v € V is real, then so is Jv. With respect to the decompo-
sition Vg = Vcl 0 V(g ’1, write v = vy o+ vp ;. Since complex conjugation interchanges
V¥ and V2!, the condition v = ¥ means that 775 = vg;. It follows that

Jv = i’Ul,O - Z."U()71 = _i'Ul,O + Z'U()’l = —Z.U071 + Z‘UL() = Ju.

So, J maps real vectors to real vectors, i.e., it restricts to a complex structure on V.
Now, if T = (e +ifY) A--- A (e" +if™), then e —ify is in V(C1,07 .

Jek - ZJfk = J(ek - ka) = i(ek - ka) = fk + z'ek.

Comparing real and imaginary parts gives us Je, = fi, and Jfr, = —ey. O

5.2 Affine non-squeezing and rigidity

According to Proposition 4.1, if we can prove that the stabilizer of Re(e?(Q2) in GL(2n, R)
is closed under transposition, then it will satisfy an affine non-squeezing theorem. We will
explore this for some small values of n and only for the case that ¢ = 1.

1. n = 1. In this case, Re(2) = e'. We explored this example after the proof of
Proposition 4.1, where we showed that it satisfies an affine non-squeezing theorem,
despite its stabilizer failing to be closed under transposition.

2. n = 2. In this case, Re(2) = e! Ae? — fL A f2. Up to an orthogonal transformation
of R%, this case is just the symplectic case, which we already explored in Chapter 2.

Indeed, let @ € O(4) be given by Qe; = ey, Qes = —f1, Qf1 = ez, and Qfy = fo.
Then Q*(Re(£2)) = w. It follows that the stabilizer of Re(f2) is conjugate to Sp(2, R)
by an element of O(4), so it is closed under transposition since Sp(2,R) is.

3. n = 3. In this case, it is no longer immediately clear whether the stabilizer of
Re(Q)=e' A2 A e AfPALPHENFINF =S NI S

is closed under transposition. It follows from Hitchin’s work [10, Section 2.2] on
3-forms in six dimensions that if A € GL(6,R), then a = Re(€2) and A*« determine
complex structures J, and Ju-, on R, respectively, which are related by

Ja-o = sign(det A)A~1 T, A.
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Moreover, J, is the standard complex structure .JJ on RS. It follows from this and
the proof of Proposition 5.4 below that

Stab(Re(€2)) = SL(3,C) U (0 - SL(3,C)),

where ¢ is complex conjugation. It then follows from Corollary 5.5 that this stabilizer
is closed under transposition, so Re(2) enjoys the affine non-squeezing property.

It is not clear to the author how to approach the cases n > 4. So, it is not clear whether
the form Re(f2), or more generally the forms Re(e?€2) for real 0, should satisfy an affine
non-squeezing theorem in general.

Rather than trying to approach the general case of the stabilizer of Re(£2), we can try
to focus on, for example, the smaller group given by stabilizer of both Re(Q2) and Im(€2).
In fact, this is equivalent to studying Re(e?1Q)) and Re(e®2Q) for any two distinct and
non-antipodal phases €' and €2, as we now show.

Proposition 5.3. Suppose that A € GL(2n,R) preserves Re(e?1Q)) and Re(e?2Q) for two
distinct and non-antipodal phases €' and €%2. Then A preserves ).

Proof. Let us write o = Re(f2) and 8 = Im(f2), so that
Re(e:Q) = (cos O),)a — (sin ;) 3, k=1,2.

The equations A*(Re(e*Q)) = Re(e%) therefore say that

cosf; —sinb, A*a)  [costh —sinf; o

cosly —sinby) \A*B)  \coshy —sinfy) \[)"
The matrix on each side of the equation has determinant sin(6; — 6,), which is non-zero
since €' and e are not antipodal. This implies that A*a = « and A*8 = f3, and so

AQ=Aa+iA*=a+if =Q. ]

Recall from Theorem 5.1 that the form (2 satisfies the analogous “comass-one” condition
for a complex-valued form. If we can prove that the stabilizer of Q2 in GL(2n,R) is closed
under transposition, then the proof of Proposition 4.1 goes through with « replaced by
). This is a corollary of the following proposition. (Proposition 4.1 does not literally
apply because we stated it for real calibrations, but it is easily extended to complex-valued
“calibrations” with the exact same proof.)
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Proposition 5.4. The stabilizer of Q in GL(2n,R) is SL(n,C), regarded as a subgroup of
GL(2n,R) via the embedding

CL(n,C) — GL(2n,R), X +iY — @( _)3./) : (5.1)
Proof. Note that whenever A € GL(n,C),
A Q = (detc A)Q. (5.2)

It is clear from (5.2) that every element of SL(n,C) preserves 2. Conversely, let A be
an element of GL(2n,R) that preserves 2. We will use Theorem 5.2 to show that A is
complex-linear. The complex structure induced by A*(2 as in Theorem 5.2 must be the
same as that induced by €, i.e., the standard J. By the last part of the statement of
Theorem 5.2, it must be the case that JAe, = Af, and JAf, = —Ae;. In other words,
JAe, = AJdey, and JAf, = AJfr, so JA = AJ. That is, A is complex-linear. It follows
from (5.2) that detc A =1, i.e., A € SL(n,C). O

Corollary 5.5. The stabilizer of Q2 in GL(2n,R) is closed under transposition.

Proof. Let us temporarily denote by F' the embedding in (5.1). We need to prove that
F(SL(n,C)) is closed under transposition. Suppose that A = X +¢Y is in SL(n,C). Then

P = (3 }f)T: (B Xr)=Fu),

where A* = X7 — YT is the conjugate transpose of A. Since detc A* = detc A = 1, we
see that F'(A)T is in F(SL(n,C)). O

By combining Theorem 5.1 and Corollary 5.5, we deduce the following affine non-
squeezing theorem for €.

Theorem 5.6. Let U: R?" — R?" be an affine map of the form z — Az + b, where A
preserves Q0 and b € R*™. If U(B(r)) C Zr(R), where L is any special Lagrangian subspace
of R?", thenr < R.

Following Section 2.2, we are seeking special Lagrangian analogues of the affine rigidity
theorem (Theorem 2.4) and of Theorem 2.7 (a linear map preserves the linear symplectic

width of ellipsoids exactly when it is +-symplectic). We must restrict to the maps which
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preserve all of €2, since that is the group of maps for which we were able to establish an
affine non-squeezing theorem.

To state an analogue of Theorem 2.4, we need to first define the analogue of the linear
non-squeezing property. We call a subset B of R?" a linear special Lagrangian ball of radius
r if there is a linear map A preserving 2 for which A(B(r)) = B. We call a subset Z of
R2" a linear special Lagrangian cylinder if there is a linear map A preserving ) for which
A(Zr(R)) = Z for some R > 0, where L = R" C C". As in the symplectic case, R is
an SL(n, C)-invariant of Z. We then say that a linear map ¥: R*® — R?" has the special
Lagrangian linear non-squeezing property if, for any B and Z as above, the condition
V(B) C Z implies that r < R.

The conclusion of the affine rigidity theorem in the symplectic case was that if a non-
singular map has the non-squeezing property, then it is symplectic or anti-symplectic. We
are now working with a complex-valued form, so we must replace this condition with the
condition that the form is preserved up to a phase, i.e. ¥*Q = Q) for some real 6. (Note
that if this condition on ¥ holds, then (e™/"W)*Q) = (, so that e”*/"¥ ¢ SL(n,C) by
Proposition 5.4. In particular, ¥ is still necessarily complex-linear.)

Recall that the symplectic affine non-squeezing theorem is also true for affine anti-
symplectomorphisms, since the same proof went through under the assumption that w
was preserved only up to a sign. In the exact same way, the proof of the “affine special
Lagrangian non-squeezing theorem” goes through if €2 is only preserved up to a phase.
Therefore, the corresponding affine rigidity property would be the following.

Let ® be a non-singular linear map from R* to itself such that both U and ¥~! have
the special Lagrangian linear non-squeezing property. Then W preserves 2 up to a phase.

The author was only able to prove this in the following special case.

Theorem 5.7. Let U be a non-singular complex-linear map from C™ to itself such that both
U and U1 have the special Lagrangian linear non-squeezing property. Then U preserves
Q up to a phase.

Proof. As in the proof of Theorem 2.4, assume that W*Q) # €€} for any real . Since U is
complex-linear, it follows from (5.2) that (detc ¥)Q # € for any real 0, i.e., detc ¥ ¢ S*.
So, either |detc ¥| < 1 or |detec ¥| > 1. By replacing ¥ by ¥~ if necessary, we may assume
that |dete ¥| < 1, so that by (5.2) again we have that

0 <[QUTer,..., ¥ e,)| < |Qer, ... en)] = 1.
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Let A > 0 satisfy \" = |Q(¥Tey, ..., UT¢,)|, and let 6 be such that
QA e 0 ey, . X0 e,) = 1.

It follows that there exists a ® in SL(n, C) such that ®ej, = A~Le~ W ¢, for each k. (Define
Pey, as above and then let @ f, = JPey.) Let A = @107 5o that Aey, = \e'ey, for each k.
If z € B(1), then

n n

Z(ek,AT2>2 = Z()\ewek, 2)2 <Az < A2,

k=1 k=1
where the first inequality follows from the fact that {e?%¢), = (cos )ey, + (—sin ) fi. }7_, is
an orthonormal family. So, AT maps B(1) into Z()\), where L = span{ey,...,e,}. But
A < 1, so this means that AT = WU (®T)~! does not have the special Lagrangian linear
non-squeezing property, so neither does W. O

Let us explain why we restricted to complex-linear maps in Theorem 5.7. In the proof
of the symplectic rigidity theorem, we had assumed that W*w # w and that ¥*w # —w, and
it was easy to find a single pair of vectors that witnessed both conditions simultaneously.
In the current setting, we know that for each e there are vectors uy, ..., u, (depending
on €) for which (U*Q)(uy, ..., u,) # €?Q(uy,...,u,). It is no longer clear whether one
can find a single n-tuple witnessing this condition for every e?.

One possible approach to finding such an n-tuple is the following. Given e and

Ui, ..., u, as above, it is certainly true that the same tuple u(e) := (uy,...,u,) works
for all nearby phases, i.e., there is an open neighbourhood Ui of € in S for which
(U*Q) (U, .., uy) # €9Quy,...,u,) for all e € Uuo. By taking a finite subcover
Ugioy, ..., U s,, we obtain a finite number of n-tuples u(e"), ..., u(e?) which witness the
desired condition for every €. We want to reduce this finite number to 1. Perhaps this
can be done by some sort of averaging or interpolation, but the author was not successful.

Moving on, in analogy with the linear symplectic width and with the “calibrated ca-
pacity” defined in (4.2), we define the linear special Lagrangian width to be
w(A) := sup{w,r" : UV(B(r)) C A for some affine map ¥ preserving 2}.

We want an analogue of Theorem 2.7 for the linear special Lagrangian width; that is,
we want to give a characterization of the “special Lagrangian linear maps” (those maps
preserving € up to a phase) as those maps preserving the linear special Lagrangian width.
We first need an analogue of Proposition 2.6.
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Proposition 5.8. If U is a linear map that preserves Q0 up to a phase, then w(¥(A)) =
w(A) for every subset A of R*".

Proof. The proof is entirely analogous to the proof of Proposition 2.6. It suffices to show
that w(A) < w(¥(A)) since the other inequality can be established by the same argument
with U~ in place of W. For this, it suffices to show that if ®(B(r)) C A for some
® € SL(n,C), then w,r™ < w(V(A)).

By assumption, ¥*Q) = Q) for some real §. If T is the complex-linear map given by
multiplication by e=*/", then the map T takes B(r) to B(r), implying that ¥ o ® o T' maps
B(r) into W(A). Since

detc(W o ® o T) = (dete ¥)(dete ®)(dete T) =€ -1-e7% =1,
we see from the definition of w that w,r™ < w(V(A)). O
Now, since we were only able to prove affine rigidity in the special Lagrangian case

(Theorem 5.7) for complex-linear maps, the following analogue of Theorem 2.7 must restrict
to such maps as well.

Theorem 5.9. Let U: C" — C" be a complex-linear map. The following are equivalent:

1. U preserves the linear special Lagrangian width of every ellipsoid centered at the
origIn.

2. U preserves ) up to a phase.

Proof. The proof proceeds along the exact same lines as the proof for Theorem 2.7. Propo-
sition 5.8 shows that 2 implies 1, so let us prove that 1 implies 2. By the exact same ar-
gument as in the symplectic case (with the linear symplectic width replaced by the linear
special Lagrangian width) we see that ¥ must be invertible. By Theorem 5.7, we want
to prove that both ¥ and U~! have the special Lagrangian non-squeezing property. Let
B be a linear special Lagrangian ball of radius r and let Z be a linear special Lagrangian
cylinder of radius R such that ¥(B) C Z. Since B is an ellipsoid centered at the origin, it
follows from the hypothesis 1 that

wpr" = w(B) = w(V(B)) < w(Z) = w,R".

This implies that » < R, proving that ¥ has the special Lagrangian non-squeezing property.
Since U~! is linear, U™!(E) is an ellipsoid centered at the origin, and it follows that

w(E) = w(¥(YH(E))) = w(¥(E)),
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and then it follows from the same argument as for ¥ that U~! also has the special La-
grangian non-squeezing property. So, by Theorem 5.7, the map ¥ preserves ) up to a
phase. (This is the only step in this proof where we use the complex linearity of ¥; we
need it to be able to invoke Theorem 5.7.) O

5.3 Further questions

Our affine rigidity result (Theorem 5.7) in the special Lagrangian case, as well as our char-
acterization of width-preserving maps in this case (Theorem 5.9), were both restricted to
complex-linear maps. The author does not know whether this assumption can be dropped.
One could also try to develop a non-linear theory along the lines of Section 2.4 for such
maps.

We have also left open whether the stabilizer of Re(€2) (and more generally the stabi-
lizers of Re(e?$2) for real #) is closed under transposition for the cases n > 4.

The non-linear results in Section 2.4 relied on Gromov’s non-squeezing theorem (Theo-
rem 2.1) being true; more specifically, the existence of a normalized symplectic capacity was
equivalent to Gromov’s theorem. It seems one would need a special Lagrangian analogue
of the non-squeezing theorem to develop analogues of the results of Section 2.4.

To the author’s knowledge, the proofs of Gromov’s non-squeezing theorem that estab-
lish the existence of a normalized capacity all rely on the fact that symplectic manifolds
admit Hamiltonian vector fields and therefore a theory of Hamiltonian dynamics. It is not
clear what the analogue would be for the special Lagrangian case. On the other hand,
Gromov’s original proof of the non-squeezing theorem using pseudo-holomorphic curves
may be suitable for adaptation to a proof of a non-squeezing theorem for the special La-
grangian case. The notion of a Smith immersion generalizes pseudo-holomorphic curves,
and it has been shown that Smith immersions enjoy many analytic properties analogous
to the classical analytical properties of pseudo-holomorphic curves. (See [3] and [11].)
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