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Abstract

A conjecture of Simon Donaldson is that on a compact 4-manifold X4 one can flow
from a hypersymplectic structure to a hyperkähler structure while remaining in the same
cohomology class. To this end the hypersymplectic flow was introduced by Fine–Yao. In
this thesis the notion of a positive triple on X4 is used to define a hypersymplectic and
hyperkähler structure. Given a closed positive triple one can define either a closed G2

structure or a coclosed G2 structure on T3 × X4. The coclosed G2 structure is evolved
under the G2 Laplacian coflow. The coflow descends to a flow of the positive triple on
X4, which is again the Fine–Yao hypersymplectic flow. In the second part of this thesis
we let X4 = R4 \ {0} with a particular cohomogeneity one action. A hypersymplectic
structure built from data invariant under this action is introduced. The Riemann and Ricci
curvature tensors are computed and we verify in a particular case that this hypersymplectic
structure can be transformed to a hyperkähler structure. The notion of a soliton for the
hypersymplectic flow in this particular case is introduced and it is found that steady solitons
give rise to hypersymplectic structures that can be transformed to hyperkähler structures.
Some other soliton solutions are also discussed.
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Chapter 1

Introduction

The notion of a hyperkähler manifold first arose in Berger’s classification of possible
holonomy groups in his paper [Ber55], they are known in the literature to be a class of
manifolds with special holonomy. Hyperkähler manifolds are a particular class of 4n-
dimensional manifolds whose metrics are Ricci-flat, see [Joy03]. At the time of Berger’s
classification, non-flat examples of hyperkähler manifolds were not known. The first global
examples of non-flat hyperkähler merics were the Euguchi–Hanson metrics on T ∗CP1 given
in [EH79]. In [Yau78] Yau proved the Calabi conjecture by solving the Monge-Ampère
equation; as a consequence, Yau showed that a K3 surface admits a Ricci-flat Kähler
metric whose holonomy is Sp(1), making it a hyperkähler manifold. It was then in [Cal79]
that Calabi extended the work of Yau and Euguchi–Hanson by finding explicit hyperkähler
metrics on T ∗CPn for n ≥ 2.

Restricting to dimension 4, it was Donaldson who posed the idea of loosening the conditions
of a hyperkähler structure to one where the triple of Kähler forms was only symplectic.
This is what we call in this thesis a hypersymplectic structure. In [Don06], Donaldson con-
jectured that up to isotopy the only example of a hypersympletic manifold is a hyperkähler
manifold. More precisely, he conjectured that there should exist a one parameter family
of diffeomorphisms connected to the identity that take a hypersymplectic structure to a
hyperkähler structure while remaining in the same cohomology class. In a particular set-
ting, Fine and Yao have done work to prove this conjecture. In [FY18] the authors define
a closed G2 structure on M7 = T3 ×X4 where X4 is compact and hypersymplectic. They
evolve the G2 structure under the G2 Laplacian flow to create a new geometric flow on X4

that could deform the hypersymplectic structure to a hyperkähler structure. This flow is
known as the hypersymplectic flow. In this paper they are able to show long time existence
of the flow provided the torsion tensor of the G2 structure stays bounded as we deform
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the hypersymplectic structures. In [FHY25] the authors prove Donaldson’s conjecture ex-
plicitly on T3 × T4, under the assumption that the hypersymplectic structure on T4 is
T3-invariant for some T3 ⊂ T4.

This thesis comprises of a few results involving hypersymplectic structures and the hy-
persymplectic flow. In the first part of this thesis we construct a coclosed G2 structure on
T3 × X4 where X4 is compact and hypersymplectic. Following analogously the ideas of
Fine and Yao, we show this G2 structure is invariant under T3. We evolve this G2 structure
under the G2 Laplacian coflow and find that its solutions remain T3 invariant as long as
the flow exists. Furthermore, we find that for this particular ansatz the Laplacian coflow
descends to a flow of the hypersymplectic structure on X4, which is the same flow that
Fine-Yao discovered known as the hypersymplectic flow.

The main content of this thesis concerns solitons of the hypersymplectic flow. Solitons
are a triple (λ,X, ω) of a constant λ, a vector field X, and an initial geometric structure
ω that give rise to self similar solutions of a geometric flow. Self similar solutions of a
geometric flow are solutions which evolve by scalings and diffeomorphisms. There is a
one-to-one correspondence between solitons and self similar solutions for geometric flows.
This is shown explicitly for solitons of the hypersymplectic flow in section 4.1. Solitons, or,
equivalently, self similar solutions, can be categorized into three types: shrinking, steady or
expanding, depending on the sign of the constant λ. There has been a lot of work done on
solitons of the Ricci flow and flows of G2 structures such as the Laplacian flow and coflow,
and the isometric flow, see [KMT12], [IK24], [Ive94], [DW11], [DHW11]. This is due to the
interesting properties of Ricci solitons, for example when the soliton vector field vanishes
Ricci solitons correspond to Einstein metrics, see [CK04]. Solitons of the Ricci flow are
regarded as generalized fixed points of the Ricci flow and often arise as limits of dilations
around singularities of the flow, see [CK04]. These properties about Ricci flow solitons are
what incentivize researchers to look for solitons of other geometric flows. However, even
though a lot of work has been done regarding solitons of other geometric flows the same
relation between solitons and singularities is not yet confirmed but is suspected.

In chapter 1 we begin by introducing some background needed in order to explain the
results in the later chapters. In section 1.2 we explain the necessary geometric structures
to understand the problems. We introduce a positive triple of 2-forms on a 4-manifold,
which we use to define a hypersymplectic structure and show how this gives rise to a Rie-
mannian metric. In section 1.3 we explain the notion of a cohomogeneity one manifold and
the particular cohomogeneity one action we use in this thesis. In section 1.4 we discuss the
G2 structure defined by Fine and Yao in [FY18]. We also show how the hypersymplectic
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flow descends from the G2 Laplacian flow and thus inherits the properties of short time
existence and uniqueness. In this section we also explain a bit about the Laplacian coflow.
In chapter 2 we explain how given a hypersymplectic triple we can either define a closed
G2 structure or a coclosed G2 structure. We construct a coclosed G2 structure on T3×X4

where X4 is compact. We find that this G2 structure is invariant under T3. We flow this
under the G2 Laplacian coflow and find that it descends to the same flow of hypersymplectic
structures found by Fine and Yao in [FY18]. In chapter 3 we introduce a particular coho-
mogeneity one hypersymplectic structure on R4 \ {0}. We compute the metric and both
the Riemann and Ricci curvature tensors. In section 3.6 we verify a particular occurrence
of when the hypersymplectic structure can be transformed to a hyperkähler structure. In
chapter 4 we introduce the notion of a soliton for the hypersymplectic flow. In section
4.1 we derive the general soliton formula for the hypersymplectic flow. This formula gives
rise to a triple of equations coming from each of the symplectic forms in the triple. In
sections 4.2 and 4.3 we analyze the three soliton equations and solve for the soliton vector
field coefficients. This leads us to two differential equations for which we know there exist
solutions. Under some assumptions we can write down explicit solutions but in general the
equations cannot be solved explicitly. In section 4.4 we discuss some particular solutions
of the soliton equations which can be written down explicitly. We find that steady solitons
correspond to a hypersymplectic triple that can be transformed to a hyperkähler triple. In
chapter 5, we discuss future ideas along this line of research.

1.1 Notations and conventions

In this section we give a brief explanations of the notation and conventions that are
used regularly throughout this thesis.

• The Einstein convention of a double repeated index is used to mean the sum over
the possible values of that index. For example, for a function Pi and a 2-form ωi,

Piωi =
3∑
i=1

Piωi.

• A multi-index in an exponent is used to mean the wedge product. For example, given
three 1-form ei, ej, ek,

eijk = ei ∧ ej ∧ ek.
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• Let dtj be 1-forms on T3. The notation d̂tj is used to express the 2-form on T3 that
omits dtj. That is

d̂tj = dti ∧ dtk

where i, j, k are cyclically permuted i→ j → k.

It will be made apparent in this thesis when these notations and conventions are used.

1.2 Geometric structures

In this section we explain the different structures needed to understand Donaldson’s
conjecture and the results of this thesis. Namely SU(2) structures, hypersymplectic struc-
tures, and hyperkähler structures. For this section we let X4 be any oriented manifold of
dimension four. We fix a volume form µ on X4. The first structure we introduce is called a
positive triple, this is the scaffolding necessary for understanding our definitions of SU(2),
hypersymplectic, and hyperkähler structures.

Definition 1.2.1. Let X4 be an oriented manifold of dimension four, let µ be a non-
vanishing top form on X4. Let ω = (ω1, ω2, ω3) be a triple of 2-forms on X4. Let Q be the
symmetric 3× 3 matrix valued function such that

ωi ∧ ωj = 2Qijµ. (1.1)

We say the triple ω is a positive triple if Q is positive definite at all points.

Remark 1.2.2. When Q is positive definite, the 2-forms ωi are non-degenerate as

ω2
i = 2Qiiµ ̸= 0

which is non-vanishing since Qii > 0 by positive definiteness.

We also note that the matrix Q depends on ω but also on µ. One can see that as µ changes,
Q also changes. There is a particular choice of volume form µ so that det(Q) = 1, this
detail is explained in lemma 1.2.4. This is the volume form that is chosen in [FY18] and
the one we use in section 4 when we look for solitons of the hypersymplectic flow. For
now we do not make that assumption, we simply state it so that the reader is aware. It
will be made apparent later in the thesis when we do decide to use this particular form.
Furthermore, the positive triple ω gives rise to a Riemannian metric gω defined by

gω(u, v)µω =
1

6
ϵijk (u ⌟ ωi) ∧ (v ⌟ ωj) ∧ ωk. (1.2)
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It is important to note that µω is the Riemannian volume form of gω and is different from
our reference form µ on X4. However µω can be expressed in terms of Q and µ, as we show
in the following lemma. We want to make clear that Q scales depending on µ but µω is
always expressed in the same way as in lemma 1.2.4. Furthermore, it is not obvious that
(1.2) gives a Riemannian metric, this is due to the positive definiteness of Q, We refer the
reader to [FY18] and [FY19] for more details regarding this metric construction.

Remark 1.2.3. Each ωi in the positive triple is self-dual with respect to the metric and
orientation given in (1.2) [FY18].

Lemma 1.2.4. Let ω be a positive triple on X4. Let µ be the reference volume form for ω

as in definition 1.2.1. Let gω ⊗ µω be defined as in (1.2). Then µω = (det(Q))
1
3 µ.

Proof. To begin we emphasize that we are doing these computations at some fixed point
in X4 as this result and proof is entirely linear algebra. Let ω be a positive triple. Let
µ and Q be such that 2Qijµ = ωi ∧ ωj. Since Q is a symmetric matrix, there exists an
invertible 3× 3 matrix P such that if θ1, θ2, θ3 are defined by

θi = Pilωl then θi ∧ θj = 2δijµ.

We note that θ = (θ1, θ2, θ3) is still a positive triple whose matrix Qθ = I3×3. When we
expand the expression for the wedge product above, we obtain

Pikωk ∧ Pjlωl = PikPjlωk ∧ ωl = PikPjl2Qklµ,

=⇒ PikQklPjl = δij.

This tells us that PQP T = I3×3. Let M = P−1. By taking the determinant of the
expression above, we have

det(P ) det(Q) det(P ) = 1 and hence det(Q) = (det(M))2.

Since we let M = P−1, we can say that ωi = Milθl. Now let gθ be the metric coming
from the triple θ defined as in (1.2). One can show that there locally exists a coframe
e0, e1, e2, e3 that is orthonormal with respect to gθ so that θi = e0 ∧ ei + 1

2
ϵijke

j ∧ ek and
µ = e0 ∧ e1 ∧ e2 ∧ e3. Let ei be the dual frame to ei. We use the formula for the metric
(1.2) to say

1

6
ϵijk (ea ⌟ θi) ∧ (eb ⌟ θj) ∧ θk = δabµ. (1.3)

We know that given a basis, µω =
√
det(gω)µ where gω is the metric determined by the

triple ω. We wish to determine
√

det(gω). To do this we know that gω can be expressed
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as a 4× 4 matrix, thus if we let R be a 4× 4 matrix such that Rabµ = gω(ea, eb)µω and use
lemma A.2.1 and (1.3) then

Rabµ = gω(ea, eb)µω =
1

6
ϵijk (ea ⌟ ωi) ∧ (eb ⌟ ωj) ∧ ωk

=
1

6
ϵijkMipMjqMkl (ea ⌟ θp) ∧ (eb ⌟ θq) ∧ θl

=
1

6
det(M)ϵpql (ea ⌟ θp) ∧ (eb ⌟ θq) ∧ θl

= det(M)δabµ.

The above computation determines that R = det(M)I4×4. We use this computation and
the fact that µω =

√
det(gω)µ to obtain

R = gω

√
det(gω) = det(M)I4×4. (1.4)

We apply the determinant to (1.4) to obtain

det

(
gω

√
det(gω)

)
= det(det(M)I4×4)

det(gω)
3 = det(M)4

det(gω)
3 = det(Q)2 since det(Q) = det(M)2√

det(gω) = det(Q)
1
3 .

We substitute this last equation back into the formula for µω in terms of µ and obtain our

desired result µω = (det(Q))
1
3 µ.

This lemma tells us that when det(Q) = 1 the volume form µω is equal to the reference
volume form µ. In particular, it tells us how to choose µ so that the determinant of Q
is always 1. If we first construct µω using the formula for the metric (1.2) and choose
µ = µω this ensures that det(Q) = 1. This is important in particular because as we flow
our geometric structures in time µω, ω, and Q will depend on time but the determinant of
Q at any fixed point in time will always be 1.

The relation (1.1) and the Riemannian metric (1.2) give us three potential structures on
X4. The first happens when Q is the identity matrix. In this case the triple ω forms an
SU(2) structure [FSE25]. The second is a hypersymplectic structure, this is the case where
the forms ωi are symplectic, meaning they are closed, that is dωi = 0. In this case Q need
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not necessarily be the identity matrix [FY18]. The last is a hyperkähler structure. In this
case the triple forms an SU(2) structure and a hypersymplectic structure, meaning the
forms ω are symplectic (i.e. closed) and the matrix Q is the identity [FHY25], [Don17].
We give the full definition of hypersymplectic and hyperkähler below.

Definition 1.2.5. Let (M, g) be a Riemannian manifold equipped with three complex struc-
tures I, J,K : TM → TM such that

I2 = J2 = K2 = IJK = −1.

If I, J,K are parallel then (M, g, I, J,K) is a hyperkähler manifold. Furthermore, we com-
pute ωi(x, y) = −g(x, Jy) for the Kähler forms. There is one for each complex structure
I, J,K. These 2-forms are closed and non-degenerate.

Remark 1.2.6. When a positive triple ω is hyperkähler, where the forms ωi are given as
in the definition above, the matrix Q that comes from the positive triple is the identity. We
show this below.

To verify the remark made above, let M be a 4-dimensional hyperkähler manifold. Let
e0, e1, e2, e3 be orthonormal basis with respect to g as in definition 1.2.5, let ei for i =
0, 1, 2, 3 be its dual, and let µ = e0123. Let Ji be the three complex parallel structures on
M so that ωi(x, y) = −g(x, Jiy) and Ji(e0) = ei, then we have the following relations:

ωi(e0, ei) = −g(e0, Ji(ei)) = 1,

ωi(e0, ej) = −g(e0, Ji(ej)) = −g(e0, ek) = 0,

ωi(ej, ei) = −g(ej, Ji(ei)) = g(ej, e0) = 0,

ωi(ej, ek) = −g(ej, Ji(ek)) = g(ej, ej) = 1.

This allows us to say that in this basis ωi = e0∧ei+ej∧ek. It is then easy to see that when
the triple is written in this form the relation ωi∧ωj = 2δijµ is satisfied. Since Q = I3×3 and
det(Q) = 1 we have µ = µω. Furthermore, one can show that gω is indeed the hyperkahler
g from definition 1.2.5.

The holonomy of a hyperkähler structure is contained in Sp(n) and therefore are manifolds
with special holonomy according to Berger’s holonomy list; see [Dan99], [BB82], [Joy03].
One important property of hyperkähler metrics is that they are Ricci flat. Some examples
of compact hyperkähler manifolds are T4 and K3 surfaces, see [Dan99].

Remark 1.2.7. When the 2-forms ωi are all closed, the complex structures they define are
integrable, see [Hit92], [Dan99]. Since the intrinsic torsion of an SU(2) structure vanishes
if and only if each 2-form ωi is closed, see [FSE25], one can think of a hyperkähler structure
in dimension 4 as a torsion free SU(2) structure.
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Definition 1.2.8. Let X4 be a 4 dimensional oriented smooth manifold. A hypersymplectic
structure on X4 is a positive triple of symplectic forms ω = (ω1, ω2, ω3).

We can always take a hypersymplectic triple ω and diagonalize so that Q = I3×3. This
gives us a SU(2) structure at the cost of the closed-ness of the triple. When the matrix Q
coming from the hypersymplectic triple is constant, we can apply a linear transformation
to our triple ω so that it is now a triple ω̃ for which Q is now the identity matrix, and ω̃ is
closed thus hyperkähler. Then ω induces the same metric as ω̃ up to a constant factor. We
show this explicitly now. Let ω be a hypersymplectic triple where Q given as in definition
1.2.8 is constant. Then there exists some constant matrix A that diagonalizes Q, meaning
we can define another triple ω̃ by ω̃i = Aikωk where ω̃i ∧ ω̃j = 2δijµ. Since A is constant
the triple ω̃ is still closed since

dω̃i = dAik ∧ ωk + Aikdωk = 0.

Furthermore, let the Riemannian metric as defined in (1.2) derived using the triple ω̃ be
gω̃ and let the metric defined using ω be denoted by gω. Then the metrics are constant
multiples of one another:

gω̃ = det(A)gω. (1.5)

This computation can be easily seen from some of the computations done in the proof of
lemma 1.2.4. Since A is a constant matrix, det(A) is also constant. Therefore the metric
gω is still Ricci-flat. We conclude that when Q is constant for a hypersymplectic triple
we are able transform to a hyperkähler triple whose metric is equivalent up to a constant
factor.

The last thing we should point out in this section is the two equivalent definitions of hy-
persymplectic. In [FY18], the authors offer two definitions of a hypersymplectic structure.
The first is the definition we provided in 1.2.8. They also define a hypersymplectic struc-
ture as a triple of symplectic forms ω wherein any (non-zero) linear combination of the
forms is again a symplectic form. We state it explicitly below and then we show that the
definitions are indeed equivalent.

Definition 1.2.9. Let X4 be an 4-dimensional manifold. Let ω = (ω1, ω2, ω3) be a triple
of symplectic forms. We say that ω is a hypersymplectic structure if for any (a1, a2, a3) ∈
R3 \ {0}, a1ω1 + a2ω2 + a3ω3 is again a symplectic form.

Let us show that definitions 1.2.8 and 1.2.9 are equivalent. Let a⃗ = (a1, a2, a3) be a non-
zero vector in R3 and let ωa⃗ = a1ω1 + a2ω2 + a3ω3. Let µ be the reference volume form
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such that ωi ∧ ωj = 2Qijµ. We know Q is symmetric but we claim that Q being definite is
equivalent to ωa⃗ being non-degenerate. To see this, note that

ω2
a⃗ = (aiωi) ∧ (ajωj) = 2aiajQijµ.

We observe that ωa⃗ is non-degenerate for all non-zero a⃗ if and only if Q(⃗a, a⃗) ̸= 0 for
non-zero a⃗. We claim that given any non-zero a⃗ = (a1, a2, a3), ωa⃗ all induce the same
orientation. We can think of ω2

a⃗ as
ω2
a⃗ = f (⃗a)µ

where f : R3\{0} → R is some non-vanishing smooth function. Since R3\{0} is connected
and f is non-vanishing, f must be either positive everywhere or negative everywhere. Ther-
fore any non-zero linear combination of ω induces the same orientation on the 4-manifold.
Thus requiring Q to be positive definite gives a choice of orientation. Furthermore, it is
easy to see that each ωi is closed if and only if ωa⃗ is closed for all non-zero a⃗. This allows
us to conclude that the two definitions of hypersymplectic are indeed equivalent.

Now we will introduce some background on G2 geometry. We refer the reader to the
following sources for more details: [Kar25], [Kar20], [Joy00], [Sal17], [BS89]. Let O be the
octonions. They are an exceptional division algebra, and we can identify Im(O) ∼= R7.
Using octonionic multiplication we can define a cross product on R7 in the following way:

a× b = Im(ab) a, b ∈ Im(O). (1.6)

This is a bilinear map on R7 and we call it a vector cross product in the same way we
do for the cross product on R3 which arose as the imaginary projection of quaternionic
multiplication on R4, as R3 ∼= Im (H). Furthermore, let ⟨·, ·⟩ be the standard Euclidean
inner product on R7 and let [a, b] = ab − ba, a, b ∈ Im(O) be the commutator. Then we
can define a 3-form on R7 ∼= Im(O) by

φ(a, b, c) =
1

2
⟨[a, b], c⟩ = ⟨a× b, c⟩ a, b, c ∈ Im(O). (1.7)

We use this to create a standard G2 structure on R7. Let g0 be the standard Euclidean
metric on R7 such that the standard dual basis e1, ..., e7 is orthornormal and the standard
volume form is µ0 = e1 ∧ e2 ∧ e3 ∧ e4 ∧ e5 ∧ e6 ∧ e7. Then the metric g0 and the volume
form µ0 give rise to a Hodge star operator ∗0 and in turn a 4-form ψ0 = ∗0φ on R7. Using
octonionic multiplication and (1.7) one can show that in this standard basis

φ0 = e123 − e167 − e527 − e563 + e415 + e426 + e437 (1.8)
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where eijk = ei ∧ ej ∧ ek. We can describe ψ0 in this basis as well but we omit that and
refer the reader to [Kar20]. Note that with respect to the Euclidean metric g0 we know
the following

∥ψ0∥2 = ∥φ0∥2 = 7,

φ0 ∧ ψ0 = 7µ0.

Therefore a G2 structure on R7 is given by the package (φ0, ψ0, g0, µ0,×0) where ×0 is the
vector cross product we defined in (1.6). We note that ×0 and ψ0 are derived from g0, µ0

and φ0. Furthermore the metric g0, the volume form µ0 and the 3-form φ0 are connected
in the following way

g0(a, b)µ0 =
1

6
(a ⌟ φ0) ∧ (b ⌟ φ0) ∧ φ0. (1.9)

Thus the 3-form φ0 can be used to extract the metric and the volume form. As a result
the G2 structure on R7 need only be given by φ0. We can think of the group G2 as being
the subgroup of GL(7,R) that preserves the 3-form φ0. It follows that G2 is a simply
connected, compact, Lie subgroup of SO(7). Understanding the G2 structure on R7 is
imperative to the construction of general G2 manifolds.

Let M7 be a smooth orientable 7-manifold. We say M7 has a G2 structure given by a
3-form φ if at every point p there exists a linear isomorphism F : R7 → TpM such that the
pullback of φ under F is the G2 structure φ0 on R7 given in (1.8), F ∗φ = φ0 ∈

∧3 (R7)
∗

for φ ∈
∧3 (T ∗

pM
)
. Given a G2 structure φ, we obtain a Riemannian metric gφ on M7 in

the following way

gφ(a, b)µφ =
1

6
(a ⌟ φ) ∧ (b ⌟ φ) ∧ φ, (1.10)

from (1.10) one can obtain gφ and µφ. This in turn defines a Hodge star operator ∗φ and
the 4-form ψ = ∗φφ on M7. We also point out that G2 manifolds are included in Berger’s
list of manifolds with special holonomy, that is manifolds whose holonomy is a subgroup
of SO(n) [Ber55]. There is only one such kind of manifold for dimension 7 and they are
G2 manifolds, we call them manifolds with exceptional holonomy since they are unique
to dimension 7. We also want to mention that the G2 structure on M7 can be described
using either the 3-form φ or the 4-form ψ, the difference being that when using the 4-form
one needs to first choose an orientation in comparison to the 3-form which gives rise to an
orientation. Using the 4-form we can still describe the Riemannian metric and the Hodge
star, however currently there is no available literature explicitly stating how one might
compute the metric given only the 4-form. A G2 structure is called closed if dφ = 0 or
co-closed if dψ = 0.
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Furthermore, since φ defines a Riemannian metric, it in turn gives a Levi-Cevita con-
nection ∇. We say that the G2 structure φ is torsion free if φ is parallel with respect to
the Levi-Cevita connection, ∇φ = 0. One can show that the torsion T of a G2 structure
is an endomorphism of the tangent bundle characterized by

∇Xφ = T (X) ⌟ ψ, (1.11)

for more details on this definition we refer the reader to [Kar20]. This T is called the full
torsion tensor of the G2 structure φ. We can easily see from (1.11) that ∇φ = 0 if and
only if T = 0. It is a result of Fernandez and Gray in [FG82] that a G2 structure φ is
torsion free if and only if it is closed and co-closed. Much work has been done on trying
to find such manifolds [JK21], [Joy96], [Kov03], [CHNP15], and we refer the reader to the
survey articles [Kov20], [Kar20] for more details and sources. Discussion of torsion free
G2 structures is how the field of G2 geometric flows arose, by starting with some weaker
assumptions than vanishing torsion (closed or co-closed) and seeing if one might be able
to flow the geometric structure φ in time to a torsion free structure.

1.3 Cohomogeneity one manifolds

In this section we give a brief introduction to cohomogeneity one manifolds. Such mani-
folds play a special role in Riemannian geometry. They are used to create specific examples
of interesting metrics. For more details see the following sources [DW98], [DW11] [AS21],
[CS02], [GZ02], [Hoe10], [Zil09]. Much work has been done on studying cohomogeneity one
manifolds with certain curvature restrictions. For example, any cohomogeneity one man-
ifold admits a complete metric with nonnegative Ricci curvature, [GZ02]. Furthermore
a compact cohomogeneity one manifold admits a metric with positive Ricci curvature if
and only if its fundamental group is finite [GZ02]. In [Hoe10] a classification of compact,
simply connected cohomogeneity one manifolds in dimensions 5, 6, and 7 is given. With
some exceptions, all such manifolds admit metrics with nonnegative sectional curvature.
Cohomogeneity one manifolds have also been used to create examples of manifolds with
special holonomy. In [CS02] examples of cohomogeneity one G2 manifolds are studied, in
particular the metrics are Einstein of positive sectional curvature.

Definition 1.3.1. A cohomogeneity one manifold is a connected Riemannian manifold
(M, g) with a smooth action α : G ×M → M of a compact, connected, Lie group G by
isometries such that the generic orbits of the action have co-dimension one.
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Since G is connected the action of α is proper [AS21], meaning the pre-image of every
compact set is compact. Let π :M →M/G be the map that takesM to the cohomogeneity
one space M/G. Bérard-Bergery [BB82] says this is homeomorphic to S1 or an interval.
This is decided by whether the space M/G is simply connected or not. One particularly
obvious reason for using cohomogeneity one manifolds when studying geometric flows is
that it significantly reduces the amount of computations. This is because the geometric
structure on M is assumed to be invariant under the group G so it will only depend
on a single variable. This in turn transforms many partial differential equations into
ordinary differential equations by reducing the spacial dimensions in the computations to
1 dimension. In this thesis we work in dimension 4, and inducing a cohomogeneity one
action reduces our computations to a single variable, thus the partial differential equations
that arise from computing solitons of the hypersymplectic flow become ordinary differential
equations. This makes cohomogeneity one manifolds good spaces on which to study certain
geometric flows. For more references on geometric flows on manifolds with special holonomy
see [DGK25], [LW17], [Bry06], [BX11] [CK04].

For the set up of this thesis we shall let M = R4 and let G = SO(4), where SO(4) acts
on R4 by rotations. The space M/G is homeomorphic to the ray [0,∞). For a ∈ (0,∞),
π−1(a) is a principal orbit and π−1(0) is a singular orbit. The principal or generic orbits
for this action are S3. Let X4 = R4 \ {0} = (0,∞)× S3. This space is not compact, and
this is a key difference between the work done in this thesis and previous work done on
the hypersymplectic flow. We say two points on X4 are equivalent if they lie on the same
copy of S3, meaning their distance from the origin in R4 is the same. This allows us to
reduce the dimension of our problem from 4 to 1. We note that we have removed the point
at the origin, this is due to our choice of frame for TpX

4 that is described in chapter 3,
as a result it is not immediate that any of the results of this thesis extend to the origin.
In chapter 3 we show explicitly how we use the cohomogeneity one action to construct a
hypersymplectic structure on X4 = R4 \ {0}.

1.4 Geometric flows

In this section we introduce the hypersymplectic flow, a geometric flow defined in [FY18].
This is a flow that deforms hypersymplectic structures in time while keeping them in the
same cohomology class. In the compact case, the fixed points of this flow are hyperkähler
structures [FY19]. We explain how this flow descended from the G2-Laplacian flow and
as a result inherits properties of short time existence and uniqueness. For more details
on the G2-Laplacian flow we refer the reader to the following sources: [Bry06], [BX11],
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[LW17], [Kar25]. We also introduce the Laplacian coflow, first defined in [KMT12]. This
flows co-closed G2 structures in time and stops at torsion free G2 structures. Much work
has been done on this flow, see also [Gri20] [Gri13]. On a compact manifold the G2

Laplacian flow has short time existence and uniqueness. When the torsion tensor of the G2

manifold is bounded the flow also has long time existence. It is not known if the Laplacian
coflow has short time existence or uniqueness. However, in [Gri13] a modified Laplacian
coflow was introduced which does have short time existence and uniqueness on a compact
manifold. Furthermore, when the trace of the G2 torsion tensor vanishes and this condition
is preserved by the flow, the coflow and modified coflow agree.

1.4.1 The hypersymplectic flow

Given a hypersymplectic triple ω using (1.2) the triple induces a metric gω and a volume
form µω. The triple then gives a matrix Q defined using µω to ensure that det(Q) = 1.
Using this particular Q, the hypersymplectic flow was first defined in [FY18] as

∂tω = d
(
Qd∗

(
Q−1ω

))
. (1.12)

It arose in an attempt to solve a conjecture of Donaldson. In [Don06] Donaldson conjec-
tured that up to isotopy on a compact manifold, the only example of a hypersymmplectic
structure is a hyperkähler structure. We state the conjecture below and refer the reader
to [FY19] for more details on the conjecture and how it arose in the literature.

Conjecture 1.4.1. (Donaldson’s Conjecture [Don06]) Let M be a compact oriented 4-
manifold. Let ω be a hypersymplectic structure on M . There exists a one-parameter family
of diffeomorphisms Ft : M → M connected to the identity, that take a hypersymplectic
structure ω(0) = ω to a hyperkähler structure ω(1) = F ∗

1ω, so that for 0 ≤ t ≤ 1, ω(t) =
F ∗
t ω remains in the same cohomology class.

In order to attempt to tackle this problem, in [FY18] the authors started by working with
a G2-structure on M

7 = T3 ×X4 where X4 is a compact hypersymplectic manifold. Let ti

be the flat coordinates on T3 and let ω be a hypersymplectic structure on X4. Then define
a 3-form φ on M by

φ = dt123 − dt1 ∧ ω1 − dt2 ∧ ω2 − dt3 ∧ ω3. (1.13)

This form gives a closed G2 structure on M that is invariant under T3 [FY18]. We note
that the G2 structure being closed is dependent on the forms ωi being closed. If the forms
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were not closed a 3-form φ defined as in (1.13) would still give a G2 structure on M it
just would not be closed [FY18]. Therefore we see that φ defines a closed G2-structure
if and only if dωi is closed for each i = 1, 2, 3. This is interesting to point out as one
might think to remove the closed condition effectively creating a flow of positive triples
and attempting to see if that might flow to a hypersymplectic structure (that is flow to
closed G2 structure). Using the particular φ from (1.13), [FY18] computed that the metric
gφ, given in (1.10), is a warped product of the metric on X4 given by the hypersymplectic
structure and the Euclidean metric on T3. It is given as

gφ = Qijdt
i ⊗ dtj + gω, (1.14)

where gω is the metric defined as in (1.2) coming from the hypersymplectic triple ω. We
should point out that in this case the volume form for the positive triple is µω, ensuring that
det(Q) = 1. Otherwise we would see a determinant of Q factor in the metric gφ. One can
see how the G2 structure on M and the hypersymplectic structure on X4 are inextricably
linked together. The Riemannian metric gφ gives rise to the Hodge star operator ∗7. It
is important at this point to mention that while the symplectic forms are self-dual with
respect to the Hodge star ∗4 on X4 coming from the metric gω, they are not self dual with
respect to the Hodge star ∗7 on M . This is evident, as ∗7ωi is a 5-form on M .

One of the most common geometric flows in G2 geometry is the G2-Laplacian flow. This
flow was first introduced in [Bry06] as a flow of closed G2-structures on a fixed cohomology
class [φ] = {φ0 + dη} and is given by

∂φ

∂t
= dd∗φtφ, (1.15)

with initial conditions φ(0) = φ0 and dφ0 = 0. For more details on the construction of
this flow we refer the reader to [Bry06], [BX11] and [Kar25]. This is a flow of the G2

3-form whose fixed points are torsion free G2-structures [Kar25], [LW17]. A torsion free
G2-structure occurs when the 3-form φ is closed and co-closed, that is dφ = d∗φ = 0
[FG82]. In [BX11] it is shown that when the G2 manifold is compact, the flow (1.15) has
short-time existence, uniqueness and remains in the same cohomology class, in particular
this means the solutions of the flow remain closed for their entire existence. Much work has
been done on this flow see, [LW17], [LW19b], [LW19a], [Che18], [BX11], [Bry06], [FR20].
In [FY18] the authors used the G2-Laplacian flow to create a flow of a hypersymplectic
triple. In this case the manifold M = T3 × X4 is compact since X4 is compact and the
G2 form φ (1.13) is closed since the positive triple on X4 is hypersymplectic. The authors
then use the G2-Laplacian flow on this particular φ. This descends to a geometric flow on
just X4, wherein the hypersymplectic structure evolves according to the equation (1.12).
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Let Qij be the entries of Q−1 and we can write the hypersymplectic flow more explicitely
on each form as

∂ωi
∂t

= d
(
Qikd

∗ (Qklωl
))
. (1.16)

This is derived using the G2 Laplacian flow on the closed G2 form (1.13). Before we derive
this flow we note that in [FY18] the authors show that any solution of (1.15) that begins
with initial condition (1.13) remains T3 invariant for as long as it exists. Thus any solution
of the G2-Laplacian flow of the form (1.13) remains of this form along the flow. We derive
the hypersymplectic flow now. The Hodge star computations for the metric (1.14) can be
found in (A.5):

∂tφ = dd∗7φ = −d ∗7 d
(
µω − ∗7

(
dti ∧ ωi

))
= −d ∗7 d

(
µω − ∗3dti ∧ ∗4ωi

)
= −d ∗7 d

(
µω −

(
Qij d̂t

j
)
∧ ωi

)
= −d ∗7

(
d̂t
j
∧ d
(
Qijωi

))
= −d

(
Qjkdt

k ∧ ∗4d
(
Qijωi

))
= −d

(
dtk ∧Qjk ∗4 d

(
Qijωi

))
= dtk ∧ d

(
Qjk ∗4 d

(
Qijωi

))
= −dtk ∧ d

(
Qjkd

∗4
(
Qijωi

))
where d̂t

j
is the 2-form on T3 that does not include dtj, e.g. d̂t

1
= dt2 ∧ dt3. We also

used the fact that ωi is self dual with respect to the metric gω that induces ∗4 and d∗n =
(−1)nk+n+1 ∗n d∗n on k-forms. Now we take the time derivative of the G2 form (1.15)
and note that the angular coordinates ti do not depend on time [FY18]. We obtain the
following

∂tφ = −dtk ∧ ∂tωk.

By equating the above two computations for ∂tφ we obtain the hypersymplectic flow (1.16):

−dtk ∧ ∂tωk = −dtk ∧ d
(
Qjkd

∗4
(
Qijωi

))
∂tωk = d

(
Qjkd

∗4
(
Qijωi

))
.

We note that when Q is constant, ω is a fixed point of the flow. In such cases there exists
a hyperkähler structure whose metric is equivalent (up to some constant) to the hyper-
symplectic metric. The hypersymplectic flow (1.12) descended from the G2-Laplacian flow
therefore one can say that the flows are equivalent in this particular set up. Thus the

15



hypersymplectic flow inherits the properties of short-time existence and uniqueness from
the G2-Laplacian flow. Furthermore, if the initial G2 structure φ0 is closed then under the
flow (1.15), the structure φ(t) remains closed and belongs to the same cohomology class
as φ0 for all time t [BX11], [Kar25]. Thus the same can be said about the hypersymplectic
flow. If ω0 is the initial hypersymplectic structure then as we flow using (1.12) ω(t) remains
closed and cohomologous to ω0 for as long as it exists.

Thus the remaining problem in order to prove Donaldson’s conjecture is to show that
the hypersymplectic flow exists for all time and that in the limit, the structure converges
to a hyperkähler structure. In [FY18] the crux of the paper is to show that under a tech-
nical assumption, solutions of the hypersymplectic flow (1.12) can be extended past some
finite time. However they do not prove that the limit is hyperkähler. The assumption the
authors make is that the scalar curvature of the G2 structure remains uniformly bounded
along the flow. On a closed G2 manifold the norm of the torsion tensor is equal to the
negative scalar curvature [LW17]. Thus the main result of [FY18] shows that if the norm
of the torsion is bounded then the flow can be extended past a finite time. To achieve
this, they use a proof by contradiction. They use a result by Lotay-Wei from [LW17] to
do some parabolic rescaling and a generalization of Perelman’s κ-non-collapsing theorem
by Gao Chen to show the flow is uniformly non collapsed in finite time. This allows them
to take the limit. In the limiting hypersymplectic structure ω∞, they show the matrix Q∞

is constant and thus can be transformed to some hyperkähler structure. They then show
that the limiting structure is asymptotically locally Euclidean (ALE) and non-compact,
giving Euclidean volume growth in the limit. However, a result by Kronheimer classified
all hyperkähler 4-manifolds with Euclidean volume growth, and in particular this means
the limit would contain a 2-sphere which is holomorphic for one of its hyperkähler struc-
tures. This gives a contradiction. In [FY19], the authors prove that when X4 is compact
the fixed points of the flow are hypersymplectic structures whose matrix Q is constant.
In [FHY25] it is shown in the case of T3 × T4 where ω is a T3 invariant hypersymplectic
structure on T4 for T3 ⊂ T4, the norm of the torsion of the G2 structure on T7 is always
bounded. Then as a result of their earlier paper [FY18], in this specific case, solutions of
the hypersymplectic flow can be extended past some finite time. In [FHY25] the authors
also manage to show that the limiting structure is hyperkähler, thus proving Donaldon’s
conjecture explicitly in this case. These papers are very analytical and complicated and
we refer the reader to [FY18], [FY19] and [FHY25] for more details. Presently [FY18] and
[FHY25] are the only known convergence results for the hypersymplectic flow.
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1.4.2 The Laplacian coflow

One can define a G2-structure and its corresponding Riemannian metric using a 4-form ψ
(up to a choice of orientation). So instead of flowing the 3-form φ in time, one might choose
to flow the 4-form in time, thus creating a different type of G2 geometric flow. Using this
idea, the Laplacian coflow was first introduced in [KMT12]. This flow is given by

∂ψ

∂t
= dd∗ψ (1.17)

on the cohomology class [ψ] = {ψ0 + dη} with initial conditions ψ(0) = ψ0 and dψ0 = 0.
This flow shares some properties with the Laplacian flow. In particular the solutions
stay co-closed and remain in the same cohomology class for their entire existence [Gri13],
[Gri20]. However the main difference between the flows is that it is still not known if the
Laplacian coflow has short time existence. In [BX11], the Laplacian flow starting from
closed G2 structures is weakly parabolic in the direction of closed 3-forms and thus an
application of DeTurk’s trick transforms this flow to a strictly parabolic flow which then
has short-time existence. However the same cannot be done for the Laplacian coflow.
This flow is not weakly parabolic in the direction of closed 4-forms and thus cannot be
shown to be equivalent to some parabolic flow [Gri20]. In the hopes of finding co-closed
G2-structures that can be deformed to torsion-free G2 structures, Grigorian introduced the
modified Laplacian coflow in [Gri13]. This flow is given by

∂ψ

∂t
= dd∗ψ + 2d ((A− TrTψ) ∗ψ ψ) (1.18)

where TrTψ is the trace of the full torsion tensor Tψ of the G2-structure defined by ψ and
A is a fixed constant. We note that we can pick A = 0 and this is exactly what we do
in chapter 2. It can be seen that when A = 0 and TrTψ = 0 the coflow and modified
coflow agree. In [Gri13], when starting from a co-closed G2-structure the author shows
that the modified coflow (2.7) is weakly parabolic in the direction of closed forms and
hence an application of DeTurk’s trick can be used to show that the flow has short time
existence. The author also uses the Nash-Moser inverse function theorem to show that the
modified coflow also has uniqueness. These are the same techniques used by Bryant-Xu
for the Laplacian flow in [BX11]. We summarize this to say that the following initial value
problem

∂ψ

∂t
= dd∗ψ + 2d ((A− TrTψ) ∗ψ ψ)

ψ(0) = ψ0

dψ0 = 0

(1.19)
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on the space {ψ0 + dη} has short-time existence and uniqueness. By construction any
solution ψ(t) remains in the same cohomology class [ψ0] for as long as it exists, and thus
any solution stays co-closed for all time [Gri13].

18



Chapter 2

Laplacian coflow

In the first chapter we introduced a positive triple ω. In this chapter we begin by intro-
ducing a dual positive triple. Using a closed positive triple (a hypersymplectic structure)
we can construct either a closed G2 structure or a coclosed G2 structure. Whichever one
we choose to construct, the dual triple will show up in the other form. If we make the
assumptions that the dual triple is also closed then we obtain a torsion free G2 structure.
In [FY18], the authors used a hypersymplectic triple to define a 3-form φ that gave a closed
G2 structure on T3×X4. We follow this analogy and construct a coclosed G2 structure on
T3 ×X4 by defining a 4-form using a hypersymplectic triple in a similar manner to Fine-
Yao in [FY18] and the dual to this triple will show up in the construction of the 3-form.
We find that this G2 structure is invariant under T3. Then we run the G2-Laplacian coflow
that is defined in [Gri20] on our 4-form. In our particular setting the Laplacian coflow
and modified coflow agree. We confirm that solutions to this flow are also invariant under
T3. We find that it descends to a flow on X4 of the dual hypersymplectic triple which is
precisely the hypersymplectic flow defined in [FY18].

2.1 Dual positive triple

Given some positive triple ω as in definition 1.2.1 we can define a dual positive triple.
If Q is the symmetric positive definite matrix that defines the positive triple ω, then its
inverse matrix Q−1 is also symmetric and positive definite. We use this to define a new
positive triple σ called a dual positive triple.

Lemma 2.1.1. Let X4 be an oriented manifold of dimension four, let ω = (ω1, ω2, ω3) be
a positive triple on X4. Let Q be the matrix determined by ω and the volume form µω so
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that det(Q) = 1, as in lemma 1.2.4. Then σ = (σ1, σ2, σ3) given by

σi =
(
Q−1

)
ik
ωk = Qikωk (2.1)

is another a positive triple on X4.

Proof. We remark that since Q is symmetric and positive definite, so is Q−1. Thus if
ωi ∧ ωj = 2Qijµω then the triple σ given as in (2.1) satisfies

σi ∧ σj =
(
Qikωk

)
∧
(
Qjlωl

)
= QikQjlωk ∧ ωl
= 2QikQjlQklµω

= 2Qikδjkµω

= 2Qijµω.

(2.2)

Since Q−1 is positive definite this along side the computation (2.2) confirms that the triple
σ given as in (2.1) defines a positive triple on X4.

Remark 2.1.2. We call the positive triple (2.1) the dual positive triple to ω.

If we require the 2-forms σi to be closed, then the triple σi is a hypersymplectic triple. It
is important to note that if the positive triple ω is closed it is not necessarily true that the
dual triple σ is also closed. Furthermore we note that the computation (2.2), alongside the
way we have chosen µω so that det(Q) = 1 tells us that µω = µσ.

In [FY18] the authors use a hypersymplectic triple ω on X4 to define a G2 form φ on
T3 ×X4 that is closed. This form induces the following metric

gφ = Qijdt
idtj + gω (2.3)

where gω is the metric on X4 as in (1.2), Q is the matrix from the triple ω and µω and
ti for i = 1, 2, 3 are the coordinates on T3. We now show that if we use the dual positive
triple, the metric we obtain via (1.2) is the same. Let ω be a positive triple and let σ be
the dual triple defined as in (2.1). Using the formula for the metric (1.2) we obtain

gσ(u, v)µσ =
1

6
ϵijk (u ⌟ σi) ∧ (v ⌟ σj) ∧ σk

=
1

6
ϵijk
(
u ⌟Qimωm

)
∧
(
v ⌟Qjnωn

)
∧Qklωl

=
1

6
ϵijkQ

imQjnQkl (u ⌟ ωm) ∧ (v ⌟ ωn) ∧ ωl

=
1

6
det
(
Q−1

)
ϵmnl (u ⌟ ωm) ∧ (v ⌟ ωn) ∧ ωl

= gω(u, v)µω
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where the last line uses the fact that we defined Q using the volume form µω so that
det(Q) = 1. We will use a similar analogy to [FY18] but instead we define the G2 4-form
ψ using the dual hypersymplectic structure. Let ω be a positive triple with matrix Q and
let σ be its dual positive triple. Suppose that dσ = 0. Then we can define a closed 4-form
ψ on T3 ×X4 as follows

ψ = µσ − dt12 ∧ σ3 − dt31 ∧ σ2 − dt23 ∧ σ1. (2.4)

We claim that this defines a co-closed G2 structure on T3 × X4 where gψ = gφ where gφ
is as in (2.3). The way to see this is that using the Hodge star ∗7 coming from the metric
gφ, we compute ∗7ψ and obtain the precise 3-form φ defined in [FY18] which induces the
metric gφ. Since every G2 4-form induces a unique metric we obtain that gφ = gψ. To this
end, the closed 4-form in (2.4) gives a co-closed G2 structure on X

4. Let us show that ∗7ψ
is indeed φ = dt123 − dti ∧ ωi. We compute

φ = ∗7ψ = dt123 − ∗3dt12 ∧ σ3 − ∗3dt31 ∧ σ2 − ∗3dt23 ∧ σ1
= dt123 −

(
Q3kdt

k
)
∧ σ3 −

(
Q2kdt

k
)
∧ σ2 −

(
Q1kdt

k
)
∧ σ1

= dt123 −
(
Q3kdt

k
)
∧
(
Q3iωi

)
−
(
Q2kdt

k
)
∧
(
Q2iωi

)
−
(
Q1kdt

k
)
∧
(
Q1iωi

)
= dt123 − dti ∧ ωi.

We reiterate that dω = 0 gives a closed G2 structure and dσ = 0 gives a co-closed G2

structure. However if both the positive triple ω and its dual positive triple σ are closed
(both are hypersymplectic) then the G2 structure they induce is both closed and co-closed
and therefore torsion free.

2.2 The hypersymplectic flow from the Laplacian coflow

In the previous section we defined a co-closed G2 structure on T3 ×X4 coming from a
hypersymplectic structure in an analogous way to what was done [FY18]. In this section
we compute the flow of the 4-form ψ from (2.4) under the modified Laplacian coflow from
[Gri13]. To begin we note that in this section X4 is compact. We first show that the G2

structure given by ψ as in (2.4) and φ as in (1.13) the Laplacian coflow and modified coflow
agree. Let us recall the forms

φ = dt123 − dt1 ∧ ω1 − dt2 ∧ ω2 − dt3 ∧ ω3,

ψ = µσ − dt12 ∧ σ3 − dt31 ∧ σ2 − dt23 ∧ σ1,
(2.5)
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where ω is a positive triple with dual triple σ with the further imposition that dσ = 0 giving
a co-closed G2 structure as was defined in the previous section. The Laplacian coflow for
coclosed G2 structures is given by

∂ψ

∂t
= dd∗7ψ = d ∗7 d ∗7 ψ (2.6)

where d∗n = (−1)nk+n+1 ∗n d∗n on k-forms over a manifold of dimension n. Recall the
modified Laplacian coflow for coclosed G2 structures is given by

∂ψ

∂t
= dd∗ψ + 2d ((A− TrTψ) ∗ψ ψ) (2.7)

where A is a choice of constant and T is the full torsion tensor of the G2 structure. Before
we can compute how the hypersymplectic triple σ flows under this flow we first need to
show that solutions to this flow remain T3 invariant for all time.

Theorem 2.2.1. Let ψ(t) be a solution of the modified Laplacian coflow (2.7) on T3×X4

with initial condition ψ0 given by

ψ0 = µσ −
1

2
ϵijkdt

jk ∧ σi (2.8)

where σ is hypersymplectic structure. Then ψ(t) is T3 invariant for as long as it exists.
Moreover, ψ(t) remains of the form (2.5) for as long as it exists.

Proof. Let ψ0 be as in (2.8). We want to show that if ψ0 is T3 invariant than so is any
solution of the modified Laplacian coflow with this initial condition. Let F be any diffeo-
morphism and given that ψ does not give an orientation we fix the standard orientation
on T3 ×X4. Let ψt be a solution for the modified coflow with initial condition ψ0. Then
if F is orientation preserving we fix the same orientation on T3 × X4 for F ∗ψt and if F
is orientation reversing we choose the opposite orientation for F ∗ψt, this ensures in the
computation we below that the pullback of F commutes with the hodge star ∗ψt , that is
∗F ∗

ψt
(F ∗α) = F ∗(∗ψtα) for a k-form α on T3 ×X4. Then we compute:

∂

∂t
F ∗ψt = F ∗

(
∂

∂t
ψt

)
= F ∗ (dd∗ψtψt + 2d ((A− TrTψt) ∗ψt ψt))
= dd∗F∗ψtF ∗ψt + 2d ((A− TrTF ∗ψt) ∗F ∗ψt F

∗ψt) .

(2.9)

This means that ψt and F
∗ψt both solve the modified coflow with the same initial condition

ψ0 and therefore by uniqueness of solutions of the flow we obtain F ∗ψt = ψt for all t. Thus
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ψt is T3-invariant for all time t for which it exists. Next we claim that any solution ψ(t)
of the modified coflow has the form

ψ(t) = µσ(0)−
1

2
ϵijkdt

jk ∧ σi(t) (2.10)

where µσ(0) is the volume form that depends on the initial coclosed G2 structure coming
from the hypersymplectic triple σ. To see this we let ψ(t) be a solution of the modified
coflow with initial condition ψ0. We can write ψ(t) as general as possible as

ψ(t) = λ(t)µσ(0) + dti ∧ Ai(t) +
1

2
ϵijkdt

ij ∧Bk(t) + dt123 ∧ C(t) (2.11)

where λ(t) ∈ C∞(X4), Ai(t) ∈ Ω3(X4), Bk(t) ∈ Ω2(X4) for all i, k and C(t) ∈ Ω1(X4).
Since we know that the modified coflow preserves the closedness of the 4-form we have
that all of the forms in (2.11) are closed. This tells us that λ(t) is constant on X4 and thus
only depends on t. Now let θ : T3 ×X4 → T3 ×X4 be the map that takes (t, p) 7→ (−t, p).
We also know from our earlier computation (2.9) that θ∗ψt = ψt, since θ

∗ψ0 = ψ0. Then

θ∗ψt = λ(t)µσ(0)− dti ∧ Ai(t) +
1

2
ϵijkdt

ij ∧Bk(t)− dt123 ∧ C(t)

= ψt

(2.12)

which tells that Ai(t) = 0 for all i and C(t) = 0. Now we claim that λ(t) is constant. To
see this we compute ∫

X4

ψt =

∫
X4

λ(t)µσ(0) +

∫
X4

1

2
ϵijkdt

ij ∧Bk(t)

=

∫
X4

λ(t)µσ(0) + 0

= λ(t)vol0(X
4).

(2.13)

Now we take the time derivative of both sides of (2.13) and we recall that ψt is a solution
of the modified coflow and thus ∂

∂t
ψt is an exact form so its integral will vanish. We obtain

0 =
∂

∂t

(∫
X4

ψt

)
=

∂

∂t

(
λ(t)vol0(X

4)
)
= λ′(t)vol0(X

4). (2.14)

Hence λ(t) is constant and therefore λ(t) = λ(0) for all t. This tells us that if we start
with initial condition ψ0 then any solution ψ(t) of the modified coflow will remain of the
form (2.10) for all time for which it exists. In particular this tell us that the only the σi’s
will depend on time.
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Now we can return to the modified coflow and show that in our particular setting the
coflow (2.6) and modified coflow (2.7) agree. In (2.7) we choose A = 0. The trace of the
full torsion tensor given in [Kar08] is described using the G2 3-form as follows

Tr(T ) =
1

4
∗7 (φ ∧ dφ) . (2.15)

Substituting the 3-form (2.5) into (2.15) we see that the trace of the torsion tensor vanishes.
To see this we compute

Tr(T ) =
1

4
∗7
((
dt123 − dti ∧ ωi

)
∧
(
dtj ∧ dωj

))
=

1

4
∗7
(
−dtij ∧ ωi ∧ dωj

)
= 0

where the last equality comes from the fact that ωi ∧ dωj is 5-form completely on X4 and
therefore must vanish. As a result for this particular G2 structure the Laplacian coflow and
modified coflow agree. Now we flow our coclosed G2 structure (2.5) under the Laplacian
coflow and we find that it will descend to a flow of the hypersymplectic triple σ on X4.
This flow is prciously the hypersymplectic flow found by Fine-Yao in [FY18].

Theorem 2.2.2. Let σ be a hypersymplectic structure on X4 and let ψ as in (2.5) be the
associated coclosed G2 structure on T3 × X4. Then under the G2 Laplacian coflow this
descends to a flow of the hypersymplectic triple σ on X4 given by

∂tσ = d
(
Qσd

∗ (Q−1
σ σ
))

(2.16)

or on each component
∂σj
∂t

= d
(
(Qσ)jk d

∗
(
(Qσ)

ki σi

))
.

Proof. Let σ be a hypersymplectic triple. Taking ψ as in (2.4), the flow of ψ is then

∂ψ

∂t
= −dt12 ∧ ∂σ3

∂t
− dt31 ∧ ∂σ2

∂t
− dt23 ∧ ∂σ1

∂t
. (2.17)

Recall that in this setting the coflow and modified coflow agree so we expand the right
hand side of (2.6) using the ψ we defined in (2.4). To make the following computation
easier to read we let Q denote Qω the matrix associated with the positive triple ω. Recall
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that ω is the dual positive triple to σ, and that Q−1
ω = Qσ. Therefore using the fact that

the σi’s are self-dual, we have

d ∗7 d ∗7 ψ = d ∗7 dφ = d ∗7 d
(
dt123 −Qikdt

k ∧ σi
)

= d ∗7
(
dtk ∧ d (Qikσi)

)
= d

(
∗3dtk ∧ ∗4d (Qikσi)

)
= d

(
Qkj d̂tj ∧ ∗4d (Qikσi)

)
= d̂tj ∧ d

(
Qkj ∗4 d ∗4 (Qikσi)

)
= −d̂tj ∧ d

(
Qkjd∗ (Qikσi)

)
where d̂tj denotes the 2-form on T3 that omits dtj, for example d̂t1 = dt2 ∧ dt3. We equate
the two computations and obtain a flow of the hypersymplectic structure σ. It is given by

∂σj
∂t

= d
(
Qkjd∗ (Qikσi)

)
= d

(
Qσkjd

∗ (Qik
σ σi
))
.

(2.18)

SinceQ−1
ω = Qσ this flow is precisely the hypersymplectic flow of Fine-Yao from [FY18].
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Chapter 3

A particular cohomogeneity one
hypersymplectic structure

In this chapter we create scaffolding for the hypersymplectic structure we wish to ex-
amine. In section 3.1 we set up the hypersymplectic triple. In section 3.2 we compute the
Riemannian metric that comes from the hypersymplectic triple. In sections 3.4 and 3.5 we
compute the Riemann and Ricci curvature tensors of the hypersymplectic metric. Lastly in
section 3.6 we verify that when the matrix Q coming from this particular hypersymplectic
structure is constant the hypersymplectic structure does indeed induce a Ricci-flat metric.

3.1 A cohomogeneity one hypersymplectic structure

In this section we set up a cohomogeneity one hypersymplectic structure. We make a
very particular choice of three symplectic forms ω that form a positive triple as in definition
1.2.8. We assume a cohomogeneity one setup on R4 \ {0}, the action is that of SO(4) on
R4\{0} by rotations as we have described in section 1.3. This allows us to think of R4\{0}
as (0,∞)× S3 . To begin we create the setup for our hypersymplectric structure. Let ∂

∂xi

for i = 0, 1, 2, 3 be the standard global coordinate frame for TR4. Furthermore, we endow
R4 with three complex structures. The first is given by

z11 := x0 + ix1,

z12 := x2 + ix3,
(3.1)
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with associated endomorphism J1 given by

J1

(
∂

∂x0

)
=

∂

∂x1
, J1

(
∂

∂x1

)
= − ∂

∂x0
,

J1

(
∂

∂x2

)
=

∂

∂x3
, J1

(
∂

∂x3

)
= − ∂

∂x2
.

(3.2)

The other complex coordinates zi1 and zi2 and endormophisms Ji for i = 2, 3 are obtained
by cyclically permuting 1 → 2 → 3 in (3.1) and (3.2). In this setup ∂i and ∂̄i are differential
operators that are associated to the complex operator Ji. The operators have the form

∂i =
∂

∂zi1
⊗ dzi1 +

∂

∂zi2
⊗ dzi2,

∂̄i =
∂

∂z̄i1
⊗ dz̄i1 +

∂

∂z̄i2
⊗ dz̄i2.

(3.3)

Note that there is no sum over i in (3.3). In terms of our real coordinates xi on R4 the
operators are

∂1 =
1

2

(
∂

∂x0
− i

∂

∂x1

)
⊗ (dx0 + idx1) +

1

2

(
∂

∂x2
− i

∂

∂x3

)
⊗ (dx2 + idx3) ,

∂̄1 =
1

2

(
∂

∂x0
+ i

∂

∂x1

)
⊗ (dx0 − idx1) +

1

2

(
∂

∂x2
+ i

∂

∂x3

)
⊗ (dx2 − idx3) .

(3.4)

The other operators ∂i and ∂̄i for i = 2, 3 are obtained by cyclically permuting 1 → 2 → 3
in (3.4). Let r be the radial coordinate on R4 \ {0} so that r is defined by

r2 = x20 + x21 + x22 + x23.

We use the standard cohomogeneity one action of SO(4) on R4 and use the global frame
Ei for T (R4 \ {0}) defined as follows;

E0 =
∂

∂r
=

1

r

(
x0

∂

∂x0
+ x1

∂

∂x1
+ x2

∂

∂x2
+ x3

∂

∂x3

)
,

E1 = J1

(
∂

∂r

)
=

1

r

(
−x1

∂

∂x0
+ x0

∂

∂x1
− x3

∂

∂x2
+ x2

∂

∂x3

)
,

E2 = J2

(
∂

∂r

)
=

1

r

(
−x2

∂

∂x0
+ x3

∂

∂x1
+ x0

∂

∂x2
− x1

∂

∂x3

)
,

E3 = J3

(
∂

∂r

)
=

1

r

(
−x3

∂

∂x0
− x2

∂

∂x1
+ x1

∂

∂x2
+ x0

∂

∂x3

)
.

(3.5)
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Thus the dual frame Ei is

E0 = dr =
1

r
(x0dx0 + x1dx1 + x2dx2 + x3dx3) ,

E1 =
1

r
(−x1dx0 + x0dx1 − x3dx2 + x2dx3) ,

E2 =
1

r
(−x2dx0 + x3dx1 + x0dx2 − x1dx3) ,

E3 =
1

r
(−x3dx0 − x2dx1 + x1dx2 + x0dx3) .

(3.6)

We note that only the vector field E0 and consequently its dual element E0 are SO(4)
invariant. The restrictions of E1, E2, E3 to r = 1 form a global frame for T ∗S3. With
respect to the Euclidean metric on R4 the frame Ei is orthonormal. Then we can define
six 2-forms on R4 \ {0} by

ω+
i = E0 ∧ Ei + ∗3Ei = E0 ∧ Ei +

1

2
ϵipqE

p ∧ Eq,

ω−
i = E0 ∧ Ei − ∗3Ei = E0 ∧ Ei − 1

2
ϵipqE

p ∧ Eq.
(3.7)

The forms ω+
i and ω−

i are respectively self-dual and anti-self-dual, with respect to the
Euclidean metric on R4 \ {0}. We note that using the formula for the metric (1.2) the
forms ω+

i give us the Euclidean metric with standard orientation. The Hodge star ∗3 is the
Hodge star with respect to the round metric on S3. We also note the following relations
pertaining to the forms (3.7):

ω+
i ∧ ω+

j = 2δijµ,

ω−
i ∧ ω−

j = −2δijµ,

ω+
i ∧ ω−

j = 0.

In terms of the coordinate frame dxi on R4 the forms ω±
i can be written as follows:

ω+
1 = dx0 ∧ dx1 + dx2 ∧ dx3,

ω−
1 =

1

r2

[
(x20 + x21 − x22 − x23)(dx01 − dx23)

+ 2(x0x2 + x1x3)(dx03 − dx12) + 2(x1x2 − x0x3)(dx02 − dx31)
]
,

(3.8)

where dxij denotes dxi ∧ dxj. We obtain the remaining forms by cyclically permuting
1 → 2 → 3. Now we want to construct a triple of symplectic forms ω = (ω1, ω2, ω3) that
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will give us a cohomogeneity one hypersymplectic structure on R4 \ {0}. We note that we
are making a very particular choice for this structure and this is by no means the only
way to construct a hypersymplectic structure. To begin our construction we let hi(r) be
functions of just the radial coordinate, and define the hypersymplectic structures ωk as

ω1 =
i

2
∂1∂̄1

(
r2
)
, ω2 =

i

2
∂2∂̄2 (h2(r)) , ω3 =

i

2
∂3∂̄3 (h3(r)) . (3.9)

We note that we have specifically chosen the first function h1 = r2. We did this to make
our computations more tractable. When we choose the functions hk = r2 we obtain the
standard Euclidean structure and in the end we want to look for solutions close to this
structure. Furthermore in section 4.3 the ODEs we obtain have invariant solutions and
only involve the radial coordinate r, thus we have freedom to re-parametrize our functions
hk(r).

The forms (3.9) are closed by construction. Let ωk be one of the forms in (3.9). Then

dωk =
(
∂k + ∂̄k

)( i
2
∂k∂̄k(hk(r))

)
=
i

2

(
∂2k ∂̄k(hk(r))− ∂k∂̄2k(hk(r))

)
= 0.

Above we used the fact that ∂2k = ∂̄2k = 0 and ∂k∂̄k = −∂̄k∂k. For a hypersymplectic
structure, we further require the forms (3.9) to be non-degenerate. Up to a choice of
orientation, this is equivalent to the matrix Q from (1.1) being positive definite. Thus each
ωk is a symplectic form, and the triple (ω1, ω2, ω3) forms a hypersymplectic structure. We
now expand these forms and write them in terms of our frame Ei. We first need to do
some basic calculations:

r2 = x20 + x21 + x22 + x23

=⇒ ∂r

∂xi
=
xi
r

=⇒ ∂

∂xi
hj(r) =

∂hj
∂r

· ∂r
∂xi

= h′j(r)
xi
r
.

If we write r in terms of the complex coordinates, we can write the form ∂kr ∧ ∂̄kr which
we need later. We do this in the first complex coordinate system and omit the other two,
as the calculations are identical:

r2 = z11 z̄
1
1 + z12 z̄

1
2

=⇒ 2r · ∂1r = z̄11dz
1
1 + z̄12dz

1
2 ,

2r · ∂̄1r = z11dz̄
1
1 + z12dz̄

1
2

=⇒ 4r2∂1r ∧ ∂1r = |z11 |2dz11 ∧ dz̄11 + |z12 |2dz12 ∧ dz̄12 + z̄11z
1
2dz

1
1 ∧ dz̄12 + z̄12z

1
1dz

1
2 ∧ dz̄11 .

(3.10)
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Analogous formulas hold for J2 and J3. Thus, we can conclude

4r2∂kr ∧ ∂kr = |zk1 |2dzk1 ∧ dz̄k1 + |zk2 |2dzk2 ∧ dz̄k2 + z̄k1z
k
2dz

k
1 ∧ dz̄k2 + z̄k2z

k
1dz

k
2 ∧ dz̄k1 . (3.11)

Since the forms ω±
k form a basis for the space of 2-forms, we want to write our hypersym-

plectic forms in this basis. To this end we do the following computation:

i

2
4r2∂2r ∧ ∂̄2r =

i

2
(x20 + x22)(−2idx0 ∧ dx2) +

i

2
(x23 + x21)(−2idx3 ∧ dx1)

+
i

2
(x0 − ix2)(x3 + ix1)(dx0 + idx2) ∧ (dx3 − idx1)

+
i

2
(x3 − ix1)(x0 + ix2)(dx3 + idx1) ∧ (dx0 − idx2)

=
1

2
(x20 + x22)(dx02 + dx31 + dx02 − dx31)

+
1

2
(x23 + x21)(dx02 + dx31 − dx02 + dx31)

+
i

2
(2i(x0x3 + x1x2)(dx23 − dx01) + 2i(x0x1 − x2x3)(dx03 + dx21))

=
1

2
r2ω+

2 +
1

2
(x20 + x22 − x23 − x21)(dx02 − dx31)

+ (x0x3 + x1x2)(dx01 − dx23) + (x2x3 − x0x1)(dx03 − dx12)

=
r2

2
ω+
2 +

r2

2
ω−
2 .

(3.12)

Furthermore we note the following calculation:

dz11 ∧ dz̄11 + dz12 ∧ dz̄12 = (dx0 + idx1) ∧ (dx0 − idx1) + (dx2 + idx3) ∧ (dx2 − idx3)

= −2idx0 ∧ dx1 − 2idx2 ∧ dx3
= −2i (dx0 ∧ dx1 + dx2 ∧ dx3)
= −2iω+

1 .

We can repeat this calculation for each complex structure by cyclically permuting 1 →
2 → 3 and we obtain

ω+
k =

i

2

(
dzk1 ∧ dz̄k1 + dzk2 ∧ dz̄k2

)
. (3.13)

Now we are ready to compute the hypersymplectic triple ωk =
i
2
∂k∂̄k (hk(r)) where h1 = r2

and h2, h3 are arbitrary functions of r. Note that ω1 = E01 + E23 so we will do this
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calculation for ω2 and omit the ω3 since the computation is identical and can be derived
by simply permuting 1 → 2 → 3.

∂̄2(h2) =
1

2

(
∂

∂x0
(h2) + i

∂

∂x2
(h2)

)
⊗ (dx0 − idx2)

+
1

2

(
∂

∂x3
(h2) + i

∂

∂x1
(h2)

)
⊗ (dx3 − idx1)

=
h′2
2r

(
z21dz̄

2
1 + z22dz̄

2
2

)
,

=⇒ ∂2∂̄2(h2) =
h′2
2r

(
dz21 ∧ dz̄21 + dz22 ∧ dz̄22

)
+ ∂2

(
h′2
2r

)(
z21dz̄

2
1 + z22dz̄

2
2

)
,

=⇒ ∂2∂̄2(h2) =
h′2
2r

(
dz21 ∧ dz̄21 + dz22 ∧ dz̄22

)
+

(
h

′′
2

4r2
− h′2

4r3

)(
z̄21dz

2
1 + z̄22dz

2
2

)
∧
(
z21dz̄

2
1 + z22dz̄

2
2

)
.

Now we multiply both sides by i
2
and use (3.11) to obtain

i

2
∂2∂̄2(h2) =

h′2
2r
ω+
2 +

i

2

(
h

′′
2

4r2
− h′2

4r3

)(
|z21 |2dz21 ∧ dz̄21 + |z22 |2dz22 ∧ dz̄22

+ z̄21z
2
2dz

2
1 ∧ dz̄22 + z̄22z

2
1dz

2
2 ∧ dz̄21

)
=
h′2
2r
ω+
2 +

(
h

′′
2

4r2
− h′2

4r3

)(
i

2
4r2∂2r ∧ ∂̄2r

)
.

Next we substitute the computation we did above in (3.11) to be able to write the hyper-
symplectic forms ωk in terms of the forms {ω±

k }. Thus ωk has the following form in terms
of the basis {ω±

k }:

ω1 = ω+
1 ,

ω2 =
h′2
2r
ω+
2 +

(
h

′′
2

4r2
− h′2

4r3

)(
r2

2
ω+
2 +

r2

2
ω−
2

)
,

ω3 =
h′3
2r
ω+
3 +

(
h

′′
3

4r2
− h′3

4r3

)(
r2

2
ω+
3 +

r2

2
ω−
3

)
.

(3.14)

For convenience, we write these in the following form and we note that there is no sum
over k:

ωk =

(
Ak +

r2

2
Bk

)
ω+
k +Bk

r2

2
ω−
k (3.15)
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where

Ak =
h′k
2r

and Bk =
h

′′

k

4r2
− h′k

4r3
=
A′
k

2r
(3.16)

for k = 2, 3. We wish to use a different notation for the forms ωk as it will be useful in
sections 3.2, 3.4, 3.5 where we compute the metric and curvatures for this more general
situation. Thus we write the symplectic forms in the following way and note that there is
a sum over p:

ωi = Tipω
+
p + Sipω

−
p (3.17)

where

T =

1 0 0

0 A2 +
r2

2
B2 0

0 0 A3 +
r2

2
B3

 and S =

0 0 0

0 r2

2
B2 0

0 0 r2

2
B3

 . (3.18)

Now we recall that the hypersymplectic structure determines a matrix Q such that

ωi ∧ ωj = 2Qijµ

where µ = E0123 is our choice of volume form on R4\{0} and Q is a 3×3 symmetric positive
definite matrix. It is important to emphasize that for this particular Q, det(Q) ̸= 1 since
we have not chosen µ = µω as we have in parts of the introduction chapter (see lemma
1.2.4). At the end of this section we will rescale our matrix Q in order for it to have
det(Q) = 1 and choose µ = µω. Moving forward, we note in the following computation for
Q that Ti = Tii is the diagonal entry for the matrix T , similarly for Si. Furthermore, there
is no sum in the following computation:

2Qijµ = ωi ∧ ωj
=
(
Tiω

+
i + Siω

−
i

)
∧
(
Tjω

+
j + Sjω

−
j

)
= TiTj

(
E0i + ∗3Ei

)
∧
(
E0j + ∗3Ej

)
+ TiSj

(
E0i + ∗3Ei

)
∧
(
E0j − ∗3Ej

)
+ SiTj

(
E0i − ∗3Ei

)
∧
(
E0j + ∗3Ej

)
+ SiSj

(
E0i − ∗3Ei

)
∧
(
E0j − ∗3Ej

)
= 2
[
(TiTj − SiSj)δij

]
µ.

Therefore we obtain
Qij = (TiTj − SiSj) δij (3.19)

where there is no sum over i and j and thus Q is the following diagonal matrix

Q =

1 0 0
0 A2 (A2 + r2B2) 0
0 0 A3 (A3 + r2B3)

 . (3.20)
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Note that the condition on h2 and h3 that guarantees that ω2 and ω3 are non-degenerate
is that the matrix Q is positive definite. This is equivalent to the conditions:

Ai
(
Ai + r2Bi

)
> 0 or Ai (2Ai + rA′

i) > 0 (3.21)

for i = 2, 3, where Bi was replaced with the relation from (3.16).

In [FY18] the reference volume form is taken to be µω, this is to ensure that det(Q) = 1.
This is so that the metric defined by (1.14) does not have a factor of the determinant in it.
The hypersymplectic flow in terms of Q depends on a choice of µ and thus in order to follow
analogously the work of Fine-Yao we must ensure that det(Q) = 1 implying that µ = µω.
In our specific situation, our reference volume form is taken to be µ = E0123. In order to

ensure that det(Q) = 1, we need to divide by a scaling factor of det(Q)
1
3 , this is due to

the relation between the reference volume form of the positive triple and µω explained in
lemma 1.2.4. Therefore our new matrix Q and the one we use in chapter 4 when looking
for solitons of the hypersymplectic flow is given below:

Q =


(A2A3 (A2 + r2B2) (A3 + r2B3))

− 1
3 0 0

0
(A2(A2+r2B2))

2
3

(A3(A3+r2B3))
1
3

0

0 0
(A3(A3+r2B3))

2
3

(A2(A2+r2B2))
1
3

 .
After substituting Bi by the relation from (3.16) we obtain the following for the matrix Q:

Q =



4
1
3

(A2A3(2A2+rA′
2)(2A3+rA′

3))
1
3

0 0

0
(A2(2A2+rA′

2))
2
3

(2A3(2A3+rA′
3))

1
3

0

0 0
(A3(2A3+rA′

3))
2
3

(2A2(2A2+rA′
2))

1
3


. (3.22)

We note that in order for this new matrix Q to be positive definite, the requirements are
still the same as the old before we divided by the determinant factor.

3.2 Metric calculations

In this section we compute the hypersymplectic metric that comes from a hypersym-
plectic triple. We point out that the computations in this section, that are summarized
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in table 3.1, are done using as general of a structure as possible, meaning the frame we
use in our computations, Ei, is just an orthonormal frame for T ∗R4 and not the specific
frame we have chosen in (3.6). Similarily the matrices S and T in that table are arbitrary
3× 3 matrices. At the end of this section we substitute specific matrices S and T . In the
following sections we use these metric computations and the frame (3.6) to compute the
Christoffel symbols and eventually the curvature tensors. For now we wish to make the
computation for the metric as general as possible. To begin we recall the formula for the
metric derived from a positive triple that was given earlier in this thesis:

gω(X, Y )µω =
1

6
ϵijk (X ⌟ ωi) ∧ (Y ⌟ ωj) ∧ ωk.

In order to simplify the computation for the metric, we write the hypersymplectic forms ωk
using the basis ω±

k given by (3.7). We do the computation using these pieces and put them
all back together. First we need to set up some identities. Recall the standard self-dual
and anti-dual forms are

ω±
i = E0 ∧ Ei ± ∗3Ei = E0 ∧ Ei ± 1

2
ϵipqE

p ∧ Eq

and that Ei for i = 0, 1, 2, 3 is orthonormal with respect to the Euclidean metric on R4.
We note that we are abusing notation and writing ∗3Ei as an abbreviation for 1

2
ϵipqE

p∧Eq.
Then we have the following identities for any ω±

i where i ∈ {1, 2, 3}:

E0 ⌟ ω
±
i = Ei (3.23)

and for Ea where a ∈ {1, 2, 3} we have

Ea ⌟ ω
±
i = Ea ⌟

(
E0 ∧ Ei ± ∗3Ei

)
= −δaiE0 ±

∑
p

ϵiapE
p. (3.24)

We also need the following identities

ϵijkϵabk = δiaδjb − δibδja,

ϵijkϵajk = 2δia.
(3.25)

Now we are ready to compute the pieces of the metric.

Lemma 3.2.1. Let E0, E1, E2, E3 be an orthonormal frame for T ∗R4, let ω±
i = E0i+∗3Ei

and let µ = E0 ∧ E1 ∧ E2 ∧ E3. Then(
E0 ⌟ ω

±
i

)
∧
(
E0 ⌟ ω

±
j

)
∧ ω±

k = ϵijkµ,
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(
Ea ⌟ ω

±
i

)
∧
(
Eb ⌟ ω

±
j

)
∧ ω±

k =
[
(±)(±)δaiϵbjk + (±)(±)δbjϵiak

+ (±)(±)δakϵijb + (±)(±)δikϵbja

]
µ,(

E0 ⌟ ω
±
i

)
∧
(
Ea ⌟ ω

±
j

)
∧ ω±

k =
[
(±)δajδik + (±)δjkδai − (±)δijδak

]
µ,

where a, b ∈ {1, 2, 3}.

Proof. Let us start with the first identity since it is simpler. Using (3.23) we have(
E0 ⌟ ω

±
i

)
∧
(
E0 ⌟ ω

±
j

)
∧ ω±

k = Ei ∧ Ej ∧
(
E0 ∧ Ek ± ∗3Ek

)
= E0 ∧ Ei ∧ Ej ∧ Ek

= ϵijkµ.

Next we let a, b ∈ {1, 2, 3} and using (3.24) we obtain(
Ea ⌟ ω

±
i

)
∧
(
Eb ⌟ ω

±
j

)
∧ ω±

k =
(
−δaiE0±ϵiapEp

)
∧
(
−δbjE0±ϵjbqEq

)
∧
(
E0 ∧ Ek± ∗3 Ek

)
= −(±)(±)δaiϵjbqE

0 ∧ Eq ∧ ∗3Ek

− (±)(±)δbjϵiapE
p ∧ E0 ∧ ∗3Ek

+ (±)(±)ϵiapϵjbqE
p ∧ Eq ∧ E0 ∧ Ek

+ (±)(±)(±) ϵiapϵjbqE
p ∧ Eq ∧ ∗3Ek︸ ︷︷ ︸

=0

= −(±)(±)δaiδqkϵjbqµ+ (±)(±)ϵiapδbjδpkµ

+ (±)(±)ϵiapϵjbqϵpqkµ

=
[
(±)(±)δaiϵbjk + (±)(±)δbjϵiak

+ (±)(±)ϵjbq (δiqδak − δikδaq)
]
µ

=
[
(±)(±)δaiϵbjk + (±)(±)δbjϵiak + (±)(±)δakϵijb

+ (±)(±)δikϵbja

]
µ.
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Finally using both (3.23) and (3.24) we have,(
E0 ⌟ ω

±
i

)
∧
(
Ea ⌟ ω

±
j

)
∧ ω±

k = Ei ∧
(
−δajE0±ϵjapEp

)
∧
(
E0 ∧ Ek± ∗3 Ek

)
= (±)δajE

0 ∧ Ei ∧ ∗3Ek + (±)ϵjapE
0 ∧ Ei ∧ Ep ∧ Ek

+ (±)(±) ϵjapE
i ∧ Ep ∧ ∗3Ek︸ ︷︷ ︸

=0

=
[
(±)δajδik − (±)ϵjapϵikp

]
µ

=
[
(±)δajδik + (±)δjkδai − (±)δijδak

]
µ

which gives our desired result.

Now we are ready to compute the hypersymplectic metric. We need two identities from
lemma A.2.1 that are proved in the appendix A.2. We use these identities quite often.
Furthermore we recall that ω±

i for i = 1, 2, 3 are a basis for
∧2(R4) thus we can write our

hypersymplectic forms ωi using ω
±
i as follows:

ωi = Tipω
+
p + Sipω

−
p .

We input this into the formula (1.2) for the hypersymplectic metric.

gω(Ea, Eb)µω =
1

6
ϵijk

[ (
TipEa ⌟ ω

+
p + SipEa ⌟ ω

−
p

)
∧
(
TjvEb ⌟ ω

+
v + SjvEb ⌟ ω

−
v

)
∧
(
Tktω

+
t + Sktω

−
t

) ]
=

1

6
ϵijk

[
TipTjvTkt

(
Ea ⌟ ω

+
p

)
∧
(
Eb ⌟ ω

+
v

)
∧ ω+

t

+ TipTjvSkt
(
Ea ⌟ ω

+
p

)
∧
(
Eb ⌟ ω

+
v

)
∧ ω−

t

+ TipSjvTkt
(
Ea ⌟ ω

+
p

)
∧
(
Eb ⌟ ω

−
v

)
∧ ω+

t

+ SipTjvTkt
(
Ea ⌟ ω

−
p

)
∧
(
Eb ⌟ ω

+
v

)
∧ ω+

t

+ TipSjvSkt
(
Ea ⌟ ω

+
p

)
∧
(
Eb ⌟ ω

−
v

)
∧ ω−

t

+ SipTjvSkt
(
Ea ⌟ ω

−
p

)
∧
(
Eb ⌟ ω

+
v

)
∧ ω−

t

+ SipSjvTkt
(
Ea ⌟ ω

−
p

)
∧
(
Eb ⌟ ω

−
v

)
∧ ω+

t

+ SipSjvSkt
(
Ea ⌟ ω

−
p

)
∧
(
Eb ⌟ ω

−
v

)
∧ ω−

t

]

(3.26)

As an aside to simplify our computation we notice the six terms with mixed functions of
S and T can be combined into two terms. Let us show this for the terms with two factors
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of S and a factor of T and the other three terms will follow similarly. To begin we take
the three terms and swap indices i↔ k and p↔ t in the first term, and indices k ↔ j and
v ↔ t in the second term. Following this we use the fact that ω+

t ∧ ω−
v = 0 to obtain the

identity
(
Eb ⌟ ω

+
t

)
∧ ω−

v = − (Eb ⌟ ω−
v ) ∧ ω+

t . Using these we are able to combine all three
terms together, and we obtain

ϵijkTipSjvSkt
(
Ea ⌟ ω

+
p

)
∧
(
Eb ⌟ ω

−
v

)
∧ ω−

t + ϵijkSipTjvSkt
(
Ea ⌟ ω

−
p

)
∧
(
Eb ⌟ ω

+
v

)
∧ ω−

t

+ ϵijkSipSjvTkt
(
Ea ⌟ ω

−
p

)
∧
(
Eb ⌟ ω

−
v

)
∧ ω+

t

= ϵkjiTktSjvSip
(
Ea ⌟ ω

+
t

)
∧
(
Eb ⌟ ω

−
v

)
∧ ω−

p + ϵikjSipTktSjv
(
Ea ⌟ ω

−
p

)
∧
(
Eb ⌟ ω

+
t

)
∧ ω−

v

+ ϵijkSipSjvTkt
(
Ea ⌟ ω

−
p

)
∧
(
Eb ⌟ ω

−
v

)
∧ ω+

t

= 3ϵijkSipSjvTkt
(
Ea ⌟ ω

−
p

)
∧
(
Eb ⌟ ω

−
v

)
∧ ω+

t .

We return to our computation (3.26) and use the computation above to combine the six
mixed terms into two terms to obtain

gω(Ea, Eb)µω =
1

6
ϵijk

[
TipTjvTkt

(
Ea ⌟ ω

+
p

)
∧
(
Eb ⌟ ω

+
v

)
∧ ω+

t

+ 3TipTjvSkt
(
Ea ⌟ ω

+
p

)
∧
(
Eb ⌟ ω

+
v

)
∧ ω−

t

+ 3SipSjvTkt
(
Ea ⌟ ω

−
p

)
∧
(
Eb ⌟ ω

−
v

)
∧ ω+

t

+ SipSjvSkt
(
Ea ⌟ ω

−
p

)
∧
(
Eb ⌟ ω

−
v

)
∧ ω−

t

]
.

(3.27)

For the remaining computations in this section let µ = E0123. Now we assume that
a, b ∈ {1, 2, 3} and we use the result from lemma 3.2.1 to obtain the following:

gω(Ea, Eb)µω =
1

6
ϵijk

[
TipTjvTkt (δapϵbvt + δbvϵpat + δatϵpvb + δptϵbva)

+ 3TipTjvSkt (−δapϵbvt − δbvϵpat + δatϵpvb + δptϵbva)

+ 3SipSjvTkt (−δapϵbvt − δbvϵpat + δatϵpvb + δptϵbva)

+ SipSjvSkt (δapϵbvt + δbvϵpat + δatϵpvb + δptϵbva)
]
µ.

We take the sum over i, j, k and factor in ϵijk which allows us to use the identities from
lemma A.2.1. To make our computations simpler we introduce the following variables, let

f = det(T ) + det(S), (3.28)

h = adj(T )S + adj(S)T. (3.29)
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We obtain

gω(Ea, Eb)µω =
1

6

[
fϵpvt (δapϵbvt + δbvϵpat + δatϵpvb + δptϵbva)

+ 3hmtϵmpv (−δapϵbvt − δbvϵpat + δatϵpvb + δptϵbva)
]
µ.

Then using identities (3.25) we obtain

gω(Ea, Eb)µω =
[1
6
f (2δapδpb + 2δbvδav + 2δatδbt)

+
1

2
hmt (ϵmavϵbtv + 2δatδbm + ϵatpϵmbp − ϵmtvϵbav)

]
µ

=
[
fδab +

1

2
hmt (−2δmtδab + 2δatδmb + 2δmaδtb)

]
µ

=
[
fδab − Tr(h)δab + hba + hab

]
µ.

Now we can substitute back the expressions for f from (3.28) and h from (3.29) and we
obtain the following:

gω(Ea, Eb)µω =
[
(det(T ) + det(S)) δab − Tr

(
adj(T )S + adj(S)T

)
δab

+ (adj(T )S + adj(S)T )ba + (adj(T )S + adj(S)T )ab

]
µ.

Next consider the case where Ea, Eb = E0. We simply take a = b = 0 in (3.27) and with
some relabeling of indices we obtain

gω(E0, E0)µω =
1

6
ϵijk

[
TipTjvTktϵpvt + 3TipTjvSktϵpvt + 3SipSjvTktϵpvt + SipSjvSktϵpvt

]
µ.

Now we use the identities from lemma A.2.1 to obtain

gω(E0, E0)µω =
1

6
ϵijk

[
fϵijk + 3hmtϵtpvϵmpv

]
µ.

=
[
f + Tr(h)

]
µ

=
[
det(T ) + det(S) + Tr

(
adj(T )S + adj(S)T

)]
µ.

The last case we consider is when Ea = E0 and Eb is one of E1, E2, or E3. Again we use
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(3.27) to obtain

gω(E0, Eb)µω =
1

6
ϵijk

[
TipTjvTkt (δbvδpt + δvtδbp − δpvδbt)

+ 3TipTjvSkt (−δptδbv + δvtδbp − δpvδbt)

+ 3SipSjvTkt (δptδbv − δvtδbp + δpvδbt)

+ SipSjvSkt (−δptδbv − δvtδbp + δpvδbt)
]
µ.

We factor in the ϵijk, use the identities from lemma A.2.1, and, for simplicity we let

f̃ = det(T )− det(S), (3.30)

h̃ = adj(T )S − adj(S)T. (3.31)

We then obtain

gω(E0, Eb)µω =
1

6

[
f̃ ϵpvt (δbvδpt + δvtδbp − δpvδbt) + 3h̃mtϵmpv (−δptδbv + δvtδbp − δpvδbt)

]
µ

=
[
0− 1

2
h̃mpϵmpb +

1

2
h̃mvϵmbv − 0

]
µ

=
[
− h̃mpϵmpb

]
µ.

Now we substitute back h̃ from (3.31) and obtain the following:

gω(E0, Eb)µω =
[
(adj(S)T − adj(T )S)mp ϵmpb

]
µ. (3.32)

We notice that when S and T are diagonal matrices, the expression in (3.32) vanishes since
the matrix adj(S)T −adj(T )S is diagonal and thus symmetric. Before we substitute in our
particular matrices S and T we want to summarize the results of our metric coefficients
(gω)ab in a table. However it is important that on one side of the metric computations
we have µω and on the other we have µ which we have chosen to be µ = E0123. In order

to find the exact metric coefficients for gω we must divide by
√

det(gω). Recall that the
coefficients in the metric gω can be seen as a 4× 4 matrix. Let N be a 4× 4 matrix such
that

gωµω = Nµ.

We have

(gω)ab

√
det(gω)µ = (gω)ab µω = Nabµ.
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Thus,

(gω)ab =
1√

det(gω)
Nab.

To be able to find
√

det(gω) we compute

det(N) = det

(
gω

√
det(gω)

)
=

(√
det(gω)

)4

det(gω)

= det(gω)
3.

Thus, √
det(gω) = (det(N))

1
6 .

We summarize these results in table 3.1.

(gω)00
1

(det(N))1/6
(det(T ) + det(S) + Tr (adj(T )S + adj(S)T ))

(gω)a,b
1

(det(N))1/6
(det(T ) + det(S)) δab − Tr (adj(T )S + adj(S)T ) δab

a, b ∈ {1, 2, 3} + (adj(T )S + adj(S)T )ba + (adj(T )S + adj(S)T )ab

(gω)0,b
1

(det(N))1/6
(adj(S)T − adj(T )S)mp ϵmpb

b ∈ {1, 2, 3}

Table 3.1: Metric coefficients

Now we can substitute in the values for S and T and evaluate the metric coefficients. First
we recall the matrices S and T and compute their adjoints

T =


1 0 0

0 A2 +
r2

2
B2 0

0 0 A3 +
r2

2
B3

 , S =


0 0 0

0 r2

2
B2 0

0 0 r2

2
B3

 ,

Adj(T ) =


(B2r2+2A2)(B3r2+2A3)

4
0 0

0 A3 +B3
r2

2
0

0 0 A2 +B2
r2

2

 , Adj(S) =


r4

4
B2B3 0 0

0 0 0

0 0 0

 ,
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Adj(S)T +Adj(T )S =


r4

4
B2B3 0 0

0 r2

2
B2

(
A3 +B3

r2

2

)
0

0 0 r2

2
B3

(
A2 +B2

r2

2

)
 ,

det(S) = 0,

det(T ) =
(2A2 + r2B2)(2A3 + r2B3)

4
,

Tr(Adj(S)T +Adj(T )S) =
3

4
r4B2B3 +

r2

2
(A3B2 + A2B3) .

Now we can substitute these into our expressions for gωµω and we obtain

gω(E0, E0)µω =
(
A2 + r2B2

) (
A3 + r2B3

)
µ,

gω(E1, E1)µω = A2A3µ,

gω(E2, E2)µω = A3

(
A2 + r2B2

)
µ,

gω(E3, E3)µω = A2

(
A3 + r2B3

)
µ.

All other gω(Ea, Eb) are 0. In order to find the exact coefficients (gω)ab we need to divide

by
√

det(gω). As we have explained earlier, we can compute this to be√
det(gω) =

((
A2 + r2B2

)2
A2

2A
2
3

(
A3 + r2B3

)2) 1
6
=
(
A2A3(A2 + r2B2)(A3 + r2B3)

) 1
3

then the metric coefficients are

gω(E0, E0) =

(
(A2 + r2B2)

2(A3 + r2B3)
2

A2A3

) 1
3

,

gω(E1, E1) =

(
A2

2A
2
3

(A2 + r2B2)(A3 + r2B3)

) 1
3

,

gω(E2, E2) =

(
A2

3(A2 + r2B2)
2

A2(A3 + r2B3)

) 1
3

,

gω(E3, E3) =

(
A2

2(A3 + r2B3)
2

A3(A2 + r2B2)

) 1
3

.
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Let

f0(r) :=

(
(A2 + r2B2)

2(A3 + r2B3)
2

A2A3

) 1
6

=

(
(rA′

2 + 2A2)
2(rA′

3 + 2A3)
2

16A2A3

) 1
6

,

f1(r) :=

(
A2

2A
2
3

(A2 + r2B2)(A3 + r2B3)

) 1
6

=

(
4A2

2A
2
3

(rA′
2 + 2A2)(rA′

3 + 2A3)

) 1
6

,

f2(r) :=

(
A2

3(A2 + r2B2)
2

A2(A3 + r2B3)

) 1
6

=

(
A2

3(rA
′
2 + 2A2)

2

2A2(rA′
3 + 2A3)

) 1
6

,

f3(r) :=

(
A2

2(A3 + r2B3)
2

A3(A2 + r2B2)

) 1
6

=

(
A2

2(rA
′
3 + 2A3)

2

2A3(rA′
2 + 2A2)

) 1
6

.

(3.33)

The metric gω can therefore be written as

gω = f 2
0 (E

0)2 + f 2
1 (E

1)2 + f 2
2 (E

2)2 + f 2
3 (E

3)2.

The frame E0, E1, E2, E3 is orthogonal with respect to gω, but not orthonormal. Let

Ẽi = fiE
i and Ẽi =

1

fi
Ei. (3.34)

We can write
gω = (Ẽ0)2 + (Ẽ1)2 + (Ẽ2)2 + (Ẽ3)2.

Later we will need to use this orthonormal frame in order to simplify our computations
for the soliton equation and thus writing our hypersymplectic structure in terms of this
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orthonormalized basis will be useful. Using (3.15), we get:

ω1 = E01 + E23

=
1

f0f1
Ẽ01 +

1

f2f3
Ẽ23

=

(
4

A2A3(rA′
2 + 2A2)(rA′

3 + 2A3)

) 1
6 (
Ẽ01 + Ẽ23

)
,

ω2 =

(
A2 +

r2

2
B2

)(
E02 + E31

)
+
r2

2
B2

(
E02 − E31

)
=
(
A2 + r2B2

)
E02 + A2E

31

=
(
A2 + r2B2

) 1

f0f2
Ẽ02 + A2

1

f1f3
Ẽ31

=

(
A2

2(rA
′
2 + 2A2)

2

2A3(rA′
3 + 2A3)

) 1
6 (
Ẽ02 + Ẽ31

)
,

ω3 =
(
A3 + r2B3

) 1

f0f3
Ẽ03 + A3

1

f1f2
Ẽ12

=

(
A2

3(rA
′
3 + 2A3)

2

2A2(rA′
2 + 2A2)

) 1
6 (
Ẽ03 + Ẽ12

)
.

(3.35)

3.3 The Christoffel symbols

In this section we compute the Christoffel symbols that come from gω with respect to the

frame Ẽi from (3.34). Recall the form of the metric:

gω = (Ẽ0)2 + (Ẽ1)2 + (Ẽ2)2 + (Ẽ3)2.

In this section we will not make any assumptions about the structure of the ωk, meaning
we will leave the functions Ak, Bk as functions of r. To compute the Christoffel symbols
we will use the Koszul Formula

2g(∇XY, Z) = X (g(Y, Z)) + Y (g(X,Z))− Z (g(X, Y )) + g ([X, Y ], Z)

− g ([X,Z], Y )− g ([Y, Z], X) .

Since our frame is orthogonal we obtain

2g
(
∇Ẽi

Ẽj, Ẽk

)
= g

(
[Ẽi, Ẽj], Ẽk

)
− g

(
[Ẽi, Ẽk], Ẽj

)
− g

(
[Ẽj, Ẽk], Ẽi

)
.
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For simplicity, we write g to mean gω, the metric that comes from the triple ω. The

computations for the Lie brackets of the Ẽi is done in appendix A.1. We also notice the
Christoffel symbols are skew symmetric. Indeed, since

0 = Ẽi

(
g(Ẽj, Ẽk)

)
= g

(
∇Ẽi

Ẽj, Ẽk

)
+ g

(
Ẽj,∇Ẽi

Ẽk

)
,

we have Γkij = g
(
∇Ẽi

Ẽj, Ẽk

)
= −g

(
Ẽj,∇Ẽi

Ẽk

)
= −Γjik.

Note that the derivative of r in the direction of Ei for i ̸= 0 is 0, that is Ei(r) = 0.

In the following computations there are sums over m from 1 to 3 but not i, j, k.

Case 1: Γkij where i, j, k ∈ {1, 2, 3}. Using the computations in section A.1 we compute

2g
(
∇Ẽi

Ẽj, Ẽk

)
= g

(
−2

r
ϵijm(fifj)

−1fmẼm, Ẽk

)
− g

(
−2

r
ϵikm(fifk)

−1fmẼm, Ẽj

)
− g

(
−2

r
ϵjkm(fjfk)

−1fmẼm, Ẽi

)
=

2

r

(
−ϵijk(fifj)−1fk + ϵikj(fifk)

−1fj + ϵjki(fjfk)
−1fi

)
=

2

r
ϵijk
(
fi(fjfk)

−1 − fj(fkfi)
−1 − fk(fifj)

−1
)
.

Let
Hijk := fi(fjfk)

−1 − fj(fkfi)
−1 − fk(fifj)

−1. (3.36)

We note that Hijk = Hikj. We thus have

Γkij =
1

r
ϵijkHijk.

Case 2: Γk0j where j, k ∈ {1, 2, 3}. We compute

2g
(
∇Ẽ0

Ẽj, Ẽk

)
= g

(
[Ẽ0, Ẽj], Ẽk

)
− g

(
[Ẽ0, Ẽk], Ẽj

)
− g

(
[Ẽj, Ẽk], Ẽ0

)
=

(
fjf

−1
0 (f−1

j )′ − f−1
0

r

)
δjk −

(
fkf

−1
0 (f−1

k )′ − f−1
0

r

)
δjk

= δjkf
−1
0

(
fj(f

−1
j )′ − fk(f

−1
k )′

)
.
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When j = k, the elements in parentheses cancel out, and otherwise δjk = 0. Thus

Γk0j = 0

Case 3: Γki0,Γ
0
ik where i, k ∈ {1, 2, 3}. We compute

2g
(
∇Ẽi

Ẽ0, Ẽk

)
= g

(
[Ẽi, Ẽ0], Ẽk

)
− g

(
[Ẽi, Ẽk], Ẽ0

)
− g

(
[Ẽ0, Ẽk], Ẽi

)
= δkif

−1
0

(
1

r
− fi(f

−1
i )′

)
− δkif

−1
0

(
fk(f

−1
k )′ − 1

r

)
= δkif

−1
0

(
2

r
− fi(f

−1
i )′ − fk(f

−1
k )′

)
.

Thus we have

Γki0 = δki
f−1
0

2

(
2

r
− fi(f

−1
i )′ − fk(f

−1
k )′

)
,

Γ0
ik = −δki

f−1
0

2

(
2

r
− fi(f

−1
i )′ − fk(f

−1
k )′

)
.

Case 4: Γ0
i0 where i ∈ {1, 2, 3}. We compute

2g
(
∇Ẽi

Ẽ0, Ẽ0

)
= g

(
[Ẽi, Ẽ0], Ẽ0

)
− g

(
[Ẽi, Ẽ0], Ẽ0

)
− g

(
[Ẽ0, Ẽ0], Ẽi

)
= 0.

Thus
Γ0
i0 = 0.

Case 5: Γ0
0j,Γ

j
00 where j ∈ {1, 2, 3}. We compute

2g
(
∇Ẽ0

Ẽj, Ẽ0

)
= g

(
[Ẽ0, Ẽj], Ẽ0

)
− g

(
[Ẽ0, Ẽ0], Ẽj

)
− g

(
[Ẽj, Ẽ0], Ẽ0

)
= 0.

Thus
Γ0
0j = Γj00 = 0.
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Case 6: Γ0
00

2g
(
∇Ẽ0

Ẽ0, Ẽ0

)
= g

(
[Ẽ0, Ẽ0], Ẽ0

)
− g

(
[Ẽ0, Ẽ0], Ẽ0

)
− g

(
[Ẽ0, Ẽ0], Ẽ0

)
= 0.

Thus
Γ0
00 = 0.

We summarize these results in table 3.2 where i, j, k ∈ {1, 2, 3} and fi are the metric
coefficients (3.33). All other Christoffel symbols can be found by skew-symmetry.

Γkij
2
r
ϵijk (fi(fjfk)

−1 − fj(fkfi)
−1 − fk(fifj)

−1)

Γki0 δki
f−1
0

2

(
2
r
− fi(f

−1
i )′ − fk(f

−1
k )′

)
Γk0j 0

Γ0
0j 0

Table 3.2: Christoffel symbols

3.4 The Riemann curvature tensor

In this section we compute the Riemann curvature tensor. Again we note that we do
not place any assumptions on the functions Ak, Bk, other than that they are arbitrary
functions of the radial coordinate r. We use the Christoffel symbols from the previous
section in these calculations. By the symmetries of the Riemann curvature tensor we need
only consider three cases: Rijpq, R0ip0, R0ipq where i, j, p, q ∈ {1, 2, 3}. For simplicity, we
write g to mean gω the metric that comes from the triple ω. Lastly, the usual Einstein
summation breaks in this section. It is to be assumed that there is no sum unless explicitly
specified.

Case 1: Rijpq where i, j, p, q ∈ {1, 2, 3}. We compute

Rijpq = g
(
∇Ẽi

(
∇Ẽj

Ẽp

)
−∇Ẽj

(
∇Ẽi

Ẽp

)
−∇[Ẽi,Ẽj ]

Ẽp, Ẽq

)
= g

(
∇Ẽi

(
Γ0
jpẼ0 + ΓajpẼa

)
−∇Ẽj

(
Γ0
ipẼ0 + ΓaipẼa

)
+

2

r
ϵijm(fifj)

−1fm∇Ẽm
Ẽp, Ẽq

)
.
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where there is a sum over a and m but not over i, j, p, q. Expanding the second covariant
derivative we obtain

Rijpq = g
(
Ẽi
(
Γ0
jp

)
· Ẽ0︸ ︷︷ ︸

0

+Γ0
jp∇Ẽi

Ẽ0 + Ẽi
(
Γajp
)
· Ẽa︸ ︷︷ ︸

0

+Γajp∇Ẽi
Ẽa, Ẽq

)
− g
(
Ẽj
(
Γ0
ip

)
· Ẽ0︸ ︷︷ ︸

0

+Γ0
ip∇Ẽj

Ẽ0 + Ẽj
(
Γaip
)
· Ẽa︸ ︷︷ ︸

0

+Γaip∇Ẽj
Ẽa, Ẽq

)
+

2

r
ϵijm(fifj)

−1fmg
(
Γ0
mpẼ0 + ΓampẼa, Ẽq

)
.

The frame Ẽi is orthonormal so many of the terms above vanish. Furthermore, the Christof-
fel symbols are functions of only r and thus vanish when differentiated in the direction of
Ẽi for i ̸= 0. Then the above becomes

Rijpq = Γ0
jpg
(
Γ0
i0Ẽ0︸ ︷︷ ︸
0

+Γai0Ẽa, Ẽq

)
+ Γajpg

(
Γ0
iaẼ0 + ΓbiaẼb, Ẽq

)
− Γ0

ipg
(
Γ0
j0Ẽ0︸ ︷︷ ︸
0

+Γaj0Ẽa, Ẽq

)
− Γaipg

(
Γ0
jaẼ0 + ΓbjaẼb, Ẽq

)
+

2

r
ϵijm(fifj)

−1fmΓ
a
mpδaq

= Γ0
jpΓ

a
i0δaq + ΓajpΓ

b
iaδbq − Γ0

ipΓ
a
j0δaq − ΓaipΓ

b
jaδbq +

2

r
ϵijm(fifj)

−1fmΓ
a
mpδaq

where there is a sum over a, b,m from 1 to 3 but not over i, j, p, q. Once we apply the
Kronecker delta function and input the functions for the Christoffel symbols we obtain
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Rijpq = Γ0
jpΓ

q
i0 + ΓajpΓ

q
ia − Γ0

ipΓ
q
j0 − ΓaipΓ

q
ja +

2

r
ϵijm(fifj)

−1fmΓ
q
mp

=

(
f−1
0

2

)2

δjpδiq

(
fp(f

−1
p )′ + fj(f

−1
j )′ − 2

r

)(
2

r
− fi(f

−1
i )′ − fq(f

−1
q )′

)
+

(
1

r

)2

ϵjpaHjpaϵiaqHiaq

+

(
f−1
0

2

)2

δipδjq

(
2

r
− fi(f

−1
i )′ − fp(f

−1
p )′

)(
2

r
− fj(f

−1
j )′ − fq(f

−1
q )′

)
−
(
1

r

)2

ϵipaHipaϵjaqHjaq +
2

r
ϵijm(fifj)

−1fm
1

r
ϵmpqHmpq

=

(
f−1
0

2

)2

δjpδiq

(
fp(f

−1
p )′ + fj(f

−1
j )′ − 2

r

)(
2

r
− fi(f

−1
i )′ − fq(f

−1
q )′

)
+

(
f−1
0

2

)2

δipδjq

(
2

r
− fi(f

−1
i )′ − fp(f

−1
p )′

)(
2

r
− fj(f

−1
j )′ − fq(f

−1
q )′

)
− 1

r2
HiqaHjpaϵiqaϵjpa +

1

r2
HipaHjqaϵipaϵjqa +

2

r2
(fifj)

−1fmϵijmϵpqmHmpq

where there is a sum over a and m from 1 to 3 but no sum over i, j, k. Thus we obtain

Rijpq =

(
f−1
0

2

)2 [
δipδjq

(
2

r
− fi(f

−1
i )′ − fp(f

−1
p )′

)(
2

r
− fj(f

−1
j )′ − fq(f

−1
q )′

)
− δiqδjp

(
2

r
− fp(f

−1
p )′ − fj(f

−1
j )′

)(
2

r
− fi(f

−1
i )′ − fq(f

−1
q )′

)]
+

(
1

r2

)
(HipaHjqaϵipaϵjqa −HiqaHjpaϵiqaϵjpa) +

2

r2
(fifj)

−1fmϵijmϵpqmHmpq.
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Case 2: R0ip0 where i, p ∈ {1, 2, 3}. We compute

R0ip0 = g
(
∇Ẽ0

(
∇Ẽi

Ẽp

)
−∇Ẽi

(
∇Ẽ0

Ẽp

)
−∇[Ẽ0,Ẽi]

Ẽp, Ẽ0

)
= g

∇Ẽ0

(
Γ0
ipẼ0 + ΓaipẼa

)
−∇Ẽ0

(
Γ0
0p︸︷︷︸
0

Ẽ0 + Γa0p︸︷︷︸
0

Ẽa

)
, Ẽ0


− g

((
f−1
0 fi

(
f−1
i

)′ − f−1
0

r

)(
Γ0
ipẼ0 + ΓaipẼa

)
, Ẽ0

)
where there is a sum over a from 1 to 3 but no sum over i or p. We remind ourselves that
the frame Ẽi is orthonormal and thus we obtain the following where there is a sum over
a, b but not over i or p:

R0ip0 = g

Ẽ0

(
Γ0
ip

)
· Ẽ0 + Γ0

ip∇Ẽ0
Ẽ0︸ ︷︷ ︸

0

+Ẽ0

(
Γaip
)
· Ẽa + Γaip∇Ẽ0

Ẽa, Ẽ0


−
(
f−1
0 fi

(
f−1
i

)′ − f−1
0

r

)
Γ0
ip

= Ẽ0

(
Γ0
ip

)
+ Γaipg

 Γ0
0a︸︷︷︸
0

Ẽ0 + Γb0aẼb, Ẽ0

−
(
f−1
0 fi

(
f−1
i

)′ − f−1
0

r

)
Γ0
ip

= Ẽ0

(
Γ0
ip

)
−
(
f−1
0 fi

(
f−1
i

)′ − f−1
0

r

)
Γ0
ip

= f−1
0

d

dr

(
−δip

f−1
0

2

(
2

r
− fi

(
f−1
i

)′ − fp
(
f−1
p

)′))
+

(
f−1
0 fi

(
f−1
i

)′ − f−1
0

r

)(
δip
f−1
0

2

(
2

r
− fi

(
f−1
i

)′ − fp
(
f−1
p

)′))
.

Now we can split this piece into two cases:

• If i ̸= p =⇒ R0ip0 = 0.

• If i = p then

R0ii0 = f−1
0

d

dr

(
f−1
0

(
fi
(
f−1
i

)′ − 1

r

))
− (f−1

0 )2
(
fi
(
f−1
i

)′ − 1

r

)2

.
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Case 3: R0ipq where i, p, q ∈ {1, 2, 3}. The Riemann curvature in this case is

R0ipq = g
(
∇Ẽ0

(
∇Ẽi

Ẽp

)
−∇Ẽi

(
∇Ẽ0

Ẽp

)
−∇[Ẽ0,Ẽi]

Ẽp, Ẽq

)
= g
(
∇Ẽ0

(
Γ0
ipẼ0 + ΓaipẼa

)
−∇Ẽ0

(
Γ0
0p︸︷︷︸
0

Ẽ0 + Γa0p︸︷︷︸
0

Ẽa

)
− f−1

0

(
fi
(
f−1
i

)′ − 1

r

)(
Γ0
ipẼ0 + ΓaipẼa

)
, Ẽq

)
where there is a sum over a from 1 to 3 but no sum over i, p, or q. Now we input the
Christoffel symbols and use the fact that the frame is orthonormal to obtain

R0ipq = g
(
Ẽ0

(
Γ0
ip

)
Ẽ0 + Γ0

ip∇Ẽ0
Ẽ0︸ ︷︷ ︸

0

+Ẽ0

(
Γaip
)
Ẽa + Γaip∇Ẽ0

Ẽa, Ẽq

)
− f−1

0

(
fi
(
f−1
i

)′ − 1

r

)
Γqip

= Ẽ0

(
Γqip
)
+

3∑
a,b=1

Γaipg
(
Γ0
0a︸︷︷︸
0

Ẽ0 + Γb0a︸︷︷︸
0

Ẽb, Ẽq

)
− f−1

0

(
fi
(
f−1
i

)′ − 1

r

)
Γqip

= ϵipqf
−1
0

(
d

dr

(
1

r
Hipq

)
− 1

r

(
fi
(
f−1
i

)′ − 1

r

)
Hipq

)
where there is no sum over i, p, or q. We summarize these results in table 3.3 where there
is a sum over a and m from 1 to 3 but no sum over i, j, p, or q. The function Hijk is given
in (3.36) and the functions fi are the metric coefficients which can be found in (3.33).

Rijpq

(
f−1
0

2

)2 [
δipδjq

(
2
r
− fi(f

−1
i )′ − fp(f

−1
p )′

) (
2
r
− fj(f

−1
j )′ − fq(f

−1
q )′

)
−δiqδjp

(
2
r
− fp(f

−1
p )′ − fj(f

−1
j )′

) (
2
r
− fi(f

−1
i )′ − fq(f

−1
q )′

) ]
+
(

1
r2

)
(HipaHjqaϵipaϵjqa −HiqaHjpaϵiqaϵjpa) +

2
r2
(fifj)

−1fmϵijmϵpqmHmpq

R0ip0 δip

[
f−1
0

d
dr

(
f−1
0

(
fi
(
f−1
i

)′ − 1
r

))
− (f−1

0 )2
(
fi
(
f−1
i

)′ − 1
r

)2 ]
R0ipq ϵipqf

−1
0

(
d
dr

(
1
r
Hipq

)
− 1

r

(
fi
(
f−1
i

)′ − 1
r

)
Hipq

)
Table 3.3: Riemann curvature components
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3.5 The Ricci curvature tensor

In this section we compute the general Ricci curvature tensor with respect to the metric
gHS that we computed in section 3.2. We use Rjk to mean the components of the Ricci
curvature tensor and Rijpq to mean the components of the Riemann curvature tensor. Re-
call that our chosen frame Ẽi is orthornormal, thus the Ricci curvature tensor coefficients
simplify greatly from Rjk = gipRjipk to Rjk = Rjiik. Lastly, similar to the previous sub-
section the Einstein summation convention breaks, therefore we will indicate a summation
with the usual notation.

Case 1: R00. We compute

R00 = R0000 +
3∑
i=1

R0ii0

= 0 +
3∑
i=1

(
f−1
0

d

dr

(
f−1
0

(
fi
(
f−1
i

)′ − 1

r

))
− (f−1

0 )2
(
fi
(
f−1
i

)′ − 1

r

)2
)

= −
3∑
i=1

(
f−1
0

d

dr

(
f−1
0

(
(log (fi))

′ +
1

r

))
+ (f−1

0 )2
(
(log (fi))

′ +
1

r

)2
)

Case 2: R0k for k ∈ {1, 2, 3}. We compute

R0k = R000k +
3∑
i=1

R0iik

= 0 +
3∑
i=1

(
ϵiikf

−1
0

(
d

dr

(
1

r
Hiik

)
− 1

r

(
fi
(
f−1
i

)′ − 1

r

)
Hiik

))
= 0.
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Case 3: Rjk for j, k ∈ {1, 2, 3} when j ̸= k. We compute

Rjk = Rj00k +
3∑
i=1

Rjiik

= 0 +
3∑
i=1

[(f−1
0

2

)2 [
δjiδik︸ ︷︷ ︸

0

(
2

r
− fj(f

−1
j )′ − fi(f

−1
i )′

)(
2

r
− fi(f

−1
i )′ − fk(f

−1
k )′

)

− δjk︸︷︷︸
0

δii

(
2

r
− fi(f

−1
i )′ − fi(f

−1
i )′

)(
2

r
− fj(f

−1
j )′ − fk(f

−1
k )′

)]

+

(
1

r2

)HjiaHikaϵjiaϵika −HjkaHiiaϵjka ϵiia︸︷︷︸
0


+

2

r2
(fjfi)

−1
[
f1H1ikϵji1ϵik1 + f2H2ikϵji2ϵik2 + f3H3ikϵji3ϵik3

]]
.

=
3∑
i=1

[ 1
r2
HjiaHikaϵjiaϵika +

2

r2
(fifj)

−1 faHaikϵjiaϵika

]
= 0.

In the last step above, since j ̸= k one of ϵjia or ϵika will be zero since there are only three
choices for the indices, therefore this coefficient will vanish.
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Case 4: Rjk for j, k ∈ {1, 2, 3} when j = k. We compute

Rjj = Rj00j +
3∑
i=1

Rjiij

= f−1
0

d

dr

(
f−1
0

(
fj
(
f−1
j

)′ − 1

r

))
− (f−1

0 )2
(
fj
(
f−1
j

)′ − 1

r

)2

+

(
f−1
0

2

)2 3∑
i=1

[
δijδij

(
2

r
− fj(f

−1
j )′ − fi(f

−1
i )′

)(
2

r
− fi(f

−1
i )′ − fj(f

−1
j )′

)
−
(
2

r
− fi(f

−1
i )′ − fi(f

−1
i )′

)(
2

r
− fj(f

−1
j )′ − fj(f

−1
j )′

)]
+

(
1

r2

) 3∑
i,a=1

(HjiaHijaϵjiaϵija −HjjaHiiaϵjjaϵiia)

+
2

r2

3∑
i=1

(fifj)
−1
[
f1H1ijϵij1ϵji1 + f2H2ijϵij2ϵji2 + f3H3ijϵij3ϵji3

]
= f−1

0

d

dr

(
f−1
0

(
fj
(
f−1
j

)′ − 1

r

))
− (f−1

0 )2
(
fj
(
f−1
j

)′ − 1

r

)2

+

(
f−1
0

2

)2 3∑
i=1

[
δij

(
2

r
− fj(f

−1
j )′ − fi(f

−1
i )′

)(
2

r
− fi(f

−1
i )′ − fj(f

−1
j )′

)
−
(
2

r
− fi(f

−1
i )′ − fi(f

−1
i )′

)(
2

r
− fj(f

−1
j )′ − fj(f

−1
j )′

)]
−

3∑
i,a=1

[ 1
r2
(
HjiaHija (ϵija)

2)+ 2

r2
(fifj)

−1 (faHaij (ϵija)
2) ]

= f−1
0

d

dr

(
f−1
0

(
fj
(
f−1
j

)′ − 1

r

))
− (f−1

0 )2
(
fj
(
f−1
j

)′ − 1

r

)2

+

(
f−1
0

2

)2 [(2

r
− 2fj(f

−1
j )′

)2

−
(
2

r
− 2fj(f

−1
j )′

) 3∑
i=1

(
2

r
− 2fi(f

−1
i )′

)]
−

3∑
i,a=1

[ 1
r2
(
HjiaHija (ϵija)

2)+ 2

r2
(fifj)

−1 (faHaij (ϵija)
2) ].

We can simplify the above by noticing for a function f that f (f−1)
′
= − (log(f))′. There-
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fore, we obtain the following expression:

Rjj = f−1
0

d

dr

(
f−1
0

(
− (log(fj))

′ − 1

r

))
− (f−1

0 )2
(
− (log(fj))

′ − 1

r

)2

+
(
f−1
0

)2 [(1

r
+ (log(fj))

′
)2

−
(
1

r
+ (log(fj))

′
)(

3

r
+ (log (f1f2f3))

′
)]

−
3∑

i,a=1

[ 1
r2
(
HjiaHija (ϵija)

2)+ 2

r2
(fifj)

−1 (faHaij (ϵija)
2) ]

= −f−1
0

d

dr

(
f−1
0

(
(log(fj))

′ +
1

r

))
−
(
f−1
0

)2(1

r
+ (log(fj))

′
)(

3

r
+ (log (f1f2f3))

′
)

−
3∑

i,a=1

[ 1
r2
(
HjiaHija (ϵija)

2)+ 2

r2
(fifj)

−1 (faHaij (ϵija)
2) ].

We summarize these results in table 3.4 where the function Hija can be found in (3.36)
and the functions fi are the metric coefficients found in (3.33):

R00 −
∑3

i=1

[
f−1
0

d
dr

(
f−1
0

(
(log (fi))

′ + 1
r

))
+ (f−1

0 )2
(
(log (fi))

′ + 1
r

)2 ]
Rjk for j ̸= k 0

Rjj −f−1
0

d
dr

(
f−1
0

(
(log(fj))

′ + 1
r

))
−
(
f−1
0

)2 (1
r
+ (log(fj))

′) (3
r
+ (log (f1f2f3))

′)
−
∑3

i,a=1

[
1
r2

(
HjiaHija (ϵija)

2)+ 2
r2
(fifj)

−1 (faHaij (ϵija)
2) ]

Table 3.4: Ricci curvature components

3.6 A hyperkähler structure

It was shown in the introduction using (1.5) that when the matrix Q that defines the
hypersymplectic structure on X4 is constant there exists a hyperkähler structure on X4
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inducing the same metric as the hypersymplectic structure up to some constant factor,
thus the metric is Ricci flat. In this section, we verify explicitly for our particular set up
that when Q as defined in (3.22) is constant, our metric is Ricci flat but not necessarily flat.
Recall Q from (3.22). We claim that when Q is constant, there are positive real constants
c2, c3 for which

A2(2A2 + rA′
2) = c2 and A3(2A3 + rA′

3) = c3. (3.37)

To begin let αi be positive real constants so that Qii = αi. Using (3.22) we obtain

(A2 (2A2 + rA′
2))

2

2A3 (2A3 + rA′
3)

= α3
2,

and thus

A3 (2A3 + rA′
3) =

1

2α3
2

(A2 (2A2 + rA′
2))

2
. (3.38)

Similarly,

A2 (2A2 + rA′
2) =

1

2α3
2

(A3 (2A3 + rA′
3))

2
. (3.39)

Lastly,

4

α3
1

= A2 (2A2 + rA′
2)A3 (2A3 + rA′

3)

= A2 (2A2 + rA′
2)

1

2α3
2

(A2 (2A2 + rA′
2))

2

and thus

(A2 (2A2 + rA′
2))

3
=

8α3
2

α3
1

.

In particular, c2 = 2α2/α1 and identity (3.37) for A2 holds. We can repeat the same
computation only now substituting (3.39) in and we obtain the identity in (3.37) for A3.
We will need these identities quite often in this section.

To begin we use the identities in (3.37) and substitute them back into the equations for
the metric coefficients fi for i ∈ {0, 1, 2, 3}. These functions can be found in (3.33) and we
obtain the following

f0 =
(c2c3)

1
3

4
1
3

√
A2A3

, f1 =
2

1
3

√
A2A3

(c2c3)
1
6

, f2 =

√
A3

A2

(
c22
2c3

) 1
6

, f3 =

√
A2

A3

(
c23
2c2

) 1
6

. (3.40)

We show that with these coefficients the metric is Ricci-flat. We do this computation
component by component, we first start with R00
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Case 1: = R00

R00 = Ri00i

=
3∑
i=1

f−1
0

d

dr

(
f−1
0

(
fi
(
f−1
i

)′ − 1

r

))
−

3∑
i=1

(f−1
0 )2

(
fi
(
f−1
i

)′ − 1

r

)2

= −
3∑
i=1

f−1
0

d

dr

(
f−1
0

(
(log(fi))

′ +
1

r

))
−

3∑
i=1

(f−1
0 )2

(
(log(fi))

′ +
1

r

)2

.

When we substitute in the functions fi with the constants in them, we obtain

R00 =
−2

1
3

r (c2c3)
2
3

(rA3A
′′
2 + rA2A

′′
3 + A′

2 (2rA
′
3 + 3A3) + 3A2A

′
3)

+
2

1
3

rA2 (c2c3)
2
3

(
rA2A3A

′′
2 − rA2

2A
′′
3 − rA3 (A

′
2)

2
+ A2A

′
2 (rA

′
3 + A3)− 3A2

2A
′
3

)
+

2
1
3

rA3 (c2c3)
2
3

(
rA3A2A

′′
3 − rA2

3A
′′
2 − rA2 (A

′
3)

2
+ A3A

′
3 (rA

′
2 + A2)− 3A2

3A
′
2

)
=

−2
1
3

r (c2c3)
2
3 A2A3

(
rA2

3A2A
′′
2 + rA2

2A3A
′′
3 + rA2

3 (A
′
2)

2
+ rA2

2 (A
′
3)

2

+ 5A2
3A2A

′
2 + 5A2

2A3A
′
3

)
.

Since Q is a constant matrix, we will use the expressions (3.37). First we differentiate both
expressions in (3.37) to obtain

5AiA
′
i = −r (A′

i)
2 − rAiA

′′
i (3.41)

for i = 2, 3. We then substitute this into the expression we have above for R00 and we
obtain the following:

R00 =
−2

1
3

r (c2c3)
2
3 A2A3

[
rA2

3A2A
′′
2 + rA2

2A3A
′′
3 + rA2

3 (A
′
2)

2
+ rA2

2 (A
′
3)

2

+ A2
3

(
−r (A′

2)
2 − rA2A

′′
2

)
+ A2

2

(
−r (A′

3)
2 − rA3A

′′
3

) ]
= 0.
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Case 1: = R11

R11 = R1001 +R1221 +R1331

= −f−1
0

d

dr

(
f−1
0

(
(log(f1))

′ +
1

r

))
−
(

1

f0

)2(
1

r
+ (log(f1))

′
)(

3

r
+ (log(f1f2f3))

′
)

− 1

r2

3∑
i,a=1

H1iaHi1a (ϵ1ia)
2 − 2

r2

2∑
i,a,=1

fa
f1fi

Hai1 (ϵ1ia)
2

= −f−1
0

d

dr

(
f−1
0

(
(log(f1))

′ +
1

r

))
−
(

1

f0

)2(
1

r
+ (log(f1))

′
)(

3

r
+ (log(f1f2f3))

′
)

−
(

1

r2

)(
H123H213 (ϵ123)

2 +H132H312 (ϵ132)
2)

−
(

2

r2

)(
f3
f1f2

H321 (ϵ123)
2 +

f2
f1f3

H231 (ϵ132)
2

)
.

Recall from (3.36), Hijk =
fi
fjfk

− fj
fifk

− fk
fifj

and Hijk = Hikj. In the following step we input

the functions Hijk and the equations for fi from (3.40). We obtain

R11 =
−2

1
3

r (c2c3)
2
3

(rA3A
′′
2 + rA2A

′′
3 + A′

2 (2rA
′
3 + 3A3) + 3A2A

′
3)

− 16
1
3

r2 (c2c3)
2
3

(rA2A
′
3 + rA3A

′
2 + 2A2A3)

+
2

1
3

r2 (c2c3)
2
3 (A2A3)

3

(
4A4

3A
4
2 − c22A

4
3 + 2c2c3A

2
3A

2
2 − c23A

4
2

)
=

−2
1
3

r2 (c2c3)
2
3 (A2A3)

3

(
r2A4

3A
3
2A

′′
2 + r2A4

2A
3
3A

′′
3 + 2r2A3

3A
3
2A

′
2A

′
3 + 5rA4

3A
3
2A

′
2

+ 5rA4
2A

3
3A

′
3 + (c2A

2
3 − c3A

2
2)

2
)
.

We replace all occurrences of c2 and c3 in the numerator with the formulas in (3.37) to
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obtain

R11 =
−2

1
3

r2 (c2c3)
2
3 (A2A3)

3

(
r2A4

3A
3
2A

′′
2 + r2A4

2A
3
3A

′′
3 + 5rA4

3A
3
2A

′
2 + 5rA4

2A
3
3A

′
3

+ r2A4
3A

2
2 (A

′
2)

2
+ r2A4

2A
2
3 (A

′
3)

2
)
.

Now we rearrange the equation we had in (3.41) to obtain

r (A′
i)
2
= −5AiA

′
i − rAiA

′′
i , (3.42)

and we substitute this into our expression for R11 to obtain

R11 =
−2

1
3

r2 (c2c3)
2
3 (A2A3)

3

[
r2A4

3A
3
2A

′′
2 + r2A4

2A
3
3A

′′
3 + 5rA4

3A
3
2A

′
2 + 5rA4

2A
3
3A

′
3

− rA4
3A

2
2 (5A2A

′
2 + rA2A

′′
2)− rA4

2A
2
3 (5A3A

′
3 + rA3A

′′
3)
]

= 0.

The computations for the remaining cases R22 and R33 are fairly similar to the case for
R11 so we will not add as much detail.

Case 3: R22

R22 = R2002 +R2112 +R2332

= −f−1
0

d

dr

(
f−1
0

(
(log(f2))

′ +
1

r

))
−
(

1

f0

)2(
1

r
+ (log(f2))

′
)(

3

r
+ (log(f1f2f3))

′
)

− 1

r2
(
H123H213 (ϵ123)

2 +H231H321 (ϵ231)
2)

− 2

r2

(
f3
f1f2

H321 (ϵ123)
2 +

f1
f2f3

H132 (ϵ231)
2

)
.

We substitute the expression for Hijk and the functions fi from (3.40).

R22 =
2

1
3

r2 (c2c3)
2
3 (A2A3)

3

(
r2A4

3A
3
2A

′′
2 − r2A4

2A
3
3A

′′
3 + rA4

3A
3
2A

′
2 − 5rA4

2A
3
3A

′
3 − 8A4

3A
4
2

+ 8c3A
4
2A

2
3 − 4c23A

4
2 + 4c22A

4
3

)
.
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We substitute the expressions we have for ci from (3.37) and and we obtain

R22 =
2

1
3

r2 (c2c3)
2
3 (A2A3)

3

(
r2A4

3A
3
2A

′′
2 − r2A4

2A
3
3A

′′
3 + 5rA4

3A
3
2A

′
2 − 5rA4

2A
3
3A

′
3

− r2A4
2A

2
3 (A

′
3)

2
+ r2A4

3A
2
2 (A

′
3)
)
.

Next we do the same thing we did for the R11 case and substitute the expression for r (Ai)
2

from (3.42). After this substitution all the terms cancel and we are left with R22 = 0.

Case 4: R33

R33 = R3003 +R3113 +R3223

= −f−1
0

d

dr

(
f−1
0

(
(log(f3))

′ +
1

r

))
−
(

1

f0

)2(
1

r
+ (log(f3))

′
)(

3

r
+ (log(f1f2f3))

′
)

− 1

r2
(H132H312 +H231H321)−

2

r2

(
f2
f1f3

H231 +
f1
f2f3

H132

)
.

We substitute the expression for Hijk and the functions fi from (3.40).

R33 =
2

1
3

r2 (c2c3)
2
3 (A2A3)

3

(
− r2A4

3A
3
2A

′′
2 + r2A4

2A
3
3A

′′
3 − 5rA4

3A
3
2A

′
2 + rA4

2A
3
3A

′
3

− 8A4
3A

4
2 + 8c2A

4
3A

2
2 − 4c22A

4
3 + 4c23A

4
2

)
.

We substitute the expressions we have for ci from (3.37) and obtain

R33 =
2

1
3

r2 (c2c3)
2
3 (A2A3)

3

(
− r2A4

3A
3
2A

′′
2 + r2A4

2A
3
3A

′′
3 − 5rA4

3A
3
2A

′
2 + 5rA4

2A
3
3A

′
3

− r2A4
3A

2
2 (A

′
2)

2
+ r2A4

2A
2
3 (A

′
3)

2
)
.

Next we do the same thing we did for the R11 and R22 case and substitute the expression for
r (Ai)

2 from (3.42). After this substitution all the terms cancel and we are left with R33 = 0.

Now we show that the structure is not necessarily flat, meaning there is a component
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of the Riemann curvature tensor that does not vanish. Using the computation we did in
section 3.4 and the metric coefficients (3.40), we compute some of the Riemann curvature
tensors to be:

R1001 =
−2

1
3

r (c2c3)
2
3

(rA3A
′′
2 + rA2A

′′
3 + A′

2 (2rA
′
3 + 3A3) + 3A2A

′
3) . (3.43)

Let us examine R1001 more closely, note that there are of course specific choices we can
make for Ai so that this does vanish In particular we note that if Ai are constant then this
gives R1001 = 0. We want to look for solutions that do not vanish. If we solve equations
(3.37) then we obtain

Ai = ±
√
2r4ci + 4bi

2r2

where bi are the constants of integration. Then we can substitute this solution into (3.43)
to obtain

R1001 =
16

1
3 (2b2c2c

2
3r

12 + 2b3c
2
2c3r

12 + 24b2b3c2c3r
8 + 24b22b3c3r

4 + 24b2b
2
3c2r

4 + 32b22b
2
3)

r6 (c2c3)
2/3 ((r4c2 + 2b2) (r4c3 + 2b3))

3/2
.

(3.44)
We know that ci > 0, but we can see in the above that if both bi = 0 then Ai is constant
and all of the metric coefficients (3.33) are the same and thus gω is constant multiple of the
Euclidean metric. If at least one of bi is non-zero then the expression (3.44) is non-zero.
Taking both bi’s to be positive assures that Ai is defined on all of R4 \ {0}. Thus choosing
bi > 0 gives us a class of hyperkähler structures on R4 \ {0}. Lastly we point out that
this class of hyperkähler metrics looks very similar to a class of metrics on the cone over
RP3, that is (0,∞)×RP3, given in the paper [FLS17]. If we pulled back our metrics from
R4 \ {0} to (0,∞)×RP3 it is likely that the metrics in [FLS17] are a subset of the class of
hyperkähler metrics we have found.
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Chapter 4

The soliton equation

In this chapter we discuss some solitons of the hypersymplectic flow. In 4.1 we introduce
a special class of solutions to the hypersymplectic flow called self similar solutions. Self
similar solutions are solutions that evolve by a scaling factor and a diffeomorphism. They
are essentially equivalent to solitons of the flow. We will show how solitons give rise to
self similar solutions and vise versa. In this same section we compute the general soliton
equation. This gives rise to three different equations (one for each symplectic form). In
section 4.2 we compute explicitly the soliton equations for each ωi. This tells that all
but one of the vector field coefficients for the soliton triple vanishes. In section 4.3 we
equate three different expressions for our vector field coefficient and find two differential
equations whose solutions would give us the soliton vector field. In section 4.4 we find
explicit solitons for the hypersymplectic flow when the matrix Q from the hypersymplectic
structure is constant. We also see that when the constant λ in the soliton triple vanishes,
the matrix Qmust be constant. In this case we can explicitly solve for the functions Ak that
comprise the metric. SinceQ is constant the hypersymplectic triple can be transformed into
a hyperkähler triple whose metric differs from the hypersymplectic metric by a constant.
Thus concluding in this particular setting, steady solitons give rise to hypersymplectic
structures whose metrics are a constant multiple of a hyperkähler metric.
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4.1 General soliton equation

In this section we let N be a smooth manifold of dimension 4. The hypersymplectic
flow is given as a triple of partial differential equations defined as

d

dt
ω(t) = d(Qd∗(Q−1ω)). (4.1)

Let Qij denote the components of Q−1. We have the following equation for each component
ωi of ω:

d

dt
ωi(t) = d(Qikd

∗(Qklωl)).

We begin by introducing the notion of a self similar solution, this definition is given in an
analogous way to self similar solutions for other geometric flows such as the G2- Laplacian
flow and the isometric flow [FR20],[DGK19].

Definition 4.1.1. Let N be a smooth manifold of dimensions 4. Let ω(t) t ∈ [0, T ) be a
solution of the hypersymplectic flow (4.1). We say that ω(t) is self similar if there exists a
positive function a(t) with a(0) = 1, a hypersymplectic structure ω(0) on N and a family
of diffeomorphisms Ft : N → N with F0 = IdN such that

ω(t) = a(t)2F ∗
t ω(0). (4.2)

Remark 4.1.2. The exponent on a(t) is not necessary but is there to avoid rational factors
later in the computations.

Definition 4.1.3. A soliton of the hypersymplectic flow (4.1) is a triple (ω(0), λ,X) where
ω(0) is a hypersymplectic structure on N , X is vector field on N , and λ is a constant
satisfying

λω(0) + LXω(0) = d(Qd∗(Q−1ω(0))). (4.3)

We show that self similar solutions give rise to solitons and solitons give rise to self similar
solutions. Indeed the formula (4.3) was constructed by taking the time derivative of a self
similar solution. Let us show that. Let ω(t) be some self similar solution as in definition
4.1.1. That is ω(t) = (a(t))2 F ∗

t ω(0) where a(0) = 1 and Ft ∈ Diff(M) with F0 = IdM is a
solution of the hypersymplectic flow. First we take the time derivative of ω(t). Let X be
the infinitesimal generator of Ft. We obtain

∂ω(t)

∂t
= 2a(t)a′(t)F ∗

t (ω(0)) + (a(t))2 F ∗
t (LXω(0)) .
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Thus,

∂ω(t)

∂t

∣∣∣∣∣
t=0

= 2a′(0)ω(0) + LXω(0).

Let λ = 2a′(0). Since ω(0) is a solution of the hypersymplectic flow then (X,λ, ω(0))
satisfies

λω(0) + LXω(0) =
∂ω(t)

∂t

∣∣∣∣∣
t=0

= d(Qd∗(Q−1ω(0)))

making (X,λ, ω(0)) a soliton. Now suppose we have a soliton, a triple (X,λ, ω(0)) that
satisfies equation (4.3). Define ω(t) = eλtF ∗

t (ω(0)) where Ft is the flow of the vector field

X, that is ∂Ft
∂t

∣∣∣
p
= X

(
Ft(p)

)
. We want to show that ω(t) is indeed a solution to the

hypersymplectic flow. We use the fact that F ∗
t commutes with d and (4.3), to obtain

∂ω(t)

∂t
= eλtF ∗

t (λω(0)) + eλtF ∗
t (LXω(0))

= eλtF ∗
t (λω(0) + LXω(0))

= eλtF ∗
t

(
d(Qd∗(Q−1ω(0)))

)
= d

(
F ∗
t (Q)d

∗F∗
t ω
(
F ∗
t (Q

−1)eλtF ∗
t ω(0)

))
= d

(
F ∗
t (Q)d

∗F∗
t ω
(
F ∗
t (Q

−1)ω(t)
))
.

Above F ∗
t (Q) is the matrix that corresponds to the positive triple ω(t) = eλtF ∗

t (ω(0)) and
∗F ∗

t ω
is the Hodge star induced by the pullback triple F ∗

t ω. Thus we can conclude that
ω(t) = eλtF ∗

t (ω(0)) is a solution to the hypersymplectic flow arising from the soliton triple.
So we see how solitons give rise to solutions of the flow.

Now we expand the soliton equation (4.3) so that we are able to say something about its
potential solutions. When we expand the soliton equation for each component ωi we get

λωi(0) + LXωi(0) = d(Qikd
∗(Qklωl)). (4.4)

Recall from (3.20) that Q is a diagonal matrix. Thus in this case the equation becomes

λωi + LXωi = d(Qiid
∗(Qiiωi)) (4.5)

where ωi is the ith component of ω(0). Note there is no sum in the formula above. We
can further expand the left hand side of this equation. Since we know that the entries of
the matrix Q are just functions of r, we can also use the Hodge star ∗ω that comes from
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the metric gω in the orthonormal frame Ẽi. We also use the fact that d∗ = (−1)nk+n+1 on
k-forms, and n = 4 is the dimension of our manifold. Thus the previous equation becomes

λωi + LXωi = −d(Qii ∗ω d ∗ω (Qiiωi))

= −d(Qii ∗ω d(Qiiωi))

= −d
(
Qii ∗ω

(
d(Qii) ∧ ωi

))
= −d

(
Qii ∗ω

(
(Qii)′E0 ∧ ωi

))
= −d

(
Qii(Q

ii)′
1

f0
∗ω
(
Ẽ0 ∧ ωi

))
where we used the fact that ωi is closed and self dual with respect to the Hodge star ∗ω
that comes from the metric gω. If we further expand the exterior derivative in the last
equation above we obtain

λωi + LXωi

= −
((

Qii(Q
ii)′

1

f0

)′
1

f0
Ẽ0 ∧ ∗ω

(
Ẽ0 ∧ ωi

)
+Qii(Q

ii)′
1

f0
d
(
∗ω
(
Ẽ0 ∧ ωi

)))
.

(4.6)

We note that each symplectic form ωk yields a soliton equation. The symplectic forms ωk
are given by

ω1 = P1

(
Ẽ01 + Ẽ23

)
, ω2 = P2

(
Ẽ02 + Ẽ31

)
, ω3 = P3

(
Ẽ03 + Ẽ12

)
(4.7)

where Pi are functions are r that can be found in (3.35). We state them again below:

P1 =
1

f0f1
=

1

f2f3
=

(
4

A2A3(rA′
2 + 2A2)(rA′

3 + 2A3)

) 1
6

,

P2 =
A2

f1f3
=

2A2 + rA′
2

2f0f2
=

(
A2

2(rA
′
2 + 2A2)

2

2A3(rA′
3 + 2A3)

) 1
6

,

P3 =
A3

f1f2
=

2A3 + rA′
3

2f0f3
=

(
A2

3(rA
′
3 + 2A3)

2

2A2(rA′
2 + 2A2)

) 1
6

.

We will compute the left hand side of (4.6). We note that the derivation of dẼi is found
in section A.1. First we note the following computations for each ωi. Since

∗ω
(
Ẽ0 ∧ ωi

)
= −PiẼi,
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we have

d
(
∗ω
(
Ẽ0 ∧ ωi

))
= −d(Pi)Ẽi − PidẼi

= − 1

f0
P ′
i Ẽ

0i − PidẼ
i.

(4.8)

4.2 Soliton equations for ω1, ω2, and ω3

In this section we compute the specific soliton equations (4.5) for ω1, ω2 and ω3. First
we recall the matrix Q for this hypersymplectic structure:

Q =



4
1
3

(A2A3(2A2+rA′
2)(2A3+rA′

3))
1
3

0 0

0
(A2(2A2+rA′

2))
2
3

(2A3(2A3+rA′
3))

1
3

0

0 0
(A3(2A3+rA′

3))
2
3

(2A2(2A2+rA′
2))

1
3


.

In the previous section we expanded the soliton equations as (4.6). We start with the right
hand side of (4.6) for ω1 and we use the identity for dẼi that is found in A.1 and (4.8) to
obtain

d
(
Q11d

∗ (Q11ω1

))
=

(
Q11

(
Q11
)′ 1
f0

)′
P1

f0
Ẽ01 +

(
Q11

(
Q11
)′ 1
f0

)(
P ′
1

f0
Ẽ01 + P1dẼ

1

)
=
[(

Q11

(
Q11
)′ 1
f0

)′
P1

f0
+Q11

(
Q11
)′ 1
f0

(
P ′
1

f0
+
P1 (f1)

′

f0f1
+
P1

rf0

)]
Ẽ01

+
[2Q11 (Q

11)
′
P1f1

rf0f2f3

]
Ẽ23.

(4.9)

For the left hand side of (4.6) we assume that the vector field X for the soliton equation
is X = F iẼi where F

i are functions that depend only on r. The left hand side of (4.6) is
then

λω1 + LXω1 = λP1

(
Ẽ01 + Ẽ23

)
+ d

(
F iẼi ⌟ P1

(
Ẽ01 + Ẽ23

))
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where we used the fact that dω1 = 0. We recall the metric coefficients from (3.33) and the
formulas for dẼi from section A.1. Then the above becomes

λω1 + LXω1 = λP1Ẽ
01 + λP1Ẽ

23 +
(P1F

0)′

f0
Ẽ01 +

(P1F
2)′

f0
Ẽ03 − (P1F

3)′

f0
Ẽ02

+ P1F
0dẼ1 + P1F

2dẼ3 − P1F
3dẼ2

= λP1Ẽ
01 + λP1Ẽ

23 +
(P1F

0)′

f0
Ẽ01 +

(P1F
2)′

f0
Ẽ03 − (P1F

3)′

f0
Ẽ02

+ P1F
0

([(f1)′
f1f0

+
1

rf0

]
Ẽ01 +

[ 2f1
rf2f3

]
Ẽ23

)
+ P1F

2

([(f3)′
f3f0

+
1

rf0

]
Ẽ03 +

[ 2f3
rf1f2

]
Ẽ12

)
− P1F

3

([(f2)′
f2f0

+
1

rf0

]
Ẽ02 +

[ 2f2
rf1f3

]
Ẽ31

)
=
[
λP1 +

(P1F
0)′

f0
+
P1F

0(f1)
′

f1f0
+
P1F

0

rf0

]
Ẽ01

−
[(P1F

3)′

f0
+
P1F

3(f2)
′

f2f0
+
P1F

3

rf0

]
Ẽ02

+
[(P1F

2)′

f0
+
P1F

2(f3)
′

f3f0
+
P1F

2

rf0

]
Ẽ03 +

[
λP1 +

2P1F
0f1

rf2f3

]
Ẽ23

−
[2P1F

3f2
rf1f3

]
Ẽ31 +

[2P1F
2f3

rf1f2

]
Ẽ12.

(4.10)

We equate the computations we did above, using the fact that Pi ̸= 0, fi ̸= 0 for all i we
obtain the following information for the vector field X = F iẼi:

F 2 = F 3 = 0, (4.11)

F 0 = Q11

(
Q11
)′ 1
f0

− λrf2f3
2f1

,

(F 0)′ =

(
Q11

(
Q11
)′ 1
f0

)′

− λf2f3
2f1

− λr

2

(
f2f3
f1

)′

,

(4.12)
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(
Q11

(
Q11
)′ 1
f0

)′
P1

f0
+Q11

(
Q11
)′ 1
f0

(
P ′
1

f0
+
P1 (f1)

′

f0f1
+
P1

rf0

)
= λP1 +

P ′
1F

0

f0
+
P1 (F

0)
′

f0

+
P1F

0 (f1)
′

f1f0
+
P1F

0

rf0
.

(4.13)

We substitute (4.12) into (4.13) and allow λ to be a parameter. We obtain(
Q11(Q

11)′
1

f0

)′
P1

f0
+Q11(Q

11)′
1

f0

(
(P1)

′

f0
+
P1(f1)

′

f1f0
+
P1

rf0

)
= λP1 +

P1

f0

[(
Q11(Q

11)′
1

f0

)′

− λf2f3
2f1

− λr

2

(
f2f3
f1

)′ ]
+

(P1)
′

f0

[
Q11(Q

11)′
1

f0
− λrf2f3

2f1

]
+
P1(f1)

′

f1f0

[
Q11(Q

11)′
1

f0
− λrf2f3

2f1

]
+
P1

rf0

[
Q11(Q

11)′
1

f0
− λrf2f3

2f1

]
.

Many of the terms cancel each other out and we are left with the equation

0 = λ

(
P1 −

rP1

2f0

(
f2f3
f1

)′

− r(P1)
′f2f3

2f0f1
− rP1(f1)

′f2f3
2f 2

1 f0
− P1f2f3

f0f1

)
. (4.14)

Using the fact that P1 = 1
f1f0

= 1
f2f3

we can significantly simplify the above into the
following

0 = λ

(
P1 −

P1r

2f0
(f0)

′ − (P1)
′r

2
− (f1)

′P1r

2f1
− P1

)
= λ

(
rP1(f0)

′

2f0
+ (P1)

′ r

2
+
rP1(f1)

′

2f1

)
.

(4.15)

We can replace P1 =
1

f0f1
and its derivative

(P1)
′ = −(f0)

′

f 2
0 f1

− (f1)
′

f0f 2
1

in (4.15) to obtain and equation that is always automatically satisfied

0 = λ

(
−r(f0)

′

2f 2
0 f1

− r(f1)
′

2f0f 2
1

+
r(f0)

′

2f 2
0 f1

+
r(f1)

′

2f0f 2
1

)
.

Thus the soliton equation for ω1 gives us the following

F 0 = Q11

(
Q11
)′ 1
f0

− λrf2f3
2f1

, F 2 = F 3 = 0. (4.16)
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In order to obtain the soliton equations for ω2 and ω3 we can repeat this same process as
we did for ω1. Alternatively one can cyclically permute 1 → 2 → 3 in the equations above
to obtain the remaining soliton equations. Doing this we obtain from ω2 the following new
piece of information:

F 0 = Q22(Q
22)′

1

f0
− λrf1f3

2f2
, F 1 = 0. (4.17)

We cyclically permute again and obtain from ω3 the only non-trivial new information is:

F 0 = Q33

(
Q33
)′ 1
f0

− λrf1f2
2f3

. (4.18)

Therefore X is radial.

4.3 Finding F 0

In the previous section we computed the soliton equations that came from each ωi. In the
end we were left with three different expressions for F 0. In this section we will set them
all equal to one another and ideally find the constraints λ and A2, A3 that will satisfy our
equations for F 0. We see in (4.16), (4.17), (4.18) that the different expressions of F 0 are:

F 0 = Q11(Q
11)′

1

f0
− λrf2f3

2f1
= Q22(Q

22)′
1

f0
− λrf1f3

2f2
= Q33

(
Q33
)′ 1
f0

− λrf1f2
2f3

.

We would like to be able to determine possible A2, A3, λ that could solve the equations
above. We first create two equations from these expressions for F 0. The equations are
created by taking the F 0 that came from ω2 and ω3 and subtracting them from the F 0

that came from ω1. The result is the following two equations

0 =
1

f0

(
Q11

(
Q11
)′ −Q22

(
Q22
)′)

+
λr

2

(
f1f3
f2

− f2f3
f1

)
,

0 =
1

f0

(
Q11

(
Q11
)′ −Q33

(
Q33
)′)

+
λr

2

(
f1f2
f3

− f2f3
f1

)
.

(4.19)

We can replace the metric coefficients fi and the entries of the matrix Q using the identities
(3.33) and (3.22) and doing some simplifications we obtain the following two equations

0 = λr2A′
2 (A2A3 (rA

′
2 + 2A2) (rA

′
3 + 2A3))

2
3 − 4 · 2

1
3A3

(
rA2A

′′
2 + r(A′

2)
2 + 5A2A

′
2

)
,

0 = λr2A′
3 (A2A3 (rA

′
2 + 2A2) (rA

′
3 + 2A3))

2
3 − 4 · 2

1
3A2

(
rA3A

′′
3 + r(A′

3)
2 + 5A3A

′
3

)
.

(4.20)
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Since these are first order differential equations we know that there exist unique solutions
to these equations given an initial condition at r = r0 at least in some open neighborhood
of r0. One would then need to study if the solution extends to r = 0 and r = ∞. However
these equations are not linear and difficult to solve. The author searched for a compact
invariant set for solutions to these differential equations. Namely looking for a function
G(r, A2, A3, A

′
2, A

′
3) which is decreasing along the solutions of (4.20) and whose level sets

are compact. As a result any solution of (4.20) would stay in these compact level sets for
all time. The obvious functions G to try would be polynomials whose terms only have even
exponents. Among some of the other functions G we tried were Tr(Q), σ2(Q) (the second
symmetric polynomial of Q), and the sum of the squared entries of Q where Q is given by
(3.22) or (3.20). However, after some attempts these computations are either not feasible
or the level sets of the function G are not compact.

4.4 Some soliton solutions when Q is constant

In the previous sections we computed the soliton equations. Recall for our vector field
X = F iẼi we were only left with the function F 0 being non-zero. In the previous section
we set the three different expressions for F 0 equal to one another and obtained two equa-
tions involving A2, A3, and λ. In this section we will examine two cases of solitons, one
being the case when λ = 0. This case forces Q to be a constant matrix and thus we obtain
explicit solutions inducing a Ricci flat metric. The second case we will examine is when
λ ̸= 0. For this case, in general it is not clear how to proceed. However, there do exist
solutions when Q is a constant matrix. In particular, when λ ̸= 0 and Q is constant, this
forces the metric gω to be Euclidean. However in general we know there exist solutions to
the soliton equations for λ ̸= 0 and Q not being constant, however we just cannot write
them down explicitly and furthermore we do not know if they are even defined for all r > 0.

We begin with the case of λ = 0. Recall that for each ωi we had a different equation
for F 0. If we substitute λ = 0 into our equations for F0 (4.16), (4.17) and (4.18) we obtain

F 0 = Q11

(
Q11
)′ 1
f0

= Q22

(
Q22
)′ 1
f0

= Q33

(
Q33
)′ 1
f0
. (4.21)

Furthermore, out of three equations for F 0 we created two equations (4.20). We note that
substituting λ = 0 into (4.20) and solving (4.21) is equivalent, as we would repeat the same
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steps. If we substitute λ = 0 into these equations we obtain the following equations

0 = −4 · 2
1
3A3

(
rA2A

′′
2 + r(A′

2)
2 + 5A2A

′
2

)
,

0 = −4 · 2
1
3A2

(
rA3A

′′
3 + r(A′

3)
3 + 5A3A

′
3

)
.

We can further simplify the above by noticing that the second factor can be written as the
derivative of Ai (rA

′
i + 2Ai) and thus we obtain

0 = A3 (A2 (rA
′
2 + 2A2))

′
,

0 = A2 (A3 (rA
′
3 + 2A3))

′
.

Since Ai ̸= 0 since that would contradict the hypothesis that Q is positive definite, we
obtain

(Ai (rA
′
i + 2Ai))

′
= 0

=⇒ Ai (rA
′
i + 2Ai) = ci

(4.22)

where ci is some positive constant ensuring that Q is still positive definite. If we substitute
(4.22) into the matrix Q we computed in (3.22) we obtain a constant matrix:

Q =



41/3

(c2c3)
1/3 0 0

0
c
2/3
2

(2c3)
1/3 0

0 0
c
2/3
3

(2c2)
1/3


.

As we have shown in section 3.6, whenQ is constant the hypersymplectic structure defines a
non-flat Ricci flat metric structure and thus can be transformed to a hyperkähler structure.
In this case, we see that F 0 = 0 and thus the vector field X = 0. We can return to (4.22)
and solve them explicitly:

Ai = ±
√
2r4ci + αi
2r2

(4.23)
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where ci > 0 and αi are the constants of integration. If we substitute (4.22) into our
formula for the hypersymplectic triple ω (3.35) then the triple becomes:

ω1 =

(
4

c2c3

) 1
6 (
Ẽ01 + Ẽ23

)
ω2 =

(
c22
2c3

) 1
6 (
Ẽ02 + Ẽ31

)
ω3 =

(
c23
2c2

) 1
6 (
Ẽ03 + Ẽ12

)
.

(4.24)

Therefore our soliton triple is λ = 0, X = 0 and ω as in (4.24). To see the Ricci curvature
tensor we direct the reader to section 3.6 as we have shown in that section that when Q is
constant in this particular set up the Ricci curvature vanishes. We have also shown in that
same section that the Riemann curvature tensor does not necessarily vanish, thus giving
us a class of non-flat Ricci flat structures.

The second case we consider is when λ ̸= 0. As previously mentioned in general we
do not have explicit solutions to the soliton equations for this case. However there exists
some explicit solutions when we assume Q to be constant. We will show that this implies
that the functions Ai are constant and our metric gHS is then Euclidean. If we assume
λ ̸= 0 and Q to be constant and we set equal the three equations for F 0 (4.16), (4.17) and
(4.18) we obtain

F 0 = −λrf2f3
2f1

= −λrf1f3
2f2

= −λrf1f2
2f3

. (4.25)

From (4.25) and from our computations in (A.2) we obtain the following

f0 =
f2f3
f1

=
f1f3
f2

=
f1f2
f3

=⇒ f0 = f1 = f2 = f3.

We equate the functions f1 = f2 and f1 = f3 found in (3.33) and we obtain the following

f1 = f2

=⇒ 4A2
2A

2
3

(rA′
2 + 2A2) (rA′

3 + 2A3)
=
A2

3 (rA
′
2 + 2A2)

2

2A2 (rA′
3 + 2A3)

8A3
2 = (rA′

2 + 2A2)
3
.

We can repeat this exact computation with f1 = f3 and we obtain the following relations

2Ai = rA′
i + 2Ai (4.26)
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for i = 2 and 3. We also assumed the entries of Q to be constant, if ci ∈ R where ci > 0,
we set the entries Qii from (3.22) to be equal to ci and we substitute the relation from
(4.26). Setting Q22 equal to some positive constant gives

A2
2 (rA

′
2 + 2A2)

A3 (rA′
3 + 2A3)

= c2

=⇒ A2
2 (rA

′
2 + 2A2)

2
= c2A3 (rA

′
3 + 2A3) .

(4.27)

Setting Q33 equal to some positive constant gives

A2
3 (rA

′
3 + 2A3)

2
= c3A2 (rA

′
2 + 2A2) . (4.28)

Lastly we set Q11 equal to some positive constant and use (4.27) as well as (4.26) to obtain
the following

A2A3 (rA
′
2 + 2A2) (rA

′
3 + 2A3) = c1

=⇒ A3
2 (rA

′
2 + 2A2)

3
= c1c2

=⇒ 8A6
2 = c1c2

=⇒ A2 = c

for some positive c ∈ R. We can repeat this for A3 to indicate that our functions Ai
are constant. When the functions Ai are constant and using identity (4.26) our metric

coefficients (3.33) are given by fi = f = (A2A3)
1
6 for i = 0, 1, 2, 3. When we substitute in

the constants αi for Ai our metric becomes

gω = f
(
E2

0 + E2
1 + E2

2 + E3
3

)
= (α2α3)

1
6
(
E2

0 + E2
1 + E2

2 + E2
3

)
(4.29)

which is a scalar multiple of the Euclidean metric. In this case our F 0 becomes

F 0 = −λr
2
f = −λ (α2α3)

1
6

2
r. (4.30)

Thus when λ ̸= 0 and Q is constant, our hypersymplectic structure ω is Euclidean and our
vector field is

X = −

(
λ (α2α3)

1
6

2
r

)
Ẽ0 = −

(
λ (α2α3)

1
6

2
r

)
1

f
E0 = −

(
λr

2

)
d

dr
. (4.31)

We can now evaluate the self similar solution that corresponds to this soliton. The flow
of the vector field of X in (4.31) is Ft(x) = xe

−λ
2
t for x ∈ R \ {0}. We show that the self
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similar solution ω(t) = eλtF ∗
t ω(0) for ω(0) given in (4.7) is the standard hyperkähler triple.

We show this for ω1(0) = P1

(
Ẽ01 + Ẽ23

)
. We first compute that

F ∗
t (E

0) = F ∗
t (dr) = d(re−

λ
2
t) = e−

λ
2
tdr = e−

λ
2
tE0,

F ∗
t (E

i) = e−
λ
2
tEi.

(4.32)

Then using (4.32) we obtain

F ∗
t (E

0 ∧ E1) = (e−
λ
2
tE0) ∧ (e−

λ
2
tE1) = e−λt(E0 ∧ E1),

F ∗
t (E

2 ∧ E3) = (e−
λ
2
tE2) ∧ (e−

λ
2
tE3) = e−λt(E2 ∧ E3).

(4.33)

We therefore obtain

F ∗
t ω1(0) = e−λtP1

(
re−

λ
2
t
) [
f0

(
re−

λ
2
t
)
f1

(
re−

λ
2
t
)
E0 ∧ E1

+ f2

(
re−

λ
2
t
)
f3

(
re−

λ
2
t
)
E2 ∧ E3

]
.

Using (A.2), the self-similar solution that corresponds to this soliton is given by

ω1(t) = P1

(
re−

λ
2
t
) [
f0

(
re−

λ
2
t
)
f1

(
re−

λ
2
t
)
E0 ∧ E1 + f2

(
re−

λ
2
t
)
f3

(
re−

λ
2
t
)
E2 ∧ E3

]
= E01 + E23.

The remaining 2-forms can be found by cyclically permuting 1 → 2 → 3. We conclude
that the self similar solution that corresponds the soliton (λ,X, ω(0)) where X is given by
(4.31) and ω(0) is given in (4.7) is the hyperkähler triple

ωi(t) = E0i +
1

2
ϵijkE

jk.
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Chapter 5

Future ideas

There are many avenues one can take from here. One interesting avenue that was explored
during my doctorate was removing the closedness assumption on the positive triple. Recall
that the closedness condition was not required to create a G2 structure on T3 ×X4. For
the G2 form

φ = dt123 − dti ∧ ωi
we could loosen the conditions of the triple ω so that they need not be closed. This would
still give a G2 structure it would just not be closed. From here one could apply the G2-
isometric flow given in [DGK19] to φ and see how this flows in time. The isometric flow is
given by

∂tφ = DivT ⌟ ψ

where DivT is the divergence of the torsion tensor of the G2 structure. Its fixed points
include closed G2 structures. With that in mind, one might be able to use the isometric
flow to ideally flow in time to a closed G2 structure.

Another interesting avenue to take would be to look for other cohomogeneity one soli-
tons of the hypersymplectic flow. We only explored the action of SO(4) on R4, however
one might just take an arbitrary cohomogeneity one action on other 4-manifolds and see
how solitons in this case might look.

Lastly in the paper [FHY25] the space X4 was taken to be T4 invariant under the action of
T3 ⊂ T4. Another avenue to explore would be to look for solitons of the hypersymplectic
flow with this ansatz.
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mathématique de France, 1992. talk:748. URL: https://www.numdam.org/
item/SB_1991-1992__34__137_0/.

[Hoe10] Corey A. Hoelscher. Classification of cohomogeneity one manifolds in low di-
mensions. Pacific J. Math., 246(1):129–185, 2010. doi:10.2140/pjm.2010.

246.129.

[IK24] Thomas A. Ivey and Spiro Karigiannis. Cohomogeneity one solitons for the
isometric flow of G2-structures. Geometriae Dedicata, 218(5), 2024. doi:10.

1007/s10711-024-00954-8.

[Ive94] Thomas Ivey. New examples of complete Ricci solitons. Proc. Amer. Math.
Soc., 122(1):241–245, 1994. doi:10.2307/2160866.

[JK21] Dominic Joyce and Spiro Karigiannis. A new construction of compact torsion-
free G2-manifolds by gluing families of Eguchi–Hanson spaces. Journal of Dif-
ferential Geometry, 117(2), 2021. doi:10.4310/jdg/1612975017.

[Joy96] Dominic D. Joyce. Compact Riemannian 7-manifolds with holonomy G2.
I, II. J. Differential Geom., 43(2):291–328, 329–375, 1996. URL: http:

//projecteuclid.org/euclid.jdg/1214458109.

[Joy00] Dominic D. Joyce. Compact manifolds with special holonomy. Oxford Mathe-
matical Monographs. Oxford University Press, Oxford, 2000.

[Joy03] Dominic Joyce. Riemannian holonomy groups and calibrated geometry. In
Calabi-Yau manifolds and related geometries (Nordfjordeid, 2001), Universi-
text, pages 1–68. Springer, Berlin, 2003.

[Kar08] S. Karigiannis. Flows of G2-structures I. The Quarterly Journal of Mathematics,
60(4):487–522, July 2008. doi:10.1093/qmath/han020.

[Kar20] Spiro Karigiannis. Introduction to G2 geometry. In Lectures and surveys on G2-
manifolds and related topics, volume 84 of Fields Inst. Commun., pages 3–50.
Springer, New York, 2020. doi:10.1007/978-1-0716-0577-6\_1.

78

https://doi.org/10.1007/s002220200225
https://doi.org/10.1007/s002220200225
https://www.numdam.org/item/SB_1991-1992__34__137_0/
https://www.numdam.org/item/SB_1991-1992__34__137_0/
https://doi.org/10.2140/pjm.2010.246.129
https://doi.org/10.2140/pjm.2010.246.129
https://doi.org/10.1007/s10711-024-00954-8
https://doi.org/10.1007/s10711-024-00954-8
https://doi.org/10.2307/2160866
https://doi.org/10.4310/jdg/1612975017
http://projecteuclid.org/euclid.jdg/1214458109
http://projecteuclid.org/euclid.jdg/1214458109
https://doi.org/10.1093/qmath/han020
https://doi.org/10.1007/978-1-0716-0577-6_1


[Kar25] Spiro Karigiannis. Bridges lectures: Flows of geometric structures, especially
G2-structures, 2025. URL: https://arxiv.org/abs/2508.11604, arXiv:

2508.11604.

[KMT12] Spiro Karigiannis, Benjamin McKay, and Mao-Pei Tsui. Soliton solutions for
the Laplacian co-flow of some G2-structures with symmetry. Differential Geom-
etry and its Applications, 30(4):318–333, 2012. doi:10.1016/j.difgeo.2012.
05.003.

[Kov03] Alexei Kovalev. Twisted connected sums and special Riemannian holonomy. J.
Reine Angew. Math., 565:125–160, 2003. doi:10.1515/crll.2003.097.

[Kov20] Alexei Kovalev. Constructions of compact G2-holonomy manifolds. In Lec-
tures and surveys on -manifolds and related topics, volume 84 of Fields Inst.
Commun., pages 51–67. Springer, New York, [2020] ©2020. doi:10.1007/

978-1-0716-0577-6\_2.

[LW17] Jason D. Lotay and Yong Wei. Laplacian flow for closed G2 structures: Shi-type
estimates, uniqueness and compactness. Geometric and Functional Analysis,
27(1):165–233, January 2017. doi:10.1007/s00039-017-0395-x.

[LW19a] Jason D. Lotay and Yong Wei. Laplacian flow for closed G2 structures: real
analyticity. Communications in Analysis and Geometry, 27(1):73–109, 2019.
doi:10.4310/cag.2019.v27.n1.a3.

[LW19b] Jason D. Lotay and Yong Wei. Stability of torsion-free G2 structures along the
Laplacian flow. Journal of Differential Geometry, 111(3), 2019. doi:10.4310/
jdg/1552442608.

[Sal17] Simon Salamon. Manifolds with exceptional holonomy. In Special metrics and
group actions in geometry, volume 23 of Springer INdAM Ser., pages 307–338.
Springer, Cham, 2017.

[Yau78] Shing Tung Yau. On the Ricci curvature of a compact Kähler manifold and the
complex Monge-Ampère equation. I. Comm. Pure Appl. Math., 31(3):339–411,
1978. doi:10.1002/cpa.3160310304.

[Zil09] Wolfgang Ziller. On the geometry of cohomogeneity one manifolds with posi-
tive curvature. In Riemannian topology and geometric structures on manifolds,
volume 271 of Progr. Math., pages 233–262. Birkhäuser Boston, Boston, MA,
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Appendix A

A.1 Lie bracket calculations

In this section we include the Lie bracket calculations of the frames Ei and Ẽi. Recall
the frame E0, E1, E2, E3 from (3.5). The frame , E1, E2, E3 forms a global frame for the
tangent bundle for S3 = SU(2) = Sp(1). Let r be the radial coordinate on R4 \ {0} so that
r is defined by

r2 = x20 + x21 + x22 + x23.

We let i, j ∈ {1, 2, 3} and thus the Lie Bracket of the frame (3.6) has the following form

[E0, Ei] =
−1

r
Ei,

[Ei, Ej] = ϵijm
−2

r
Em.

Then the Lie brackets of the orthonormal frame vector fields (3.34) are

[Ẽ0, Ẽi] = [f−1
0 E0, f

−1
i Ei]

= f−1
0 E0

(
f−1
i

)
Ei − f−1

i Ei
(
f−1
0

)
E0 + (f0fi)

−1[E0, Ei]

= f−1
0 (f−1

i )′fi f
−1
i Ei + (f0fi)

−1

(
−1

r
Ei

)
= f−1

0 (f−1
i )′fiẼi −

f−1
0

r
Ẽi

=

(
f−1
0 fi(f

−1
i )′ − f−1

0

r

)
Ẽi,
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[Ẽi, Ẽj] = [f−1
i Ei, f

−1
j Ej]

= f−1
i Ei

(
f−1
j

)
Ej − f−1

j Ej
(
f−1
i

)
Ei + (fifj)

−1[Ei, Ej]

= (fifj)
−1

(
−2ϵijm
r

Em

)
=

−2

r
ϵijm(fifj)

−1fmẼm.

Now using the formula

dα(X, Y ) = X(α(Y ))− Y (α(X))− α ([X, Y ])

for 1-forms α we can find the exterior derivative of each element in the frame. Note the
following exterior derivatives that come from the S3 structure

dE1 =
1

r
E01 +

2

r
E23, dE2 =

1

r
E02 +

2

r
E31, dE3 =

1

r
E03 +

2

r
E12,

and dE0 = 0 since E0 = dr. Then we have the following for the orthonormalized frame:

dẼ0 = d(f0E
0) = 0,

dẼ1 = d(f1E
1) = (f1)

′E01 + f1dE
1

= (f1)
′E01 + f1

(
1

r
E01 +

2

r
E23

)
=
[(f1)′
f0f1

+
1

rf0

]
Ẽ01 +

[ 2f1
rf2f3

]
Ẽ23,

dẼ2 =
[(f2)′
f0f2

+
1

rf0

]
Ẽ02 +

[ 2f2
rf1f3

]
Ẽ31,

dẼ3 =
[(f3)′
f0f3

+
1

rf0

]
Ẽ03 +

[ 2f3
rf1f2

]
Ẽ12.

A.2 Useful identities

In this section of the appendix we derive some useful identities that we need for our
computations. This first identity is primarily used in the computation for the metric in
section 3.2 but also shows up in other computations in the thesis.
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Lemma A.2.1. Let T and S be two 3× 3 matrices. Let det(S) be the determinant of S,
and let adj(S) be the adjugate of S. Then∑

i,j,k

ϵijkSipSjqSkl = (det(S)) ϵpql,∑
i,j,k

ϵijkSipSjqTkl =
∑
m

[
adj(S)T

]
ml
ϵmpq.

(A.1)

Proof. The first identity comes from the definition of the determinant. The identity
ϵijkSipSjqSkl is skew in p, q, and l thus we can write the expression as being equal to
λϵpql for some scalar λ. That is, ∑

i,j,k

ϵijkSipSjqSkl = λϵpql.

If we take the above and contract it with ϵpql we obtain

6 det(S) =
∑
p,q,l

∑
i,j,k

ϵpqlϵijkSipSjqSkl =
∑
p,q,l

λϵpqlϵpql = 6λ.

We substitute λ = det(S) and we obtain the desired result.

Let us prove the second identity in (A.1). We first take the right hand side that just
has the pieces from S in it and sum over i, j but not k. We know this is then skew in p, q
and there is no symmetry with l, so there exist Xmk such that∑

i,j

ϵijkSipSjq =
∑
m

Xmkϵmpq

and we need to determine what the coefficients Xmk are. We take the expression above
and contract it with ϵpql to obtain the following:

∑
p,q

ϵpql

(∑
i,j

ϵijkSipSjq

)
=
∑
p,q

(∑
m

Xmkϵmpq

)
ϵpql∑

p,q,i,j

ϵpqlϵijkSipSjq =
∑
m

Xmk2δml

= 2Xlk.
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Therefore we can say that Xlk =
1
2

∑
p,q,i,j ϵpqlϵijkSipSjq. We would like to determine what

this expression for Xlk is so we take this expression and we multiply both sides by Skm and
use the first identity: ∑

k

XlkSkm =
1

2

∑
p,q,i,j,k

ϵpqlϵijkSipSjqSkm

=
1

2

∑
p,q

det(S)ϵpqmϵpql

= det(S)δlm.

We recall that adj(S) is the unique matrix such that adj(S)S = det(S)I thus we can
conclude that

Xlk = adj(S)lk.

Now we can put everything together to obtain∑
i,j,k

ϵijkSipSjqTkl =
∑
m,k

XmkϵmpqTkl =
∑
m,k

adj(S)mkTklϵmpq =
∑
m

[
adj(S)T

]
ml
ϵmpq.

Thus we have obtained our desired identity.

Next we derive some identities that come from the coefficients of the symplectic forms ωi

that can be found in (3.35). Recall that ωi = Pi

(
Ẽ0i + 1

2
ϵiabẼ

ab
)
and from the computa-

tions in (3.35) we have the following identities.

P1 =
1

f0f1
=

1

f2f3
=⇒ f0f1 = f2f3 (A.2)

P2 =
A2 + r2B2

f0f2
=

A2

f1f3
=⇒ f1f3

f0f2
=

A2

A2 + r2B2

=
2A2

2A2 + rA′
2

(A.3)

P3 =
A3 + r2B3

f0f3
=

A3

f1f2
=⇒ f1f2

f0f3
=

2A3

2A3 + rA′
3

(A.4)
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A.3 Hodge star identities and computations

Lemma A.3.1. Let (N3, g3) an (X4, g4) be two Riemannian manifolds. LetM7 = N3×X4

be a Riemannian manifold where at each point the metric splits as g7 = g3 ⊕ g4. Let
α ∈ Ωk(N3) and β ∈ Ωl(X4). Then

∗7(α ∧ β) = (−1)l(k+1)(∗3α) ∧ (∗4β).

Proof. Let vol7, vol3, and vol4 be the volume forms on M7, N3, and X4 respectively thus
vol7 = vol3 ∧ vol4. Then by definition of ∗7 we have

α ∧ β ∧ ∗7(α ∧ β) = |α ∧ β|2g7 vol7
= |α|2g3 |β|

2
g4
vol3 ∧ vol4

= α ∧ ∗3α ∧ β ∧ ∗4β
= (−1)l(3−k)α ∧ β ∧ ∗3α ∧ ∗4β
= (−1)l(k+1)α ∧ β ∧ ∗3α ∧ ∗4β

Therefore we can conclude that ∗7(α ∧ β) = (−1)l(k+1)(∗3α) ∧ (∗4β).
Lemma A.3.2. Let X4 is a 4-manifold with a positive triple ω. Let M7 = T3 ×X4. Let
Q be the matrix determined by the positive triple and the reference volume form chosen
so that det(Q) = 1, as in definition 1.2.1. Let ti be the flat coordinates on T3. Let
φ = dt123 − dti ∧ ωi be G2 structure on M7 with induced metric g7 = Qijdt

idtj + gω. Then

∗3dt1 = Q13dt12 +Q11dt23 +Q21dt31,

∗3dt2 = Q23dt12 +Q21dt23 +Q22dt31,

∗3dt3 = Q33dt12 +Q31dt23 +Q32dt31,

(A.5)

and

∗3dt31 = Q12dt
1 +Q22dt

2 +Q32dt
3,

∗3dt12 = Q31dt
1 +Q32dt

2 +Q33dt
3,

∗3dt23 = Q11dt
1 +Q12dt

2 +Q13dt
3.

(A.6)

Proof. Let us start with proving (A.5). To begin we know from lemma A.3.1 that ∗7dti =
∗3dti ∧ vol4. Let α ∈ Ω1(M7), so

α ∧ ∗7dti = α ∧ ∗3dti ∧ vol4

=⇒ g7(α, dt
i) vol3 ∧ vol4 = α ∧ ∗3dti ∧ vol4

=⇒ g7(α, dt
i)dt123 = α ∧ ∗3dti
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which tells us that ∗3dti can be computed using the metric g7. Furthermore since g7 has
no mixed pieces we need only consider α ∈ Ω1(T3). Note that a similar argument can be
made for ∗3dtij and thus in that case we need only consider β ∈ Ω2(T3). Returning to
∗3dti, we only show the details for ∗3dt1 as the remaining computations are done similarly.
Let the entries of Q−1 be denoted by Qij. Let ∗3dt1 = Adt12+Bdt23+Cdt31 where A,B,C
are smooth functions on M7. We compute the following

dt1 ∧ ∗3dt1 = g7(dt
1, dt1)dt123

Bdt123 = Q11dt123

=⇒ B = Q11,

dt2 ∧ ∗3dt1 = g7(dt
2, dt1)dt123

Cdt123 = Q21dt123

=⇒ C = Q21,

dt3 ∧ ∗3dt1 = g7(dt
3, dt1)dt123

=⇒ A = Q31.

Combining these together we obtain that ∗3dt1 = Q13dt12 + Q11dt23 + Q21dt31. We can
repeat this same process for ∗3dt2 and ∗3dt3 and obtain the other desired identities in
(A.5). Now we compute the identities (A.6), and by similar logic to the case of 1-forms,
the computation of ∗3dtij can be done using only g7 and we need only consider 2-forms on
T3. Recall that det(Q) = det(Q−1) = 1 and therefore we can use the following formula

for Q = adj(Q−1)
det(Q−1)

= adj(Q−1). Using this identity and the fact that Q is symmetric we can

compute ∗3dtij. We will only do this computation for ∗3dt31 as the remaining computations
are done similarly. Let ∗3dt31 = Adt1 +Bdt2 + Cdt3 then we obtain the following:

dt12 ∧ ∗3dt31 = g7(dt
12, dt31)dt123

Cdt123 = −
(
Q23Q11 −Q13Q21

)
dt123

=⇒ C = Q32,

dt31 ∧ ∗3dt31 = g7(dt
31, dt31)dt123

Bdt123 = (Q33Q11 − (Q13)2)dt123

=⇒ B = Q22,

dt23 ∧ ∗3dt31 = g7(dt
23, dt31)dt123

Adt123 = −(Q33Q21 −Q23Q31)dt123

=⇒ A = Q12.

Combining these together we obtain the desired result ∗3dt31 = Q12dt
1 +Q22dt

2 +Q32dt
3.
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