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Abstract

A conjecture of Simon Donaldson is that on a compact 4-manifold X* one can flow
from a hypersymplectic structure to a hyperkahler structure while remaining in the same
cohomology class. To this end the hypersymplectic flow was introduced by Fine—Yao. In
this thesis the notion of a positive triple on X* is used to define a hypersymplectic and
hyperkahler structure. Given a closed positive triple one can define either a closed Go
structure or a coclosed G5 structure on T? x X?*. The coclosed G5 structure is evolved
under the Gy Laplacian coflow. The coflow descends to a flow of the positive triple on
X*, which is again the Fine-Yao hypersymplectic flow. In the second part of this thesis
we let X* = R*\ {0} with a particular cohomogeneity one action. A hypersymplectic
structure built from data invariant under this action is introduced. The Riemann and Ricci
curvature tensors are computed and we verify in a particular case that this hypersymplectic
structure can be transformed to a hyperkahler structure. The notion of a soliton for the
hypersymplectic flow in this particular case is introduced and it is found that steady solitons
give rise to hypersymplectic structures that can be transformed to hyperkahler structures.
Some other soliton solutions are also discussed.
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Chapter 1

Introduction

The notion of a hyperkédhler manifold first arose in Berger’s classification of possible

holonomy groups in his paper | |, they are known in the literature to be a class of
manifolds with special holonomy. Hyperkahler manifolds are a particular class of 4n-
dimensional manifolds whose metrics are Ricci-flat, see | ]. At the time of Berger’s

classification, non-flat examples of hyperkéahler manifolds were not known. The first global
examples of non-flat hyperkiihler merics were the Euguchi-Hanson metrics on T*CP! given
in | . In | ] Yau proved the Calabi conjecture by solving the Monge-Ampere
equation; as a consequence, Yau showed that a K3 surface admits a Ricci-flat Kéhler
metric whose holonomy is Sp(1), making it a hyperkahler manifold. It was then in | ]
that Calabi extended the work of Yau and Euguchi-Hanson by finding explicit hyperkéahler
metrics on T*CP" for n > 2.

Restricting to dimension 4, it was Donaldson who posed the idea of loosening the conditions
of a hyperkahler structure to one where the triple of Kahler forms was only symplectic.
This is what we call in this thesis a hypersymplectic structure. In | |, Donaldson con-
jectured that up to isotopy the only example of a hypersympletic manifold is a hyperkéhler
manifold. More precisely, he conjectured that there should exist a one parameter family
of diffeomorphisms connected to the identity that take a hypersymplectic structure to a
hyperkahler structure while remaining in the same cohomology class. In a particular set-
ting, Fine and Yao have done work to prove this conjecture. In [ | the authors define
a closed G structure on M7 = T? x X* where X* is compact and hypersymplectic. They
evolve the G5 structure under the Gy Laplacian flow to create a new geometric flow on X*
that could deform the hypersymplectic structure to a hyperkahler structure. This flow is
known as the hypersymplectic flow. In this paper they are able to show long time existence
of the flow provided the torsion tensor of the GGy structure stays bounded as we deform



the hypersymplectic structures. In | | the authors prove Donaldson’s conjecture ex-
plicitly on T? x T, under the assumption that the hypersymplectic structure on T* is
T3-invariant for some T C T4,

This thesis comprises of a few results involving hypersymplectic structures and the hy-
persymplectic flow. In the first part of this thesis we construct a coclosed G5 structure on
T3 x X* where X* is compact and hypersymplectic. Following analogously the ideas of
Fine and Yao, we show this G5 structure is invariant under T?. We evolve this G5 structure
under the Gy Laplacian coflow and find that its solutions remain T? invariant as long as
the flow exists. Furthermore, we find that for this particular ansatz the Laplacian coflow
descends to a flow of the hypersymplectic structure on X*, which is the same flow that
Fine-Yao discovered known as the hypersymplectic flow.

The main content of this thesis concerns solitons of the hypersymplectic flow. Solitons
are a triple (A, X,w) of a constant A, a vector field X, and an initial geometric structure
w that give rise to self similar solutions of a geometric flow. Self similar solutions of a
geometric flow are solutions which evolve by scalings and diffeomorphisms. There is a
one-to-one correspondence between solitons and self similar solutions for geometric flows.
This is shown explicitly for solitons of the hypersymplectic flow in section 4.1. Solitons, or,
equivalently, self similar solutions, can be categorized into three types: shrinking, steady or
expanding, depending on the sign of the constant A. There has been a lot of work done on
solitons of the Ricci flow and flows of (G5 structures such as the Laplacian flow and coflow,
and the isometric flow, see | ], 1 1, 1 1 [ I, [ ]. This is due to the
interesting properties of Ricci solitons, for example when the soliton vector field vanishes
Ricci solitons correspond to Einstein metrics, see | ]. Solitons of the Ricci flow are
regarded as generalized fixed points of the Ricci flow and often arise as limits of dilations
around singularities of the flow, see | ]. These properties about Ricci flow solitons are
what incentivize researchers to look for solitons of other geometric flows. However, even
though a lot of work has been done regarding solitons of other geometric flows the same
relation between solitons and singularities is not yet confirmed but is suspected.

In chapter 1 we begin by introducing some background needed in order to explain the
results in the later chapters. In section 1.2 we explain the necessary geometric structures
to understand the problems. We introduce a positive triple of 2-forms on a 4-manifold,
which we use to define a hypersymplectic structure and show how this gives rise to a Rie-
mannian metric. In section 1.3 we explain the notion of a cohomogeneity one manifold and
the particular cohomogeneity one action we use in this thesis. In section 1.4 we discuss the
G+ structure defined by Fine and Yao in | ]. We also show how the hypersymplectic



flow descends from the Gy Laplacian flow and thus inherits the properties of short time
existence and uniqueness. In this section we also explain a bit about the Laplacian coflow.
In chapter 2 we explain how given a hypersymplectic triple we can either define a closed
G structure or a coclosed G4 structure. We construct a coclosed G5 structure on T? x X4
where X* is compact. We find that this Gy structure is invariant under T3. We flow this
under the G Laplacian coflow and find that it descends to the same flow of hypersymplectic
structures found by Fine and Yao in | ]. In chapter 3 we introduce a particular coho-
mogeneity one hypersymplectic structure on R*\ {0}. We compute the metric and both
the Riemann and Ricci curvature tensors. In section 3.6 we verify a particular occurrence
of when the hypersymplectic structure can be transformed to a hyperkahler structure. In
chapter 4 we introduce the notion of a soliton for the hypersymplectic flow. In section
4.1 we derive the general soliton formula for the hypersymplectic flow. This formula gives
rise to a triple of equations coming from each of the symplectic forms in the triple. In
sections 4.2 and 4.3 we analyze the three soliton equations and solve for the soliton vector
field coefficients. This leads us to two differential equations for which we know there exist
solutions. Under some assumptions we can write down explicit solutions but in general the
equations cannot be solved explicitly. In section 4.4 we discuss some particular solutions
of the soliton equations which can be written down explicitly. We find that steady solitons
correspond to a hypersymplectic triple that can be transformed to a hyperkahler triple. In
chapter 5, we discuss future ideas along this line of research.

1.1 Notations and conventions

In this section we give a brief explanations of the notation and conventions that are
used regularly throughout this thesis.

e The Einstein convention of a double repeated index is used to mean the sum over
the possible values of that index. For example, for a function P; and a 2-form w;,

3
Piw; = Z Pw;.
-1

¢ A multi-index in an exponent is used to mean the wedge product. For example, given

three 1-form e, e/, e*,

ek =t Ned A eF.



e Let dt/ be 1-forms on T3. The notation d#/ is used to express the 2-form on T? that
omits dt/. That is X ’
dti = dt' A dt*

where 7, 7, k are cyclically permuted ¢ — j — k.

It will be made apparent in this thesis when these notations and conventions are used.

1.2 Geometric structures

In this section we explain the different structures needed to understand Donaldson’s
conjecture and the results of this thesis. Namely SU(2) structures, hypersymplectic struc-
tures, and hyperkihler structures. For this section we let X* be any oriented manifold of
dimension four. We fix a volume form p on X*. The first structure we introduce is called a
positive triple, this is the scaffolding necessary for understanding our definitions of SU(2),
hypersymplectic, and hyperkéahler structures.

Definition 1.2.1. Let X* be an oriented manifold of dimension four, let i be a non-
vanishing top form on X*. Let w = (wy,wsy,ws3) be a triple of 2-forms on X*. Let Q be the
symmetric 3 X 3 matriz valued function such that

Wi VAN W; = QQZ]/L (11)
We say the triple w is a positive triple if Q) is positive definite at all points.

Remark 1.2.2. When Q) is positive definite, the 2-forms w; are non-degenerate as
%2 =2Qupn #0

which is non-vanishing since QQ; > 0 by positive definiteness.

We also note that the matrix ) depends on w but also on u. One can see that as p changes,
() also changes. There is a particular choice of volume form p so that det(Q)) = 1, this
detail is explained in lemma 1.2.4. This is the volume form that is chosen in | | and
the one we use in section 4 when we look for solitons of the hypersymplectic flow. For
now we do not make that assumption, we simply state it so that the reader is aware. It
will be made apparent later in the thesis when we do decide to use this particular form.
Furthermore, the positive triple w gives rise to a Riemannian metric g, defined by

1
Go (U, v) 1y = geijk (uswi) A (vaw;) Awg. (1.2)
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It is important to note that p,, is the Riemannian volume form of g, and is different from
our reference form p on X*. However p, can be expressed in terms of @ and y, as we show
in the following lemma. We want to make clear that () scales depending on p but g, is
always expressed in the same way as in lemma 1.2.4. Furthermore, it is not obvious that
(1.2) gives a Riemannian metric, this is due to the positive definiteness of ), We refer the
reader to | ] and | | for more details regarding this metric construction.

Remark 1.2.3. Fach w; in the positive triple is self-dual with respect to the metric and
orientation given in (1.2) [ /.

Lemma 1.2.4. Let w be a positive triple on X*. Let  be the reference volume form for w
1
as in definition 1.2.1. Let g, ® p1, be defined as in (1.2). Then u, = (det(Q))? p.

Proof. To begin we emphasize that we are doing these computations at some fixed point
in X% as this result and proof is entirely linear algebra. Let w be a positive triple. Let
p and @ be such that 2Q;;u = w; A wj. Since @) is a symmetric matrix, there exists an
invertible 3 x 3 matrix P such that if 6;, 05, 05 are defined by

‘91' = lel then 91 N 6]' = 2(52J,U,

We note that 8 = (01,02, 03) is still a positive triple whose matrix Qy = I3x3. When we
expand the expression for the wedge product above, we obtain

Pirwi N\ Pjjw, = P Pywi, A\ wp = P Pj2Quit,

— PuQuPj = ;.

This tells us that PQPT = I3.3. Let M = P~!. By taking the determinant of the
expression above, we have

det(P)det(Q) det(P) =1 and hence det(Q) = (det(M))>.

Since we let M = P~!, we can say that w; = My#;. Now let gy be the metric coming
from the triple 6 defined as in (1.2). One can show that there locally exists a coframe
e, ¢!, e?, ¢® that is orthonormal with respect to gy so that 6; = €® A e’ + 1e0e? A ¥ and
p=-e’Aet Ae? Aed. Let e; be the dual frame to e’. We use the formula for the metric

(1.2) to say

1
G Cik (€a 20;) N (ey 10;) A b = Gavpt. (1.3)

We know that given a basis, u, = \/det(g,)u where g, is the metric determined by the
triple w. We wish to determine y/det(g,). To do this we know that g, can be expressed
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as a 4 x 4 matrix, thus if we let R be a 4 x 4 matrix such that Ruppu = g, (€q, )t and use
lemma A.2.1 and (1.3) then

1
Raptt = guw(€as €p) e = 66”’“ (€q 1w;) A (e Jwj) A wy

1

= éeijkMipquMkl (Ga _ 9p) N (eb J Hq) A (91

1
=5 det(M)epq (€ 2 0p) N (ep 26,) N O,
= det(M)5abu.

The above computation determines that R = det(M )l 4. We use this computation and
the fact that pu, = /det(g,)u to obtain

R = g,/ det(gy) = det(M)Lixa. (1.4)

We apply the determinant to (1.4) to obtain

det(gw det(g,,) | = det(det(M )l x4)

det(g,)* = det(Q)* since det(Q) = det(M)?

We substitute this last equation back into the formula for p,, in terms of ;1 and obtain our
desired result pu, = (det(Q))% I8 O

This lemma tells us that when det(Q)) = 1 the volume form p, is equal to the reference
volume form p. In particular, it tells us how to choose i so that the determinant of @)
is always 1. If we first construct pu, using the formula for the metric (1.2) and choose
[ = p, this ensures that det(Q)) = 1. This is important in particular because as we flow
our geometric structures in time p,, w, and ) will depend on time but the determinant of
@ at any fixed point in time will always be 1.

The relation (1.1) and the Riemannian metric (1.2) give us three potential structures on
X*. The first happens when @ is the identity matrix. In this case the triple w forms an
SU(2) structure | ]. The second is a hypersymplectic structure, this is the case where
the forms w; are symplectic, meaning they are closed, that is dw; = 0. In this case ) need

6



not necessarily be the identity matrix | |. The last is a hyperkéhler structure. In this
case the triple forms an SU(2) structure and a hypersymplectic structure, meaning the
forms w are symplectic (i.e. closed) and the matrix @ is the identity | ], [ ].
We give the full definition of hypersymplectic and hyperkahler below.

Definition 1.2.5. Let (M, g) be a Riemannian manifold equipped with three complex struc-
tures I, J, K: TM — T'M such that

P==K=1JK = —1.

If I, J, K are parallel then (M, g, 1, J, K) is a hyperkdihler manifold. Furthermore, we com-
pute wi(z,y) = —g(z, Jy) for the Kdhler forms. There is one for each complex structure
I,J, K. These 2-forms are closed and non-degenerate.

Remark 1.2.6. When a positive triple w is hyperkdhler, where the forms w; are given as
in the definition above, the matriz ) that comes from the positive triple is the identity. We
show this below.

To verify the remark made above, let M be a 4-dimensional hyperkahler manifold. Let
ep, €1, €2, e3 be orthonormal basis with respect to ¢ as in definition 1.2.5, let €’ for i =
0,1,2,3 be its dual, and let p = €"?3. Let J; be the three complex parallel structures on
M so that w;(z,y) = —g(z, J;y) and J;(eg) = e;, then we have the following relations:

wi(eo, €;) = —g(eo, Ji(e:)) =

wi(eo, €5) = —g(eo, Ji(e;)) = —g(eo,ek) =0,
wi(ej, €;) = —g(e;, Jie;)) = glej, e0) =0,
wi(ej, ex) = —g(ej, Jiler)) = glej €5) = 1.

This allows us to say that in this basis w; = e? Ae? +e/ Aek. Tt is then easy to see that when
the triple is written in this form the relation w; Aw; = 26;;u is satisfied. Since () = I35 and
det(Q) = 1 we have y = p,,. Furthermore, one can show that g, is indeed the hyperkahler
g from definition 1.2.5.

The holonomy of a hyperkéhler structure is contained in Sp(n) and therefore are manifolds
with special holonomy according to Berger’s holonomy list; see | N 1, 1 ].
One important property of hyperkahler metrics is that they are Ricci flat. Some examples
of compact hyperkihler manifolds are T* and K3 surfaces, see | ].

Remark 1.2.7. When the 2-forms w; are all closed, the complex structures they define are
integrable, see [ ] [ |. Since the intrinsic torsion of an SU(2) structure vanishes
if and only if each 2-form w; is closed, see [ /, one can think of a hyperkdhler structure
in dimension 4 as a torsion free SU(2) structure.
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Definition 1.2.8. Let X* be a 4 dimensional oriented smooth manifold. A hypersymplectic
structure on X* is a positive triple of symplectic forms w = (w1, wa, w3).

We can always take a hypersymplectic triple w and diagonalize so that ) = I343. This
gives us a SU(2) structure at the cost of the closed-ness of the triple. When the matrix @
coming from the hypersymplectic triple is constant, we can apply a linear transformation
to our triple w so that it is now a triple @ for which @) is now the identity matrix, and @ is
closed thus hyperkahler. Then w induces the same metric as @ up to a constant factor. We
show this explicitly now. Let w be a hypersymplectic triple where () given as in definition
1.2.8 is constant. Then there exists some constant matrix A that diagonalizes (), meaning
we can define another triple @ by w; = A;wy where w; A W; = 20;;1. Since A is constant
the triple w is still closed since

d(:)z = dAZk N wg + Alkdwk =0.

Furthermore, let the Riemannian metric as defined in (1.2) derived using the triple @ be
gy and let the metric defined using w be denoted by g,. Then the metrics are constant
multiples of one another:

9z = det(A)g,. (1.5)

This computation can be easily seen from some of the computations done in the proof of
lemma 1.2.4. Since A is a constant matrix, det(A) is also constant. Therefore the metric
g is still Ricci-flat. We conclude that when () is constant for a hypersymplectic triple
we are able transform to a hyperkahler triple whose metric is equivalent up to a constant
factor.

The last thing we should point out in this section is the two equivalent definitions of hy-
persymplectic. In | ], the authors offer two definitions of a hypersymplectic structure.
The first is the definition we provided in 1.2.8. They also define a hypersymplectic struc-
ture as a triple of symplectic forms w wherein any (non-zero) linear combination of the
forms is again a symplectic form. We state it explicitly below and then we show that the
definitions are indeed equivalent.

Definition 1.2.9. Let X* be an 4-dimensional manifold. Let w = (wyi,ws,ws3) be a triple
of symplectic forms. We say that w is a hypersymplectic structure if for any (a1, as, as) €
R3\ {0}, a1w;y + asws + azws is again a symplectic form.

Let us show that definitions 1.2.8 and 1.2.9 are equivalent. Let @ = (ay, as, az) be a non-
zero vector in R3 and let w; = ayw; + aswy + asws. Let p be the reference volume form



such that w; Aw; = 2Q;;1. We know () is symmetric but we claim that () being definite is
equivalent to wz being non-degenerate. To see this, note that

wi = (awi) A (a05) = 2a;0;Qy;1.

We observe that wz is non-degenerate for all non-zero @ if and only if Q(d,d) # 0 for
non-zero a. We claim that given any non-zero @ = (aq,a9,as3), wg all induce the same
orientation. We can think of w? as

wi = f(@)u
where f: R3\ {0} — R is some non-vanishing smooth function. Since R*\ {0} is connected
and f is non-vanishing, f must be either positive everywhere or negative everywhere. Ther-
fore any non-zero linear combination of w induces the same orientation on the 4-manifold.
Thus requiring () to be positive definite gives a choice of orientation. Furthermore, it is
easy to see that each wj; is closed if and only if wg is closed for all non-zero a. This allows
us to conclude that the two definitions of hypersymplectic are indeed equivalent.

Now we will introduce some background on G5 geometry. We refer the reader to the
following sources for more details: | [ 1 [ I, [ 1 [ |. Let O be the
octonions. They are an exceptional division algebra, and we can identify Im(Q) = R”.
Using octonionic multiplication we can define a cross product on R” in the following way:

axb=1Im(ab) a,be Im(0). (1.6)

This is a bilinear map on R” and we call it a vector cross product in the same way we
do for the cross product on R?® which arose as the imaginary projection of quaternionic
multiplication on R* as R* = Im (H). Furthermore, let {-,-) be the standard Euclidean
inner product on R” and let [a,b] = ab — ba, a,b € Im(Q) be the commutator. Then we
can define a 3-form on R” 2 Im(Q) by

ola,b,c) = %([a, bl,c) = (a xb,c) a,b,celm(O). (1.7)

We use this to create a standard Gy structure on R”. Let gy be the standard Euclidean
metric on R” such that the standard dual basis €', ..., e” is orthornormal and the standard
volume form is py = e! Ae? Ae® Ae* Ae® AeS Ae’. Then the metric gy and the volume
form po give rise to a Hodge star operator *q and in turn a 4-form 1y = %oy on R”. Using
octonionic multiplication and (1.7) one can show that in this standard basis

0o = 6123 . 6167 o 6527 o 6563 =+ 6415 + 6426 + 6437 (18)



where €% = ¢! A el A eF. We can describe 1) in this basis as well but we omit that and
refer the reader to | |. Note that with respect to the Euclidean metric gy we know
the following

[40]1? = [lol> = 7,
0o N\ g = Thy.

Therefore a G structure on R7 is given by the package (o, %o, 9o, f0, X0) Where X is the
vector cross product we defined in (1.6). We note that xq and 1y are derived from go, o
and g. Furthermore the metric gy, the volume form p and the 3-form ¢, are connected
in the following way

go(a,b)po = % (aaw0) A (b o) A o (1.9)

Thus the 3-form ¢y can be used to extract the metric and the volume form. As a result
the Gy structure on R” need only be given by ¢,. We can think of the group Gy as being
the subgroup of GL(7,R) that preserves the 3-form ¢y. It follows that G is a simply
connected, compact, Lie subgroup of SO(7). Understanding the G structure on R” is
imperative to the construction of general GGy manifolds.

Let M” be a smooth orientable 7-manifold. We say M7 has a Gy structure given by a
3-form ¢ if at every point p there exists a linear isomorphism F': R” — T,,M such that the
pullback of ¢ under F' is the Gy structure @y on R7 given in (1.8), F*¢ = ¢y € A* (R7)*
for ¢ € /\3 (TZ;k M ) Given a (3 structure ¢, we obtain a Riemannian metric g, on M in
the following way

050 s = 5 (@) A (o) A, (1.10)

from (1.10) one can obtain g, and p,. This in turn defines a Hodge star operator *, and
the 4-form 1) = x,p on M. We also point out that G5 manifolds are included in Berger’s
list of manifolds with special holonomy, that is manifolds whose holonomy is a subgroup
of SO(n) | ]. There is only one such kind of manifold for dimension 7 and they are
(G5 manifolds, we call them manifolds with exceptional holonomy since they are unique
to dimension 7. We also want to mention that the G5 structure on M’ can be described
using either the 3-form ¢ or the 4-form ), the difference being that when using the 4-form
one needs to first choose an orientation in comparison to the 3-form which gives rise to an
orientation. Using the 4-form we can still describe the Riemannian metric and the Hodge
star, however currently there is no available literature explicitly stating how one might
compute the metric given only the 4-form. A (G structure is called closed if dp = 0 or
co-closed if diy = 0.

10



Furthermore, since ¢ defines a Riemannian metric, it in turn gives a Levi-Cevita con-
nection V. We say that the Gy structure ¢ is torsion free if ¢ is parallel with respect to
the Levi-Cevita connection, Vi = 0. One can show that the torsion T" of a Gy structure
is an endomorphism of the tangent bundle characterized by

Vxp =T(X) 39, (1.11)
for more details on this definition we refer the reader to | |. This T is called the full
torsion tensor of the Gy structure ¢. We can easily see from (1.11) that V¢ = 0 if and
only if 7= 0. It is a result of Fernandez and Gray in [ | that a Go structure ¢ is
torsion free if and only if it is closed and co-closed. Much work has been done on trying
to find such manifolds | I, [ 1, [ ], [ ], and we refer the reader to the
survey articles | 1, [ | for more details and sources. Discussion of torsion free

G structures is how the field of G5 geometric flows arose, by starting with some weaker
assumptions than vanishing torsion (closed or co-closed) and seeing if one might be able
to flow the geometric structure ¢ in time to a torsion free structure.

1.3 Cohomogeneity one manifolds

In this section we give a brief introduction to cohomogeneity one manifolds. Such mani-
folds play a special role in Riemannian geometry. They are used to create specific examples
of interesting metrics. For more details see the following sources | 1, [ ] ],
[ 1, 1 Nl 1,1 |. Much work has been done on studying cohomogeneity one
manifolds with certain curvature restrictions. For example, any cohomogeneity one man-
ifold admits a complete metric with nonnegative Ricci curvature, | ]. Furthermore
a compact cohomogeneity one manifold admits a metric with positive Ricci curvature if
and only if its fundamental group is finite | ]. In | | a classification of compact,
simply connected cohomogeneity one manifolds in dimensions 5, 6, and 7 is given. With
some exceptions, all such manifolds admit metrics with nonnegative sectional curvature.
Cohomogeneity one manifolds have also been used to create examples of manifolds with
special holonomy. In | ] examples of cohomogeneity one G2 manifolds are studied, in
particular the metrics are Einstein of positive sectional curvature.

Definition 1.3.1. A cohomogeneity one manifold is a connected Riemannian manifold
(M, g) with a smooth action a : G x M — M of a compact, connected, Lie group G by
isometries such that the generic orbits of the action have co-dimension one.
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Since G is connected the action of « is proper | |, meaning the pre-image of every
compact set is compact. Let 7 : M — M /G be the map that takes M to the cohomogeneity
one space M/G. Bérard-Bergery | | says this is homeomorphic to S* or an interval.
This is decided by whether the space M /G is simply connected or not. One particularly
obvious reason for using cohomogeneity one manifolds when studying geometric flows is
that it significantly reduces the amount of computations. This is because the geometric
structure on M is assumed to be invariant under the group G so it will only depend
on a single variable. This in turn transforms many partial differential equations into
ordinary differential equations by reducing the spacial dimensions in the computations to
1 dimension. In this thesis we work in dimension 4, and inducing a cohomogeneity one
action reduces our computations to a single variable, thus the partial differential equations
that arise from computing solitons of the hypersymplectic flow become ordinary differential
equations. This makes cohomogeneity one manifolds good spaces on which to study certain
geometric flows. For more references on geometric flows on manifolds with special holonomy

see | J, [LWIT], [Bry06], [BX11] [CKO4].

For the set up of this thesis we shall let M = R?* and let G = SO(4), where SO(4) acts
on R* by rotations. The space M/G is homeomorphic to the ray [0, 00). For a € (0, 00),
7~ (a) is a principal orbit and 77!(0) is a singular orbit. The principal or generic orbits
for this action are S®. Let X* = R*\ {0} = (0,00) x S3. This space is not compact, and
this is a key difference between the work done in this thesis and previous work done on
the hypersymplectic flow. We say two points on X* are equivalent if they lie on the same
copy of S3, meaning their distance from the origin in R* is the same. This allows us to
reduce the dimension of our problem from 4 to 1. We note that we have removed the point
at the origin, this is due to our choice of frame for T, X* that is described in chapter 3,
as a result it is not immediate that any of the results of this thesis extend to the origin.
In chapter 3 we show explicitly how we use the cohomogeneity one action to construct a
hypersymplectic structure on X* = R*\ {0}.

1.4 Geometric flows

In this section we introduce the hypersymplectic flow, a geometric flow defined in [ ].
This is a flow that deforms hypersymplectic structures in time while keeping them in the
same cohomology class. In the compact case, the fixed points of this flow are hyperkéhler
structures | ]. We explain how this flow descended from the Gs-Laplacian flow and
as a result inherits properties of short time existence and uniqueness. For more details
on the Gy-Laplacian flow we refer the reader to the following sources: | 1, [ ],
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[ 1,1 ]. We also introduce the Laplacian coflow, first defined in | ]. This
flows co-closed (G5 structures in time and stops at torsion free G5 structures. Much work
has been done on this flow, see also | ] ]. On a compact manifold the G
Laplacian flow has short time existence and uniqueness. When the torsion tensor of the G
manifold is bounded the flow also has long time existence. It is not known if the Laplacian
coflow has short time existence or uniqueness. However, in | ] a modified Laplacian
coflow was introduced which does have short time existence and uniqueness on a compact
manifold. Furthermore, when the trace of the G torsion tensor vanishes and this condition
is preserved by the flow, the coflow and modified coflow agree.

1.4.1 The hypersymplectic flow

Given a hypersymplectic triple w using (1.2) the triple induces a metric g, and a volume
form p,. The triple then gives a matrix ) defined using p, to ensure that det(Q) = 1.

Using this particular @, the hypersymplectic flow was first defined in | | as
ow =d (Qd* (Q7'w)). (1.12)
It arose in an attempt to solve a conjecture of Donaldson. In | | Donaldson conjec-

tured that up to isotopy on a compact manifold, the only example of a hypersymmplectic
structure is a hyperkéahler structure. We state the conjecture below and refer the reader
to | | for more details on the conjecture and how it arose in the literature.

Conjecture 1.4.1. (Donaldson’s Congecture [ /) Let M be a compact oriented 4-
manifold. Let w be a hypersymplectic structure on M. There exists a one-parameter family
of diffeomorphisms F, : M — M connected to the identity, that take a hypersymplectic
structure w(0) = w to a hyperkdhler structure w(1) = Fjw, so that for 0 <t <1, w(t) =
Ffw remains in the same cohomology class.

In order to attempt to tackle this problem, in | | the authors started by working with
a Ga-structure on M7 = T3 x X* where X* is a compact hypersymplectic manifold. Let #*
be the flat coordinates on T? and let w be a hypersymplectic structure on X*. Then define
a 3-form ¢ on M by

o = dt"™® — dt' ANwy — dt* Nwy — dt* A ws. (1.13)

This form gives a closed Gy structure on M that is invariant under T? | |. We note
that the G5 structure being closed is dependent on the forms w; being closed. If the forms
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were not closed a 3-form ¢ defined as in (1.13) would still give a Gy structure on M it
just would not be closed | ]. Therefore we see that ¢ defines a closed Gy-structure
if and only if dw; is closed for each ¢ = 1,2,3. This is interesting to point out as one
might think to remove the closed condition effectively creating a flow of positive triples
and attempting to see if that might flow to a hypersymplectic structure (that is flow to
closed G5 structure). Using the particular ¢ from (1.13), | | computed that the metric
gy, given in (1.10), is a warped product of the metric on X* given by the hypersymplectic
structure and the Euclidean metric on T3. It is given as

g = Qijdt' @ dt’ + g,, (1.14)

where g, is the metric defined as in (1.2) coming from the hypersymplectic triple w. We
should point out that in this case the volume form for the positive triple is ,,, ensuring that
det(Q) = 1. Otherwise we would see a determinant of () factor in the metric g,. One can
see how the G structure on M and the hypersymplectic structure on X* are inextricably
linked together. The Riemannian metric g, gives rise to the Hodge star operator 7. It
is important at this point to mention that while the symplectic forms are self-dual with
respect to the Hodge star *4 on X* coming from the metric g,,, they are not self dual with
respect to the Hodge star %7 on M. This is evident, as *;w; is a 5-form on M.

One of the most common geometric flows in G5 geometry is the Go-Laplacian flow. This
flow was first introduced in | ] as a flow of closed Gy-structures on a fixed cohomology
class [p] = {¢o + dn} and is given by

Op o,

5 = A, (1.15)
with initial conditions ¢(0) = ¢g and dpg = 0. For more details on the construction of
this flow we refer the reader to | l, 1 ] and [ ]. This is a flow of the Gy
3-form whose fixed points are torsion free Gy-structures | I, [ ]. A torsion free
Ga-structure occurs when the 3-form ¢ is closed and co-closed, that is dp = d*p = 0
[ . In | ] it is shown that when the G5 manifold is compact, the flow (1.15) has
short-time existence, uniqueness and remains in the same cohomology class, in particular
this means the solutions of the flow remain closed for their entire existence. Much work has
been done on this flow see, | 1, | 1, 1 I, | 1, 1 1, | 1, | ].
In | | the authors used the Gy-Laplacian flow to create a flow of a hypersymplectic
triple. In this case the manifold M = T? x X* is compact since X* is compact and the
G, form ¢ (1.13) is closed since the positive triple on X* is hypersymplectic. The authors
then use the Gs-Laplacian flow on this particular ¢. This descends to a geometric flow on
just X, wherein the hypersymplectic structure evolves according to the equation (1.12).
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Let QY be the entries of Q! and we can write the hypersymplectic flow more explicitely
on each form as
80.)1'

T d (Qud* (QMw)) . (1.16)
This is derived using the G5 Laplacian flow on the closed G5 form (1.13). Before we derive
this flow we note that in | | the authors show that any solution of (1.15) that begins

with initial condition (1.13) remains T® invariant for as long as it exists. Thus any solution
of the Go-Laplacian flow of the form (1.13) remains of this form along the flow. We derive
the hypersymplectic flow now. The Hodge star computations for the metric (1.14) can be
found in (A.5):
Opp =dd"p = —dx*7d (,ug — %7 (dti A wz))
= —dx7d (,ug — sqdt A *4wi)

= —dsrd (e — (QUdt') Aey)
= —d *7; (thj Ad (Q”wz)>

= —d (Quudt* A x4d (Q7w;))

= —d (dt" N Qjx x4 d (Q"w;))

= dt" A d (Qjr. *4 d (QYw;))

= —dt" Nd (Qud™ (Q7w;))

where dt’ is the 2-form on T? that does not include dt/, e.g. dt' = di? A dt3. We also
used the fact that w; is self dual with respect to the metric g, that induces *, and d* =
(—1)"k+ntl 4« dx, on k-forms. Now we take the time derivative of the Gy form (1.15)
and note that the angular coordinates t* do not depend on time | ]. We obtain the
following

8tg0 = —dtk A (9twk.

By equating the above two computations for d;¢ we obtain the hypersymplectic flow (1.16):
—dt* A Gy, = —dt* A d (Qrd™ (Q7w;))
Oy, = d (Qud™ (QYwi)) -

We note that when @) is constant, w is a fixed point of the flow. In such cases there exists
a hyperkahler structure whose metric is equivalent (up to some constant) to the hyper-
symplectic metric. The hypersymplectic flow (1.12) descended from the Gy-Laplacian flow
therefore one can say that the flows are equivalent in this particular set up. Thus the
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hypersymplectic flow inherits the properties of short-time existence and uniqueness from
the Gs-Laplacian flow. Furthermore, if the initial G5 structure ¢y is closed then under the
flow (1.15), the structure ¢(t) remains closed and belongs to the same cohomology class
as o for all time ¢ | ] [ |. Thus the same can be said about the hypersymplectic
flow. If w, is the initial hypersymplectic structure then as we flow using (1.12) w(#) remains
closed and cohomologous to w, for as long as it exists.

Thus the remaining problem in order to prove Donaldson’s conjecture is to show that
the hypersymplectic flow exists for all time and that in the limit, the structure converges
to a hyperkéhler structure. In | | the crux of the paper is to show that under a tech-
nical assumption, solutions of the hypersymplectic flow (1.12) can be extended past some
finite time. However they do not prove that the limit is hyperkahler. The assumption the
authors make is that the scalar curvature of the G5 structure remains uniformly bounded
along the flow. On a closed G5 manifold the norm of the torsion tensor is equal to the
negative scalar curvature | ]. Thus the main result of | | shows that if the norm
of the torsion is bounded then the flow can be extended past a finite time. To achieve
this, they use a proof by contradiction. They use a result by Lotay-Wei from | ] to
do some parabolic rescaling and a generalization of Perelman’s x-non-collapsing theorem
by Gao Chen to show the flow is uniformly non collapsed in finite time. This allows them
to take the limit. In the limiting hypersymplectic structure w__, they show the matrix Q>
is constant and thus can be transformed to some hyperkahler structure. They then show
that the limiting structure is asymptotically locally Euclidean (ALE) and non-compact,
giving Euclidean volume growth in the limit. However, a result by Kronheimer classified
all hyperkahler 4-manifolds with Euclidean volume growth, and in particular this means
the limit would contain a 2-sphere which is holomorphic for one of its hyperkahler struc-
tures. This gives a contradiction. In | ], the authors prove that when X* is compact
the fixed points of the flow are hypersymplectic structures whose matrix () is constant.
In | | it is shown in the case of T? x T* where w is a T? invariant hypersymplectic
structure on T* for T® C T*, the norm of the torsion of the Gy structure on T7 is always
bounded. Then as a result of their earlier paper | ], in this specific case, solutions of
the hypersymplectic flow can be extended past some finite time. In | ] the authors
also manage to show that the limiting structure is hyperkahler, thus proving Donaldon’s
conjecture explicitly in this case. These papers are very analytical and complicated and
we refer the reader to | | [ | and | | for more details. Presently | ] and
[ | are the only known convergence results for the hypersymplectic flow.
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1.4.2 The Laplacian coflow

One can define a Gy-structure and its corresponding Riemannian metric using a 4-form ¢
(up to a choice of orientation). So instead of flowing the 3-form ¢ in time, one might choose
to flow the 4-form in time, thus creating a different type of G5 geometric flow. Using this

idea, the Laplacian coflow was first introduced in | ]. This flow is given by
oY
— =dd" 1.1
5 W (1.17)

on the cohomology class [¢)] = {¢9 + dn} with initial conditions ¢(0) = ¢y and dipg = 0.
This flow shares some properties with the Laplacian flow. In particular the solutions
stay co-closed and remain in the same cohomology class for their entire existence | ],
[ ]. However the main difference between the flows is that it is still not known if the
Laplacian coflow has short time existence. In | |, the Laplacian flow starting from
closed (G5 structures is weakly parabolic in the direction of closed 3-forms and thus an
application of DeTurk’s trick transforms this flow to a strictly parabolic flow which then
has short-time existence. However the same cannot be done for the Laplacian coflow.
This flow is not weakly parabolic in the direction of closed 4-forms and thus cannot be

shown to be equivalent to some parabolic flow | ]. In the hopes of finding co-closed
G-structures that can be deformed to torsion-free GGy structures, Grigorian introduced the
modified Laplacian coflow in | |. This flow is given by

o ’

where TrT), is the trace of the full torsion tensor Ty, of the Ga-structure defined by 1 and
A is a fixed constant. We note that we can pick A = 0 and this is exactly what we do
in chapter 2. It can be seen that when A = 0 and TrT;, = 0 the coflow and modified
coflow agree. In | |, when starting from a co-closed Gs-structure the author shows
that the modified coflow (2.7) is weakly parabolic in the direction of closed forms and
hence an application of DeTurk’s trick can be used to show that the flow has short time
existence. The author also uses the Nash-Moser inverse function theorem to show that the
modified coflow also has uniqueness. These are the same techniques used by Bryant-Xu

for the Laplacian flow in | ]. We summarize this to say that the following initial value
problem
Y ]
$(0) = v (1.19)
dpy =0
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on the space {¢y + dn} has short-time existence and uniqueness. By construction any
solution t(t) remains in the same cohomology class [ig] for as long as it exists, and thus
any solution stays co-closed for all time | ].
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Chapter 2

Laplacian coflow

In the first chapter we introduced a positive triple w. In this chapter we begin by intro-
ducing a dual positive triple. Using a closed positive triple (a hypersymplectic structure)
we can construct either a closed GGy structure or a coclosed G9 structure. Whichever one
we choose to construct, the dual triple will show up in the other form. If we make the
assumptions that the dual triple is also closed then we obtain a torsion free Gy structure.
In [ ], the authors used a hypersymplectic triple to define a 3-form ¢ that gave a closed
G5 structure on T3 x X*. We follow this analogy and construct a coclosed G structure on
T3 x X* by defining a 4-form using a hypersymplectic triple in a similar manner to Fine-
Yao in | | and the dual to this triple will show up in the construction of the 3-form.
We find that this G5 structure is invariant under T3. Then we run the G5-Laplacian coflow
that is defined in | ] on our 4-form. In our particular setting the Laplacian coflow
and modified coflow agree. We confirm that solutions to this flow are also invariant under
T3. We find that it descends to a flow on X* of the dual hypersymplectic triple which is
precisely the hypersymplectic flow defined in | ].

2.1 Dual positive triple

Given some positive triple w as in definition 1.2.1 we can define a dual positive triple.
If @ is the symmetric positive definite matrix that defines the positive triple w, then its
inverse matrix Q! is also symmetric and positive definite. We use this to define a new
positive triple ¢ called a dual positive triple.

Lemma 2.1.1. Let X* be an oriented manifold of dimension four, let w = (w1, ws,ws) be
a positive triple on X*. Let Q be the matriz determined by w and the volume form p, so
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that det(Q) =1, as in lemma 1.2.4. Then o = (01,09, 03) given by
o; = (Q_I)Z,k wr = Q% wy, (2.1)

is another a positive triple on X*.

Proof. We remark that since ) is symmetric and positive definite, so is Q~'. Thus if
w; A wj = 204, then the triple o given as in (2.1) satisfies

oiNoj = (Q’kwk) A (lewl) = Qiijlwk A w;

— 20" D

= ZQUM@
Since Q™! is positive definite this along side the computation (2.2) confirms that the triple
o given as in (2.1) defines a positive triple on X*. O

Remark 2.1.2. We call the positive triple (2.1) the dual positive triple to w.

If we require the 2-forms o; to be closed, then the triple o; is a hypersymplectic triple. It
is important to note that if the positive triple w is closed it is not necessarily true that the
dual triple ¢ is also closed. Furthermore we note that the computation (2.2), alongside the
way we have chosen p,, so that det(Q) =1 tells us that u, = p,.

In | ] the authors use a hypersymplectic triple w on X* to define a Gy form ¢ on
T3 x X* that is closed. This form induces the following metric
9o = Qidt'dt! + g, (2.3)

where g, is the metric on X* as in (1.2), @ is the matrix from the triple w and g, and
t' for i = 1,2, 3 are the coordinates on T%. We now show that if we use the dual positive
triple, the metric we obtain via (1.2) is the same. Let w be a positive triple and let g be
the dual triple defined as in (2.1). Using the formula for the metric (1.2) we obtain

1
9o (U, V)Hg = eijh (w0 303) A (v 205) Ao
1 ) )
= éeijk (u J Q””wm) A (v J Q]”wn) A lewl
1 . .
= éeiijlmQJ”le (u 3wm) A (v awp) Aw

1
6 det (Q’l)emnl (u 3wm) A (v owy) Awy
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where the last line uses the fact that we defined () using the volume form p, so that
det(Q) = 1. We will use a similar analogy to | | but instead we define the Gy 4-form
1 using the dual hypersymplectic structure. Let w be a positive triple with matrix () and
let ¢ be its dual positive triple. Suppose that do = 0. Then we can define a closed 4-form
Y on T3 x X* as follows

V= g — dt'? Nos — dt*t Aoy — dtP A oy. (2.4)

We claim that this defines a co-closed Gy structure on T? x X* where g, = g, where g,
is as in (2.3). The way to see this is that using the Hodge star x; coming from the metric
gy, we compute *7¢) and obtain the precise 3-form ¢ defined in | | which induces the
metric g,. Since every Go 4-form induces a unique metric we obtain that g, = g,. To this
end, the closed 4-form in (2.4) gives a co-closed G structure on X*. Let us show that 79
is indeed ¢ = dt'*® — dt' A w;. We compute

© = %700 = dt'® — s3dt'? A o5 — #3dt3 A 0y — x3dt? N 0y
= dt"” — (Qadt*) Aoz — (Qardt’) A oa — (Quidt™) Aoy
= ' — (Quedt*) A (Q¥er) — (Quudt®) A (Q¥w;) — (Quedt*) A Q)
= dt'*? — dt' A w;.

We reiterate that dw = 0 gives a closed G5 structure and do = 0 gives a co-closed G
structure. However if both the positive triple w and its dual positive triple o are closed
(both are hypersymplectic) then the G5 structure they induce is both closed and co-closed
and therefore torsion free.

2.2 The hypersymplectic flow from the Laplacian coflow

In the previous section we defined a co-closed G structure on T3 x X* coming from a
hypersymplectic structure in an analogous way to what was done | |. In this section
we compute the flow of the 4-form ¢ from (2.4) under the modified Laplacian coflow from
[ ]. To begin we note that in this section X* is compact. We first show that the Gy
structure given by ¢ as in (2.4) and ¢ as in (1.13) the Laplacian coflow and modified coflow
agree. Let us recall the forms

Y= dt'? — dt' Awyp — dt® A wy — dtP A ws,

2.5
V= g — dt'? Nog — dt*t Aoy — dtP Aoy, (2:5)
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where w is a positive triple with dual triple ¢ with the further imposition that do = 0 giving
a co-closed G5 structure as was defined in the previous section. The Laplacian coflow for
coclosed G, structures is given by

o _
ot

where d* = (—1)"""*1 % dx, on k-forms over a manifold of dimension n. Recall the
modified Laplacian coflow for coclosed G5 structures is given by

o
ot
where A is a choice of constant and 7" is the full torsion tensor of the G5 structure. Before

we can compute how the hypersymplectic triple ¢ flows under this flow we first need to
show that solutions to this flow remain T? invariant for all time.

= dd*tp 4+ 2d ((A — TeTy) *4 ) (2.7)

Theorem 2.2.1. Let 1(t) be a solution of the modified Laplacian coflow (2.7) on T? x X*
with initial condition vg given by

1 .
¢0 — Mg — §€Z‘jkdt]k AN g; (28)
where o is hypersymplectic structure. Then 1 (t) is T3 invariant for as long as it exists.
Moreover, 1(t) remains of the form (2.5) for as long as it exists.

Proof. Let 1 be as in (2.8). We want to show that if v is T® invariant than so is any
solution of the modified Laplacian coflow with this initial condition. Let F' be any diffeo-
morphism and given that 1 does not give an orientation we fix the standard orientation
on T? x X*. Let 1, be a solution for the modified coflow with initial condition v)y. Then
if F' is orientation preserving we fix the same orientation on T3 x X* for F*1), and if I
is orientation reversing we choose the opposite orientation for F*i);, this ensures in the
computation we below that the pullback of F' commutes with the hodge star x,,, that is
*Fy (F*a) = F*(xy4,a) for a k-form o on T? x X*. Then we compute:

0
—F*wt <awt)

= F* (dd™ iy + 2d (A — TeTy, ) =y, ¥1))
= dd*F*wt F*wt + 2d ((A — TrTF*’l/}t) *F*wt F*wt) .

(2.9)

This means that 1, and F*v; both solve the modified coflow with the same initial condition
1o and therefore by uniqueness of solutions of the flow we obtain F*1, = 1, for all . Thus
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1y is T3-invariant for all time ¢ for which it exists. Next we claim that any solution ¢ (t)
of the modified coflow has the form

0(0) = 1el0) — et Aot (2.10)

where 11,(0) is the volume form that depends on the initial coclosed G» structure coming
from the hypersymplectic triple o. To see this we let 1(t) be a solution of the modified
coflow with initial condition ¥y. We can write 1 (t) as general as possible as

Y(t) = M)y (0) + dt' A Ay(t) + §eijkdt” A Bi(t) + dt'* A O(t) (2.11)
where A(t) € C™(X*), A;(t) € Q3(X?), Bi(t) € Q*(X?) for all 4,k and C(t) € Q'(X*).
Since we know that the modified coflow preserves the closedness of the 4-form we have
that all of the forms in (2.11) are closed. This tells us that \(¢) is constant on X* and thus

only depends on t. Now let 6 : T? x X* — T? x X* be the map that takes (¢,p) — (—t,p).
We also know from our earlier computation (2.9) that 6*i; = vy, since 0* 1)y = 1hg. Then

0 1y = At (0) — dt* A A;(t) + §eijkdt” A Bi(t) — dt'* A C(t)
=ty
which tells that A;(t) = 0 for all i and C(¢t) = 0. Now we claim that A(¢) is constant. To

see this we compute
1 id
% _eijkdt J A Bk(t)
X4 X4 He x4 2

= /4A(t)ug(0) +0 (2.13)
= A(t)volg(X4).

(2.12)

Now we take the time derivative of both sides of (2.13) and we recall that v, is a solution
of the modified coflow and thus %1/% is an exact form so its integral will vanish. We obtain

0= gt ( / wt) = % (A(t)volo(X ™)) = N (t)volo(X™). (2.14)

Hence A(t) is constant and therefore A(t) = A(0) for all ¢. This tells us that if we start
with initial condition 1y then any solution 1 (t) of the modified coflow will remain of the
form (2.10) for all time for which it exists. In particular this tell us that the only the o;’s
will depend on time. O
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Now we can return to the modified coflow and show that in our particular setting the
coflow (2.6) and modified coflow (2.7) agree. In (2.7) we choose A = 0. The trace of the
full torsion tensor given in | | is described using the Gy 3-form as follows

Te(T) = ;1 x7 (o A dyp). (2.15)

Substituting the 3-form (2.5) into (2.15) we see that the trace of the torsion tensor vanishes.
To see this we compute

TI'(T) = X7 ((dt123 — dtz AN wi) A (dtj AN dw]‘))

X7 (_dtl] A w; A dwj)

O | =] =

where the last equality comes from the fact that w; A dw; is 5-form completely on X* and
therefore must vanish. As a result for this particular G5 structure the Laplacian coflow and
modified coflow agree. Now we flow our coclosed Gy structure (2.5) under the Laplacian
coflow and we find that it will descend to a flow of the hypersymplectic triple ¢ on X*.
This flow is prciously the hypersymplectic flow found by Fine-Yao in | ].

Theorem 2.2.2. Let o be a hypersymplectic structure on X* and let 1 as in (2.5) be the
associated coclosed Gy structure on T3 x X*. Then under the Gy Laplacian coflow this
descends to a flow of the hypersymplectic triple ¢ on X* given by

dio = d (Q.d" (Q;')) (2.16)

or on each component
80]-

ot =d ((QJ)]k d* ((Qg)kZ 0i>> .

Proof. Let ¢ be a hypersymplectic triple. Taking v as in (2.4), the flow of v is then

a¢ Jdo 3 80'2 do 1

— = —dtP N2 AN = AP A —— 2.17
ot ot ot ot (2.17)
Recall that in this setting the coflow and modified coflow agree so we expand the right
hand side of (2.6) using the ¢ we defined in (2.4). To make the following computation
easier to read we let () denote (), the matrix associated with the positive triple w. Recall
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that w is the dual positive triple to ¢, and that Q;l = ;. Therefore using the fact that
the o;’s are self-dual, we have

d X7 d*7 w = d*7 ng = d*7 d (dt123 — Qlkdtk AN O'i)
= d*; (dt* A d(Qun0y))
= d (x3dt" N x4d (Qir0;))
—d (Qkﬂd%a‘ A sad (Qikai)>
= dti A\ d (Q¥ x4 d 54 (Qir0))
= —dt) A d (QYd" (Quoy))
where dt/ denotes the 2-form on T3 that omits dt?, for example dt! = dt? A dt®. We equate

the two computations and obtain a flow of the hypersymplectic structure ¢. It is given by

]

= d(QYd" (Quo;
o —4QUd(@ K7 ) (2.18)
= d(Qo,,d" (Q5'01)) -
Since Q' = @, this flow is precisely the hypersymplectic flow of Fine-Yao from | . O
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Chapter 3

A particular cohomogeneity one
hypersymplectic structure

In this chapter we create scaffolding for the hypersymplectic structure we wish to ex-
amine. In section 3.1 we set up the hypersymplectic triple. In section 3.2 we compute the
Riemannian metric that comes from the hypersymplectic triple. In sections 3.4 and 3.5 we
compute the Riemann and Ricci curvature tensors of the hypersymplectic metric. Lastly in
section 3.6 we verify that when the matrix ) coming from this particular hypersymplectic
structure is constant the hypersymplectic structure does indeed induce a Ricci-flat metric.

3.1 A cohomogeneity one hypersymplectic structure

In this section we set up a cohomogeneity one hypersymplectic structure. We make a
very particular choice of three symplectic forms w that form a positive triple as in definition
1.2.8. We assume a cohomogeneity one setup on R*\ {0}, the action is that of SO(4) on
R*\ {0} by rotations as we have described in section 1.3. This allows us to think of R*\ {0}
as (0,00) x S3 . To begin we create the setup for our hypersymplectric structure. Let aii
for i = 0,1,2,3 be the standard global coordinate frame for TR*. Furthermore, we endow
R* with three complex structures. The first is given by

2 = xg + iz, (3.1)

1 .
Zo 1= X9 +1T3,
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with associated endomorphism J; given by

0 0 0 0
1 (5) =0 7 (501) = o

0 0 0 0
g (a—> = on ) (a—) = o

The other complex coordinates 2} and z4 and endormophisms J; for i = 2,3 are obtained
by cyclically permuting 1 — 2 — 3in (3.1) and (3.2). In this setup 9; and 0; are differential
operators that are associated to the complex operator J;. The operators have the form

(3.2)

8i:ii®dzi+ii®dz;,

0} 02, (3.3)
G- ediv 2 gan |
ST e P S

Note that there is no sum over i in (3.3). In terms of our real coordinates z; on R* the
operators are

1/ 0 0 1/ 0 9,
al = — (— — —) X (dl’o + del) + 5 (_ - Z_> X (d$2 + ZdiL‘:}) )

1
? (9;30 8;’1 X 852 ag?’ (3.4)

The other operators 0; and 0; for i = 2,3 are obtained by cyclically permuting 1 — 2 — 3
in (3.4). Let r be the radial coordinate on R*\ {0} so that r is defined by

2 _ 2 2 2 2
r°=x5+ 2] + 25 + x3.

We use the standard cohomogeneity one action of SO(4) on R* and use the global frame
E; for T(R*\ {0}) defined as follows;

E _ﬁ_ L 0 +x 0 +x 0 +x i
"o r \ 0z, Yor, >0y 015 )

0 1 0 0 0 0
El—Jl - = — —.T1—+LUO — X3 + 29 s

or 0 0 8x1 81’2 8%3 (3 5)
o A B (O A |
2= 2 \or ) r x28m0 x?’@ml xoaxg xl@xg ’

0 1 0 0 0 0
o= (a_) = (‘xa— "5 o, ”033;3)



Thus the dual frame E? is

1
EO — dT = — ($0d$0 + xldaj‘l -+ ;(,’2dgj2 + m3d1;3) )
T
1
E' = = (—zydx + modry — x3dTs + Tod3)
1 (3.6)
E? = = (—zadxg + x3dry + zoday — 21ds)
T
1
B =~ (—x3dwg — xodxy + 21dws + 2od23) .
r

We note that only the vector field Ey and consequently its dual element E° are SO(4)
invariant. The restrictions of E', B2, E? to r = 1 form a global frame for 7*S3. With
respect to the Euclidean metric on R* the frame E' is orthonormal. Then we can define
six 2-forms on R*\ {0} by

) . . 1
whf =E°ANE' ++3E'=E°ANE" + S€ina " N B,
4 . 1 (3.7)
w;y =E°NE'—x3E'=E°NE" — §eipqu N E1.

The forms w;" and w; are respectively self-dual and anti-self-dual, with respect to the
Euclidean metric on R*\ {0}. We note that using the formula for the metric (1.2) the
forms w;" give us the Euclidean metric with standard orientation. The Hodge star x5 is the
Hodge star with respect to the round metric on S3. We also note the following relations
pertaining to the forms (3.7):

+
J
w; Aw; = =201,

cuj/\wj =0.

wi” Awl = 26;u,

In terms of the coordinate frame dx; on R* the forms w;® can be written as follows:
w{“ = dl‘o A dl’l + dl‘g A dl‘g,
_ 1
W =3 [(563 + ] — a3 — x3)(dwor — da) (3.8)

+ 2(1’01‘2 —+ l’1$3)(d$03 — dLUlQ) -+ 2(1’1I‘2 — (L’(ﬂ?g)(dl’og — d$31) s

where dz;; denotes dx; A dr;. We obtain the remaining forms by cyclically permuting
1 — 2 — 3. Now we want to construct a triple of symplectic forms w = (w;, ws,ws) that
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will give us a cohomogeneity one hypersymplectic structure on R*\ {0}. We note that we
are making a very particular choice for this structure and this is by no means the only
way to construct a hypersymplectic structure. To begin our construction we let h;(r) be
functions of just the radial coordinate, and define the hypersymplectic structures wy, as

wy = %3151 (), wr= 53252 (ha(r)), ws= %333_3 (hs(r)). (3.9)

We note that we have specifically chosen the first function h; = r2. We did this to make
our computations more tractable. When we choose the functions h;, = r? we obtain the
standard Euclidean structure and in the end we want to look for solutions close to this
structure. Furthermore in section 4.3 the ODEs we obtain have invariant solutions and
only involve the radial coordinate r, thus we have freedom to re-parametrize our functions

hk (T)
The forms (3.9) are closed by construction. Let wy be one of the forms in (3.9). Then

dwy = (O + O) (%8k5k(hk(r))> = % (020 (hi(r)) — 0,02 (hi(r))) = 0.

Above we used the fact that 97 = 8_,% = 0 and 0,0, = —00,. For a hypersymplectic
structure, we further require the forms (3.9) to be non-degenerate. Up to a choice of
orientation, this is equivalent to the matrix @ from (1.1) being positive definite. Thus each
wy, is a symplectic form, and the triple (w;, ws,ws) forms a hypersymplectic structure. We
now expand these forms and write them in terms of our frame E’. We first need to do
some basic calculations:

2 2 2 2 2

or T;

or;

0 oh; Or T

— hir)= =2 . = R ()=,
— ox; () or 0x; ](r)r

If we write r in terms of the complex coordinates, we can write the form dr A O which
we need later. We do this in the first complex coordinate system and omit the other two,
as the calculations are identical:
CRFEREY
— 2r- Oy = 2ldz! + 2ld2d,
o - Oyr = zidzl + zidz)
— 4r20yr A Oyr = |2l [Pdzt Adzt 4 |23 Pd2d A dzd + 2laldet A d2d + 2lztdel A dzd
(3.10)
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Analogous formulas hold for J; and J3. Thus, we can conclude
AP A Br = |28 2d2P A d2b 4 |28 12d2E A d2k + 2R bR A dek kR A d2E (3.11)

Since the forms w,:ct form a basis for the space of 2-forms, we want to write our hypersym-
plectic forms in this basis. To this end we do the following computation:

%47“2827" A Oyr = %(x% + 23)(—2idzo A dxo) + %(m% + 27)(—2idzs A dxy)
+ (fL’O - iflfg)(l‘g + Z{L‘l)(dl'o + deg) VAN (dlE3 - Zdl’l)

+

N = DN =

([L’g — i[L’1)(ZL‘Q + Z$2)(dl‘3 + del) VAN (dﬂ?o — Zdl’Q)

1
= §(I(2) + x%)(dl‘og + dl’gl + dIOQ - dl’gl)

1
+ —<$§ + x%)(dxog + d.ﬁlﬁgl — d.’Eog + dﬂ?gl)

- N

1 . .
+ 5 (22(%’0333 + x1$2)<d$23 — d$01> + 22(1'01’1 — fﬂgl’g)(dﬂ?og + dl’gl))
1

1
- 57“2@); + §(x3 + a3 — x5 — 23)(dwoy — dxsy)
+ ([E()C(]g + ZL'lJZQ)(dZL'Ol - dl’23) + (CL’QIEg - Iol'l)(dl’og, — dl’lg)
7,2 T2
= 3&);— + ?Wz_

(3.12)

Furthermore we note the following calculation:

dzb N dzt + dzh A dzh = (dao + iday) A (dog — iday) + (day + idas) A (dzy — idas)
= —Qldl'o N dlL‘l - QZdJZQ AN d(L’g
= —2i (dxo N dxy + dxo A dzs)
= —2iwi".
We can repeat this calculation for each complex structure by cyclically permuting 1 —
2 — 3 and we obtain ‘
wy = % (dziC AdzF + d25 A dz§> : (3.13)
Now we are ready to compute the hypersymplectic triple w;, = %Okgk (hi(r)) where hy = r?
and ho, hy are arbitrary functions of r. Note that w; = E% + E? so we will do this
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calculation for w, and omit the ws since the computation is identical and can be derived
by simply permuting 1 — 2 — 3.

T3 ; (883(h2) 881(h2)> ® (dxz — idwy)

h/
= 2—; (zfdzl + Zde2)
_ h! h/
= 0h0s(ha) = —2 (oiz1 Adz2 + dz2 A sz) + 0y (5) (zfdzl + szZQ) ,

_ h’
— agag(hg) = —2 (dzl VAN le + dZ2 AN dZQ)
+ LY (23d2} + 23d23) A (23d2} + z3d23) .
472 473 1 272 z 4z 272
Now we multiply both sides by % and use (3.11) to obtain

l

h/ + hlzl hl2 212 7.2 2 212 7.2 2
—azag(hZ) e Tt gy e R § (\21] d2? A d2? + |22%dz2 A d22

2r 2 \4r2 43
+ 2222d2% Ndz2 + 2222d22 A dz?)

Wy . (K BN\ (i .. -
:2_Tw2+<4_7“2_4_73 547‘ Oar N\ Oo1 | .

Next we substitute the computation we did above in (3.11) to be able to write the hyper-
symplectic forms wy in terms of the forms {wk }. Thus wy, has the following form in terms
of the basis {wi}:

_ .t
W1 = Wy,

Py iy hy R L7
Wo = —w — - =
2T T\ 42 43 2 2 ’ (3.14)

7,2
2
hy hy R Lot
W3 = —w ST T Y —wsy | .
T T \pr s ) \2 T
For convenience, we write these in the following form and we note that there is no sum

over k: )

r? N r?
WE = Ak + —Bk Wy + Bk—wk

5 5 (3.15)
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where

/ " / /

2r 4r2  4r3 2r
for k = 2,3. We wish to use a different notation for the forms wy as it will be useful in
sections 3.2, 3.4, 3.5 where we compute the metric and curvatures for this more general
situation. Thus we write the symplectic forms in the following way and note that there is

a sum over p:

Ay, (3.16)

w; = Tipw, + Sipw, (3.17)
where
1 0 0 0 0 0
T=10 Ay +%5B, 0 and S= [0 2B, 0 |. (3.18)
0 0 As + 5 Bs 0 0 =B

Now we recall that the hypersymplectic structure determines a matrix () such that
wi Awj = 2Qu5t

where 1 = E°? is our choice of volume form on R*\ {0} and @ is a 3 x 3 symmetric positive
definite matrix. It is important to emphasize that for this particular @, det(Q) # 1 since
we have not chosen 1 = p, as we have in parts of the introduction chapter (see lemma
1.2.4). At the end of this section we will rescale our matrix ) in order for it to have
det(Q) = 1 and choose u = 1, Moving forward, we note in the following computation for
Q@ that T; = T}; is the diagonal entry for the matrix 7', similarly for .S;. Furthermore, there
is no sum in the following computation:

2Qi 1 = wi A wj
= (T + Siw; ) A (Tjw! + Sjw;)
=TT; (E” 4+ #3E") A (BY 4 %3 E7) + T,S; (E” 4 %3 E") A (EY — %3 E7)
+ ST; (E” — %3E") A (BY 4 x3E7) 4 5;S; (E” — #3E") A (EY — 3 E7)
=2 [(Tﬂ’j - SiSj)5ij]M-

Therefore we obtain

Qij = (TT; — 5i55) bi (3.19)
where there is no sum over ¢ and 7 and thus @ is the following diagonal matrix
1 0 0
Q=10 Ay(Ay+7°DBy) 0 : (3.20)
0 0 As (A3 + 1% Bs)
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Note that the condition on hs and hgz that guarantees that ws and ws are non-degenerate
is that the matrix () is positive definite. This is equivalent to the conditions:

A (Ai+71°B;) >0 or A; (24; +1A) >0 (3.21)
for i = 2,3, where B; was replaced with the relation from (3.16).

In [ ] the reference volume form is taken to be f,,, this is to ensure that det(Q) = 1.
This is so that the metric defined by (1.14) does not have a factor of the determinant in it.
The hypersymplectic flow in terms of () depends on a choice of ;4 and thus in order to follow
analogously the work of Fine-Yao we must ensure that det(Q) = 1 implying that p = f,.
In our specific situation, our reference volume form is taken to be p = E%23. In order to
ensure that det(Q)) = 1, we need to divide by a scaling factor of det(Q)%, this is due to
the relation between the reference volume form of the positive triple and i, explained in
lemma 1.2.4. Therefore our new matrix () and the one we use in chapter 4 when looking
for solitons of the hypersymplectic flow is given below:

_1
(A2A3 <A2 + TQBQ) (Ag + 7”233)) 3 0 O
2
0 (AZ(A2+7"232>)3 0
Q= (As(A3+r2B3))3 .
0 0 (A3 (A3+T2B3))1§
(A2(A2+r2Bs))3

After substituting B; by the relation from (3.16) we obtain the following for the matrix Q:

ol

4 . 0 0
(A243(242+745)(245+745))3
2
Az(2424744))3
= 0 ( 2 1 0
@ (243(245+745))3 ' (3.22)
2
0 (A3(2A3+7~Ag)) 3
I (245 (242r43)) 7 |

We note that in order for this new matrix () to be positive definite, the requirements are
still the same as the old before we divided by the determinant factor.

3.2 Metric calculations

In this section we compute the hypersymplectic metric that comes from a hypersym-
plectic triple. We point out that the computations in this section, that are summarized
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in table 3.1, are done using as general of a structure as possible, meaning the frame we
use in our computations, F, is just an orthonormal frame for T*R* and not the specific
frame we have chosen in (3.6). Similarily the matrices S and 7" in that table are arbitrary
3 x 3 matrices. At the end of this section we substitute specific matrices S and T". In the
following sections we use these metric computations and the frame (3.6) to compute the
Christoffel symbols and eventually the curvature tensors. For now we wish to make the
computation for the metric as general as possible. To begin we recall the formula for the
metric derived from a positive triple that was given earlier in this thesis:

1
(X, Y, = g ik (X swi) A(Y Jwj) Awg.

In order to simplify the computation for the metric, we write the hypersymplectic forms wy,
using the basis w,f given by (3.7). We do the computation using these pieces and put them
all back together. First we need to set up some identities. Recall the standard self-dual
and anti-dual forms are

) . |
wEf=E'ANE' +53E' = E°NE' + SCinaE7 N B

and that E' for i = 0, 1,2, 3 is orthonormal with respect to the Euclidean metric on R*.
We note that we are abusing notation and writing *3F* as an abbreviation for %eipqu ANE1,
Then we have the following identities for any wi® where i € {1,2,3}:

Eyaw' = E' (3.23)
and for E, where a € {1,2,3} we have

Eyowf =E, 0 (BE°NE £53E") = —6,E° £ €0, E”. (3.24)
p

We also need the following identities

€ijk€atk = Oiadjp — Oinja; (3.25)

€ijk€ajk = 20iq.
Now we are ready to compute the pieces of the metric.

Lemma 3.2.1. Let E°, E', E? E® be an orthonormal frame for T*R*, let wF = E% 4 %3 B'
and let = E° N E* N E* AN E3. Then

(Eo M| wzi) A (EO | U.)Ji) VAN w,;t = €k,
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(Ba swi) A (By5w?) Awp = [(i)(i)éaiebjk () () Bnj€ia
+ (&) (£)dar€ijp + <i>(i)6ik€bja] 1y
(Bo sw) A (By sw) Awy = [(i)aaj(sik ()00 — (i)az-j(sak} "
where a,b € {1,2,3}.
Proof. Let us start with the first identity since it is simpler. Using (3.23) we have
(Eoow;) A (Bosw)) Awp = E' ANE? A (E° A E* £ 3 E)

=E°NE'NE'NE*
= €ijk L

Next we let a,b € {1,2,3} and using (3.24) we obtain

(Ea Jwii) A (Eb wa) /\(,u,;t = (_5aiE0i€Z’apEp) A (_5boni€jquq) A (EO A B+ kg Ek)
= _(i)(i)(saﬁjquD A BTN x3EF

(4)(£)Oj€iapEP N E° A x5 EF

(£)(E)€iapEjpg EP N ET N EY A EF

(£)(F)(£) €iaptjsg B” N E? N 3 E*

~~
=0

+
—~

H_
—~

H_
N—

Q)
<.
S
LS}
—
&
LS)

=)
=]

B

|

S
=

Sg)
N
=)
N~—

[E—

=
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Finally using both (3.23) and (3.24) we have,
(Eo 2wi) A (Baswi) Awy, = E' A (=64 B +€jap EY) A (E° A E*+ %3 EY)
= (£)0; E° A E* A %3 E* + (£)€jup E° A E* A EP A EF
+ (£) (%) €japE* N EP A x3 EF
s
= [ ()00 = (£)japeiny | 1
[(i)5aj5z‘k + (£)djk0ai — (i)5ij5ak} Iz

which gives our desired result. O]

Now we are ready to compute the hypersymplectic metric. We need two identities from
lemma A.2.1 that are proved in the appendix A.2. We use these identities quite often.
Furthermore we recall that w for i = 1,2,3 are a basis for A*(R*) thus we can write our
hypersymplectic forms w; using wii as follows:

w; = Tipcu; + Sipw,, -

We input this into the formula (1.2) for the hypersymplectic metric.

1 -
gg(Ea; EC(,)/Lg = —€ijk (ﬂpEa _I CU; + SipEa M| w;) A (Eva | w; + Sjva | UJ;)

6
A (Tktw;r + Sktwt’)]
= éem Ty Ty T (Ba o) A (Byowif) Awif
+ T3y TSkt (Ea o w ) A (Ey sw)) Aw,
+ T3pSjoTht (Eu o wy A (B swy) Awy (3.26)
+ Sip T Tt (E Jw ) A (Eb J w;r) A wit
+ T3 Sv Skt (E Jwy, ) A (El7 _IUJ,;) A w,
+ Sip TSkt (Ba swy ) A (Ey swy) Aw,
+ SipSiTit (Ba awy ) A (Ey swy) Awy
+ SipSiuSi (Ba 0wy ) A (Byowy) Awy |

As an aside to simplify our computation we notice the six terms with mixed functions of
S and T can be combined into two terms. Let us show this for the terms with two factors
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of S and a factor of T" and the other three terms will follow similarly. To begin we take
the three terms and swap indices ¢ <> k and p <> ¢ in the first term, and indices k <> j and
v <> t in the second term. Following this we use the fact that w;" A w; = 0 to obtain the
identity (Ej sw;") Aw, = — (Ey sw, ) Aw;. Using these we are able to combine all three
terms together, and we obtain

€k TipS oSkt (Eu w;r) A (Ey swy ) Awy + €SipT0Ske (Ea o wp’) A (Ep swl) Awy
+ €ijkSipSiv Tt (Ea awy ) A (By 2wy ) Aw/

= €jilktSjuSip (Ea J w;r) A (Eb J wv_) ANw, + €ikjOip Lkt Sjv (Ea J wp_) A (Eb J w;r) A w,
+ €k SipSjv Tt (Eq w;) A (Ep swy ) Awy

= 3k SipSiv Tt (Ea awy, ) A (Ey 5wy ) Awy'.

We return to our computation (3.26) and use the computation above to combine the six
mixed terms into two terms to obtain

1
9u(Bas Byt = i (T T3 T (Ea o) A (By o wif) A

+ 3T TSk (Ba awb) A (Ey sw)) Awy

(3.27)
+ SSiijkat (Ea | (U;) N (Eb | w;) N w;r
+ SipSjuSkt (B awy ) A (B wy ) A wt—} :
For the remaining computations in this section let 4 = E°23. Now we assume that

a,b € {1,2,3} and we use the result from lemma 3.2.1 to obtain the following:

1
gg(Eaa Eb)ﬂ’g = Eeijk: |:7—‘7;p7-jj’UTk’t (5ap€bvt + 5bv€pat + 5at€pvb + 5pt€bva)
+ 37}p7—}vskt (_5ap€bvt - 5bv€pat + 5at€pvb + 5pt€bva)

+ 3Siijkat (_6ap€bvt - 6bv€pat + 5at€pvb + 5pt€bva)
+ SipsjvSkt (5ap€bvt + 5bv€pat + 5at€pvb + 6pt€bva) 22

We take the sum over ¢, j, k and factor in ¢;j; which allows us to use the identities from
lemma A.2.1. To make our computations simpler we introduce the following variables, let

£ = det(T) + det(S), (3.28)
h = adj(T)S + adj(S)T. (3.29)
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We obtain
1
gg(Eaa Eb)//lg = 6 fepvt (5ap6bvt + 5bv€pat + 5at€pvb + 5pt€bva)
+ 3hmtempv (_5ap€bvt - 5bv€pat + 5atepvb + 5pt€bva) H.

Then using identities (3.25) we obtain

1
9u(Bus Byt = | 2 (200pp0 + 200,00+ 28u10)
+ _hmt (emavebtv + 25at5bm + €atp€mbp — 6mtvebcw) ] M

2
1
= |:f6ab + éhmt (_25mt5ab + 25at5mb + 25ma5tb) :| H

= [féab — Tr(h)dap + hpa + hab} I

Now we can substitute back the expressions for f from (3.28) and h from (3.29) and we
obtain the following:

0u(Fa Byl = [ (Aet(T) + det()) by — T (adi(T)$ + adi(S)T)
+ (adj(T) S + adj(S)T),, + (adj(T)S + adj(S)T),, } 0.

Next consider the case where E,, E, = Ey. We simply take a = b = 0 in (3.27) and with
some relabeling of indices we obtain

1
gg(Em EO),U/Q - éeijk [ﬂpY}UTktepvt + 3ﬂp7}v5kt€pvt + ?)Siijkat€pvt + SiijvSktprut} L.
Now we use the identities from lemma A.2.1 to obtain

QQ(EO, Eo),ug = éeijk [fﬁijk + 3hmt€tpv€mpv] 2
= [F+mm)
- [det(T) + det(S) + Tr(adj(T)S + adj(S)T)} .

The last case we consider is when F, = Ey and Ej, is one of E}, Es, or E3. Again we use
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(3.27) to obtain

1
gg<E07 Eb),ug - éeijk [ﬂptrjkat (5bv5pt + 5vt5bp - 5pv6bt>

+ SCTipf-rjvSkt (_5pt5bv + 5vt56p - 5pv5bt)
+ BSiijkat (5pt5bv - 5vt5bp + 6pv(5bt)

o+ Sip oSkt (~Fpud = Sl + Spui) |1
We factor in the €;;;, use the identities from lemma A.2.1, and, for simplicity we let

f
h

det(T) — det(S), (3.30)
adj(T)S — adj(S)T. (3.31)

We then obtain

gg(Eba E’b),u = [fepvt (6bv5pt + 5vt5bp 5pv56t) + 3ﬁmt6mpv (_5pt6bv + 5vt6bp - 6pv(5bt) :| H

1

6
1-

|: mpempb + hmvembv - O] H

= |: - hmpempbi| -
Now we substitute back A from (3.31) and obtain the following:
9By, Bl = | (adj(S)T = adj(T)5),,, €mpn| 1 (3.32)

We notice that when S and T are diagonal matrices, the expression in (3.32) vanishes since
the matrix adj(S)T —adj(7")S is diagonal and thus symmetric. Before we substitute in our
particular matrices S and T" we want to summarize the results of our metric coefficients
(gw)ap in a table. However it is important that on one side of the metric computations
we have j,, and on the other we have p which we have chosen to be y = E%?3. In order
to find the exact metric coefficients for g, we must divide by y/det(g,). Recall that the
coefficients in the metric g, can be seen as a 4 x 4 matrix. Let N be a 4 x 4 matrix such
that
Juhw = Np.

We have

(gg)ab det(gu)p = (gg)ab Mo = Nappt.
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Thus,

1
(9e) gy = m]\%b

To be able to find \/det(g,) we compute

det(N) = det (g \/Ciif;;_)
_(dMMOdmw)

= det( gg)g.
Thus,

=

det(g,,) = (det(N))® .

We summarize these results in table 3.1.

(9w)o0 W (det(T) + det(S) + Tr (adj(T)S + adj(S)T))
(9u)a.b ey (det(T) + det(S)) 6y — Tr (adj(T)S + adj(S)T) das
a,be{1,2,3} + (adj(7)S + adj(S) T )pa + (adj(T)S + adj(S)T")as
(@00 e ()T = adi(T)S) 1 e
be{l,2,3}

Table 3.1: Metric coefficients

Now we can substitute in the values for S and 7" and evaluate the metric coefficients. First
we recall the matrices S and T and compute their adjoints

1 0 0 0 0 0
T=10 A+ 5B 0 L 5=10 5B, 0 |
0 0 As + 2 By 0 0 ZBy
(BQT‘2+2AQL(B:’,T2+2A3) 0 0 %BQB?, 0 0
Adj(T) = 0 A+ By 0 , Adj(S)=1 0 0 0,
0 0 Ay + By 0 00
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=By B3 0 0

AdJ(S)T +Adj(T)S=| 0 2B, (A3 + Bgé) 0 ,
0 0 5By (A2 + B )
det(S) =0,
2 2
det() = A2 321(2,43 ),

2

3,

Now we can substitute these into our expressions for g, /t, and we obtain

All other g,(E,, Ep) are 0. In order to find the exact coefficients (g,)a we need to divide
by \/det(g,). As we have explained earlier, we can compute this to be

=

det(g) = ((A2 + TQBQ)Z A3AS (A3 + T2B3)2> "= (A2A3(A2 + 17 By)(As + 7“233)>

then the metric coefficients are

w(Eo, Eo) = ( AﬁrQBZQAiHrQBB) )1,
4680 (G )
(B, B) = (1:{42 iz?)—:—:i%:z)) ’

ulEs, E5) = (fg iifz%;))
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Let

Ag + ’I“QBQ Ag + 7"2B3) o (TA/Q + 2A2)2(TA;) + 2143)2 %
Ay A, B 16454, ’

=l
ol

(3.33)

A2(Ay + 12 B,)? AZ(r Al + 245)2\ 0

A2 Ag + ’I“QBg) 2A2(7’Ag + 2143) ’

A2(Ay + 12 By)? A(r AL+ 245)2\
2A3 (’I“A/2 + 2142)

A3 A2 ) B < 1A3A2 )
(A2 + T232 A3 + T2B3) N (TA/2 + QAQ)(TAé + 2143) ’

As(Ay +12DBs)
The metric g, can therefore be written as
= fO(E°)? + fL(E') + f3(B)* + f3(EP)*.
The frame E°, E', E?, E® is orthogonal with respect to g,, but not orthonormal. Let

: ~ 1

We can write . B . B

= (E°)* + (E')* + (B?)* + ().
Later we will need to use this orthonormal frame in order to simplify our computations
for the soliton equation and thus writing our hypersymplectic structure in terms of this
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orthonormalized basis will be useful. Using (3.15), we get:

Wy = EOl 4 E23
1 - 1 -
— E01—|— E23
Jofi fafs

(AQA?,(TA n 21)(#1/ n 2,43)) (B +E7).
(

2
Ay + T—Bz) (E'O2 + E31) + 532 (E02 — E?’l)

A 2B E02 AE31
2 +1°By) E” + (3.35)

1
= (Ag + 1’ By) —E"” + Ay—FE*
? 2) fofa f1f3

A2(r AL + 24,) o
E02 E31
(2A3(TA' n 2,43)) (B +E).

1
wy = (A3 +1?Bs) —E% + Ay——E"
s = (4 5) fofs f1f2

_ Ag(TA§+2A3) 6 F03 | 712
_<2A2(TA’2+2A2) (B +E7).

3.3 The Christoffel symbols

In this section we compute the Christoffel symbols that come from g, with respect to the
frame E; from (3.34). Recall the form of the metric:

9o = (E®) + (EV)? + (E)* + (E9)*.

In this section we will not make any assumptions about the structure of the wy, meaning
we will leave the functions Ay, By, as functions of . To compute the Christoffel symbols
we will use the Koszul Formula

29(VxY,2) = X (g9(Y,2)) + Y (9(X, 2)) = Z (9(X,Y)) + ¢ ([X,Y], Z)
- g([X, Z],Y) _g([}/v Z]’X)

Since our frame is orthogonal we obtain

29 <VE~iE~|j7 Ek) =y ([Ei,Ej]a Ek) -9 ([Ez, By, E;

R
N——
|

Q
N
L
»

S R
N——
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For simplicity, we write g to mean g,, the metric that comes from the triple w. The
computations for the Lie brackets of the E; is done in appendix A.1. We also notice the
Christoffel symbols are skew symmetric. Indeed, since

0=Ei (g(E; B)) = 9 (Vi i i) + 9 (B3, Vi, B
we have I‘fj =g <VE~iEj, E’k) =— (Ej, szEk> = —T7,.
Note that the derivative of r in the direction of E; for i # 0 is 0, that is E;(r) = 0.

In the following computations there are sums over m from 1 to 3 but not i, j, k.

Case 1: T'%. where i, j,k € {1,2,3}. Using the computations in section A.1 we compute
ij

2g (inEﬁEk> =g (_Tzeijm(fifj)_lmema Ek) -9 <_72€ikm(fifk)_1meman)
~ o (el B )

(=i (fif)) " o + € (Fife) 5 + €wa(Fif) " i)
- ;Q’jk (fz(fgfk)il - fj(fkfz’)il - fk(fzijl) :

[Nl ]

Let

Hije == fi(fife) " = Li(f) ™ = el fifi) (3.36)
We note that H;;, = H;,;. We thus have

1
k
F<- = ;Eiijijk-

v

Case 2: T'f; where j, k € {1,2,3}. We compute

29 (V5B B ) = 9 ([Bo. By, B ) — g (1Bo, Eil. ;) — g ([Bs, Bl By
= (fjfo_l(fj_l)/ - fOT_l) djk — (fk'fo_l(fk_l)/ - fOT_l)
=dpefo ! (HUTY = felfT))
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When j = k, the elements in parentheses cancel out, and otherwise d;; = 0. Thus

I, =0

Case 3: I'% T'9 where i,k € {1,2,3}. We compute
2g (inEmEk) =g <[E’L7 Eo], Ek) -9 <[Ez, Ek:];EO) - g <[E07Ek]7Ez‘>

= Opifo (% - fz’(fi—l)/) — Opify (fk(fk_l)/ - 1)

,
= i fo (% — LY - fk(fkl)/> .

Thus we have

Case 4: T')) where i € {1,2,3}. We compute

29 (VEiE0>E0> =49 ([Ei)EO]7E~O> -9 <[Eu Eo], Eo) -9 ([EO, Eo], Ez)

Thus

Case 5: I';, I'), where j € {1,2,3}. We compute

29 (VEoEj7EO> =g ([an Ej), E0> -9 ([an Eq), Ej) -9 ([Ej, Ey), Eo)
= 0.
Thus '
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Case 6: T,

29 (VEOEOa Eo) =49 ([EO7E~O]7 Eo) -9 ([EO; Eo], Eo) -9 ([an Eo], Eo)

Thus

Fgo — 0.
We summarize these results in table 3.2 where 4,5,k € {1,2,3} and f; are the metric
coefficients (3.33). All other Christoffel symbols can be found by skew-symmetry.

TE | Zeie (fi(fife) ™t = fi(fufi) ™ = fu(fif) ™)
| el G- KUY - R

T 0

T 0

Table 3.2: Christoffel symbols

3.4 The Riemann curvature tensor

In this section we compute the Riemann curvature tensor. Again we note that we do
not place any assumptions on the functions Ay, By, other than that they are arbitrary
functions of the radial coordinate r. We use the Christoffel symbols from the previous
section in these calculations. By the symmetries of the Riemann curvature tensor we need
only consider three cases: Rjjpq, Roipo, Roipg Where 4,7, p,q € {1,2,3}. For simplicity, we
write g to mean g, the metric that comes from the triple w. Lastly, the usual Einstein
summation breaks in this section. It is to be assumed that there is no sum unless explicitly
specified.

Case 1: R;j,, where 4, j,p,q € {1,2,3}. We compute
Riqu =4 <VE1 (VEJEP> - VEJ (VE1EP> - V[E’“ ~j}Ep7 Eq

. . . . 9 _
—y (v 5, (rg’pEo + I‘?pEa> ~ Vg, (Pg’pEo + rnga) + =€ (Fif) " Vg, By Eq) .



where there is a sum over a and m but not over 7, j, p, ¢. Expanding the second covariant
derivative we obtain

N———

Jp p
—_—
0 0

Rijng = 9( B (T,) - By 41,9 5, By + E; (T5,) - By +T%,V 5, E, B,
N———

_ g(Ej (1) - By +T9,V 5 By + E; (T%,) - B, +T%V 5 Ea, Eq>
0 0

2 _ ~ o Ao
+ i) g (T Eo + Uiy Bus By )
The frame E; is orthonormal so many of the terms above vanish. Furthermore, the Christof-
fel symbols are functions of only r and thus vanish when differentiated in the direction of

E; for i # 0. Then the above becomes

Rijpg = F?pg ( F(i)oENO —l—F?OEa, Eq) + F?pg <F?aE~0 + F?aEbu Eq)
——

0
- - . . 2 .
— T5,9( D90 Eo +T0Bus By ) = Tig (T5uBo + ThuBi By ) + ~eiim (i)™ Ty
0
2 — a
= F?pr(iloéaq + F?prﬁaébq - F?pF?O(S(lq - F?prgaébq + ;ng(fzfj) 1fmrmpéaq

where there is a sum over a,b,m from 1 to 3 but not over i, j,p,q. Once we apply the
Kronecker delta function and input the functions for the Christoffel symbols we obtain
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a a 2 —
Riqu:FO I + 510 _FO o = T35 +;6ijm(fifj) 1fmrgzp

jpti0 jp* ia ip™ 5O P ja

( I ) s (500, 1007 = 2) (2 50 - 1017

1 2
—+ (;) EjpaijaEiaquaq

N (%)55 (- sy =56y ) (B nty - 50:)

1\ 2 2 _ 1
- (;) EipaHipaejaqu“q+ ;Ez]m(flf]) lfm;Gmqumpq

_ (%)55 <fp(fp1)’ + 5 - 2) (2 — AU = falde 1)')

N (%)55 (2= 20y =) (2= 507y = 1Y )

1 1 2
-1
- ﬁHiQaijaEiqaejpa + ﬁHipaquaeipaejqa + 7~_2(flf]) fmeijmepqumpq

where there is a sum over a and m from 1 to 3 but no sum over i, j, k. Thus we obtain
—1N 2
R = (1) [outia (2= 50 = 5057) (B 557 = 087
“audy (2= b = 507 ) (B 5T = 1)
1

2 -1
+ (ﬁ> (Hipatjga€ipa€iga — Higaljpa€iqaipa) + ﬁ(fifj R
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Case 2: Roio where 4,p € {1,2,3}. We compute
Rogo = 9 (Va, (Ve Bo) = Vi, (Vi Bo) = VigosBr Fo)

= | Vi, (B0 + T4 E,) = Vi, (T8, Eo+ T, Ea), B
0 0

-1
-9 ((fo_lfi (fi_l)/ - fOT) <F?pEo + ngE’a> ,E0>

where there is a sum over a from 1 to 3 but no sum over ¢ or p. We remind ourselves that
the frame FE' is orthonormal and thus we obtain the following where there is a sum over
a, b but not over i or p:

Roipo =g | Eo (T%,) - Eo + T9, Vi Eg+Eq (T%,) + Eo + T4V 5 Ea, Ey
0
1 v fot o
- (ny - )
fo!

Bu(0h) + o | T o o) - (5750 - 220 ) g,
0

(1) - (55 0y - 20 ),
i (el (G n - 55
(0 = 20) (e (- n iy -5 )

Now we can split this piece into two cases:

° IfZ?ép — Rin():O.

e If i = p then

Roio = 13- (fo (fz- <f;1)’—%))—<fo ! (fz () —1>
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Case 3: Roipq where i,p,q € {1,2,3}. The Riemann curvature in this case is
Rinq =g (VEQ (VElEp> - VEl <VEOEP> - V[Eo,Ei]Ep7 EQ)
9(Ve, (T Bo+ T4 E.) = Vi, (T, o+ T, Ea)
~—

~—
0 0

- it (fi (£ - 1) (5B + T5,E.)  Ey)

where there is a sum over a from 1 to 3 but no sum over 7,p, or q. Now we input the
Christoffel symbols and use the fact that the frame is orthonormal to obtain

Roipg = 9(Bo (T%,) Bo+ T, Vg, B +Eo (T4) o+ T4V 5, B, By )
0
1

S (IO E ]

3
. . . _ . B - 1
=E (M) + > Fipg<£8ﬁ/Eo +£?E/Eb,Eq) - f (fi () = ;) I,
0

a,b=1

0
d (1 1 ;1
= 6iquo_1 (5 (;Hipq) - (fl (fi_l) - ;) Hipq)

where there is no sum over ¢, p, or ¢. We summarize these results in table 3.3 where there
is a sum over a and m from 1 to 3 but no sum over i, j, p, or ¢. The function H;j;, is given
in (3.36) and the functions f; are the metric coefficients which can be found in (3.33).

R (55) [Badia 2 = AU = BUY) G = U — £577Y)
8t (2= LU = L) G = BT = fall ) |

4 () (Hipa i — Higa Fiaiaatinn) + 3 (f5) ™ Fneisman Ho

Rogs Sl di i (5 (Y =) = G2 (R ) = 1)

Roipg €ipafo ' (% (7Hipg) — 7 (fi (F) - %) Hipq)

Table 3.3: Riemann curvature components
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3.5 The Ricci curvature tensor

In this section we compute the general Ricci curvature tensor with respect to the metric
gus that we computed in section 3.2. We use Rj; to mean the components of the Ricci
curvature tensor and R?;j,, to mean the components of the Riemann curvature tensor. Re-
call that our chosen frame E is orthornormal, thus the Ricci curvature tensor coefficients
simplify greatly from Rj, = ¢gPRj;r to Rjx = Rjuk. Lastly, similar to the previous sub-
section the Einstein summation convention breaks, therefore we will indicate a summation
with the usual notation.

Case 1: Rgg. We compute

3
Roo = Roooo + Z Roiio

=1

(e e )

_ ; (f(;ld% (fo‘l ((bg (fi) + 1)) +(fo)? (aog(fi))/ " %)2>

Case 2: Ry for k € {1,2,3}. We compute

<

3
Ror = Rooor, + Z Roiik

=1

- L (d (1 1 1
=0+ ; (Eiikfo ! (% (;an) - (fi (Y - ;) szk))

= 0.

ol



Case 3: Ry for j, k € {1,2,3} when j # k. We compute

3
Rjk = Rjoo]g + Z R]zzk
i=1

3
1 2 _
Z |:T_2HjiaHika€jia€ika + 5 (ifi) ' faHaikﬁjiaeika]

=1

0.

In the last step above, since j # k one of €j;, or €, Will be zero since there are only three
choices for the indices, therefore this coefficient will vanish.
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Case 4: Ry, for j, k € {1,2,3} when j = k. We compute
3
Ryj = Ryooy + Y Ry
i=1

-5 (fo 1 <fj (57 = 1)) ~ (' (fj (5 - 1)

2 3

+ (- ) S [out (2= sy = s0a7y) (2= 5y = 5067

‘ (2 — fY - fz-(ff)/) (2 AR fj(fjl)/) |

3
1
+ (ﬁ E (HjiaHijaniaezja Hj]aH zaejjaeiia)
1,a=1

3
2 _
+ 3 Z(fzfj) ! [lelijEijlejil + foHoyj€ij9€5i0 + f3H3ij€ij3€ji3]

=1

= j (f‘l (fj )) (o)’ (fj (f;l)’—%)Z

N (‘%) [s (- sy - ay) (B - nuy = 57y

1=

<

- (o= ay) (B sy - 50

r

- Z [le (HjiaHija (€1ja)") + % (fifi) ™ (foHaiy (%@)2)}

- (fo (5= 1)) e (o= 2)
i (fT) { <— — 2405 >)2 - (2 - 2fj<fj1>') Z (2 — £ fz,ly> ]

, =1
- Z [:2 (ijHwa (%a) ) + % (fifj)_l (faHaij (Eija)Q) }

We can simplify the above by noticing for a function f that f (f _1)' = — (log(f))". There-
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fore, we obtain the following expression:

= gy (45" (= oty = 1)) = 5 (- oxtr)) - 1)
+ (7 [ (% + (log(fj))')2 = (% + (10g(fj))/) (; + (log (f1f2f3>>/) ]

Z [Tl HJWHZJG (Eua) ) + 7,32 (fifj)_l (faHaij (Eija)Q) }

:_fold%(fol ((tout) + 1)) = 5?3+ oty ) (2 + tow G ses) )

3

- Z [: (HJWHZJG (61]11)2) 22 (fzf]) (fa aij (E’L]a)z) } .

i,a=1

We summarize these results in table 3.4 where the function H;;, can be found in (3.36)
and the functions f; are the metric coefficients found in (3.33):

Roo =S ot (i ((og () + 1)) + ()2 (o (£)) + 47
Ry, for j # k 0
R, —fo A (f (g (£7)) + 1))

— (£ (2 + (og(£;))) (2 + (log (f1fefs)))
— 3 am [ (HjiaHija (€50)°) + 2 (fif) " (FaHuij (€50)°) ]

Table 3.4: Ricci curvature components

3.6 A hyperkahler structure

It was shown in the introduction using (1.5) that when the matrix @ that defines the
hypersymplectic structure on X* is constant there exists a hyperkihler structure on X*
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inducing the same metric as the hypersymplectic structure up to some constant factor,
thus the metric is Ricci flat. In this section, we verify explicitly for our particular set up
that when @ as defined in (3.22) is constant, our metric is Ricci flat but not necessarily flat.
Recall @ from (3.22). We claim that when @ is constant, there are positive real constants
Cs, c3 for which

AQ(?AQ + ’I"AIQ) = C2 and A3(2A3 + T’Ag) = C3. (337)

To begin let «; be positive real constants so that Q;; = «;. Using (3.22) we obtain

(A2 (242 +145))*

245 (245 + rAy) ¥
and thus )
Ay (245 + 1A = 5 (A2 (242 + rAY))? . (3.38)
2
Similarly,
1
Ay (242 +145) = o (A3 (245 + rAL)? . (3.39)
2
Lastly,
4 / /
Oé—:f = AQ (2A2 =+ T'A2) Ag (2143 + TAg)
1
A (2142 + TA,) (AQ (2A2 + ’I“AI ))
and thus "
(As (245 + 1 A}))° = %

1
In particular, ¢ = 2as/a; and identity (3.37) for A; holds. We can repeat the same
computation only now substituting (3.39) in and we obtain the identity in (3.37) for As.
We will need these identities quite often in this section.

To begin we use the identities in (3.37) and substitute them back into the equations for
the metric coefficients f; for i € {0,1,2,3}. These functions can be found in (3.33) and we
obtain the following

3 25/ Ay A5 AN A3\
;( ) == = ° (2—2> , fa= A_2 (—3) . (3.40)
3 C3 3

- 4 A2A3 (0263)6 AQ 262

We show that with these coefficients the metric is Ricci-flat. We do this computation
component by component, we first start with Ry
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Case 1: = Ry

ROO = RiOOi
. d 1 Sy IV
Z S B =) ) (A
= r i=1 r
3 d 1 3 1 2
——§jﬁgﬁ(lemaﬁW+;))—E]ﬁﬂf&mamy+;).
=1 =1
When we substitute in the functions f; with the constants in them, we obtain
_ 93
Roop = — o (rAg AL + r Ay AL + AL (27 A + 3A3) + 34,A4))
r(coc3)?
2l
L - ¥ - (rA2As Ay — rAZAY — r Ay (A5)° + A A) (A + Ag) - 3434})
CaC3
2l
L - i (rAsAs A5 — P A3AL - r Ao (A5)° + Ay ) () + Ag) - 3434))
A3 (C2C3)3
—23

- d (rAgAQA’Q’ 4 rAZAZAY 1 r A2 (AL)? 4 AR (AL
T (0203) 3 A2A3

+5A2A, 4, + 5A§A3Ag).

Since @ is a constant matrix, we will use the expressions (3.37). First we differentiate both
expressions in (3.37) to obtain

BAA = —r (A —rA;A” (3.41)

for + = 2,3. We then substitute this into the expression we have above for Ry and we
obtain the following:

—25
Ry = ———— |r A3 Ay AY + r AZASAY + 7 A3 (A3)° + A3 (4))°
7 (cacs)® Ay As

+ A2 (—r (4, — rAQAg) + A2 (_7, (A — rAgAg”
=0.
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Case 1: = Ry

Ri1 = Rigo1 + Ri221 + Rizan

- (m (m@fl ))
_(%fcgwmmg( (m%ﬁmﬂ

3 2
1 2
z : 2 z : 2
- _2 HliaHila (Elza - _2 f azl E1za
1

,a=1

k(o)
( 1 )2 (i (log(fl))) (% + (log(f1f2f3)),)

( > Hi23Ho3 6123) + Hy30H31o (6132)2)
2
- (_2> <—H321 6123) + f—H231 (6132)2) .

fifs
Recall from (3.36), H;j, = A i fx

T T T T T and H;j;, = H;;. In the following step we input
J i iJj
the functions H;j, and the equations for f; from (3.40). We obtain

1

_2§
Rll = ﬁ (TA?,A/Q, + TAQAg -+ A/Q (27’14,3 —+ 3A3) + 3A2A/3)
T (CoC3)3
16% / /

_ ﬁ (TA2A3 + T’A3A2 + 2A2A3)

4 (Coc3)3

23

+ y )% TR (44545 — GAS + 20003 AAS — A7)

= (C2C3 23

_2%

- @%@%+ﬂ%@%+%%%%mywmmmg
r2 (0203) (A2A3)
4 5rALABAL 4 (cp A2 — chg)Q).

We replace all occurrences of ¢y and ¢3 in the numerator with the formulas in (3.37) to
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obtain

B —23
r? (6203)% (AyA)?
12 ASAZ ()" 4 12 ALAS (45)° ).

(2434345 + 12 ASATAY + 5rAJALA, + 5rALALAL

Now we rearrange the equation we had in (3.41) to obtain
r (A = —5AA, — rAAY (3.42)
and we substitute this into our expression for R;; to obtain
—23
2 2 3
72 (coc3)3 (A2 A3)
— 1 A3 AL (5A5A, + rAgAY) — r A3 A3 (5A3AL + rAzAY)

Rll =

[rmgAgAg 2 AL AB AL 4 5r ASAB Al + 5rASABAL

=0.

The computations for the remaining cases Rgo and Rs3 are fairly similar to the case for
R so we will not add as much detail.

Case 3: Ry

Rao = Rapoz + Rai12 + Razso

— i (45" (tostry + 1))

_ (%) (1 + (log( f2))’> <§ + (log(flfzfg))'>

1
= (H123H213 (6123)2 + Hoz1 H3oq (6231)2)

- % (%le (6123)2 + ﬁHBQ (6231)2) .
We substitute the expression for H,j, and the functions f; from (3.40).
23
12 (cc3)5 (AgAs)’
+8c3ABA2 — 42 AL + 4ch§) .

R22 =

(1234345 — r2ASAAY + 7 ASAZA, — 57 ASATA — 843 AL
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We substitute the expressions we have for ¢; from (3.37) and and we obtain
25
2 3 3
T <0263)3 (A2A3)
— rARAT (A)° + 7R ARAR (4) ).

R22 =

(234345 — r2A3A3AY + 57 ALALA, — 5y ARALA,

Next we do the same thing we did for the Ry; case and substitute the expression for r (A4;)”
from (3.42). After this substitution all the terms cancel and we are left with Ry = 0.

Case 4: Rs3

Rs3 = Rapo3 + R3z113 + R3203

— s (1" (ot + 1))
) (%) (1 + (log( f3>)') (§ n (1og(f1fzf3))')

_ rl (Hy32H3z19 + Ha31Hs91) — (ffj% Ja1 + fffd )

We substitute the expression for H,j, and the functions f; from (3.40).

21
Ry = ——————— (= P ASAZAY + 2 AR AT AY — SrALALAG + 7 ARALAL
T (0203)3 <A2A3)

— SARAL 4 8, ALAZ — AR AL + 4C§Ag).

We substitute the expressions we have for ¢; from (3.37) and obtain
23

72 (0203)% (AA5)?

— R ALAS (A,)° + P ALAR (45)° ).

Ry — (= r2ASAZAY + 12 ALATAY - 5rASALAY + 5rASAL A,

Next we do the same thing we did for the R;; and Rys case and substitute the expression for
r(A;)? from (3.42). After this substitution all the terms cancel and we are left with Rss = 0.

Now we show that the structure is not necessarily flat, meaning there is a component
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of the Riemann curvature tensor that does not vanish. Using the computation we did in
section 3.4 and the metric coefficients (3.40), we compute some of the Riemann curvature
tensors to be:

_93%
RlOOl = —32 (TAgA,zl —+ TAQAg -+ A/2 (27’14?3 —+ 3A3) + 3A2Ag) . (343)

r(coc3)?
Let us examine Rjgp; more closely, note that there are of course specific choices we can
make for A; so that this does vanish In particular we note that if A; are constant then this
gives Ryg01 = 0. We want to look for solutions that do not vanish. If we solve equations

(3.37) then we obtain

V2ric; + 4b;

BT
where b; are the constants of integration. Then we can substitute this solution into (3.43)
to obtain

A=+

16% (2b2020§7’12 + 2b3C%C37’12 + 24bgb302637"8 + 24()%[)3037’4 + 24b2b§027"4 + 32()3[)%)
6 (caes)* (riea + 2b2) (ries + 263))"?

RlOOl =

(3.44)
We know that ¢; > 0, but we can see in the above that if both b; = 0 then A; is constant
and all of the metric coefficients (3.33) are the same and thus g, is constant multiple of the
Euclidean metric. If at least one of b; is non-zero then the expression (3.44) is non-zero.
Taking both b;’s to be positive assures that A; is defined on all of R*\ {0}. Thus choosing
b; > 0 gives us a class of hyperkihler structures on R*\ {0}. Lastly we point out that
this class of hyperkahler metrics looks very similar to a class of metrics on the cone over
RP?, that is (0,00) x RP?, given in the paper | |. If we pulled back our metrics from
R*\ {0} to (0,00) x RP? it is likely that the metrics in | | are a subset of the class of
hyperkéahler metrics we have found.
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Chapter 4

The soliton equation

In this chapter we discuss some solitons of the hypersymplectic flow. In 4.1 we introduce
a special class of solutions to the hypersymplectic flow called self similar solutions. Self
similar solutions are solutions that evolve by a scaling factor and a diffeomorphism. They
are essentially equivalent to solitons of the flow. We will show how solitons give rise to
self similar solutions and vise versa. In this same section we compute the general soliton
equation. This gives rise to three different equations (one for each symplectic form). In
section 4.2 we compute explicitly the soliton equations for each w;. This tells that all
but one of the vector field coefficients for the soliton triple vanishes. In section 4.3 we
equate three different expressions for our vector field coefficient and find two differential
equations whose solutions would give us the soliton vector field. In section 4.4 we find
explicit solitons for the hypersymplectic flow when the matrix () from the hypersymplectic
structure is constant. We also see that when the constant A in the soliton triple vanishes,
the matrix () must be constant. In this case we can explicitly solve for the functions A, that
comprise the metric. Since () is constant the hypersymplectic triple can be transformed into
a hyperkahler triple whose metric differs from the hypersymplectic metric by a constant.
Thus concluding in this particular setting, steady solitons give rise to hypersymplectic
structures whose metrics are a constant multiple of a hyperkéahler metric.
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4.1 General soliton equation

In this section we let N be a smooth manifold of dimension 4. The hypersymplectic
flow is given as a triple of partial differential equations defined as

d

Swlt) = d(QI'(Q W) (4.1)

Let Q¥ denote the components of Q~!. We have the following equation for each component
w; of w:
d

%Wi(t) = d(Qud* (Q"wy)).

We begin by introducing the notion of a self similar solution, this definition is given in an
analogous way to self similar solutions for other geometric flows such as the GG5- Laplacian
flow and the isometric flow | 1Ll ].

Definition 4.1.1. Let N be a smooth manifold of dimensions 4. Let w(t) t € [0,T) be a
solution of the hypersymplectic flow (4.1). We say that w(t) is self similar if there erists a
positive function a(t) with a(0) = 1, a hypersymplectic structure w(0) on N and a family
of diffeomorphisms Fy, : N — N with Fy = Idy such that

w(t) = a(t)*F;w(0). (4.2)

Remark 4.1.2. The exponent on a(t) is not necessary but is there to avoid rational factors
later in the computations.

Definition 4.1.3. A soliton of the hypersymplectic flow (4.1) is a triple (w(0), A, X') where
w(0) is a hypersymplectic structure on N, X is vector field on N, and X\ is a constant
satisfying

Mw(0) +.Zxw(0) = d(Qd™(Q'w(0))). (4.3)

We show that self similar solutions give rise to solitons and solitons give rise to self similar
solutions. Indeed the formula (4.3) was constructed by taking the time derivative of a self
similar solution. Let us show that. Let w(t) be some self similar solution as in definition
4.1.1. That is w(t) = (a(t))” Ffw(0) where a(0) = 1 and F, € Diff(M) with Fy = Id,, is a
solution of the hypersymplectic flow. First we take the time derivative of w(t). Let X be
the infinitesimal generator of F;. We obtain

0w(t)

o = 20()d () F (w(0)) + (a()” F (Lxw(0)).
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Thus,

= 2d'(0)w(0) + Lxw(0).
t=0
Let A = 2d/(0). Since w(0) is a solution of the hypersymplectic flow then (X, w(0))
satisfies

h(0) + Zx0) = 20| = (@@ w)

t=0

making (X, A\, w(0)) a soliton. Now suppose we have a soliton, a triple (X, A, w(0)) that
satisfies equation (4.3). Define w(t) = eMF;(w(0)) where Fj is the flow of the vector field

X, that is %‘ = X(Fi(p)). We want to show that w(t) is indeed a solution to the
p
hypersymplectic flow. We use the fact that F}* commutes with d and (4.3), to obtain

8g(t) _ e)\tF* )\UJ
—_ = ‘ w

ot

Above F}(Q) is the matrix that corresponds to the positive triple w(t) = e F;(w(0)) and
*prw 18 the Hodge star induced by the pullback triple F;w. Thus we can conclude that
w(t) = eMF;(w(0)) is a solution to the hypersymplectic flow arising from the soliton triple.
So we see how solitons give rise to solutions of the flow.

Now we expand the soliton equation (4.3) so that we are able to say something about its
potential solutions. When we expand the soliton equation for each component w; we get

Aw;(0) + Lxw;i(0) = d(Qupd* (Qwy)). (4.4)
Recall from (3.20) that @ is a diagonal matrix. Thus in this case the equation becomes

where w; is the ith component of w(0). Note there is no sum in the formula above. We
can further expand the left hand side of this equation. Since we know that the entries of
the matrix () are just functions of r, we can also use the Hodge star *, that comes from
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the metric g, in the orthonormal frame Ei. We also use the fact that d* = (—1)k+ntl on
k-forms, and n = 4 is the dimension of our manifold. Thus the previous equation becomes

Mw; + Lxw; = —d(Qy; *, d *y (Q"wy))
= —d(Qii *w d(Qiiwz’))
= —d (Qii *u (A(Q") A w;))
= —d (Qii % (Q")E° Aw))

— 4 (Qii(Q”)’% fo (EO A w))

where we used the fact that w; is closed and self dual with respect to the Hodge star *,,
that comes from the metric g,. If we further expand the exterior derivative in the last
equation above we obtain

/\wi + XXWZ‘

= ((@u@5) £ s (B0 hw) + Q@ 1 (s (80 1)) )

We note that each symplectic form wy yields a soliton equation. The symplectic forms wy
are given by

(4.6)

W, = Pl <E01 —|— E23> , Wy = P2 <E02 + E31> , Wz = P3 (EO3 + E12> (47)

where P; are functions are r that can be found in (3.35). We state them again below:

1 1 4 6
Py = - - )
' fofi  fafs (AzAs(TAé +245)(rAz + QAS))
p ot 2o trdy (Ag(rA;+2A2)2>é
fifs 2fof2 2A5(rAf +2A4;) ’
po Mo 2Astrdy (Ag(rAg+2A3>2)é
fife 2fof3 2A5(r AL + 2A5)

We will compute the left hand side of (4.6). We note that the derivation of dE" is found
in section A.1. First we note the following computations for each w;. Since

Ky <E~O VAN UJZ> = —PZEZ,
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we have
d <*g <E0 A wz)> — —d(P,)E' — PdE'
. ) (4.8)
= —iP;E(” — PdE".
fo
4.2 Soliton equations for wi, wy, and w;y

In this section we compute the specific soliton equations (4.5) for wy, wy and ws. First
we recall the matrix ) for this hypersymplectic structure:

43 1 0 0
(A243(240+745 ) (245+745))3
0- 0 (43 (2A2+TA’2))%1 0
(243(243+r45))3
0 0 (A3(2A3+7~A’3))%1
i (242(2424744))3 |

In the previous section we expanded the soliton equations as (4.6). We start with the right
hand side of (4.6) for w; and we use the identity for dE* that is found in A.1 and (4.8) to
obtain

1(@ut (@) = (Qu (@) )

: f_;Em n (Qn (QH),%> (%’Em +P1dE1>

_ 1y b /ﬂ ny (P P (fr) ﬂ)
a [(Qll(Q ) fO) f0+Q11<Q ) Jo (fo+ fofi +7"fo }

+ [2Q11 (Qll)lp1f1
T fof2/f3

EOl

} B,

(4.9)
For the left hand side of (4.6) we assume that the vector field X for the soliton equation

is X = F'E; where F' are functions that depend only on r. The left hand side of (4.6) is
then

Aot + Lywy = AP, (EOl i E23> +d <FE L P, (EOl + E23>)
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where we used the fact that dw, = 0. We recall the metric coefficients from (3.33) and the
formulas for dE* from section A.1. Then the above becomes

(PF°) = B
oo T 7o

+ P FYE' + PF?dE? — P F?dE?

Aoy + Lyw, = APLEY™ + \PE? +

~ ~ P FO !
AP B ap R B oy -
Jo fo fo

o () RN 21 7 zo3
nr ([0 oplE e sl

—<f3>/ + 1 _E03_|_ [ 2f3 -E12>

Tht (-fsfo R oy

(4.10)

s o [ e
i, B B
e el e

+ :(P}T)/ + Pl?:}:?’), + T}ZQ]EO?’ n [ 2PN 1]

We equate the computations we did above, using the fact that P; # 0, f; # 0 for all 7 we
obtain the following information for the vector field X = FiE:

— P F3

F?=F3 =0, (4.11)
o / 1 )\’f'fgfg
FO—QM (QH) %— 2, )
(4.12)

0y _ iy L /_)\f2f3_&<%)l
(F7) (Qn (o fo) 2, >\ )
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my LY A 11 P P(f) i)_ PIF* P (F%
(Q“(Q ) fo) 7 On @) 5 (fo+ MR ) M T

Jfo fo
PFO(fy) LA
fifo 7 fo '
(4.13)

We substitute (4.12) into (4.13) and allow A to be a parameter. We obtain

1 Py 11 (7)) Plh) _)
(Q“@ )f) jy Tenl@ )fo< TR TR

AP+ i[ (QH(QH),L)/ CMefs M (@) } . Q[QH(QH)& Whufs

Jo Jo 2f1 N Jo Jo 2f1
Pi(f1) ny L Arfafs Py v L Arfafs
F L@ g -5 plen@ty g - 52

Many of the terms cancel each other out and we are left with the equation

0= <p1 _rh (@) rAVhSs TR fals P1fzf3> O aw
2fo \ h 2fof1 2fifo Jof1
Using the fact that P, = ﬁ = ﬁ we can significantly simplify the above into the
following
Pir P, , P T
U—A(P1——1(f0) ! ) —(A) 5+ 1)
21 2h (4.15)
. (Tpl(fo) + (Pt TPl(fl) )
2fo 2 2f1 '
We can replace P, = ﬁ and its derivative
/ /
(Pl)/ _ (J;lO) N (f1>2
ol Jofi
n (4.15) to obtain and equation that is always automatically satisfied
!/ !/ / /
0=\ (_7’(];0) _ T(f1)2 i 7"(]20) i T(fl)z) .
2fo i 2ffi  2f6h 2/A
Thus the soliton equation for w; gives us the following
FOZQll (Qll)/i_)\T’foS, F2:F3:O' (416)
Jo 2f1
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In order to obtain the soliton equations for wy, and w3 we can repeat this same process as
we did for w;. Alternatively one can cyclically permute 1 — 2 — 3 in the equations above
to obtain the remaining soliton equations. Doing this we obtain from ws the following new
piece of information:

l B AT f1f3

FO = Qn(Q®)
(@) Jo 2/
We cyclically permute again and obtain from w3 the only non-trivial new information is:

/l . AT f1fo
Jo 2fs

, F'=0. (4.17)

F° = Q53 (Q%)

(4.18)

Therefore X is radial.

4.3 Finding F"

In the previous section we computed the soliton equations that came from each w;. In the
end we were left with three different expressions for F°. In this section we will set them
all equal to one another and ideally find the constraints A\ and A,, A3 that will satisfy our
equations for F°. We see in (4.16), (4.17), (4.18) that the different expressions of FV are:

L Arfafs L Arfufs r 1 Arfife
Jo 2f1 Jo 2f Jo 2f3

We would like to be able to determine possible Ay, As, A that could solve the equations
above. We first create two equations from these expressions for F°. The equations are
created by taking the F° that came from w, and ws and subtracting them from the F°
that came from w;. The result is the following two equations

_1 11\/ 221/ Ar (fifs  fafs
O—%(Qn(Q ) — Q2 (Q ))4‘?(?_7)’

L (Qu (@)~ Qu (@) + 2 (il - S
O—fO(Qn(QH) Q33(Q33))+2(f3 f1>.

We can replace the metric coefficients f; and the entries of the matrix () using the identities
(3.33) and (3.22) and doing some simplifications we obtain the following two equations

FO = Qu(Q") = Q2(Q®) = Us3 (Q33)

(4.19)

0= /\TZAIZ (A2A3 (T’A/Q + 2142) (TAg + 214.3))% —4. 2%143 (TAQA/QI + T(A/Q)2 + 514214/2) 3

0= /\7"214% (A2A3 (T’A,Z + 2142) (T'Ag + 2A3))% —4- 2%142 (TAgAg + T’(Ag)Q + 5A3Ag) .
(4.20)

68



Since these are first order differential equations we know that there exist unique solutions
to these equations given an initial condition at r = ry at least in some open neighborhood
of 9. One would then need to study if the solution extends to r = 0 and r = oco. However
these equations are not linear and difficult to solve. The author searched for a compact
invariant set for solutions to these differential equations. Namely looking for a function
G(r, Ag, Az, A, AL) which is decreasing along the solutions of (4.20) and whose level sets
are compact. As a result any solution of (4.20) would stay in these compact level sets for
all time. The obvious functions G to try would be polynomials whose terms only have even
exponents. Among some of the other functions G' we tried were Tr(Q), 02(Q) (the second
symmetric polynomial of ()), and the sum of the squared entries of ) where () is given by
(3.22) or (3.20). However, after some attempts these computations are either not feasible
or the level sets of the function G are not compact.

4.4 Some soliton solutions when () is constant

In the previous sections we computed the soliton equations. Recall for our vector field
X = F'E; we were only left with the function F° being non-zero. In the previous section
we set the three different expressions for F° equal to one another and obtained two equa-
tions involving Ay, Az, and A. In this section we will examine two cases of solitons, one
being the case when A = 0. This case forces () to be a constant matrix and thus we obtain
explicit solutions inducing a Ricci flat metric. The second case we will examine is when
A # 0. For this case, in general it is not clear how to proceed. However, there do exist
solutions when () is a constant matrix. In particular, when A # 0 and @ is constant, this
forces the metric g, to be Euclidean. However in general we know there exist solutions to
the soliton equations for A # 0 and @) not being constant, however we just cannot write
them down explicitly and furthermore we do not know if they are even defined for all » > 0.

We begin with the case of A = 0. Recall that for each w; we had a different equation
for FO. If we substitute A = 0 into our equations for Fj (4.16), (4.17) and (4.18) we obtain
1

!/

F* = Qu (QH)/% = Q2 (Q7) + = Qs (Q%)

Furthermore, out of three equations for F° we created two equations (4.20). We note that
substituting A = 0 into (4.20) and solving (4.21) is equivalent, as we would repeat the same

(4.21)
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steps. If we substitute A = 0 into these equations we obtain the following equations

0= —4-25 A3 (rA AY 4+ r(A5)% + 54, 45) |
0= —4-25 Ay (rAgAY 4+ r(A4)% + 5A435A5) .
We can further simplify the above by noticing that the second factor can be written as the
derivative of A; (rA} + 2A4;) and thus we obtain
0= Az (Ay (rAy +24,)),
0= Ay (As (rA} +2A43)) .

Since A; # 0 since that would contradict the hypothesis that ) is positive definite, we
obtain

(A; (rAL+24:)) =0

4.22

where ¢; is some positive constant ensuring that @) is still positive definite. If we substitute
(4.22) into the matrix @ we computed in (3.22) we obtain a constant matrix:

41/3
o) 0 0
. 2/3
Q= 0 om0
2/
L 0 0 (2¢2)*/? |

As we have shown in section 3.6, when () is constant the hypersymplectic structure defines a
non-flat Ricci flat metric structure and thus can be transformed to a hyperkéhler structure.
In this case, we see that F° = 0 and thus the vector field X = 0. We can return to (4.22)
and solve them explicitly:

Varte + i (4.23)

2r2
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where ¢; > 0 and «; are the constants of integration. If we substitute (4.22) into our
formula for the hypersymplectic triple w (3.35) then the triple becomes:

4 % 01 23
wy = [ — (E +E>
CoC3

Wy = (i)é (EO? n E31) (4.24)

2(33

( A )é 03 | 12

wy= (52 ) (E®+E2).

202

Therefore our soliton triple is A = 0, X = 0 and w as in (4.24). To see the Ricci curvature
tensor we direct the reader to section 3.6 as we have shown in that section that when @ is
constant in this particular set up the Ricci curvature vanishes. We have also shown in that

same section that the Riemann curvature tensor does not necessarily vanish, thus giving
us a class of non-flat Ricci flat structures.

The second case we consider is when A # 0. As previously mentioned in general we
do not have explicit solutions to the soliton equations for this case. However there exists
some explicit solutions when we assume () to be constant. We will show that this implies
that the functions A; are constant and our metric gyg is then Euclidean. If we assume
A # 0 and @ to be constant and we set equal the three equations for F° (4.16), (4.17) and

(4.18) we obtain
_ Arfafs _ Arfifs B )\rflfQ'

FO = = = 4.25
2 2% 20 (4:29)
From (4.25) and from our computations in (A.2) we obtain the following
afs _ Nifs _ ffe
= = = — fo=fi=fo=f5.
fo 5 7, [ fo=fi=fa= /3
We equate the functions f; = f; and f; = f3 found in (3.33) and we obtain the following
fi= 1o
4A2A2 _ AZ(rAy +245)°

e =
8A3 = (rA, +24,)°.

We can repeat this exact computation with f; = f3 and we obtain the following relations

2A; = 1Al + 24, (4.26)
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for 1 = 2 and 3. We also assumed the entries of () to be constant, if ¢; € R where ¢; > 0,
we set the entries @Q);; from (3.22) to be equal to ¢; and we substitute the relation from
(4.26). Setting Q22 equal to some positive constant gives

A% (T’AIQ + 2A2) — .
A (rAL +243) (4.27)
— AZ(rAl 4 245)° = cu A3 (rAl + 243) .

Setting ()33 equal to some positive constant gives
A2 (AL +243)% = 34, (rA) + 24,) . (4.28)

Lastly we set (11 equal to some positive constant and use (4.27) as well as (4.26) to obtain
the following
A Az (rAy +24,) (rA + 243) = ¢4
— A3 (rAL +24,)° = e
— 8AS =cicp
— Ay =c¢

for some positive ¢ € R. We can repeat this for A3 to indicate that our functions A;
are constant. When the functions A; are constant and using identity (4.26) our metric

coefficients (3.33) are given by f; = f = (AQAg)é for i = 0,1,2,3. When we substitute in
the constants «; for A; our metric becomes

9o = f (E§ + E} + E3 + E3) = (aQag)% (E5 + E} + E5 + E3) (4.29)

which is a scalar multiple of the Euclidean metric. In this case our F'° becomes

o=

A Aanag)
FO = —7f i — (4.30)

Thus when A # 0 and @ is constant, our hypersymplectic structure w is Euclidean and our
vector field is

A (042043)% ~ A (062@3)% 1 A\ d

We can now evaluate the self similar solution t};at corresponds to this soliton. The flow
of the vector field of X in (4.31) is Fy(xz) = ze= * for x € R\ {0}. We show that the self
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similar solution w(t) = eMF*w(0) for w(0) given in (4.7) is the standard hyperkihler triple.

We show this for w;(0) = (Em E23> We first compute that
FY(E°) = F}(dr) = d(re_%t) = e oldr = ¢ 2'EY, (4.32)
E*(Ez) — 6_5tE1. ’
Then using (4.32) we obtain
FY(E'AEY) = (e 2'EY) A (e 2'E') = e M(E° A EV), (.33

Fr(E2AEY) = (e 2'E*) A (e 2'E®) = e M(E? A EP).
We therefore obtain
Fw(0) = e™Mp <re 3t > [fo (re_%t> fi (Te_%t> E° A E?
+ fo <re’%t) f3 (re’%t> E* A E3].

Using (A.2), the self-similar solution that corresponds to this soliton is given by

_X pw . 0 1 —2¢ —2¢ 2 3

wl(t):P1<re 2)[f0<7’6 2)f1<7“e 2>E NE —|—f2(7“e 2>f3<re Q)E /\E}

— EOl +E23.

The remaining 2-forms can be found by cyclically permuting 1 — 2 — 3. We conclude
that the self similar solution that corresponds the soliton (A, X, w(0)) where X is given by
(4.31) and w(0) is given in (4.7) is the hyperkéhler triple

1 .
wl(t) = EOZ + §€ijkEjk.
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Chapter 5

Future ideas

There are many avenues one can take from here. One interesting avenue that was explored
during my doctorate was removing the closedness assumption on the positive triple. Recall
that the closedness condition was not required to create a Go structure on T2 x X?. For
the G5 form

o = dt'® — dt' A w;

we could loosen the conditions of the triple w so that they need not be closed. This would
still give a (G5 structure it would just not be closed. From here one could apply the G-
isometric flow given in | ] to ¢ and see how this flows in time. The isometric flow is
given by

8t<,0 = DivT J 2/1

where DivT is the divergence of the torsion tensor of the Gy structure. Its fixed points
include closed G5 structures. With that in mind, one might be able to use the isometric
flow to ideally flow in time to a closed G5 structure.

Another interesting avenue to take would be to look for other cohomogeneity one soli-
tons of the hypersymplectic flow. We only explored the action of SO(4) on R*, however
one might just take an arbitrary cohomogeneity one action on other 4-manifolds and see
how solitons in this case might look.

Lastly in the paper | ] the space X* was taken to be T* invariant under the action of

T3 C T*. Another avenue to explore would be to look for solitons of the hypersymplectic
flow with this ansatz.
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Appendix A

A.1 Lie bracket calculations

In this section we include the Lie bracket calculations of the frames FE; and EZ Recall
the frame Ey, F1, Ey, E5 from (3.5). The frame |, E, Ey, E3 forms a global frame for the
tangent bundle for S? = SU(2) = Sp(1). Let r be the radial coordinate on R*\ {0} so that
r is defined by

7 :xg—i-xf—l—x%—l—xg.
We let 7,5 € {1,2,3} and thus the Lie Bracket of the frame (3.6) has the following form

—1
[E()a El] = _Eia
r

[Ei7 EJ] = Ez‘jmTEm.
Then the Lie brackets of the orthonormal frame vector fields (3.34) are

[EU7 ] [fO 1E0>.f Ez]
= fo'Eo (") Ei— [7'Ei (fy") Eo+ (fofi) ' [Eo, Ei]

— B o) ()

1
= fo " (f7Y fiE - fOT ;s

= (fo_lfi(fi_l)/ — fO_) o

r
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[Ei, B = [ By, £ E]
=B () By — £ E (7)) Bi+ (£fy) 7' [E3, By
— () (Fem )

== _72€ijm(fifj)_lmem

Now using the formula
da(X,Y) = X(aY)) = Y((X)) — « ([X,Y])

for 1-forms o we can find the exterior derivative of each element in the frame. Note the
following exterior derivatives that come from the S? structure

dE1:1E01+gE23, dE2:1E02+2E31, dE3:1E03+2E12,
r r r r r r
and dE° = 0 since E° = dr. Then we have the following for the orthonormalized frame:
dE® = d(fyE°) =0,
dE' = d(fLE") = (f) B + fdE"
2
(f)E01+f < EOl _E23>

(f1)' fi ]
N [folfl " T;O]Em " [szfz}s}E

agr = [V, LY gy [ 22 )

JoJ2 rfo 7 f1fs
~ (13) 2f3 ~
3 03 12
dFE [03+T0]E +[T12}E.

A.2 Useful identities

In this section of the appendix we derive some useful identities that we need for our
computations. This first identity is primarily used in the computation for the metric in
section 3.2 but also shows up in other computations in the thesis.
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Lemma A.2.1. Let T and S be two 3 x 3 matrices. Let det(S) be the determinant of S,
and let adj(S) be the adjugate of S. Then

Z €ijkSipSjqSw = (det(S)) pq,

ot (A1)
m; eiijiijqul = ; [adJ(S)T] mlEmpq.

Proof. The first identity comes from the definition of the determinant. The identity
€ijkSipSjqeSm 1s skew in p,q, and [ thus we can write the expression as being equal to
Aepgr for some scalar A. That is,

Z EiijiijqSk:l = )\qul-
ik
If we take the above and contract it with €,, we obtain
6det(S) =D Y eacijeSinSigSu = > Aepaepg = 6.
D,q,l 3,5,k D,q,!
We substitute A = det(S) and we obtain the desired result.
Let us prove the second identity in (A.1). We first take the right hand side that just

has the pieces from S in it and sum over 7, j but not k. We know this is then skew in p, g
and there is no symmetry with [, so there exist X,,; such that

E eiijiijq:§ kaempq
%] m

and we need to determine what the coefficients X,,, are. We take the expression above
and contract it with €,, to obtain the following:

Z €pql (Z Eijksipsjq) = Z (Z kaempq) €pql

p.q ,J m

p.q
Z quleijksipsjq - Z ka25ml

D48,

= 2Xlk'
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Therefore we can say that X;, = %Zp i €pgl€ijkOipOjq- We would like to determine what
this expression for Xj; is so we take this expression and we multiply both sides by Sk, and
use the first identity:

1
zk:XlkSkm D) Z €pai€ijk Sip'SjqSkm

D:qy5,5,k

= det(S)dpm.

We recall that adj(S) is the unique matrix such that adj(S)S = det(S)I thus we can
conclude that
Xlk = adJ(S)lk

Now we can put everything together to obtain

Z Eiijiijqul = ZkaEmqukl = Z adJ (S)kaklempq = Z |:a€h(S)Ti| lEmpq.

1,5,k m,k m,k m m
Thus we have obtained our desired identity. O]
Next we derive some identities that come from the coefficients of the symplectic forms w;

that can be found in (3.35). Recall that w; = P, (EOi + %eiabE“b> and from the computa-

tions in (3.35) we have the following identities.

1 1

Pl:mzm = Jof1 = fafs (A.2)
A2 + 7’232 A2 fl f3 A2 2A2
- - = = Al
" fof ffs — fofa  As+12By  2A5 + 1A (A-3)
As + 7‘2B3 As fife 24,
- - = A.
s Jofs J1f2 — fofs  2As3+rAj (A.4)
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A.3 Hodge star identities and computations

Lemma A.3.1. Let (N3, g3) an (X*, g4) be two Riemannian manifolds. Let M™ = N3x X*
be a Riemannian manifold where at each point the metric splits as g7 = g3 ® g4. Let
a € QF(N3) and 8 € Q/(X?). Then

sr(a A B) = (=1 (s30) A (%43).

Proof. Let volz, vols, and voly be the volume forms on M7, N3, and X* respectively thus
vol; = volg A voly. Then by definition of x; we have

a A B A B)=laA B2 voly
= \a\i\ﬂi vols A voly
=a Ax3a A [ A x40
= (=1D)!BBa A B A s A %403
= (=)™ A B A x300 A #y3
Therefore we can conclude that x7(a A 8) = (—1)"* 4D (x3a) A (%48). O
Lemma A.3.2. Let X* is a 4-manifold with a positive triple w. Let M7 = T3 x X*. Let

Q be the matriz determined by the positive triple and the reference volume form chosen
so that det(Q) = 1, as in definition 1.2.1. Let t* be the flat coordinates on T3. Let
© = dt'* — dt' A w; be Gy structure on M" with induced metric g; = Q;dt'dt? + g,,. Then
sadt' = QB2 + QU dt® + Qi
sadt? = QB + Q' dt® + Q2dt™, (A.5)
wadt® = OBt + QP dt® + Qi
and
x3dt* = Qradt' + Qaodl® + Qsodt?,
s)gdtt? = Qs1dt' + Qaodt? + Qasdt?, (A.6)
)3dt?® = Quidt' + Qradt® + Qq3dt®.

Proof. Let us start with proving (A.5). To begin we know from lemma A.3.1 that *;dt" =
*3dt? A voly. Let o € QY (MT), so
a A s7dtt = o A x3dtt A voly
— g7(a,dt’) volg Avoly = a A *3dt’ A voly
— gr(a, dt))dt'? = a A *zdt’
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which tells us that *3dt’ can be computed using the metric ¢g;. Furthermore since g, has
no mixed pieces we need only consider a € Q!(T?). Note that a similar argument can be
made for x3dt” and thus in that case we need only consider 3 € Q%(T?). Returning to
x3dt!, we only show the details for *3dt! as the remaining computations are done similarly.
Let the entries of Q! be denoted by Q¥. Let x3dt! = Adt'? 4+ Bdt?3 + C'dt3! where A, B,C
are smooth functions on M7. We compute the following
dt' A xsdt' = g7 (dtt, dt)dt'®
Bdt123 _ Qlldt123
B = Qll
dt* A x3dt' = g7 (dt?, dt)dt'®
Cdt123 — QQldt123

= C=Q%,
dt® A xsdt' = g7 (dt®, dt)dt'*
A=Q™

Combining these together we obtain that x3dt! = QB3dt'? + Q1dt*® + Q*'dt?'. We can
repeat this same process for x3dt? and *3dt®> and obtain the other desired identities in
(A.5). Now we compute the identities (A.6), and by similar logic to the case of 1-forms,
the computation of *3dt” can be done using only g; and we need only consider 2-forms on

T3. Recall that det(Q) = det(Q~') = 1 and therefore we can use the following formula
for Q = Zjigg Ty = adj(Q™'). Using this identity and the fact that Q is symmetric we can
compute *3dt”. We will only do this computation for *3dt3! as the remaining computations

are done similarly. Let *3dt3! = Adt! + Bdt? + Cdt? then we obtain the following:
dt' A *3dt™ = go(dt'?, dtt)dt'*?
CdH23 — _ (Q23Q11 _ Q13Q21) d4123
= C = s,
dt*t A x3dt® = g (dt*t, dtt)dt'??
Bdt123 (Q33Q11 (Ql3)2)dt123
= B =Q,
dt? N *3dt® = g, (dt**, dtt)dt'??
Adt123 — _(Q33Q21 o Q23Q31)dt123
— A= ng.

Combining these together we obtain the desired result *3dt3! = Qadt! + Qoadt? + Qsodt>.
]
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