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Abstract

We analyze the 16 classes of G-structures on compact ori-
ented 7-manifolds, and study infinitesmal and global de-
formations between these classes. We recover some known
results from [12] on conformally equivalent Go-structures
using different methods and also present necessary and
sufficient conditions for being able to conformally scale a
G-structure in one class to a Ga-structure in a strictly
smaller subclass.

We show that globally deforming a Ga-structure by a
vector field w in a well defined way always yields a new
Go-structure which geometrically compresses the mani-
fold in the w direction and expands it in the remain-
ing 6 directions. This produces manifolds with new Go-
structures which have a long, thin “tubular” metric.

We also study the infinitesmal analogue of this vec-
tor field deformation. In this case corresponding to every
vector field, we produce a closed path in the space of
G-structures all corresponding to the same Riemannian
metric. This is mentioned in [5] but here we present an
explicit formula and demonstrate with two examples why
this is a generalization of the phase freedom for the com-
plex volume form in Calabi-Yau 3-folds and the hyper-
Kéhler rotation for K3 manifolds.

Similar results are also obtained in the Spin(7) case.
Here there are 4 classes of Spin(7)-structures. The rela-
tionship between the metric and the Spin(7)-structure is
much more complicated and the analogous deformations
depend on two vector fields v and w.
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Chapter 1

Introduction

1.1. Cross Product Structures

Special structures on manifolds in differential geometry are usually de-
scribed by globally defined smooth sections of some tensor bundle, satis-
fying some pointwise algebraic conditions, and with potentially stronger
global requirements. One such example of an additional structure that can
be imposed on a smooth Riemannian manifold M of dimension n is that
of an r-fold cross product. This is an alternating r-linear smooth map

B:TMx...xTM —TM

-—
T copies

that is compatible with the metric in the sense that
|Bler,...,e))P=lei A... ANe?
Such a cross product also gives rise to an (r + 1)-form « given by

aler,....,eqeqr) =g(Bler,...,e),er41)

where ¢g(-,-) is the Riemannian metric.

Cross products on real vector spaces were classified by Brown and Gray
in [2]. Global vector cross products on manifolds were first studied by Gray
in [19]. They fall into four categories:

(1) When r =n—1 and « is the volume form of the manifold. Under
the metric identification of vector fields and one forms, this cross
product corresponds to the Hodge star operator on (n — 1)-forms.
This is not an extra structure beyond that given by the metric.

(2) When n = 2m and r = 1, we can have a one-fold cross product
J:TM — TM. Such a map satisfies J?2 = —I and is an almost
complex structure. The associated 2-form is the Kdhler form w.

(3) The first of two exceptional cases is a 2-fold cross product on a
7-manifold. Such a structure is called a Gs-structure, and the
associated 3-form ¢ is called a Go-form.

(4) The second exceptional case is a 3-fold cross product on an 8-
manifold. This is called a Spin(7)-structure, and the associated
4-form @ is called a Spin(7)-form.

1



1.1. CROSS PRODUCT STRUCTURES 2

In cases 2—4 the existence of these structures is a topological condition on
M given in terms of the Stiefel-Whitney classes (see [19, 31, 33]). One can
also study the restricted sub-class of such manifolds where the associated
differential form « is parallel with respect to the Levi-Civita connection
V. In case 1, the volume form is always parallel. For the almost complex
structures J of case 2, V.J = 0 if and only if the manifold is Kéahler, which
is equivalent to dw = 0 and the almost complex structure is integrable. In
this case, the Riemannian holonomy of the manifold is a subgroup of U(m).
For cases 3 and 4, the condition that the differential form be parallel is a
non-linear differential equation. Manifolds with parallel Go-structures have
holonomy a subgroup of G5 and manifolds with parallel Spin(7)-structures
have holonomy a subgroup of Spin(7), hence their names. One can also
show (see [1]) that such manifolds are all Ricci-flat.

There is a sub-class of the Kéhler manifolds which are Ricci-flat. Such
manifolds possess a global non-vanishing holomorphic volume form 2 in
addition to the Kéhler form w, and these two forms satisfy some relation.
These manifolds are called Calabi- Yau manifolds as their existence was
demonstrated by Yau’s proof of the Calabi conjecture [36]:

Theorem 1.1.1 (Calabi-Yau, 1978). Let M be a compact complex manifold
with vanishing first Chern class ¢ = 0. Then if w s a Kahler form on M,
there exists a unique Ricci-flat Riemannian metric g on M whose associated
Kahler form is in the same cohomology class as w.

This theorem characterises those manifolds admitting Calabi-Yau met-
rics in terms of certain topological information. The equivalence is demon-
strated by writing the Ricci-flat condition as a partial differential equation
and proving existence and uniqueness of solutions. Calabi-Yau manifolds
have holonomy a subgroup of SU(m) and are characterized by two parallel
forms, w and 2. In fact, they posses two parallel cross products: a 1-fold
cross product J, and a complex analogue of case 1 above, where ) plays
the role of the volume form and the (m —1)-fold cross product is a complex
Hodge star.

Calabi-Yau manifolds (at least in complex dimension 3) have long been
of interest in string theory. More recently, manifolds with holonomy G,
and Spin(7) have also been studied. (See, for example, [4, 5, 28, 29, 30]).
It would be useful to have an analogue of the Calabi-Yau theorem, or some-
thing similar, in the G2 and Spin(7) cases. There is a significant difference
between the cases, however, which makes G5 and Spin(7) manifolds much
more difficult to study.
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An almost complex structure J does not by itself determine a metric.
If we also have a Riemannian metric, then together the compatibility re-
quirement yields the Kéahler form w(u,v) = g(Ju,v). In contrast, a 2-fold
or 3-fold cross product structure does determine the metric uniquely, and
thus also determines the associated 3-form ¢ or 4-form ®. Because the
metric and complex structure are “uncoupled” in the Calabi-Yau case, we
can start with a fized integrable complex structure J, and then look for
different metrics (which correspond to different Kéahler forms for the same
J) which are Ricci-flat and make J parallel. As J is already integrable,
it is parallel precisely when w is closed, so we can simply look at differ-
ent metrics which all correspond to closed Kahler forms, and from that
set look for a Ricci-flat metric. Hence we can restrict ourselves to start-
ing with a Kéahler manifold, and looking at other Kahler metrics which
could be Ricci-flat. The Calabi-Yau theorem then says that there exists
precisely one such metric in each cohomology class which contains at least
one Kahler metric.

In the Gy and Spin(7) cases, however, we cannot fix a cross product
structure and then vary the metric to make it parallel. Once we choose a
cross product, the metric is determined. In the Calabi-Yau case, we can
start with U(m) holonomy and describe the conditions for being able to
obtain SU(m) holonomy. For Gy and Spin(7), there is no intermediate
starting class. A crucial ingredient in the proof of the Calabi-Yau theorem
is the 90 lemma, which allows us to write the difference of any two Kihler
forms in terms of an unknown function f. Therefore as a first step towards
an analogous result in the Gy and Spin(7) cases, we would like to determine
the simplest data required to describe the relations between any two G5 or
Spin(7) forms.

1.2. Overview of New Results

If we start with only a Ga-structure, not necessarily parallel, this gives
us a 3-form which satisfies some “positive-definiteness” property, since it
determines a Riemannian metric. In [12], Fernandez and Gray classified
such manifolds by looking at the decomposition of Vy into Gs-irreducible
components. There are 16 such classes, with various inclusion relations
between them. There is a similar decomposition in [23] of almost complex
manifolds into subclasses. Some of these classes are: integrable (complex),
symplectic, almost Kahler, and nearly Kahler. Thus these 16 subclasses of
manifolds with a Gy-structure are analogues of these “weaker than Kahler”
conditions. Similar studies by Ferndnadez in [10] of the Spin(7) case yield
4 subclasses of manifolds with a Spin(7)-structure.
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As a first step in trying to determine an analogue for the Calabi con-
jecture in the (G5 case, we can study these various weaker subclasses and
their deformations. If we start in one class, and change the 3-form ¢ in
some way (which changes the metric too) we would like to know under
what conditions this subclass is preserved, or more generally what sub-
class the new Gs-structure now belongs to. The space of 3-forms on a
manifold with a Ga-structure decomposes into a direct sum of irreducible
(Go-representations:

A =N DA B A,

where A} is a k-dimensional vector space at each point on M. This de-
composition depends on our initial 3-form ¢,, however. This again is in
contrast to the decomposition on a complex manifold into forms of type
(p, q), which depends only on the complex structure and does not change as
we vary the Kéhler (or metric) structure. We can consider a deformation
©o > @o + 1 in the Go-structure, for n € A} and determine conditions on
¢, and n which preserve the subclass or change it in an interesting way:.

If n € A3, this corresponds to a conformal scaling of the metric, and one
can explicitly describe which of the 16 classes are conformally invariant.
(These results were already known to Fernandez and Gray but here they
are reproduced in a different way.) A new result in this case is the following:

Theorem 1.2.1. Let 0, = *,(%,dp, A ©,) be the canonical 1-form arising
Jrom a Ga-structure @,. Then if ¢ = 20, for some non-vanishing function
f, the new canonical 1-form 0 differs from the old 6, by an exact form:

0 = —12d(log(f)) + 6,

Thus in the classes where 0 is closed, (there are some and they are confor-
mally invariant classes), we get a well-defined cohomology class in H(M),
invariant under conformal changes of metric. A similar result also holds
in the Spin(7) case.

If, however, we deform ¢ by an element n € A3, then n = w. %, @, for
some vector field w, and in Section 3.2 we prove the following:

Theorem 1.2.2. Under this deformation, the new metric on vector fields
v1 and vy is given by

1

(v1,v9). = ((v1, va), + (w X v, w X va),)

3
(1+ |wl,)
where X s the cross product associated to the Ga-structure.

From this one can write down non-trivial differential equations on the
vector field w for certain subclasses to be preserved. It would be interesting
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to solve some of these equations for the unknown vector field w. This would
mean that there were certain distinguished vector fields on some classes of
manifolds with Ga-structures. The important result here, however, is that
the new 3-form ¢ is always positive-definite. That is, it always corresponds
to a Ga-structure. This gives information about the structure of the open
set A3 (M) of positive definite 3-forms on M.

If instead we deform ¢ in the A2 direction infinitesmally by the flow
equation

0

Pt = WA Py

ot

then we show in Section 3.3 that the metric g does not change and also:
Theorem 1.2.3. The solution is given by

olt) =+ D s s+ )+ D

Hence the solution exists for all time and is a closed path in A3(M). Also,
the path only depends on the unit vector field j:ﬁj—v and the norm |w| only

affects the speed of travel along this path.

In [5] the fact that the space of Ga-structures which correspond to
the same metric as a fixed Gy-structure yields an RP” bundle over M is
mentioned. This is the content of the above theorem, and we provide an
explicit description of these Ga-structures in terms of vector fields on M.
In addition, in the special cases of M = N x S' or M = L x T3, where
N is a Calabi-Yau 3-fold and L is a K3 surface, we show that this closed
path of Ga-structures corresponds to the freedom of changing the phase of
the holomorphic volume form Q — e®Q on N or performing a hyperKdihler
rotation on L. Thus this theorem can be seen as a generalization of these
two situations.

The same kind of analysis can be done in the Spin(7) case. Similar
but more complicated results hold in this case and are presented in Sec-
tion 5. Here there are only 4 subclasses but the decomposition of A* into
irreducible Spin(7)-representations is more complicated:

A= AT O AL DAY, © A35

In this case it is the space A2 which infinitesmally gives a closed path of
Spin(7)-structures all corresponding to the same metric. Global deforma-
tions in the A% direction give a new Spin(7)-structure related to the old
one by a complicated expression involving the triple cross product.
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1.3. Notation and Conventions

Many of the calculations that follow use various relations between the
interior product J, the exterior product A, and the Hodge star operator
*. Readers unfamiliar with this can refer to Appendix 6. The appendix
also contains some preliminary results about determinants that are used
repeatedly in many of the proofs that follow.

In much of the computations there are two metrics present: an old met-
ric g, and a new metric g. Their associated volume forms, induced metrics
on differential forms, and Hodge star operators are also identified by a sub-
script , for old or a = for new. We also often use the metric isomorphism
between vector fields and one-forms, and denote this isomorphism by the
superscript # for both the one-form w?# associated to the vector field w
and the vector field o associated to the one-form a. In the presence of
two metrics, this isomorphism is always only used for the old metric g,.



Chapter 2

Manifolds with a Gs-structure

2.1. (G5-structures

Let M be an oriented 7-manifold with a global 2-fold cross product
structure. Such a structure will henceforth be called a Ga-structure. Its
existence is a topological condition, given by the vanishing of the second
Stiefel-Whitney class wy = 0. (See [19, 31, 33| for details.) This cross
product X gives rise to an associated Riemannian metric g and an alter-
nating 3-form ¢ which are related by:

o(u,v,w) = g(u X v,w). (2.1)
This should be compared to the relation between a Kahler metric w and a
compatible almost complex structure J:
w(u,v) = g(Ju,v).

Note that in the Kéhler case, the metric and the almost complex structure
can be prescribed independently. This is not true in the case of manifolds
with a Ga-structure, and this leads to many more complications. For a G-

structure o, near a point p € M we can choose local coordinates x!,. .., 27
so that at the point p, we have:
©p = dl'123 o d$167 o d$527 o d$563 o d$415 o d$426 o dfﬂ437 (22)

where dz* = dz’ A da’ A dz¥. In these coordinates the metric at p is the
standard Euclidean metric

7
Gp = Z de* @ da*
k=1

and the Hodge star dual *¢ of ¢ is
(*go)p 56T _ 4523 _ 7,463 _ g,4127 _ 5,2637 _ 3,.1587 _ 7,.1526 (2.3)

The 3-forms on M that arise from a (Ga-structure are called positive 3-
forms or non-degenerate. We will denote this set by /\f,os. The subgroup
of SO(7) that preserves ¢, is G». This is proved in [4, 24]. Hence at each
point p, the set of Go-structures at p is isomorphic to GL(7,R)/G5, which

is 49 — 14 = 35 dimensional. Since A3(R7) is also 35 dimensional, the set

7
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A3 os(p) of positive 3-forms at p is an open subset of A3. We will determine

some new information about the structure of A? . in Section 3.2.

Remark 2.1.1. Note that in the Spin(7) case the situation is very dif-
ferent. The set of 4-forms on an 8-manifold M that determine a Spin(7)-
structure is not an open subset of A*(M). This is discussed in Chapter 4.1.

2.2. Gy-Decomposition of A\"(M)

All of the facts collected in this section are all well known and more
details can be found in [12, 31, 33|.

The group Gy acts on R, and hence acts on the spaces A* of differ-
ential forms on M. One can decompose each space AF into irreducible
G-representations. The results of this decomposition are presented be-
low (see [12, 33]). The notation AF refers to an I-dimensional irreducible
Glo-representation which is a subspace of A¥. Also, “vol” will denote the
volume form of M (determined by the metric g), and w is a vector field on

M.

N = {feC™(M)}
N = {aeT(A(M)}

AP = AZ@ A
AN = ANen A,
A = AT@ AT DAY,
5 5 5
/\ — /\7@/\14
NS = {wavol}

AT = {fvol f € Cx(M)}

Since Gy € SO(7), the decomposition respects the Hodge star * oper-
ator, and *AF = AT ". Nevertheless, we will still describe the remaining
cases explicitly, in several ways, as all the descriptions will be useful for us.

Before we describe AF for k = 2,3,4,5, let us describe some isomor-
phisms between these subspaces:
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Proposition 2.2.1. The map o — @ A « is an isomorphism between the
following spaces:

A =AY
A =OA7
A=A
TR
AS = NS
AL = OA]
The map o +— xp A « is an isomorphism between the following spaces:
Al = AL
N
A2 = NS
A= AT
In addition, if o is a 1-form, we have the following identities:
x(pAx(pNha) = —da (2.4)
xpA*x(pAa) = 0
x(xp Ax(xp Aa)) = 3a (2.5)
CAx(xpNa) = —2(xp A ) (2.6)

Proof. Since the statements are pointwise, it is enough to check them in
local coordinates using (2.2) and (2.3). This is tedious but straightforward.

O
From these identities, we can prove the following lemma:
Lemma 2.2.2. If a is a 1-form on M, then we have:
lpnal® = dla”
[xonal® = 3laf
Further, for any Go-structure given by p, we have:
lp|* = 7. (2.9)
Proof. From equation (2.4), we have:
eAx(pANa) = —dxa
aNpA*x(pAa) = —da A«

—lpAalvol = —4|al’vol
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which proves (2.7). An analogous calculation using (2.5) yields (2.8). Fi-
nally, from (6.4), (6.5), and (6.9), we compute:

ePlal” =[x o nal” +lp Aal” = 3lal* +4|af* = 7/a”

which gives |¢|> = 7. (This is also immediate from (2.2) and the fact that
the coordinates were chosen so that the dz*’s are orthonormal at p.) [

We have the following relations between ¢, *¢, and an arbitrary vector

field w:

Lemma 2.2.3. The following relations hold for any vector field w, where
w? is the associated 1-form (obtained from the metric isomorphism):

*

x(pAuw?) = woxop (2.10)
x (xp Aw?) = wap (2.11)
oA (waxp) = —4dxw® (2.12)
eN(wixp) = 0

xp A (wap) = 3xw? (2.13)

ONA(wap) = —2x(wip) (2.14)

Proof. Since *? = 1, these results follow from Lemma 6.0.9 and Propo-

sition 2.2.1.

g

We now explicitly describe the decomposition beginning with £ = 2, 5.

2
N7

2
/\14

5
/\7

5
/\14

{wop;w e I'(T(M))} (2.15)
{6 € A% x(p A B) = 26}

{B € A% (= A (x(x¢ A B))) = 35}
{BentxpAB=0} (2.16)
{6 € A% x(pAB) =6}

{Z aie' Ael;(a;;) € ga}

{a Axp;a € AL} (2.17)
{y e N0 A*y = —27}

{7y € A% xp A (x(xp A #7)) = 37}

{v e NoA¥y =7} (2.18)
{y € N’ xp Ay =0}

Notice that these subspaces are —2 and +1 eigenspaces of the operators
L(B) = *(¢ A B) on A2 and M () = ¢ A *y on A°. From this fact we get
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the following useful formulas for the projections 7, onto the k-dimensional
representations, for 3 € A% and v € AS:

*(pAB) = —2m(B) + ma(B) (2.19)
(@) = B *?Esa A B)
and
e Axy = —2m7(y) + ma(y)
m(y) = w
27+ o A *y
ma(y) = 20
We now move on to the decompositions for k = 3, 4.
N = {fe fe (M)} (2.20)
= {ne NS (x(xpAn)) =Ty}
A = {x(pAa);a€ AL} (2.21)

— fwsrgw e D(T(M))}
= {nenx(@Ax(pAn)) =—4n}

Ny = {nenroAn=0and xpAn=0} (2.22)

N = {fxp feC™(M)} (2.23)
= {oe Nt xo A (x(pN0)) =To)}

N = {oAaja € AL} (2.24)
= {oe N (pAx(pAx0)) = —40}

Nyy = {o€noAo=0and ¢ Axo =0} (2.25)

2.3. The metric of a Gy-structure

From Lemma 2.2.2, we can obtain a formula for determining the metric
g from the 3-form ¢:

Proposition 2.3.1. If v is a vector field on M, then
(vap) A (vap) A p = —6]v]* vol (2.26)
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Proof. From Lemma 6.0.9 and (2.6) we have
vap = *(v7 A *p)
and
(v29) A = —2(v% A %)
Thus we obtain
(vap) A (vap) A = =2[v™ A *<p|2vol = —6|v]* vol
where we have used (2.8). O
Remark 2.3.2. Equation (2.26) can be used to give an alternative defini-
tion to the “positivity” condition. Let ¢ be a nowhere vanishing 7-form on
M, which exists since M is orientable. A 3-form ¢ is in /\gOS it and only
if at every point p in M, the function f(v) defined on T,(M) by the map
v = —(vap,) A (vapy) Ap, = f(v)(, satisfies f(v) > 0 with equality if and
only if v = 0.

By polarizing (2.26) in v, we obtain the relation:
(vap) A (wap) A p = —6(v,w) vol
From this equation we can obtain the metric.

Lemma 2.3.3. Fiz a vector field v = v¥ey,, where ey, ¢eo, ..., e7 is an ori-

ented local frame of vector fields. The expression obtained from v by
((vap) A (vap) A ) (1,62, ..., e7)
1
(det (((esa) A (eju0) A o) (€1, €2, .., €7)))°

1s homogeneous of order 2 in v, and independent of the choice of ey, ..., er.
As shown in the next theorem, up to a constant this is |v|*.

(2.27)

Proof. The homogeneity of (2.27) of order 2 in v is clear. Now suppose
we choose a different oriented basis €], €}, ..., e,. Then we have

e; = Pije;
and hence
(€2) A (€j290) N o = PiPi(erap) N (erap) A g
Hence in the new basis the denominator of (2.27) changes by a factor of
(det(P)? det(P)7)° = det(P)

and the numerator also changes by a factor of det(P), leaving the quotient
invariant. ]

We have now give the expression for the metric in terms of the 3-form
©.
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Theorem 2.3.4. Let v be a tangent vector at a point p and let ey, eq, ..., e7
be any basis for T,M. Then the length |v| of v is given by

((vap) A (vap) A ) (e1,e2,...,e7)
(det (((eia) A (eju0) Ap) (€1, €2,...,€7)))°
Proof. We work in local coordinates at the point p. In this notation

gij = (e;,ej) with 1 <,5 < 7. Let det(g) denote the determinant of (g;;).
We have from (2.26) that

v]? = 65 (2.28)

((eisp) A (ej0) Ap) = —6gyjvol
= —6gi;\/det(g)e’ A.. A€

det (((e;up) A (ejup) A ) (e1,€a,...,e7)) = (—6)7det(g)det(g)%

= —67det(g)?
and since
(vap) A (vap) A = —6|v|* vol
= —6v]*/det(g)e' Ae* AL AeT
((039) A (039) A ) (€1, €0, er) = —6luf*det(g)?
these two expressions can be combined to yield (2.28). g

2.4. The cross product operation

In this section we will describe the cross product operation on a mani-
fold with a Ga-structure in terms of the 3-form ¢, and present some useful
relations.

Definition 2.4.1. Let u and v be vector fields on M. The cross product,
denoted u X v, is a vector field on M whose associated 1-form under the
metric isomorphism satisfies:

(u x ) = viusp (2.29)

Notice that this immediately yields the relation between X, ¢, and the
metric g:

g(u x v,w) = (ux )" (w) = wivsusp = e(u, v, w). (2.30)
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Another characterization of the cross product is obtained from this one
using Lemma 6.0.9:
) = vauap (2.31)
= — % (V7 A x(usp))
= —x (0% Au® A xp)
= *(u” AvF A xp)

(uxwv

Now since u# A v# is a 2-form, we can write it as 7 + (14, with 3; € /\?.
Then we have, using (2.15) and (2.16):

(ux ) Axp = (87 Ax@) A*p (2.32)
= 3% ﬁ7

Taking the norm of both sides, and using (2.8):
|(u x v)* A >|<<p|2 = 3|(u x v)#|2 = 3lu x v|* = 9|5
from which we obtain
B = %m X of? (2.33)
Lemma 2.4.2. Let u and v be vector fields. Then
lu x v = |uAovl? (2.34)
Proof. With 3 = u* A v#, we have from (2.15) and (2.16):

A = —2% 07+ 0
BABNe = —2|5: vol +| 84| vol
=0

since 3 = u* Av* is decomposable. So |ﬁ14|2 = 2|ﬁ7|2 and finally we obtain
from (2.33):

lux v =3|6:* = B + [Bul” = B = [u A )
O

The following lemma will be used in Section 3.2 to determine how the
metric changes under a deformation in the A2 direction.

Lemma 2.4.3. The following identity holds for v and w vector fields:

(vawa * @) A (vawap) A xp = —2|v A w|? vol (2.35)
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Proof. We start with Lemma 6.0.9 to rewrite
vowaxg = *(v? Ax(wa* p))
= —x (W Auw? Ap)
= 207 — Pu
using the notation as above. From equations (2.29) and (2.32) we have
(vowap) A *xp = —3 % (7
Combining these two equations and (2.33),
(vawsx @) A (vawap) Axp = (207 — Pra) A (=3 % B7)
= —6|3;|° vol
= —2luAv| vol
which completes the proof. Il

Finally, we prove a theorem which will be useful in Section 3.2 where
we will use it to show that to first order, deforming a Gs-structure by an
element of A3 does not change the metric.

Theorem 2.4.4. Let u, v, w be vector fields. Then
(uap) A (vap) A (wa* ) = 0.

Note that in terms of the decompositions in (2.15) and (2.21), this theorem
says that the wedge product map

A2 X AEX A2 — AT
1s the zero map.
Proof. Since it is an 8-form,
(uap) A (vap) Axp =0,
Taking the interior product with w and rearranging,
(usp) A (vap) A(waxp) = — (wausp) A (vap) A xp
— (uup) A (wovap) A *xp
Now using (2.13), we get
(uap) A (va@) A (wa* ) = =3 (wouap) A xv# — 3 (wavap) A xu®
Finally, from (6.6), we have
(uap) A (vap) A (wa * o)
= =3 (usp) Ax (W Av#) =3 (vap) Ax (W Au?)
= —3<p/\>x<(u#/\w#/\v#) — 3 A % (v#/\w#/\u#)
= 0.
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2.5. The 16 classes of GGy-structures

According to the classification of Ferndndez and Gray in [12], a man-
ifold with a Ga-structure has holonomy a subgroup of G5 if and only if
Vi = 0, which they showed to be equivalent to

dp =10 and dx ¢ =0.

They established this equivalence by decomposing the space W that Ve
belongs to into irreducible Gs-representations, and identifying the invari-
ant subspaces of W with isomorphic subspaces of A*(M). This space W
decomposes as

W =W, &W; & Wiy & Wy

where the subscript k£ denotes the dimension of the irreducible representa-
tion Wy. Now dp € A3 @ A2 @ A3, and d* ¢ € A2 @ AJ,. Up to isomor-
phism, the projections 7 (dy) and 7 (d*¢) are non-zero constant multiples
of m,(Vy). Therefore in the following we will consider dy and d * ¢ in-
stead of V. Since both of these have a component in a 7-dimensional
representation, they are multiples:

Lemma 2.5.1. The following identity holds:
p=x*dpNp=—x%d*pAxp (2.36)

where we have defined the 6-form p by the above two equal expressions.
They are the components m7(dy) and w7(dxp) transferred to the isomorphic
space NS.

Proof. See [4] for a proof of this fact. O

We prefer to work with the associated 1-form, 6 = xu. We will see later
that in some subclasses this 1-form is closed or at least “partially closed.”

Now we say a Gs-structure is in the class W; @ W; & Wy, with ¢, j, k
distinet where {i, 7, k} C {1,7, 14,27} if only the component of dy or d* ¢
in the [-dimensional representation vanishes. Here {l} = {1,7,14,27} \
{i,7,k}. Similarly the G-structure is in the class W; @ W; if the £ and
[-dimensional components vanish, and in the class W; if the other three
components are zero. In this way we arrive at 16 classes of Ga-structures
on a manifold. In Table 2.1 we describe the classes in terms of differential
equations on the form . This classification first appeared in [12] and then
in essentially this form in [6].

In Table 2.1, the function h = £ % (¢ A dyp) is the image of m (dy) in A°
under the isomorphism A} = A9. The abbreviation “LC” stands for locally
conformal to and means that for those classes, we can (at least locally)
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TABLE 2.1. The 16 classes of Ga-structures

Class Defining Equations do
Wi W, ® Wia D Wy no relation on dy, d * .
W7EBW14EBW27 ng/\QDZO df =7
Wi @ Wiy @ Wor =0 0=
Wy @ Wy @ Wy dx o+ 30 Axp =0 m7(df) =0
or A (xd*p)=—2dx*
Wl@W7@W14 dQO—I—%@/\QO—h*gO:O df =7
W14@W27 d(,D/\gO:OaHdQZO 0=0
W7 @D W27 ng/\ Y = 0 and 7T7(d0) =0
d*gp—l—%@/\*gp:O
W7@W14 dgp—irie/\go:O dfd =0
Wl@W27 d*gO:O 9:0
Wl@WM ng—h*gOZO 020
Wy @ W dp+30Np—hxp=0 [df=0
and d*gp+%9/\*<p:0
War dpNp=0anddxp=0 [0=0
W14 dgpz() 0=0
Wz d*gp—l—%@/\*gsz dg =0
and dgo+i9/\g0=0
W dp—hxp=0anddxp=0|60=0
{0} dp=0and dxp =0 0=0

conformally change the metric to enter a strictly smaller subclass. This
will be explained in Section 3.1.

We now prove the closedness or partial closedness of 8 in the various
classes as given in the final column of Table 2.1. The closedness of € in
the classes Wy & W, and Wy & Wy, was originally shown using a slightly
different approch by Cabrera in [6].

Lemma 2.5.2. If ¢ is in the classes Wy, Wy @ Wiy, or Wi & Wy, then

df = 0. Furthermore, if @ is in the classes Wy @ Wor or W1 & Wy @ Wor
then m7(df) = 0.

Proof. We begin by showing that if ¢ satisfies dy + %6’ A @ = 0, then
df = 0, and if ¢ satisfies d * ¢ + 30 A xp = 0, then 77(df) = 0.
Suppose dp + i@ A ¢ = 0. We differentiate this equation to obtain:

d&AgszAd@zG/\(—i@/\gp) =0
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But wedge product with ¢ is an isomorphism from A% to A%, so df = 0.
Now suppose d * p + éﬁ A xp = 0. Differentiating this equation yields

1
d@A*gpz@/\d*gpz@A(—gﬁA*gp) =0

But wedge product with *¢ is an isomorphism from A2 to AS, so 77(df) = 0.

Thus by comparing with Table 2.1, we have shown that in the classes
Wy & Wi, and W7, we have df = 0. Also, in the classes Wq & Wy & Woy
and W7 @ Way; we have 77(dfl) = 0. We still have to show that 6 is closed
in the class Wy & W7, We already have that 77(df) = 0, so we need only
show that m4(df) = 0 in this case. We differentiate dp+ 30 Ao —hxp =0
to obtain

1 1
0 = —d@Agp—ZG/\dgo—dh/\*@—hd*gp

4
= 1d9/\ —19/\ —19/\ + h * —dh A *xp—h _}9/\*
- ATy TR ¥ 2 0 A xp

1
= Zdﬁ/\g@—i—a/\mp

for some 1-form «, where we have used the fact that d x ¢ + %9 Axp =0
in this class. But a A *¢p is in A3, and since wedge product with ¢ is an
isomorphism from A2 to A3, this shows that m4(df) = 0. O

The inclusion relations among these various subclasses are analyzed
in [12, 6, 7, 11, 4, 5, 28, 29, 33|. For all but one case, examples can
be found of manifolds which are in a particular class but not in a strictly
smaller subclass. For example, a manifold in the class Wi, which does not
have holonomy Gs appears in [11]. There is one case of an inclusion in
Table 2.1 which is not strict. This is given by the following result, which
first appeared in [6].

Proposition 2.5.3. The class Wy & Wiy equals Wy U Wiy exactly.

Proof. In the class W1 ®Wi4, we have dp—hxp = 0 (and by consequence
6 = 0). Differentiating this equation,
dh N\ xp = —hd * ¢
If A # 0, then by dividing by h and using Proposition 2.2.1, we see that
d* @ € A3, so mu(d * p) = 0. But since we already have that § = 0, this

means d * ¢ = 0 and hence ¢ is actually of class W; (nearly Gs). If h =0
then dp = 0 and ¢ is of class Wi, (almost Gy). O

Remark 2.5.4. Note that in the proof of the above proposition, we see
that if ¢ is of class Wy (nearly G5), then dh A x¢p = 0, and so dh = 0 by
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Proposition 2.2.1. Therefore in the nearly G5 case, the function h is locally
constant, or constant if the manifold M is connected. In [20] Gray showed
that all nearly G5 manifolds are actually Finstein.

In [13, 14], Ferndndez and Ugarte show that for manifolds with a Go-
structure in the classes Wi @ Wy @ Wa; (“integrable”) or Wy @ Wy, there
exists a subcomplex of the deRham complex. They then show how to
define analogues of Dolbeault cohomology of complex manifolds in these
two cases, including analogues of d-harmonic forms. They derive some
properties of these cohomology theories and topological restrictions on the
existence of Gao-structures in some strictly smaller subclasses.



Chapter 3

Deformations of a fixed Gs-structure

Let us begin with a fixed Gy-structure on a manifold M in a certain
class. We are interested in how deforming the form ¢ affects the class.
In other words, we are interested in what kinds of deformations preserve
which classes of Go-structures. Now since ¢ € A} @ A2 & A3, there are
three canonical ways to deform ¢. For example, since A? = {f¢}, adding
to ¢ an element of A% amounts to conformally scaling . This preserves the
decomposition into irreducible representations in this case. However, since
the decomposition does depend on ¢ (unlike the decomposition of forms
into (p, q) types on a Kéhler manifold) in general if we add an element of A
or A3 the decomposition does change. So deforming in those two directions
really only makes sense infinitesmally. However, we shall attempt to get as
far as we can with an actual deformation before we restrict to infinitesmal
deformations.

3.1. Conformal Deformations of Gy-structures

Let f be a smooth, nowhere vanishing function on M. For notational
convenience, which will become evident, we will conformally scale ¢ by f3.
Let the new form ¢ = f3¢,. We first compute the new metric § and the
new volume form vol. in the following lemma.

Lemma 3.1.1. The metric g, on vector fields, the metric g;' on one
forms, and the volume form vol, transform as follows:
vol. = f"vol,
g = fg
gt o= "

Proof. Using Proposition 2.3.1, we have in a local coordinate chart:

1
g(u,v)vol. = —2(usp) A (v29) A g

= f,(u,v) vol,
G(u,v)\/det(g)dz' ... dx" = f,(u,v)\/det(go)dx" ... dx".

20
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Thus, taking determinants of the coefficients of both sides,
det(g)? det(g) = f*det(g,)? det(go)

det(g) = fTv/det(go)
This gives vol. = f7vol,, from which we can immediately see that g = f2g,

and g~! = f2qg,. O

Notice that the new metric g is always a positive definite metric as long as
f is non-vanishing, even if f is negative. However, the orientation of M
changes for negative f since the volume form changes sign. Now we can
determine the new Hodge star * in terms of the old x,.

Lemma 3.1.2. If a is a k-form, then ¥a = f72 %, a.

Proof. Let o, # be k-forms. Then from Lemma 3.1.1 the new metric
on k-forms is (, ) = f~2*(, ),. From this we compute:

BA*a = (f,a)vol.
= 7B, a), fTvol,

= T3 A xa.
g
Corollary 3.1.3. The new form ¢ satisfies ¥¢ = f* %, ©,.
Proof. This follows immediately from Lemma 3.1.2. U

We can also see directly that under a conformal scaling, the norm of
¢ is unchanged, even though the metric changes when ¢ changes (in fact
l|> = 7 from Lemma 2.2.2). To see this we compute:

<957 95>~ = (f72)3 <f39007 f3§00>0 = <9007 900>0 .
Combining all our results so far yields:

Lemma 3.1.4. We have the following relations:
dp = 3f%df N, + fPde,
dx@ = Afdf Axopo + fld %
¥dp = 3f %, (df Np,) + f% %, dep,
kdxQ = A, (df N *opo) + [ % (d %, 0,)
Proof. This follows from Lemma 3.1.2 and Corollary 3.1.3. U

From these results, we can determine which classes of Ga-structures are
conformally invariant. We can also determine what happens to the 6-form

p from equation (2.36) as well as the associated 1-form 6 = . This is all
given in the following theorem:
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Theorem 3.1.5. Under the conformal deformation ¢ = f3p,, we have:

1- 1

A3 + 50 NF#p /! (d o %o+ 360 A *o%) (3.1)

N 3 1
dgp -+ 18 A ©@ f dQOO + Zeo A Po (32)
dpNg = [0 (dps N o) (33)

1- - 1
dp+ 70 N — hig f? <d% + 10N o = ho %o soo) (3.4)
o= —12f % df + o, (3.5)
6 —12d(log(f)) + 6, 3.6)

Hence, we see (from Table 2.1) that the classes which are conformally in-
variant are exactly Wo @ Wiy & Wor, Wi @ Wr @ Wor, Wi & Wy & Wiy,
W & Wor, Wo & Wiy, Wiy & Wy, and Wy. These are precisely the classes
which have a Wy component. (This conclusion was originally observed
in [12] using a different method.)

Additionally, (3.6) shows that since 0 changes by an exact form, in the
classes where df = 0, we have a well defined cohomology class [0] which
1s unchanged under a conformal scaling. These are the classes Wy & Wy,

Wl & W7, and W7.

Proof. We begin by using Lemma 3.1.4 and (2.36) to compute fi and 0:

o= xdpAp

= (3f *o (df/\(%)"’fz *o dSOO) /\fSSOO
= 3% Ao (@ Adf) + 1o

= _12f4*odf+f5lflo

where we have used (2.4) in the last step. Now from Lemma 3.1.2, we get:
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Now using the above expression for é, we have:
T
d*p + ge ANFP = A3 Nwopo + frd % @

b2 (2 ) A S

1
= f4 (d *o (Po'f_ geo/\*OSOO)

1 1
dp+10Ng = 3f7df N+ fPda + 1 (Z12f7df +6) A fa,

1
= f3 (d@o_f‘ Zeo/\gpo)

and finally, since ¢, A @, =0,
dp A g = (3f%df Npy + fPdgo) A fPi = [ (dipy A ).
Finally, since h = £ x (¢ A dyp), we have
~ 1
Wi = SHE A
L.
= ?f "o (%00 N digo) f* %
= fgho *o Yo
which yields (3.4) when combined with (3.2). This completes the proof. O

These results now enable us to give necessary and sufficient conditions
for obtaining a closed or co-closed ¢ by conformally scaling the original ¢,.

Theorem 3.1.6. Let ¢, be a positive 3-form (associated to a Gy-structure).
Under the conformal deformation @ = f3¢,, the new 3-form ¢ satisfies

e dp =0 < ¢, isin class Wy @ Wiy and 12d1og(f) = 0,.

o dx, 0, =0 < ¢, isin class Wy ®W,®Wyr and 12d1og(f) = 6,.
Note that in both cases, in order to have ¢ be closed or co-closed after
conformal scaling, the original 1-form 6, has to be exact. In particular if
the manifold is simply-connected or more generally H' (M) = 0 then this
will always be the case if p, is in the classes Wy & Wiy, Wy & We, or Wr,
where db, = 0.

Proof. From Lemma 3.1.4, for dp = 0, we need
dp = 3f*df A+ fPdp, =0
dp, = —3dlog(f) A ¢

which says that dg, € A% by Proposition 2.2.1. Hence 7 (d,) and ma7(dep,)
both vanish and ¢, must be already at least of class W; & Wiy4. Then
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to make dp = 0, we need to eliminate the W; component, which re-
quires 12dlog(f) = 6, by Theorem 3.1.5. Similarly, to make dx@ = 0,
Lemma 3.1.4 gives

di@ = 4f3df/\*o§00+f4d*0900 =0
d* ¢ = —4dlog(f) N *w

which says d %, @, € A3 and m14(d %, @) = 0 by Proposition 2.2.1. Thus ¢,
must already be at least class W, & Wy @ Wa7 and we need to choose f by
12dlog(f) = 6, to scale away the Wy component. O

Remark 3.1.7. We have shown that the transformation @ = f3¢, stays
in a particular subclass as long as there is a W7 component to that class.
If there is, and the original 6, is exact (which it will be in the simply-
connected case), then we can choose f to scale away the W; component
and enter a stricter subclass. Conversely, Theorem 3.1.5 shows that a
conformal scaling by a non-constant f will always generate a non-zero W7
component if we started with none. Hence, if we are trying to constuct
metrics of holonomy G5 on a simply-connected manifold, it is enough to
construct a metric in the class W7, since we can then conformally scale
(uniquely) to obtain a metric of holonomy Go. This is why the class W7 is
called locally conformal Gs.

3.2. Deforming ¢ by an element of A3

The type of deformation of ¢ that is next in line in terms of increasing
complexity is to add an element of A3. This space is isomorphic to A} 2
[(T(M)), so we can think of this process as deforming ¢ by a vector field.
In fact, an element n € A2 is of the form w. * ¢ for some vector field w,
by (2.21). Let ¢ = ¢, + twi *, @, for t € R. We will develop formulas for
the new metric g, the new Hodge star *, and other expressions entirely in
terms of the old ¢,, the old *,, and the vector field w. Note in this case
the background decomposition into irreducible Go-representations changes,
and we will eventually linearize by taking % ‘ 1o Of our results.
Lemma 3.2.1. In the expression

—6]v[>vol. = (va@) A (V@) A @

which 1s a cubic polynomial in t, the linear and cubic terms both vanish,
and the coefficient of the quadratic term is

—6lv A w|? vol,
Proof. The coefficient of t3 is:
(VoW @) A (Vawa sk, @) A (Wi, @)
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This expression is zero because it arises by taking the interior product with
w of the 8-form

(UJ’UJ_I *5 QOO) N ('U_lw—l *o 900) N 0o = 0.
The coefficient of ¢ is:

(Vo) A (V2) A (W% @) + 2 (Vags) A (Vowa * @) A @

The first term vanishes by Theorem 2.4.4. For the second term, let us start
with the 8-form

(U—Kpo) A (UJ *o QOO) N o = 0
and take the interior product with w. This gives:
(Vo) N (Vowa % @) Ay = (Wavags) A (VD% @) A @
- (UJSDO) A (UJ *o 900) A (UUQOO)

Again, the last term is zero by Theorem 2.4.4, and the coefficient of ¢
becomes:

2 (wovag) A (V% @) Ay = S(wavag,) A kv
—8 (vawag,) A % 0™
= =8 (wap,) A% (V¥ AvF)

= 0
where we have used (2.12) and (6.6).
The coefficient of 2 is:
(Vaw s % @) A (VoW % @) A @ + 2(vap,) A (Wi % @) (3.7)
We will rewrite both of these terms using (2.12) and (2.13). First, we have
oo A (wak ) = —dxuw?
(V) A (Wak @) — @ A (Vowa % @) = —4vax w?

= 4% (0¥ Auw?)  (3.8)

and similarly,
%0 A (Va) = 3% 07
(Wa % @) A (Vag) + % A (Wava) = 3wa % v?

= 3% (v Aw®)  (3.9)
Multiplying equation (3.9) by 3 and subtracting (3.8), we get:
(VW% @) Ao+ 2(v2@s) A (W @) = 3(vowag,) A kg + 5 % (v Aw?)
Thus the quadratic term (3.7) can be rewritten as:

(vowa s, @) A (3(1}4104900) A %0 + 5 % (V7 A w#))
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The second term is zero by (6.6). From Lemma 2.4.3 the statement follows.
This completes the proof. [l

Before we can use Lemma 3.2.1 to obtain the new metric, we have to
extract the new volume form.

Proposition 3.2.2. With ¢ = ¢, + w1 *, @,, the new volume form is
vol. = (1 + |w|?)3 vol, (3.10)

Proof. We work in local coordinates. Let e, es,...,e7r be a basis for
the tangent space, with w = w’e;, gi; = (e;, e;), and §;; = (e;,e;). Then
Lemma 3.2.1 says that

v|*/det(3i) = ([vf2 + [v Awl?) y/det (g:5)

Polarizing this equation, we have:

(o1, 0207/ det(Fiy) = ((v1,02), + (v1, v2),wly = (o1, w),(va, w),) 1 /det (g55)
Gijy/det(gi;) = (gij + (e; ANw,ej A w>0) det (g45)
with v = ¢; and v, = ¢;. Now substituting w = wFey, in the second term,
(e; Nw,ej Aw), = whw'{e; Aeg,ej Aer),

_ wszdet<<€i,€j>o <€i7€l>0>

(e, €j), (ex,en),
= whu' (9ij gk — Girgrj)
wlwlgl-j — Ww;
= |w[3gy — waw,

Thus we have

Gij\/ det(Gi;) = (g:5(1 + |w]?) — wiw;) \/det (g;7)

We take determinants of both sides of this equation, and use the fact that
they are 7 X 7 matrices, to obtain

W2 7
(det (7;7))2 = (det (g;5)) det (gi; (1 + |w]3) — wiw;). (3.11)
Using Lemma 6.0.11, the determinant on the right is

7

(1+ |wl?)" det (g;;) + > (=DM (—wpw) (1 + w2)’(Gr)  (3.12)
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where Gy is the (k, l)th minor of the matrix g;;. Now with w; = W™ gy,
the expression (3.12) becomes

7 6
= (1+ |wl)" det(gy;) — Z(_l)k+lwkwm9ml(1 + [wl2) G
k,l,m

= (14 |w]?) det (gi7) Zwkw (1+ Jw|?) (Z( )k“gmlel)

= (1+ |w| ) det(gi;) Zwkw 1+ |w| ) Skm det (gi5)

k,m
7 6
= (14w det(gyy) — [w2(1 + [w]?)” det(gs))
6
= (1+ |w]?) det(g;)

since the sum over [ is the determinant of the matrix (g;;) with the k™
row replaced by the m'™ row, and so vanishes unless k¥ = m, where it is
det (g;;). Substituting this result into equation (3.11), we obtain

(det (3,))F = (det (g;)))% (1+ [w]?)° det(g;)
det (g;) = (1+|wl’)®/det (gi)

which completes the proof. O

N[©

Now letting t = 1, with ¢ = @, + w1 %, ¢, Lemma 3.2.1 and Proposi-
tion 3.2.2 yield

lv]*vol. = (|v\(2) + v A wli) vol,
1
<’U, U>~ = 42«”7 U>o + |U|§|w|<2> - <U’ w>02>
(1+ |wl3)?
Polarizing this equation, we obtain:
1
<U17 U2>~ = 422(@]17 U2>o + <U17 vQ)o’w’(z) - <Ul7 U}>0<U2, w>o) (313)
(1 +[wl)?
which by Lemma 2.4.2 can also be written as
1
(v1,v9) = — ((v1,v2), + (w X v, W X V3),) (3.14)
(1+ fwl)?

In local coordinates with w = w'e;, gij = (es,€5),, and w? = w;et, we
see that

Gij = (g (1 + Jw]2) — wiwy) (3.15)

2
(L + Jwl3)?
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Proposition 3.2.3. In local coordinates, the metric §“ on 1-forms is given
by:

g7 = —21(9ij + w'n’)
(1+ fwl,)?

Proof. We compute:

o i 1 . .
349" = (g1 + wly) — wiwj)iﬁ(gjk +wlw®)
(1 + |wly) (1+ |wlg)
ik 00k 2 ik j ook
({9359 + giyw?w") (1 + Jw[) — g wiw; — wiw;w'w*)

(L + Juwl3)

1
= m ((55c + waw™) (1 + |w](2)) — ww”® — \w\gwiwk)
T
which completes the proof. O

Now with a = o’ and 3 = ;¢ two 1-forms, their new inner product
is
i 1 ij i3 0
(a,B). = a;3;7 = 72;(0%@'9 + aw' B;u?)
(14 |wlg)?
1
= ———— (@, f), + (waa)(wsf))  (3.16)
(1+ Jwl;)?

From this expression we can derive a formula for the new metric (, ) on
k-forms:

Theorem 3.2.4. Let a, (3 be k-forms. Then

(0, B) = —— (o, B), + (woir, wJB),) (3.17)

k
3

1+ |wl?)

Proof. We have already established it for the case £k = 1 in (3.16),
and the case £ = 0 is trivial. For the general case, we will prove the
statement on decomposable forms and it follows in general by linearity. Let
a=ctNe?A...ANe" and 3= et Ael2 A... Ae’k. Then by the definition
of the metric on k-forms,

(e elt)  (eh, e2) ... (e, el
(e, ety (e e2) ... (e, elk)

(o, B) = det

(e ey (el el2) ... (e ek
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Now from equation (3.16) each entry in the above matrix is of the form
1

<6ia7 €jb >. — 42 T <giajb + wiawjb>
(1 + [wl[3)®
and we have
gi1j1 + wirwlt L. gi1jk + Wik
1
(o, B). = ————— det : _ :
(1 + |’LU|(2))3 gikﬁ 4wkt gik]'k 4 ik Tk

Now we apply Lemma 6.0.11 to obtain

k
(a, B), + Z (—1)H'mwi’wjm<ei1 A.oieit o NeR e AL edm A ej’“>

I,m=1 ©

for the determinant above. Now with w = w'e;, we can take the interior
product with both a and :

k
woa = z:(—l)l_lwilei1 A.Lei. Neh
=1
k —
waf = Z(—l)m_lemej1 A...edm . N elk
m=1

and hence the sum over [ and m above is just (woa, wof),. Putting every-
thing together, we arrive at (3.17):

(0, 8) = ————({a, ), + {woa,w b))
(1 + )’

g

To continue our analysis of the new Gs-structure ¢, we now need to
compute the new Hodge star .

Theorem 3.2.5. The Hodge star for the new metric on a k-form « is
given by:

2—k
3

fo = (14 |w]?) (o0 + (—=1)* s (3, (woar))) (3.18)

2—k
= (T+]wl) * (v +wi(w Axa))

Proof. The second form follows from the first from (6.2). Although it
looks a little more cluttered, we prefer to use the first form for *. Notice
that up to a scaling factor, the new star is given by ‘twisting by w’, taking
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the old star, then ‘untwisting by w’, and adding this to the old star. To
establish this formula, let 3 be an arbitrary k-form and compute:

BAxa = (0,a)vol
1

= m«a, Blo + (wacr, waB) ) (1 + fw]?)3 vol,
= (1+ |w| ) (ﬁ/\*a—i—(uuﬁ)/\* (wa))
Now if we take the interior product with w of the 8-form
BN s (waa) =0
we obtain

(wB) A x(waa) = (=1)* 1B A (wa (% (waar)))

and this completes the proof, since 3 is arbitrary. U

At this point before continuing it is instructive to observe directly that
%% =1, as of course it should on a 7-manifold. It clarifies the necessity of
all the factors of (14 |w|?). Let a be a k-form:

o = (1+\w\i)% (o0 4+ (—=1)* o (3 (woar)))
2-(7-k)
HFa) = (L+ ) 7 (w(Fa) + ()T s (h(wa(3a))))
(k=5)1+(2-k)

= (L+wl) 7 [r(wa) + (=1 (wa (w(wa(@)))

+ (= 1) wa (ko (w () + (=1 w (% (wows .. )]

Now the last term is zero because of the two successive interior products
with w. Using x* = 1 we now have:

[04 + (=D)L (wa (s (wa(@))) + (—=1)kwa (*O(/IUJ(*OCY)))}
(1+ |w]?)

*(ka) =
Now using equation (6.8), (with n = 7) we get

H(3a) = (1+[wl) " (a+ i) = a

Again, just as in the conformal scaling case, we can show directly that
the norm of ¢ is unchanged, even though the metric changes when ¢
changes:

o = |l
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We compute:

. 1 L. - -

o = ———5 (& @) + (wap, wap),)
(1+ )’

—1
= (1 + |w|c2)) (|900|§ + 2(9007 W * 900)0 + |wJ *o 900|c2) + |7~U4900|z>

where we have used the fact that wip = wig,. Now the second term
vanishes because of the orthogonality of A3 and A3, and finally we use (6.9)

to obtain:

~12 2,1 2 2 2 2
|¢‘~ = (1 + ’wyo) (’900‘0 + ’w|0’800‘o) = ‘900’0

as expected.
We now give a geometric interpretation of the transformation ¢, +—
W + Wi %k, @, From equation 3.13 for the new metric g, with v; = v and
vy = w, we have
1 2
<U7w>~ = —22(<U7w>0 + <U7w>0|w’0 - <U7w>o<w’w>o)
(1+ |wlg)”
1
= 722@7 w>0
(1+ |wlg)®

_2
Hence we see that all the distances are shrunk by a factor of (1 + \w\i) :
in the direction of the vector field w. On the other hand, if either v; or vy
is orthogonal to w in the old metric, then equation 3.13 gives

1
(v1,v2). = 722(<017U2>0+<Ul>U2>o\w‘<2)—0)
(14 |wly)®

1
= (L4 [w]g)*(vr, va),
Thus in the directions perpendicular to the vector field w, the distances are
1

stretched by a factor of (1 + |w|?)®. Therefore this new metric is expanded
in the 6 directions perpendicular to w and is compressed in the direction
parallel to w. This produces a tubular manifold. For example in the case
of M = N x 8, where N is a Calabi-Yau 3-fold and the metric on M is the
product metric, if we take w = % where 0 is a coordinate on S!, then the
Calabi-Yau manifold N is expanded and the circle factor S! is compressed
under @, — @, + W%, @,. By replacing w by tw and letting ¢ — oo, we can
make this “tube” as long and thin as we want. The total volume, however,

2
always increases as (1 4 |w|?)® by Proposition 3.2.2.
In general, determining the class of G-structure that ¢ belongs to for
© = @ + wap, involves some very complicated differential equations on
the vector field w. However, since ¢ is always a positive 3-form for any w,
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it may be interesting to study some of these differential equations in the
simplest cases to determine if one can choose w to produce a ¢ in a strictly
smaller subclass. From Theorem 3.2.5, we have

L=

o= (L4 [wf)”
o
= 1+ wP)

(P + Wi (wap)))

o=

(%0400 + *o (W % ) + Wi (Wag,))  (3.19)

1
The presence of the (14 |w|?) ® term in %@ causes d¥@ to be very compli-
cated unless [w|” is constant.

3.3. Infinitesmal deformations in the A2 direction

Now since the decomposition of the space of differential forms corre-
sponding to the Gy-structure ¢ changes when we add something in A3, it
makes more sense to consider a one-parameter family ¢; of Go-structures,
satisfying

0

a%pt
for a fixed vector field w. That is, at each time ¢, we move in the direction
wJ*; @y which is a 3-form in /\%, the decomposition depending on ¢. Since
the Hodge star *; is also changing in time, this is a priori a nonlinear
equation. However, our first observation is that this is in fact not the case:

= W4 *¢ Py (320)

Proposition 3.3.1. Under the flow described by equation (3.20), the met-
ric g does not change. Hence the volume form and Hodge star are also
constant.

Proof. From (2.26) which gives the metric from the 3-form, we have:

1
g¢(u,v) voly = —a(u_ncpt) A (vape) Ay

Differentiating with respect to ¢, and using the differential equation (3.20),

0
_6§ (9:(u,v) voly)

= (uswa e 1) A (Vapr) A+ (uap) A (Vowa s o) A @y
+ (uapr) A (Vapr) A (W @)
Now from the proof of Lemma 3.2.1 (the linear term) we see that this

expression is zero, by polarizing. From this it follows easily by taking
determinants that vol; is constant and thus so is g; and ;. [l
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Therefore we can replace x; by %9 = * and equation (3.20) is actually
linear. Moreover, the flow determined by this linear equation gives a one-
parameter family of Ga-structures each yielding the same metric g. Our
equation is now

0
5% =wa* o = Ay,

where A is the linear operator o — Ao = wi* a on A3,

Proposition 3.3.2. The operator A is skew-symmetric. Furthermore, the
eigenvalues A of A and their multiplicities Ny are:

A=0 N,=21
A= —@|w| N)\ =7
Proof. Let e!,e?,...¢e% be a basis of A3. Then
Ajjvol = <ei, Aej> vol
= e Nx(waxel)
= —e'ANw' Ne
= wh Aelned
= _Aji vol
since 3-forms anti-commute. Therefore A is diagonalizable over C. Suppose
now that o € A% is an eigenvector with eigvenalue A = 0. Then
Aa = wixa
= —x(w* Aa)
=0
so w” A a = 0 and hence a = w?” A 3 for some 3 € A2. Therefore the

multiplicity of A = 0 is dim(A?) = 21. If Aa = Aa for A # 0, then

o = ;(wi* ) and woor = 0. Then we can write (6.8) as

lw]Pa = —wi* (waxa) = —A’a = —\a
and hence A = +i|w|. Since the eigenvalues come in complex conjugate

pairs and there are 35 — 21 = 14 remaining, there must be 7 of each. This
completes the proof. [l

Now if « is an eigenvector for %at = Aay = Aoy, then a(t) = eMa(0).
Let uq,us,...,us be a basis for the A\ = 0 eigenspace, and vy, ..., v; and
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U1, ..., 07 be bases of complex eigenvectors corresponding to the A =
and A\ = —i|w| eigenspaces, respectively. We can write
7 7 21
o = Z CrUk + Z CkUk + Z hyug
k=1 k=1 k=1
7

7
= Z CrU; + Z CrUk + Mo
k=1 k=1

34

+i|w|

where 79 as defined by the above equation is the part of ¢y in the kernel

of A. Then the solution is given by
7

oy = § Ckez‘w‘tvk-FE exe M1y, + g
k=1 k=1

7

7
= cos(|wlt) Z(ckvk + o) + sin(|w|t) Z i(crvr — CxUK) + Mo

k=1 =1
= cos(|wlt) By + sin(|w(t)yo + 1m0

(3.21)

All that remains is to determine [y, 7y, and 79 in terms of the initial

condition g. Substituting ¢ = 0 into (3.21), we have

®o = Do + 1o
Differentiating, we have
0 )
S = —ulsin(lult) + ] cos(lwlhg

Apy = cos(Jw|t)ABy + sin(Jw|t) Ay + Ang

Comparing coefficients, we have

ABy = |wlvo
Avo = —|w|Bo
A770 == O
From [y = ¢y — no and the equations above, we get
1
Yo = 7 (Awo)
|w]
and substituting this into the second equation, we obtain
1
Bo = ——2(142900)
|w

Finally, we can state the general solution:
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Theorem 3.3.3. The solution to the differential equation
0

TSPt = WA kg Py

ot
15 given by

o(t) = o + I_TZ)—W(UU x (wa* o)) + W(UM x o) (3.22)

The solution exists for all time and is closed curve (an ellipse) in \3. Also,
the path only depends on the unit vector field ﬁ, and the norm |w| only

affects the speed of travel along this curve.
Proof. This is all immediate from the above discussion. O

Remark 3.3.4. In [5], it is shown that the set of Ga-structures on M
which correspond to the same metric as that of a fixed Gy-structure ¢, is
an RP"-bundle over the manifold M. The above theorem gives an explicit
formula (3.22) for a path of Gy-structures all corresponding to the same
metric g starting from an arbitrary vector field w on M.

Remark 3.3.5. This can also be compared to the Kahler case. Since the
metric and the almost complex structure J are independent in this case,
for a fixed metric g, the family of 2-forms w(-,-) = g(J-,-) for varying J’s
are all Kéahler forms corresponding to the same metric.

Remark 3.3.6. Even though the metric is unchanged under an infinites-
mal deformation in the A2 direction, the class of Gy-structure can change.
Therefore simply knowing that a metric on a 7-manifold arises from a G-
structure and knowing the metric explicitly does not determine the class.

We now apply this theorem to two specific examples, where we will
reproduce known results.

Example 3.3.7. Let N be a Calabi-Yau threefold, with Kéahler form w
and holomorphic (3,0) form €. The complex coordinates will be denoted
by 27 = 27 +iy?. Then there is a natural Gy-structure ¢ on the product
N x St given by

¢ =Re(Q) —dfd Nw (3.23)

where 0 is the coordinate on the circle S*. This induces the product metric
on N x S, with the flat metric on S'. With the orientation on N x S*
given by (2, 2% 23,0, y", y?, y?), it is easy to check that

2

*p = —df AN Im(Q) — %
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Now let w = % be a globally defined non-vanishing vector field on S* with
|w| = 1. Then we have

waxep = —Im(Q)
x(wakx @) = —df ARe(Q)
wax (waxyp) = —Re(NQ)

Thus for this choice of vector field w, the flow in (3.22) is given by

©r = Re(Q) —df ANw — (1 —cos(t)) Re(2) — sin(t) Im(Q2)
= cos(t) Re(2) — sin(t) Im(Q2) — df Aw
Re(eQ) — df A w

which is the canonical Gy form on N x S' where now the Calabi-Yau
structure on N is given by () and w. It is well-known that we have
this freedom of changing the holomorphic volume form {2 by a phase and
preserving the Ricci-flat metric. Here it arises naturally using the flow

described by (3.22) and the canonical vector field w = %.

Example 3.3.8. As a second example, let W be a K3 surface, which is hy-
perKéahler with hyperKahler triple wy, ws, and ws. With local coordinates

2t = —y0 + iyt and 22 = y? + iy® these forms can be written as:
wi = —dy’ Ady' + dy* A dy?
wy = —dy’ Ady? +dy® Adyt
wy = —dy’ Ady® + dy' A dy?

w? .
The volume form voly on W' is given by - for any j = 1,2,3. There is a

natural G-structure ¢ on the product W x T° given by
© = do* N dO* A dOP — dOF A wy — dO* A\ wy — dO? A ws (3.24)

where 6, 60%, 63 are coordinates on the torus 7. This induces the product
metric on W x T3, with the flat metric on 7%. With the orientation on
W x T3 given by (6,602 63 4% y* 42, y?), it is easy to check that
xp = volyy —dB* A dO® A wy — dO> A dO* A wy — dO A dO* A ws
Now let w = % be one of the globally defined non-vanishing vector fields
on 7% with |w| = 1. Then we have
waxp = di® Awy — dO* Aws
x(wak@) = dO* NdO* Awy — dO® A dOT A ws
wax (wax@) = di* Nwy + dO® Aws
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Thus for this choice of vector field w, the flow in (3.22) is given by
o, = dO* NdO* N dOP — dOT A wy — dO* A wy — dOP A ws +
(1 —cos(t)) (d6* A ws + db® Aws) +sin(t) (d6° A wy — d6® A ws)
= d0' AdO? A dO® — dO A wy
— df* A (cos(t)wy + sin(t)ws) — dO> A (— sin(t)wy + cos(t)ws)

which is the canonical G, form on W x T where now the hyperKéhler triple
on W is given by @1 = wy, @y = cos(t)ws + sin(t)ws, and @3 = — sin(t)ws +
cos(t)ws. This is just a restatement of the fact that on a hyperKéahler
manifold, we have an S? worth of complex structures, and we can choose
any triple I, J, K such that I.J = K to obtain the three Kahler forms.
The above construction corresponds to a hyperKahler rotation where J —
Jcos(t) + Ksin(t) and K — —Jsin(t) + K cos(t). This is rotation by
an angle t around the axis in S? that represents the complex structure
I. Tt is clear that we can hyperKahler rotate around any axis by taking
w = a'Pr + a®55 + a®5% where (a')? + (a?)? + (¢*)? = 1 in the flow
described by equation (3.22). All these hyperKé&hler structures on W yield
the same metric, and hence determine the same metric on W x T3, as

expected.



Chapter 4

Manifolds with a Spin(7)-structure

4.1. Spin(7)-structures

Let M be an oriented 8-manifold with a global 3-fold cross product
structure. Such a structure will henceforth be called a Spin(7)-structure.
Its existence is also given by the same topological condition, the vanishing
of the second Stiefel-Whitney class wy = 0. (Again see [19, 31, 33] for
details.) Similarly to the G2 case, this cross product X (-, -, ) gives rise to
an associated Riemannian metric g and an alternating 4-form ® which are
related by:

®(a,b,c,d) = g(X(a,b,c),d). (4.1)

As in the G5 case, the metric and the cross product structure cannot be
prescribed independently. We will see in Section 4.3 how the 4-form &
determines the metric g(-, -). For a Spin(7)-structure ®, near a point p € M
we can choose local coordinates 2°, z! . .., 27 so that at the point p, we have:

(I)p — d.Q?OlQS - d$0167 o d.ﬁE0527 o d.730563 o d$0415 _ d.730426 . dl‘0437

1 g T g2 163 12T 0, 2637 01537 g, 1526

where dz* = dz' A da? A da® A dz'. In these coordinates the metric at p
is the standard Euclidean metric

8
Gp = Z dz* ® da*
k=1

and *® = &, so ¢ is self-dual. The 4-forms that arise from a Spin(7)-
structure are called positive or non-degenerate, and this set is denoted
Apos- The subgroup of SO(8) that preserves ®, is Spin(7). (see [4].)
Hence at each point p, the set of Spin(7)-structures at p is isomorphic to
GL(8,R)/Spin(7), which is 64 — 21 = 43 dimensional. This time, however,

in contrast to the Gy case, since A*(R®) is 70 dimensional, the set A} (p)

of positive 4-forms at p is mot an open subset of /\;f. We will determine

some new information about the structure of Aj,. in Section 5.2.

38
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4.2. Spin(7)-Decomposition of \*(M)

The facts collected in this section about the decomposition of the space
of forms in the Spin(7) case can also be found in [10, 31, 33].

There is an action of the group Spin(7) on R®, and hence on the spaces
A* of differential forms on M. We can decompose each space A¥ into
irreducible Spin(7)-representations. The results of this decomposition are
presented below. As before, the notation A refers to an I-dimensional
irreducible Spin(7)-representation which is a subspace of A*, w is a vector
field on M and vol is the volume form.

N = {fe (M)}
Ny = {aeT(A(M)}

A = A2 A3
A= A A
A = AT® AT DAY © Ass
A= A D A
A = AS@AS
AL = {wavol}

A = {fvolif € C*(M)}

This decomposition respects the Hodge star * operator since Spin(7) €
SO(8), so *AF = AF*. Again, we will give explicit descriptions of the
remaining cases.

Before we describe Af for k = 2,3,4,5,6, there are some isomorphisms
between these subspaces:

Proposition 4.2.1. The map o — P A « is an isomorphism between the
following spaces:

A = AL
Ny = A
A=A
N = A
A=A
AL = A

In addition, if a is a 1-form, we have the following identity:

x(PA*(PAQ)) =T (4.2)
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Proof. These statements can be easily checked pointwise using local
coordinates. U

From this identity, we can prove the following lemma:
Lemma 4.2.2. If a is a 1-form on M, then we have:
1 A af® =7)al? (4.3)
Further, for any Spin(7)-structure given by ®, we have:
D> = 14. (4.4)
Proof. From (4.2), we have:

PA(PANa) = Txa
aNDPAX(PANa) = TaA

|® A al’vol = 7|al’ vol

which proves (4.3). From (6.9), we compute:
2% |af® = |(+@) A a* + @ A af” = T]a]* + 7]al? = 14]af”

which gives |®|* = 14, which can also be seen using the local coordinate
expression for ® and the fact that the coordinates were chosen so that the
dx*’s were orthonormal at p. O

We have some relations between ® and an arbitrary vector field w:

Lemma 4.2.3. The following relations hold for any vector field w, where
w? is the associated 1-form:

« (@ Aw?) = wid (4.5)
OA(wa®) = Txw? (4.6)

Proof. Since on an 8-manifold x> = (—1)¥ on k-forms, these results
follow from Lemma 6.0.9 and Proposition 4.2.1. U

We now explicitly describe the decomposition of the space of forms,
beginning with k£ = 2,6. These should be compared to the GG case which
were given in (2.15) — (2.18).

A2 = {BEA}x(DAB) = —38) (4.7)
= {v* Aw? — % (v¥ Aw® A D®);v,w € T(T(M))}
£ = {FentH®Ap) =) (48)

— {Z aije’ A e’; (a;;) € spin(7)}
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N = {puen®Axu=—3u} (4.9)
Ny = {pen® @A =p} (4.10)

Note that these subspaces are —3 and +1 eigenspaces of the operators
G(B) = #(® A B) on A? and M(u) = ® A *u on A®. From this fact we get
the following useful formulas for the projections 7 onto the k-dimensional
representations, for3 € A? and p € AS:

#«(PAB) = —=3m(B) + T () (4.11)
m(p) = 222200
7r21(5) = —36+*£l®/\ﬂ>
and
D Axp = —=3mr(p) + a1 (1)
w— DA xp
mr(p) = 1
3+ DN *p
T (p) = 1

We now move on to the decompositions for k = 3,4,5. For k = 3, we
have:

Ny = {x(®Aa)ae N} (4.12)
= {wid;w e T(T(M))}

{n € N%x (@A (2 Am)) = —Tn}

Nis = {nen’®An=0} (4.13)

For k = 5, the decomposition is:

Ay = {PAasae N} (4.14)
ANy = {ue N ®Axp =0} (4.15)
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And finally, the middle dimension k = 4 decomposes as:

AL o= {0 f e C®(M)} (4.16)
= {ne AL DA (x(DAn)) = 140}

A = o A (wad) — w? A (va®);v,w € T(T(M))} (4.17)
= {va(w? A®) —wi(v¥ A®);v,w € T(T(M))}
= {wax (v2®) — vax (WaP);v,w € T(T(M))}

Noy = {oenNtx0o =00 ANP=0,0AT=0 V7ren} (4.18)

Ny = {o €N xo=—0} (4.19)

4.3. The metric of a Spin(7)-structure

Here the situation differs significantly from the G5 case. Because P is
self-dual equation (4.2) gives us only one useful identity rather than the
four identities in equations (2.4) — (2.6). In particular it was equation (2.6)
which enabled us to prove Proposition 2.3.1 to obtain a formula for the
metric from the 3-form ¢ in the G, case.

The prescription for obtaining the metric from the 4-form & in the
Spin(7) case is much more complicated. We begin with the following
Lemma, which is analogous to Proposition 2.3.1 in the G5 case, and whose
proof is similar to the proof of Lemma 2.4.3.

Lemma 4.3.1. The following identity holds for v and w vector fields:
(vawa®) A (vawo®) A B = —6|v A w|? vol (4.20)
Proof. Let 3 = v#* A w# = (3; + (21 using the decompositions in (4.7)

and (4.8). From Lemma 6.0.9 we can write
vowad = x(vF A x(wad))
= —x (W AuwF A D)
= 307 — P

where we have used the self-duality *® = ® and the characterizations of
A% and AZ,. Similarly we obtain

(U_Iw_lq)) ANO = (3&7 — ﬂgl) A O
= —9% 7 — x0

Combining the two and using the orthogonality of the decompositions, we
have

(vowaP) A (vowsP) NP = (307 — Pa1) A (=9 % By — x021) (4.21)
= (=27|B:* + | B [*) vol
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Now since 3 = v# A w# is decomposable, from (4.7) and (4.8) we obtain:
BAD = —3x[r+*0n
BABA® = —3|B;|*vol +|Ba|* vol
=0
Hence |fy|* = 3|5:|* and

o Awl* =168° = 1" + 1Bl
= |G + 315" = 418
Finally, substituting this into (4.21), we have
(vawa®) A (vows®) AP = (=27|3:7) + |Bar|?) vol
—  —24|6;]* vol
= —6v Aw|?*vol
which completes the proof. O

Remark 4.3.2. Equation (4.20) can be used to give an alternative defini-
tion to the “positivity” condition. Let £ be a nowhere vanishing 8-form on
M, which exists since M is orientable. A 4-form ® is in A} if and only if
at every point p in M, the function f(v) which is defined on the product
T,(M)xT,(M) by the map (v, w) — —(vowsP,) A (vowiP,) AD, = f(v)E,
satisfies f(v) > 0 with equality if and only if v A w = 0.

If we polarize (4.20) in w, we obtain the useful equation:
(vowy aP) A (vowa s P) AP = —6(v A wy, v A ws) vol (4.22)
= —6(|v|2(w1,w2) — (v, wy) (v, w)) vol
From this equation we can obtain the metric.

Lemma 4.3.3. Fiz a non-zero vector field v = v*ey,, where eg, €1, €, ..., €1
is an ortented local frame of vector fields. Without loss of generality assume
v #£ 0. The expression obtained from v by

(det (((€;va®) A (ejuva®@) A (va®)) (e1,€2,...,€7)))
((v2®) A D) (€1, €3, - ., 7))
1s an expression which is homogeneous of order 4 in v, and is independent

of the choice of eq,...,er. We will see in the next theorem that up to a
constant, this is [v]*.

W=

(4.23)

Proof. The expression (e;.v1®) A(e; va®) A(va®) is cubic in v, so after
taking the 7 x 7 determinant and the cube root, the numerator of (4.23) is
of order 7 in v. Since the denominator is cubic in v, the whole expression
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is homogeneous of degree 4 in v. Now suppose we extend v to an oriented
basis v, €], €, ..., el in a different way. Then
e; = Pijej + Qv

and we have

(ejava®@) A (€5 wa®) A (v2®) = Py Pyexava®) A (eava®) A (va®)
Hence in the new basis the numerator of (4.23) changes by a factor of

(det(P)? det(P)7)* = det(P)?

and the denominator also changes by a factor of det(P)3, so the quotient

is invariant. [l

Remark 4.3.4. It is interesting to note how different this expression is
from the G5 case in Lemma 2.3.3.

We now derive the expression for the metric in terms of the 4-form ®
in the Spin(7) case.

Theorem 4.3.5. Let v be a tangent vector at a point p and let eg, eq, ..., e7
be any oriented basis for T,M, so that vol(eg,ey,...,e7) > 0. Then the
length |v| of v is given by

ot = — (7):;’ (det (((e;0va®) A (ejuva®@) A (vaD)) (e1,€2,...,€7)))

(6)3 (((v2®) A @) (eq,e9,...,€7))°

Proof. We work in local coordinates at the point p. In this notation
gi; = (€, €5) with 0 <,7 < 7. Let detg(g) denote the 8 x 8 determinant of
(g;;) and let detr(g) denote the 7 x 7 determinant of the submatrix where

1 <4, < 7. Using the fact that ®2 = 14vol = 14\/detg(g)e® Ael...€7,
and writing v = v*e;,, we compute

A(w) = ((vaP) AD) (e1,e9,...,67)
= 70°/dets(g) (4.24)
Now (v,€;) = v*gy; = v;. We also have the 7 x 7 matrix
Bij(v) = ((e;001®) A (ejuv1®) A (va®)) (e1, €2, ..., €7)

= —6(|v[gyy — viv;) v°\/dets(g) (4.25)

where we have used Lemma 4.3.1. Now consider the 7 x 7 matrix (|U|29ij —
v;v;) and its determinant:

W=

|v|2g11 — VU] ... |'U\2g17 — VU7
det : : :

|U|2971 — U7 ... |U|2977 — U707
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By Lemma 6.0.11, this is

7
det (Jo*gi;) + Y (=) (=v,04) [0]*(Grs) (4.26)

r,s=1

where G, is the (r, s)™ minor of the submatriz of (gij) for 1 <i,j <T.
Now with vy = v'g;,, the expression (4.26) becomes

7 7
= |v\14det7(g) - Z Z(_1>T+Svrvtgts‘vluG

r,s=1 t=0
= Jo|"? <|v\2det7 Zvr (Z )T+SgtsGrs>
rt=1 s=1
7
- Z<_1)T+SUTUOQOSG7‘S>
r,s=1

77 7
= [v|" | Jv]’detq(g) — Z ZvTvt(Strdet7(g) - Z (—1)T+SvrvogOSGrs>

r=1 t=0 r,s=1

= Jof? <|v|2det7<g> — 3 v deta(g) - Z<—1>T+SWO%SGM>

r=1 r,s=1

_ |U|12

7
vPvedets(g) + Z (—1)T+S+1vrvogOSGrs>

r,s=1

since the sum over s is the determinant of the 7 x 7 submatrix (g,;) for
1 <i,j < 7 with the r*® row replaced by the ¢ row, and so vanishes unless
r = t, where it is det;(g). We have also used the fact that |v|° = vzo* in
the above calculation. We can further manipulate the above expression by
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writing vo = v*gor and v, = v¥g,,.. We obtain

7 7
= 12 O (Z gorV det7 + Z Z T+S+1 Gkrv gOsGrs)
k=0

r,s=1 k=0
= MIQUO [ <900d€t7 + Z 1)rtstt rQOsGrs>
r,s=1
7
+ Z Uk (90kd€t7 ZQOS <Z r+sgrkGrs)>
k=1 r=1
12,0 [0 d k d
lv| v dets(g) + Z v™ | gordetz(g) — Zg()séksdet7(g)
k=1 s=1

= |v]"0% dets(g)

where we have used Lemma 6.0.12 in the first step above. Returning
0 (4.25), we have now shown that

det Byj(v) = (—6)7|v]2(v°)’dets(g) (") (dets(g))?
= (=6)7]o|"*(v°)"(dets(g))

N[©

and hence

W=

(det By(v))7 = (—6)5 |o]"(v°)° (dets(g)) .

Finally, since from (4.24) we have

(A@W))* = (1)*(0°)*(dets(g))?

these two expressions can be combined to yield

wl—

’U’4 _ (7> (det Bij(v)) (4.27)

(6)7  (A(v))’

which completes the proof. [l

|~

We now collect some facts about various 2-forms which can be con-
structed from a pair of vector fields v and w.

Proposition 4.3.6. Let v and w be two vector fields. Define the 2-form

B =v* Aw?® = 37+ Ba1. Then we can construct two other 2-forms v_w_®

and * ((va®) A (wad)) from v and w and these are related to 5 by
vowad = 357 — 521 (428)

#((v2®@) A (wa®)) = 287 — 60 (4.29)
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Furthermore, we have the following relations between these 2-forms:

(uswa®) A (vF AwF)AD = —3{uAw,v Aw)vol (4.30)
(u?® Aw?) A (v2®) A (wad) = —4{uAw,vAw)vol (4.31)
(uowo®) A (vowaiP) AP = —6{(uAw,v A w)vol (4.32)

Note that this also implies that the expressions on the left above are both
symmetric in u and v.

Proof. In the proof of Lemma 4.3.1 we established that
vowa® = —* (v Aw? A D)
= 307 — b=

Also we had |8x1]* = 3|6:|* and |v A w|” = |3)* = 4|3)°. Hence we have
that (vowi®) AP = —9 % B; — ;. Then

(UJU)Jq)) A (UJU)J(I)) AND = (3ﬁ7 — ﬂm) A (—9 * B7 — *ﬁZl)
—27|57]* vol +| a1 |* vol
—24 57| vol
= —6lv Aw|*vol

from which (4.32) now follows by polarization. Now since ® A & = 14 vol,

we have
(wa®) A ® = Twavol = 7 % w?

Taking the interior product on both sides with v,
(vwa®) A D — (wa®) A (v2®) = Tos* w?
= —7x (0" Aw?)
(307 — B21) NP + (va®P) A (wad) = —Tx [ —Tx [y
—9 % By — #01 + (vaP) A (wad) = —T% 7 — 7% Py
which can be rearranged to give (4.29). Next we compute
(vowa®) A (VF AwF)A D = —x (v Aw® A D) A (v Aw® A D)
= (387 — Pan) A (=3 Br + *[21)
= —9|3)* vol —=|Ba1|* vol
= —12|3]*vol
= —3Jv Aw|*vol

which after polarizing v — wu + v, yields (4.30). Note the fact that the
expression is symmetric in u and v is clear from the first line above. In the
next section we will use this result in the forms

(u A w® A ®) A x(v# Aw? A D) = 3(uAw,vAw)vol (4.33)
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Since it is not immediately apparent that expression (4.31) is symmet-
ric in w and v we will not use a polarization argument here. Instead we
establish it directly. We start with an appropriate 9-form (which is auto-
matically zero) and take the interior product with v:

0 = u? Aw? A® A (wad)
0 = (u,0)w? A®A (wid) — (v, w)yu® A A (wid)
+u Aw? A (v2®) A (wad) + u? Aw? AD A (vawod)
=7 (]w|2(u, v) — (u, w)(v, w)) vol + (u# A w# A (v2®) A (WD)
—3{u A w,v Aw) vol

where we have used (4.30) in the last step. This now can be rearranged to
give (4.31). We will have occasion to use this relation in the form

(@ A u®) Ax (vF Aw® A (wad)) = 4{u A w, v A w) vol (4.34)

in the next section. O

4.4. The triple cross product operation

In this section we will describe the triple cross product operation on a
manifold with a Spin(7)-structure in terms of the 4-form ®, and present
some useful relations.

Definition 4.4.1. Let u, v, and w be vector fields on M. The triple cross
product, denoted X (u, v, w), is a vector field on M whose associated 1-form
under the metric isomorphism satisfies:

(X (u, v, w))* = wavud (4.35)
This immediately yields the relation between X, ®, and the metric g:
g(X (u,v,w),y) = (X (u,v,w))? (y) = yowwiu® = d(u,v,w,y). (4.36)

We can obtain another useful characterization of the triple cross prod-
uct from this one using Lemma 6.0.9:
(X (u,0,w))* = wwiud (4.37)
= *(w? A x(viusd))
= x(w? AT A x(usd))
= —x (0w AvF AU A D)
= *(u® Av? Aw® A D)

Note the similarity to the G case given by (2.31).
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Since u# Av# Aw is a 3-form, we can write it as ys+4s, with y; € AJ.
Using (4.12) and (4.13) we see that:
(X(u,0,w)* AND = x(y7 ADP)AD (4.38)
= Txnr
Taking the norm of both sides, and using (4.3):
O (v, ) AL = TI(X (v, w))# = 71X (v, ) = 49y
from which we obtain
il = 21X (a0, ) (1.39)
We can now establish the following Lemma.
Lemma 4.4.2. Let u, v, and w be vector fields. Then
X (u,v,w)]* = [uAvAw]? (4.40)
Proof. First we note that

2 o ) )
luAvAw)® = det | (u,0) o] (v, w)
(ww) (v,w)  |wf?

[ul*[olewl® + 2(u, v) (v, w) (u, w)

- |u]2<v,w>2 - |’U‘2<'LL7 w>2 - |'U)|2<U,U>2

as we will have to identify an expression of this form several times in what
follows. Starting from (4.38), and using (4.13),

7|’)/7|2V01 = ’}/7/\(1)/\*(’)/7/\(1))
= @Au#Av#/\w#/\*(u#/\v#/\w#/\Q))

We will use Lemma 6.0.9 three times, each time observing that all but one
term will be a multiple of |u A v A w|2 vol. The first application yields

w#/\*(u#/\v#/\w#/\q)) =
(u, w) * (V¥ Aw? A ®) — (v, w) * (u? Aw? A D)
+ Jw)? x (u# Av# A D) — % (¥ Av# Awt A (wad))
Taking the wedge product on the left of the above expression with ® Au? A
v# and using (4.33) we have
7|v2|? vol
= —3(u,w){u Av,w Av)vol =3{v,w){u A v,uAw)vol
+ 3w]?u A v]* vol —=(® A u¥ A v#) A x (u# A v* A w® A (waD))
= 3luAvAw vol —(® A u® AvF) A x (u# A v# A w® A (wa®))
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Now we apply Lemma 6.0.9 again on the last term:
o A (u Ao A wT A (wa@)) =
—(u, v) * (v Aw® A (wa®)) + |v]* * (u® A w? A (w®))
— (v, w) * (W AvF A (wa®)) + « (u¥ AvF Aw® A (vawad))
Now taking wedge product on the left with —(® A u#) and using (4.34),
—(® A u A o) Ak (U AvE A A (0D)) =
4w, v)(u A w, v A w) vol —4|v]*u A w|? vol
+ 4{v, w){u A v,u A w) vol
— (@ A u?) Ax (u? Av* Aw® A (vowad))
= —4luAvAw]vol —(® Aut) A x (u# A v# A w® A (vawa®))
Combining our computations so far we have
7|v7> vol = —|u A v A w|* vol —(® A u?) A * (u# A v# A w® A (vawa®))
Now using Lemma 6.0.9 one last time on the final term,
u? Ak (U AvE A wF A (vwa®)) =
ul® % (v A w® A (vawa®)) — (u, v) * (W A w® A (vowad))
+ (u, w) * (u¥ Av¥ A (vawa®)) — * (u¥ AvF Aw® A (usvswod))
Taking the wedge product on the left with ® and this time using (4.30),
—(® A u?) Ax (u? Ao Aw® A (vowad)) =
3ul’|v A w|® vol —=3(u, v) (u A w,v A w) vol
— 3{u, w){u A v,w Av)vol +@ A % (uF A v# A w® A (usvwa®))
= 3luAvAw]vol +® A x (u? Av# A w# A (usvswa®))
which now give us
TyalPvol = 2uAvAw| vol +u® Av# Aw® A (usvswad) A ®
= 2uAvAwlvol =y A D A *(u? AvF Aw? A D)
2u A v Aw]?vol =y A DA x(y: A D)
= 2luAvAwl?vol =7|y7|* vol

from which we have |u A v A w|® = 7|y |* = | X (u, v, w)|* from (4.39). O



4.5. THE 4 CLASSES OF Spin(7)-STRUCTURES 51

4.5. The 4 classes of Spin(7)-structures

Similar to the classification of Ga-structures by Fernandez and Gray
in [12], Ferndndez studied Spin(7)-structures in [10]. In this case, the re-
sults are slightly different because a 4-form ® which determines a Spin(7)-
structure is self-dual. Such a manifold has holonomy a subgroup of Spin(7)
if and only if V® = 0, which Fernandez showed to be equivalent to

d® = 0.

Again this equivalence was established by decomposing the space W that
V& belongs to into irreducible Spin(7)-representations, and comparing
the invariant subspaces of W to the isomorphic spaces in A*(M). In the
Spin(7) case this space W decomposes as

W =Ws® Wy
where again the subscript k£ denotes the dimension of the irreducible rep-

resentation Wj. Again in analogy with the G4 case, we have a canonically
defined 7-form ¢ and 1-form 6, given by

¢ = *ddND (4.41)
O = *(=x(xd® A D) (4.42)

Note that # = 0 when the manifold has holonomy contained in Spin(7),
and more generally 6 vanishes if mg(d®) = 0. We will see below that in
this case the form 6 is closed.

This time we have only 4 classes of Spin(7)-structures: the classes {0},
Wg, Wys, and W = Wy @ Wyg. Table 4.1 describes the classes in terms
of differential equations on the form ®. Unlike the G5 case, the inclusions
between these classes are all strict, and this is discussed in [10].

TABLE 4.1. The 4 classes of Spin(7)-structures

Class Defining Equations | df
Ws @ Wiys | no relation on d®.

Ws dP+ 10N =0 |df=0
Wi =0 =0
{0} dd =0 0=0

Remark 4.5.1. Note that in the Spin(7) case, there is no analogue of an
“Integrable” structure, nor are there analogues of almost or nearly Spin(7)-
structure as there are in the Gy case. An almost Spin(7) manifold (d® =
0) automatically has holonomy Spin(7). And d® does not have a one-
dimensional component which would give us the analogue of a nearly G,-
structure.
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We now prove the closedness of 6 in the class Wy as given in the final
column of Table 4.1.

Lemma 4.5.2. If ¢ satisfies dP + %9 AN® =0, then df = 0.

Proof. Suppose d® + %9 A ® = 0. We differentiate this equation to
obtain:

d@A@z@/\d@z@A(—%@/\@):O

But wedge product with @ is an isomorphism from A2 to A% so df = 0. [



Chapter 5

Deformations of a fixed Spin(7)-structure

We begin with a fixed Spin(7)-structure on a manifold M in a certain
class. We will deform the form ® and see how this affects the class. This
time there are only 4 classes, and only two intermediate classes. However,
the ways we can deform ® in the Spin(7) case are more complicated. Since
d € N1 DAL D NS, D A3s, there are now four canonical ways to deform the
4-form ®. Again, since Af = {f®}, adding to ® an element of A] amounts
to conformally scaling ®. This preserves the decomposition into irreducible
representations. In all other case, however, since the decomposition does
depend on ® the decomposition will change for the other kinds of defor-
mations. We will see that analogously to the G5 case, adding something
in A} infinitesmally will give us a path in the space of positive 4-forms, all
corresponding to the same metric.

5.1. Conformal Deformations of Spin(7)-structures

Let f be a smooth, nowhere vanishing function on M. We conformally
scale @ by f4, for notational convenience. Denote the new form by & =
fA®,. We first compute the new metric § and the new volume form vol. in
the following lemma.

Lemma 5.1.1. The metric g, on vector fields, the metric g,* on one
forms, and the volume form vol, transform as follows:

g = f290
gt o= [t
vol. = f%vol,

Proof. We substitute & = f*®, into equations (4.24) and (4.25) to
obtain

Alw) = ((2uf4(130) A f4<I>O) (e1,€9,...,e7)

FPAq(v)
Bij (v) = ((eiJva4<I>O) A (eij_,f4<I>0) A (?uf4<1>0)) (e1,€9,...,€7)
= [(Bo);(v)

53



5.1. CONFORMAL DEFORMATIONS OF Spin(7)-STRUCTURES 54

Substituting these expressions into (4.27) we compute

ot = D )it (B ()}
~ (6)5 (%) (Ao(v))”
= [l
from which we have |v|* = f2|v|> and the remaining conclusions now follow.

g

We now determine the new Hodge star * in terms of the old ,.
Lemma 5.1.2. If o is a k-form, then *a = f32¢ %, a.

Proof. Let «, 3 be k-forms. Then from Lemma 5.1.1 the new metric
on k-forms is (, ) = f~?(, ),. From this we compute:

BA*xa = (f,a)vol.

= [, ), [Pvol,
= 2B A%a.

From this we obtain the following:
Lemma 5.1.3. The exterior derivative of the new 4-form d® and *d® are

dd = Af3df A D, + f1dd,
%D = Af %, (df N D,) + f2 %, dD,

Proof. This is immediate from ® = f4®, and Lemma 5.1.2. O

We can also see directly that under a conformal scaling, the norm of ®
is unchanged, even though the metric changes when ® changes (in fact we
know that |®|° = 14 for any Spin(7)-structure from Lemma 4.2.2). To see
this we compute:

(B, @) = (f ) {f1y, f10,) = (Dy, D), -

From these results, we determine which classes of Spin(7)-structures
are conformally invariant. We can also determine what happens to the 7-
form ¢ and the associated 1-form 6 = %(. This is all given in the following
theorem:
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Theorem 5.1.4. Under the conformal deformation ® = f*®,, we have:

d® + %é AD = f? (dcbo + %90 A <I>0) (5.1)
C = —28f%x,df + f5¢, (5.2)
6 = —28d(log(f)) + 6, (5.3)

Hence, we see from Table 4.1 and equation (5.1) that only the class Wy is
preserved under a conformal deformation of ®. (This part was originally
proved in [10] using a different method.) Also, (5.3) shows that 6 changes
by an exact form, so in the class Wy, where 0 is closed, we have a well
defined cohomology class [0] which is unchanged under a conformal scaling.

Proof. We begin by using Lemma 5.1.3 and (4.41) to compute ¢ and 6:
( = %ddAD
= (4 % (df A Do) + [ 5, dDy) A [,
4F5Dy A *, (B A df) + £OC,
= _28f5 * df + fﬁgo
where we have used (4.2) in the last step. Now from Lemma 5.1.2, we get:
0 =% = —28f1df + 6, = —28d(log(f)) + 6,.

Now using the above expression for é, we have:
dd + %é AD = 4F3df N D, + f1dD, + ; (=287 'df +6,) A 1,
= 7 (dcbo + %00 A (I>0>
which completes the proof. Il

The next result gives necessary and sufficient conditions for being able
to achieve holonomy Spin(7) by conformally scaling.

Theorem 5.1.5. Let &, be a positive 4-form (associated to a Spin(7)-
structure). Under the conformal deformation d = f4d,, the new 4-form
O satisfies d® = 0 if and only if O, is already at least class Wy and
28dlog(f) = 6,. Hence in order to have ® be closed (and hence correspond
to holonomy Spin(7)), the original 1-form 6, has to be exact. In particular
if the manifold is simply-connected or more generally H' (M) = 0 then this
will always be the case if ®, is in the class Wy, since db, = 0.
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Proof. From Lemma 5.1.3, for dp = 0, we need
dd = Af3df A D, + fidd, =0
dd, = —4ddlog(f) N D,

which says that d®, € A3 by Proposition 4.2.1. Hence m45(d®,) = 0 so ¥,

must be already of class Ws. Then to make d® = 0, we need to eliminate
the Wy component, which requires 28dlog(f) = 6, by Theorem 5.1.4. O

Remark 5.1.6. Note that if we start with a Spin(7)-structure &, that
is already holonomy Spin(7), then Theorem 5.1.4 shows that a conformal
scaling by a non-constant f will always generate a non-zero Wg component.

5.2. Deforming ® by an element of A}

We continue our analogy with the G5 case and now deform the Spin(7)
4-form ® by an element of A7. According to (4.17), an element o7 € A%
is determined by two vector fields v and w. In fact, we have o; = v¥ A
(wa®y) —w# A (va®,). Now let & = &, +1 (v# A (waB,) — w# A (vad,)), for
t € R. We will develop formulas for the new metric g, the new Hodge star
%, and other expressions entirely in terms of the old ®,, the old *,, and the
vector fields v and w. Note that once again the background decomposition
into irreducible Spin(7)-representations changes, and we will eventually
linearize by taking % ‘ 1o Of our results.

Using the notation of Theorem 4.3.5, we first prove the following.

Proposition 5.2.1. Let o7 = (v# A (wa®,) — w# A (v2®,)). Under the
transformation o = d, + o7, we have

- 4
P? = (1 + ?|v A w|§) P2 (5.4)

Proof. We compute
0 = (B +v* A (W) — w? A (02,))°
= 7+ 207 A (waBy) A Dy — 207 A (v2D,) A D,
— 207 A (wa®y) A w? A (vad,)
= O + 1407 A nw® — 14w™ A v — 207 Aw® A (v2®0,) A (wad,)
= 32 4 8jv Awl vol,
where we have used both (4.6) and (4.31). Now since 2 = 14 vol, we have

. 4 4
®% = 14vol, +14 (;) lv A w\2volo = (1 + ?\v A w|z> CI)(?

which completes the proof. ]
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Corollary 5.2.2. Under the transformation ® = &, + o7, the expression
Ay(u) = ((usd,) A D,) (€1, €2,...,e7) changes by

A(w) = (@ué)w) (e1, €0, ..., e1) (5.5)

4
= (1 + ?|"U A w[i) A, (u)
Proof. This follows from Proposition 5.2.1 by taking the interior prod-
uct of both sides with w. O

We continue the computation of the expressions needed to describe the
new metric with the following lemma.

Lemma 5.2.3. With ® = ®, + to, in the expression
<6i_|ufi>> N (eiJu_li)> A D
which 1s a cubic polynomial in t, the linear term vanishes.

Proof. The coefficient of ¢ is
2(e;ouao) A (e;uua®y) A Dy + (e;uua®,) A (e;uusd,) Ao (5.6)
We start with (4.32) which says that
—6le; A u\Q vol, = (e;uua®,) A (e;uusd,) A @,

Taking the interior product with w and then wedging with v#, we obtain:

—6le; Aul? sk w® = 2(woe;ua®y) A (€;uuiDy) A Dy (5.7)
+ (e;oua®,) A (e;ouady) A (wad,)
—6le; AulP(v,w)voly, = 207 A (woe;ua®y) A (€5 uiBy) A Py

+ (e;oua®y) A (e;uuad,) A v? A (wa®,)
Now we can also compute that
eius(v? A (wa®)) = eio ((u, v)(wad,) — v# A (uwod,))
= (u,v)(e;owiD) — (e, v) (uswd,)
—v# A (e;ouswo®,)
Taking the wedge product of this expression with 2(e; u.®,) A &, and
rearranging,
207 A (wae;aus®,) A (e;oua®,) A @,
= 2e;.u_ (v# A (uu@o)) A (e;aua®,) A D,
+ 12(u, v)(e; A w, e; A u) vol,
+ 12(e;, v){e; A u, w A u) vol,
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where we have used (4.32) again. Now substituting the above expression
into (5.7),

2€; U (v# A (uuCI)O)) A (e;oua®,) A B,
+ (es0ua®,) A (ejaua®,) A v# A (wad,)
= —6(|e; A ul*(v, w) 4 2(u, v){e; Aw, e; A u)
+ 2(e;, v)(e; A u,w A u))vol,
= —6 (|es A ul* (v, w) + 2]e;]* (u, v) (u, w) + 2[ul*{e;, v){e;, w)) vol,
+ 12 ((u, v)(e;, w)(e;, w) + (e;, v){e;, u)(u, w)) vol,

The right hand side of the above expression is visible symmetric in v and
w, so if we interchange the v’s and w’s on the left hand side and take the
difference, we get zero. But since o = v# A (wi®,) — w# A (vu®,), this is
exactly the linear term (5.6). Hence we have shown the vanishing of the
linear term. U

In analogy with the G5 case, we expect the cubic term to vanish as
well, and the quadratic term should be related to the triple cross product.
The complexity of these terms is much greater this time because we have
two vector fields instead of one. However, the above results are enough to
proceed with this deformation infinitesmally.

5.3. Infinitesmal deformations in the A? direction

Again continuing the analogy with the Gy case, we now consider in-
finitesmal deformations in the A% direction. Consider a one-parameter
family ®; of Spin(7)-structures, satisfying

0

aq)t = W *4 (UJ@t) — UV *¢ (w_l¢t) (58)

for a pair of vector fields v and w. That is, at each time ¢, we move in the
direction of a 4-form in A7 , since the decomposition of A* depends on @,
and hence is changing in time. Since the Hodge star *; is also changing in
time, this is again a priori a nonlinear equation. However, just like in the
G5 case, it is not:

Proposition 5.3.1. Under the flow described by equation (5.8), the met-
ric g does not change. Hence the volume form and Hodge star are also
constant.

Proof. Since we have shown in Lemma 5.2.3 and Corollary 5.2.2 that
the first order term in the new metric vanishes, the proposition follows. [J
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Therefore we can replace x; by %o = * and equation (5.8) is actually
linear. Moreover, the flow determined by this linear equation gives a one-
parameter family of Ga-structures each yielding the same metric g. Our
equation is now

0
&Cbt =wi* (vady) —vux (wady) = BD,

where B is the linear operator a — Ba = w_* (vaa) — v * (waa) on AL

Proposition 5.3.2. The operator B is skew-symmetric. Furthermore, the
eigenvalues A of B are A = 0, £ilv A w|.

Proof. Let e!,e?,...e™ be a basis of A*. Then
Bjjvol = <ei, Bej> vol
= & Ax (va(w® Aed) —wai(v? Ae))
= v A Ax(w® Aed) —w Al x (v Aed)
= w¥ Aelx (v ANet) —w? A x (v Ae)
= —DBj;vol
and hence B is diagonalizable over C. In order to find the eigenvalues of

B, we first compute some powers of B, using the fact that Ba can also be
written as Ba = v# A (wia) — w? A (vaa):

B*a = wvi(w? A Ba) —wi(v? A Ba)
= v (W AvF A (waa)) +wa (v Aw® A (vaa))
= (v,w) (v A (woa) + w* A (vaa)) — v)*w® A (woa)
— |w|*o* A (vaa) — 207 A w® A (vowoa)
and thus
Ba = wvi(w? A B*a) —wi(v? A Ba)
= v ((v, wyw* Av# A (woa) — lw|*w® A v* A (vaa))
— wa ((v, wyr* Aw# A (vaa) — 0™ A w? A (woa))
= (v,w)’Ba — |v]*|w]’Ba + (Jv]* — |w[*)v* A w A (vawoa)
after some simplification. Performing one more iteration, we obtain:

B'a = ((v,w>2 — |v|2|w|2) B?*a

which gives A* = ((v, w)? — |v|2|w|2) A2. Therefore the non-zero eigvenval-
ues are A = +i|lv A w|. This completes the proof. O
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Now we proceed exactly as in the Go case. If we replace A by B and the
non-zero eigenvalues by 4i|v A w|, then all the remaining calculations of
Section 3.3 carry through. Therefore we have

1
®, = ————cos(|v Aw|t)B*®y +

|v A w|

+ &y + ——— B*®,
lv A wl

A sin(Jv A w|t) By

which we summarize as the following theorem.

Theorem 5.3.3. The solution to the differential equation

0
Eq)t =wux (vaPy) —vax (wWady)
s given by
1-— AN wlt i ANw|t
(I)(t) ~ Py + COS(‘U 2w| )B2(D0 + MB(I)O (59)
v A w| v A w|

where Ba = vi(w# Aa) —wo(v¥ Aa). The solution exists for all time and
is closed curve (an ellipse) in N*.

Proof. This follows from the above discussion. U

Remark 5.3.4. In [5], it is shown that the set of Spin(7)-structures on M
which correspond to the same metric as that of a fixed Spin(7)-structure
®, is a rank 7 bundle over the manifold M. The above theorem gives an
explicit formula (5.9) for a path of Spin(7)-structures all corresponding to
the same metric g starting from a pair of vector fields v and w on M.

Remark 5.3.5. Again, even though the metric is unchanged under an
infinitesmal deformation in the A% direction, the class of Spin(7)-structure
can change.

We now apply this theorem to three specific examples, where we will
again reproduce known results.

Example 5.3.6. Let N be a Calabi-Yau fourfold, with Kahler form w and
holomorphic (4,0) form €. The complex coordinates will be denoted by
2 =27 +iy. Then N has a natural Spin(7)-structure ® on it given by

w2

@ = Re() - = (5.10)

It is easy to check in local coordinates that w € A2 in the Spin(7) decom-
position. If we take two local orthonormal vector fields v and w for which
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77(v% A w?) = w, then one can compute that
wax (va®) — vk (wad) = BP = —Im(Q)
B?® = —Re(Q)
Thus for vector fields v and w which correspond to w, the flow in (5.9) is

given by

2
@:zm@—%

= COS(t) RG(Q) — sin(t) Im(Q) - “

2

= Re(e"Q) — %

— (1 — cos(t)) Re(£2) — sin(t) Im(€2)
2

which is the canonical Spin(7) form on N where now the Calabi-Yau struc-

ture is given by e“€) and w. Thus we arrive at the phase freedom for
Calabi-Yau fourfolds.

Example 5.3.7. A subset of the Calabi-Yau fourfolds are the hyperKahler
manifolds of complex dimension four. Suppose N is hyperKéhler with
hyperKahler triple wy, ws, and w3. Then 2 = (watiwg)” 4o o holomorphic
(4,0)-form in the complex structure corresponding to wy. Therefore we

have

2 2
Wy — Wy

2
Im(Q) = W3

Re(?) =

where we are ommitting the A symbols since everyting here commutes. By
comparing with the calculation of Example 5.3.6, taking the element of A%
corresponding to wy, we have

2 _ 92 2
o, = i’ 5 “s cos(t) — wows sin(t) — t
Y e
2 2

L Dws, and @3 = sin(§)ws + cos(f)ws. This

where @y = cos(g)ws — sin(s 5
is again a hyperKéhler rotation. Of course, the Spin(7)-structure is not
actually used in this example, only the relation between the Calabi-Yau

and the hyperKahler structures.

Example 5.3.8. Finally, consider a 7-manifold M with a Gs-structure .
We can put a Spin(7)-structure ® on the product M x S given by
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where %7 is the 4-form dual to ¢ on M. This induces the product metric
on M x S, with the flat metric on S*. Now let v = Z be a globally defined
non-vanishing vector field on S with |v| = 1. Choose another vector field
w on M. Then one computes

wox (V@) —vax (wWad) = B =dO A (wax7 @) + *7(wa*7 )
B2® = dl A (wa*y (w7 9))
+ 7 (W k7 (W x7 @)
Then the flow in (5.9) gives
O, =dO N pr + *70;

where ¢, is the flow given by (3.22) for the vector field w. Thus in the
product case M x S we recover the results of Section 3.3.



Chapter 6

Appendix: Linear Algebra Identities

Here we collect together various identities involving the exterior and
interior products and the Hodge star operator. Also some useful identities
involving determinants are also proved. We establish the results in the
general case of a Riemannian manifold M of dimension n, although only
the cases n = 7,8 are used in the text. Let (, ) denote the metric on M,
as well as the induced metric on forms. In all that follows, a and ~ are
k-forms, 3 is a (k — 1)-form, w is a vector field, and w# is the 1-form dual
to w in the given metric. That is,

w]* = (w, w) = w* (w) = (W, w?)
Now * takes k-forms to (n — k)-forms, and is defined by
{a, vy vol = e A\ %7y = v A xav

We also have
% = (—1)kn=k) (6.1)

on k-forms.

Lemma 6.0.9. We have the following four identities:

s(waa) = (=D (w® Axa) (6.2)
(waa) = (=1)" "% (¥ A xa) (6.3)
s(wokxa) = (=)™ w# Aa) (6.4)
(waxa) = (=1)%x (w¥ Aa) (6.5)

Proof. We compute:
(B,wia)vol = [ A*x(wix)
= (wa)(B%)vol
= a(w A B%)vol
<a, w? A ,6> vol
= (w® AB)A*a
(=D* 1B A (w? A a)

63
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Since [ is arbitrary, (6.2) follows. Substituting *« for «, and using (6.1),
we obtain (6.4). The other two are obtained by taking % of both sides of
the first two identities. g

Note that from the above proof we have also the useful relation
(Xoa) AxB=a A (X7 AB) (6.6)

for any k-form «, (k — 1)-form 3, and vector field X.
The next lemma gives further relations between a k-form « and a vector
field w.

Lemma 6.0.10. With the same notation as above, we have the following
three identities:

lwlfa = w¥ A (waa) +wi(w? Aa) .
wlfa = (=1)"* % (wo (*(waa))) (6.8)
+ (=)™ (L % (wa* @)
lwllaf* = |waal® + Jwo*af? (6.9)

Proof. Using the fact that the interior product is an anti-derivation, we
have
wa(w? A a) = (wow?) Aa —w? A (waa)
which is equation (6.7) since w_w? = |w|?. Now (6.8) follows from this one
using the identities of Lemma 6.0.9. The last identity can also be obtained
this way, but it is faster to proceed as follows:

0 = w? AaAxa
0 = wi(w? AaAxa)
= Jw)?a Axa —w? A (waa) Axa + (=D Aa A (wax )
= |w*|al* vol —(wia) A *(waa) — (wa* a) A *(wa * a)
using Lemma 6.0.9, which can be rearranged to give (6.9). O

The next lemma about determinants is used many times in the com-
putation of the metrics and volume forms arising from Gy and Spin(7)-
structures.

Lemma 6.0.11. Let (a;;) be an n x n matriz, (w;) a n x 1 vector, and C
a scalar. Consider the matrix

bij = CAZ] + wW;W;
Its determinant is given by

det(by;) = C" det(az;) £ Y (=1)F wpn C" 1 Ay (6.10)

k=1
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where Ay is the (k, l)th minor of the matriz a;;. That is, it is the determi-
nant of (a;;) with the k™ row and I"™ column removed

Proof. The determinant of (b;;) is

Call + wiwy, ... Caln + W1 Wy,
det :

Can £w,wy ... Cayy &= waw,

Since the determinant is a linear function of the columns of a matrix, we
can write the above determinant as a sum of determinants where each
column is of one of these two forms:

Cayy, Fw; wy,

Casyy, Fwowy,
. or

Capp Fwrwy,

Each of the determinants which has at least two columns of *w;w;’s will
have at least two proportional columns and hence will vanish. So the only
non-zero contributions come from the determinant with all C'ay;’s and the
n determinants with only one columns of +w;w;’s. Therefore we are left
with:

det (CCLij) -+ Zn: (—1)k+l (iwkwl) Cnil(Akﬂ (611)

k=1

In equation (6.11) the first term is the determinant with all columns of
Cay,’s, the sum over [ is the sum over the n different determinants with
a single column of +wyw;’s, in the I*" column, and in the sum over k we
expand each of those determinants along the I** column. This completes
the proof. O

The following lemma is used in the derivation of the metric from the
4-form @ in the Spin(7) case in Theorem 4.3.5.

Lemma 6.0.12. Let (g;;) be an n x n symmetric matriz, with 0 < 4,5 <
n — 1 and let its determinant be denoted det,(g). Let det, 1(g) be the
determinant of the (n—1) x (n—1) submatriz of (g;j) where 1 <i,j <n—1,
and G;j be the (n —2) x (n — 2) minors of this submatriz. Then we have

—_
—_

n—

det,(g9) = goodet,,_1(g) + (—1)T+S+lgOTgOSGTS (6.12)
1 s=1

n—

r
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Proof. We begin by expanding det,,(g) along the first row:
n—1
detn(g) = gOOdetn—l(g) + Z(_1>1+(r+1)907"G0r

r=1
where G; is the determinant of the (n — 1) x (n — 1) submatrix of (g;;)
obtained by deleting the 0*" row and the r** column. We expand each G,
along the first column:

n—1

GOT == Z(_ 1)1+8950Gsr

s=1

since when we take the determinant of Go, with the 0™ column and s
row removed, this is precisely Gg.. Combining these two expressions and
using the symmetry of (g;;) yields equation (6.12). O
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