QUASI-EXACTLY SOLVABLE SYSTEMS
IN QUANTUM MECHANICS

SPIRO KARIGIANNIS

1. INTRODUCTION

In non-relativistic quantum mechanics, the state of a system is characterized by
a wave function W which is the solution of the second order linear partial differential
Schrodinger equation:

Hy, W =FEV

where H,p, is a Hermitian (self-adjoint) second order linear differential operator
known as a Schrodinger operator and E is the eigenvalue of the partial differential
equation, identified with the total energy of the system. In general, the form of
the operator H,, will include a term that depends on the interaction potential
being considered, and then the solutions to the equation that correspond to bound
states of the system are associated with a discrete set of energy eigenvalues. For
this reason we say that the system is quantized. The wave function ¥ can be
interpreted as the probability amplitude of the particle’s position. That is, |\I/|2 is
the probability density. For this to be possible, ¥ must be square-integrable, and all
such square integrable wave functions are called normalizable. Therefore we usually
restrict attention to normalizable solutions of the Schrodinger equation. In general
the wave function ¥ can depend on a number of variables, both those describing
position in physical space, and others describing internal degrees of freedom such
as particle spin and even more exotic properties such as quark flavour or colour.
In general this forces the wave function ¥ to be a column vector, or spinor. These
internal degrees of freedom will be ignored in the subsequent discussion, and we
will instead simply consider potentials that depend only on position coordinates of
a collection of particles. In this case, ¥ is simply a complex-valued scalar function
of its arguments. For a system consisting of only one particle in three dimensions
interacting with a potential V(z,y, z), the form of H,,, is:

9 0? 0? 02
I{oP:_V +V(x7y7z):_(w+a_y2+@)+V($7y72)
(in normalized units where % = 1, where h is Planck’s constant and m is the

mass of the particle.) In general the Schrédinger equation cannot be solved exactly
to obtain the entire spectrum of eigenvalues except for a small number of poten-
tials, notably the harmonic oscillator and the hydrogen atom (Coulomb) potentials,
which are nevertheless of extreme theoretical importance. For most potentials, the
equation must be solved numerically to obtain the spectrum. However, recent re-
search [15, 10] has discovered an intermediate class of potentials, in which it is
possible to obtain a finite part of the eigenvalue spectrum algebraically, that is as
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solutions of a polynomial equation, while the rest must still be obtained numer-
ically. For this reason, they are referred to as quasi-exactly solvable potentials.
These potentials are characterized by the fact that for them, the operator H,, can
be expressed as a second (or higher) degree polynomial in the generators of a finite-
dimensional Lie algebra that possesses a finite-dimensional representation space.
This will be made more precise later. In this paper we will give a brief overview of
the idea of quasi-exact solvabilty and summarize the main results that are known.
In addition, we will apply the results to some specific examples.

2. FINITE-DIMENSIONAL LIE ALGEBRAS
We will need some elementary definitions.

Definition 2.1. Lie algebra g is a vector space over a field, here taken as the real
numbers R, together with an operation g X g — g called the bracket, denoted [v, w]
which satisfies the following properties:

i) Bilinearity: YV u,v,w €g Vit ,s €R,
[u, tv + sw| = tu,v] + s[u, w]
[tu + sv, w]| = t{u, w] + s[v, w]
ii) [v,9] =0 Yveg
iii) The bracket satisfies the Jacobi identity YV u,v,w € g,
[u, [v; w]} + [v, [w, u]] + [w, [u, v]] = O
Note that by properties i) and ii),
0=[v+w,v+w = v+ [v,w] + [w,v] + [w,w] =0+ [v,w] + [w,v] + 0
which shows that the bracket is skew-symmetric, [v, w] = —[w,v].

Definition 2.2. representation of a Lie algebra g is a homomorphism of g onto the
space of linear operators on a vector space W, which is called the representation
space. That is, if we denote the vector space of linear maps on W by L(W), then
a representation is a map p such that:

i) plv) e L(W) Yveg

i) p(fo,w]) = [p(v), p(w)] = p(v) o p(w) = p(w) o p(v)
iii) p(sv +tw) = sp(v) + tp(w) Yo,weg Vs, teR

where we have defined the bracket in L(W) by [A4, B] = AoB—BoA, the commutator
of A and B. A simple calculation shows that the commutator satisfies the Jacobi
identity, and thus a representation preserves Lie algebraic structure.

For our purposes, the vector space W will be taken to be a subspace of the space
of smooth (infinitely differentiable) functions. Then, since differentiation is a linear
operation, a possible representation of a Lie algebra consists of first order linear
differential operators. This is the representation that we will use because we want
to express the Schrodinger operator H,p,, which is a linear differential operator, as
a polynomial in first order differential operators.

We will now illustrate these ideas with a simple example, which is in fact the
most important case that we will consider. The Lie algebra s[(2) can be defined,
in a representation of 2 x 2 real matrices, as those matrices with trace zero. Thus
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we impose one contraint on a 4-dimensional vector space, and hence s[(2) will be a
3-dimensional Lie algebra. A basis is given by:

0 -1 0 0 L9
=6 o) =G =6 Y)
0 0 10 0 —3

Simple computations yield the following commutation relations:
(JtJ 1 =-27>  [JN ) =—-Jt  [J,=J"

Thus we do indeed have a Lie algebra since the basis elements are closed under the
commutator. We have R? as a representation space. Now we can get a representa-
tion of this Lie algebra in terms of differential operators on a subspace of the space of

smooth functions [15] if we make the identification z <= (1)> and y < (é),

where x and y are real independent variables. With this identification,

JTe=—y JTy=0
J =0 Jy==x
1 1
Jr=——x T3y = =
2 =3y
From the actions of the basis elements on & and y we can see by inspection that a
representation in terms of differential operators is given by:

d d 1/ d d
+—— R T = _— 3:— _— _
i e 2<ydy xd:c)

However, having this representation in terms of differential operators, we can extend
it to be defined on an n-dimensional subspace of the space of smooth functions of x
and y given by the linearly independent basis elements 23" ~* for k = 0,1,2,...,n,
since

[J+,J—]f(.’1,‘7y) :J+(J_f(aj,y))—J_(J+f(x,y))
d [ of d [ of
~ Y (””@) Ty (ya—x)

R T
N yay ya:ray ox yayax

= —2J3f($, y)
and analogous calculations show that the other two commutation relations are also

still satisfied in this basis. Now we want to have a representation on a subspace
of smooth functions of a single real variable, so we define { = ¥, then the set

{a"y0 an =yl .. 20"} becomes x™{1,£,£2,...,£"}. Now we see that
J+xkynfk _ 7yi(xn§n7k)
dx

)

d
— " <£2d§ o ng)gnk
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Similarly, we obtain:

J*xkynfkr — " (d>£nk¢

d§
d
JSxkynfk = " (gd_g _ g)gnk

Thus, if we now consider the factor ™ as a constant which we will subsequently
ignore, and £ as the only independent variable, we finally obtain a representation
of s[(2) on the space of polynomials of degree at most n given by:

d
+ 2
J _fdg né
_ d
J :E
3 _gd
7 _§d§ 2

These three first order differential operators form the basis of a 3-dimensional
Lie algebra h of differential operators that leave the subspace W spanned by
{1,€6,€2,...,¢"} invariant. That is, if f(¢) € W, and J € b, then J(f(£)) € W.
Similar constructions can also be done for other Lie algebras. One other example
is s0(3), which can be represented by 3 x 3 skew-symmetric matrices. These are
important for higher dimensional quasi-exactly solvable problems, because as we
shall see, for the case of one (real or complex) variable, all the quasi-exactly solvable
systems arise from the above s[(2) representation.

3. QUASI-EXACT SOLVABILITY

The idea behind the phenomenon of quasi-exact solvability [17] is that there
exists a finite-dimensional subspace W of the infinite-dimensional space of solutions
to the Schrodinger equation that is invariant under the Schrédinger operator Hop.
That is, if W € W, then H,, ¥ € W. We can describe H,, as an infinite-dimensional
square matrix in a basis {¢;} of the solution space, where the (i, ;)" entry of the

matrix H is H;; = (¢s, Hop¢j), where (, ) denotes the standard complex inner
product on the vector space of smooth functions. If the first N elements of the
basis are taken to be a basis {¢1, ¢2,...,¢n} for W, then the matrix representing

H,,, assumes a block-diagonal form, with an N x N block in the upper left which
is the restriction of Hyp, to the invariant subspace W, while the lower right block
remains infinite-dimensional:

Hii Hyy ... Hiy 0 0
Hoy Han ... 0O 0
: S : 0 0
Hop= | Hya Hyo ... Hywx 0 0
0 0o ... 0 Hyying1 Hyyinge
0 0o ... 0 Hyion+1 Hnion+2

In this form each block can be diagonalized separately, so we can obtain N of the
energy eigenvalues algebraically using standard methods of linear algebra. The ba-
sic problem of determining which potentials are quasi-exactly solvable, then, is to
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classify the Schrodinger operators which admit such a finite dimensional invariant
subspace. This problem is then further reduced by considering the Schrodinger
operators that are in the universal enveloping algebra of a Lie algebra g of first
order differential operators. This means that the Schrodinger operator H,, can
be written as a polynomial in the generators (basis elements) of the Lie algebra g,
which are first order differential operators. These are called Lie algebraic differ-
ential operators. If g itself is quasi-exactly solvable, the elements of g themselves
leave a finite dimensional subspace invariant, and thus any element of its universal
enveloping algebra is also quasi-exactly solvable.

Hence the remaining question is when is a Lie algebra of first order differential
operators quasi-exactly solvable. In order to classify such algebras, we need to
define an appropriate equivalence relation between differential operators.

4. EQUIVALENCE OF DIFFERENTIAL OPERATORS

The important properties to preserve in transforming a Lie algebra of differential
operators into another to which we want it to be equivalent [13] in some sense is of
course the Lie algebraic structure, or commutation relations, as well as the solutions
to the Schrodinger equation. That is, if W is the solution to the equation before the
transformation, we need an explicit description of the solution ¥’ to the equation
after transformation that leads to the same eigenvalue. We illustrate this in the
one-dimensional case:

Definition 4.1. Let T = f(z)-L + g(x) be a first order differential operator. Then
the operator T’ = f(a?) d% +9(Z) is equivalent to T if it is related to it by the following
transformation:

where p(z) is a smooth invertible function and o(z) is a smooth function of x.
Now if W(z) is an eigenfunction for the equation T¥ = EWU, then if we define
U(E) = U(p(z)) = e”@W(z), we preserve the eigenvalue equation, T = EW.
It is also easy to see that this definition of equivalence preserves the commutator
between operators: if

U=[T,8]=ToS—SoT

then
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With this definition of equivalence we can solve for the coefficient functions f(&)
and ¢(z) in terms of f(z) and g(x):

T =@ (f(x)% + g(a:)) e 7@

=@ () (o - ') + o))

— 1)) 4 +o(@) - @

d
= ¢'(2)f () = +g(z) — o' (x)
Hence we can immediately identify:

f(@) = fo(x) = ¢'(2) f(2)

9(7) = g(p(x)) = g(z) — o' ()
The same notion of equivalence of differential operators carries through unchanged
for higher dimensions when = = (x1,x2,...,z,). Two Lie algebras of differential
operators are said to be equivalent if the two bases are related by this kind of a
transformation.

In general the operator T to which we apply this type of transformation will
be the Schrodinger operator H,,, itself, thus ensuring we preserve the solutions in
the sense defined above. Since H,j, is a second order differential operator, we must
do a similar but more involved calculation to obtain the transformed coefficient
functions. We are interested in finding which Schrédinger operators are equivalent
in the above sense to a second order differential operator that is a polynomial in
the generators of a quasi-exactly solvable Lie algebra, so we would like to know
the most general form of a second order differential operator that is equivalent to
a Schrédinger operator. The result, in one dimension, is that in fact any second
order operator whose coefficient function for the second derivative term is always
negative can be so mapped [14] to a Schrédinger operator:

Theorem 4.2. Let
d? d
Hop = —f(2) 75 —9(2) 7 — h(z)

be a second order differential operator with f(x) > 0 always. Then H,, is equivalent
to the Schrodinger operator
2

di?

H,,=— +V(z)

under the transformation given by
T ds

T=p(z)= W

1 Tg(s)ds
o(a) = ~glog @)l + [ 45
The potential energy V(Z) is given by:
V(.f?) — V((p_l(l‘)) — S(f/)2 - 89f/ +492 —h+ lgl _ lf//

16f 27 4
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Proof. We proceed as before, suppressing the explicit x-dependence to simplify
notation,

d? d
H,, =e"Hope 7 =€’ (f —g— — h> e’

d
= —foz +2f —g) o+ (fo" = f(o')? + go’ — h)

Now we transform the derivative operators according to the chain rule:

d _(di\d _ ,d
dr  \dz)dz ¥ dz

2 2
% = % <<p’d%> = @”d% + (sﬂ’)g%
Substituting these results we obtain
2

Hop = —f(sO’)Q% +2fo'y — gy’ — fso”)d% + (fo" = f(o')? + g0’ — h)
To obtain an operator in Schrodinger form we see that we require

@)= [
i Vi®)

and to enforce the vanishing of the first order derivative,

fle)?=1 —

2o’ —go' = f" =0 — 22 fi-gf i+

1 “g(s)ds
— =—-—1
(o) =~ logl (@) + [ 525
Finally, substituting the expressions for o(z) and ¢(z) into the multiplication op-
erator yields the above expression for V(). (]

In general it may be difficult to explicitly determine the required change of
variables because the procedure involves evaluating elliptic integrals.

At this point there is an important distinction between one-dimensional prob-
lems (where the potential V' depends on a single variable, and multi-dimensional
problems, for the case of the Schrodinger equation. This is because in higher di-
mensions, under this notion of equivalence, it is no longer true that every second
order differential operator is equivalent to a Schrédinger operator. One can find
second order differential operators which are quasi-exactly solvable but are not
equivalent to Schrodinger operators and hence do not admit a direct physical inter-
pretation. Necessary and sufficient conditions for an operator to be equivalent to a
Schiodinger operator in higher dimensions involve interpreting the coefficient func-
tions of the #;wj terms as defining a positive definite Riemannian metric [9, 10],
and so multi-dimensional problems naturally lead to consideration of the curvature
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of space, which in the language of general relativity means that we are considering
the mechanical system in the presence of a gravitational field. For this reason we
shall examine the one-dimensional case in more detail and only briefly mention the
known results in higher dimensions.

An important fact that must be taken into account when considering equiva-
lence of Lie algebras of differential operators is that while equivalence does in some
sense preserve the solutions to the Schrédinger equation, it does not necessarily
preserve their normalizability. That is, if ¥ is a square-integrable wave function
solution to H,, W = EV, there is no guarantee that under equivalence, the trans-
formed wave function e”®) ¥ will also be square-integrable. This would be assured
if o(x) were purely imaginary, so that the transformation was unitary and hence
preserved norms in the vector space of smooth functions. Since we allow o(z) to
be real, the eigenfunctions of a Lie algebraic quasi-exactly solvable operator with
normalizable wave functions may lose their normalizability upon transforming to
Schrédinger form. In the one-dimensional case, explicit necessary and sufficient
conditions for ensuring the normalizability of the wave functions of a quasi-exactly
solvable Schrodinger operator are known [14]. These involve algebraic constraints
on the coefficients of the polynomial of first order differential operators that makes
up the Schrédinger operator.

5. LIE ALGEBRAS OF FIRST ORDER DIFFERENTIAL OPERATORS

Now we can describe Lie algebras of first order differential operators. Each
element of the Lie algebra will be the sum of a differentiation operator and a
multiplication operator. That is, if g is the Lie algebra of first order differential
operators, on an n-dimensional space with local coordinates x = (x1,2a,...,Zy),
then an element 77 of g can be written as: 77 = v7 + 1/ (x) where

‘ LB 0
v = Zflj(xl"r%.“’l.n)ax'

i=1

is a derivative operator, with the £¥ being smooth functions. We can choose a basis
for our finite dimensional Lie algebra of differential operators to be of the form:

T! :'U1+?71(’I),T2:1}2+’I72(SC),...,TT:UT+T]T($)
T = @), T = Cla),. T =)
Since g is to be a Lie algebra, it must be closed under the Lie bracket, which is the

commutator, [T, T7] = T*TJ — TIT*, where the equality means that the two sides
give the same result when acting on a smooth function. Thus we have:

[T = ) () = () ') f
=v' (¢ f)+ ' f =T (f) = In'f
=0 (f) = vt (f) + 0" (&) f
Hence we must have v*((?) € g Vi=1,...,7 Vj=1,...s. Thus the s smooth
functions ¢7(z) must be a basis for an s-dimensional h-module M. Here the binary

product between elements of h and M is given by the action of the derivative
operator on the element of M. That is, if v = Y -, f’(x)% where v € ), and
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¢(x) € M, then
"0 > ,
WO =Y e o =Y @) e M
i=1 Y=l

for some constants ¢;. Also, it is easy to see that closure under the bracket forces the
r elements v’ to be a basis for an r-dimensional Lie algebra b of derivative operators
with Lie bracket given by the commutator. We need to impose additional conditions
on the smooth functions 7/ () in order that the T%’s in fact span a Lie algebra. We
require that (T"T7 —TIT%) € g Vi,j=1,...,7+s. Note however that since the (*’s
are part of the basis for g, if we change the n%’s by adding any linear combination of
the ¢*’s, then we do not change the linear span of the operators and hence still have
the same Lie algebra g. Thus any conditions we impose on the functions n*(z) must
be considered only on equivalences classes of smooth functions modulo M. That
is, we consider 7 to be equivalent to n” mod M if and only if n — ' € M. With
this in mind we define the quotient module C>° /M as the set of equivalence classes
of smooth functions modulo M. Now we can determine explicitly the condition on
the n%’s. To simplify the notation, we define the linear mapping F : h — C>°/M
by the rule F(v*) = (F;v%) = n*. Thus if T is an arbitrary differential operator in
g, we have

r+s

T = Z T = Z vt + Z cmi(x) + Z cTHCj ()| = o+ nT(x)
i=1 i=1 i=1 j=1

Applying the mapping F,
T

(FioT) = Zci<F;vi> = Zcmi(x) =nT(z) mod M

i=1
Thus we see that the mapping F' is well defined on h. We can now demand that
the bracket is closed in g. Let T'=v +n(z),S = w + &(z) € g. Then
[T.5]f =TS =5T)f = (v+n(x)(w+ &) (f) — (w+ &) (v +n(x))(f)
= (vw — wo)(f) + nw(f) + v(&f) + n&f — So(f) —wnf) — nf
= (vw —wv)(f) + nw(f) + Eo(f) + v(&)f = u(f) —nw(f) —wn)f
= (vw —wo)(f) + (v(§) — w(n))f
Thus by its action on an arbitrary smooth function f, we can identify:
U=1[1,5 =d¢"+9Yx)
= (vw —wv) + (v(§) — w(n))
— o, 0] + (0(F3w) — w(F;0))
Now we can ensure that g is a Lie algebra (closed under the bracket) by applying
the mapping F' to the derivative operator component of [T, S|, which should give a

function that is equivalent to the multiplication operator part of [T, S] modulo M.
Hence, we finally obtain our needed condition:

v(F;w) — w(F;v) — (F;[v,w]) =0 mod M Yv,w € b
We can express the above condition in the context of the cohomology theory of

Lie algebras [12], of which we will describe only the bare minimum that we will
require.
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6. COHOMOLOGY THEORY OF LIE ALGEBRAS

Definition 6.1. For ¢ > 1, an i-cochain F' is a skew-symmetric i-linear mapping
from b into M. That is, it is a mapping F' : (vq,va,...,v;) — F(v1,va,...,v;) € M
where v; € h, Vj = 1,2,...,4. For fixed v1,v2,...,09—1,Vg+1,--.,, the map
vg — F(v1,v2,...,v;) is a linear map of § into M. The skew-symmetry means that
F — —F if any two of the v;’s are interchanged. If ¢ = 0, we define a 0-cochain as
a constant function from § to M. That is, it is a fixed element o of M.

The space of all i-cochains on b into M is denoted C*(h, M) and is a vector space
under the usual definitions of addition and scalar multiplication of functions. We
can define an operator §, called the coboundary operator, that takes an i-cochain
to an (¢ + 1)-cochain. This cochain 0F is called the coboundary of F. An i-cochain
F is called a cocyle if §F = 0, and it is called a coboundary if F' = G for some
(i — 1)-cochain G. The set Zi(h, M) of i-cocyles is the nullspace of § and is thus a
subspace of C*(h, M). Similarly, the set B?(h, M) of i-coboundaries is a subspace
of C*(h, M) since it is the image under § of C*~1(h, M). It is a general fact that
B! C Z'. That is, all coboundaries are cocyles. This is a consequence of the fact
that 62 = 0, which is straightforward but tedious to verify directly from the general
formula for §F. For our purposes, we will only require the expressions for the
coboundary of zero and one-cochains. Let o be a zero-cochain, v € . Then the
coboundary of ¢ is the one-cochain defined by:

(d0)(v) = v(0)
Let F be a one-cochain, v,w € b, then the coboundary of F' is the two-cochain
defined by:
(0F)(v,w) = v(F(w)) — w(F(v)) — F([v,w])
This is easily seen to be linear and skew-symmetric. Substituting F' = do above
gives:
(6%0) (v, w) = vw(o) — wv(o) — (vw —wv)(o) = 0 Yv,w € b

verifying the fact that 62 = 0 in this case.

Thus by identifying our linear map F' above as a one-cochain from b to C*° /M,

we see that F' must be a cocyle. Now we demonstrate that if two Lie algebras of
differential operators are equivalent, then they differ by a coboundary term:

Tf  =e"(w+mef

= (e 7v(f) —v(o)e " f +nfe )

=(@+n—v(0)f

=Tf—-dof
Thus, two Lie algebras of differential operators will be equivalent if they corre-
spond to the same 1-cocycle F' modulo a 1-coboundary. We define the first co-
homology space of b relative to C°°/M as the quotient space H'(h,C>®/M) =
ZY(h,C°/M)/B(h,C>/M). The elements [F] of the first cohomology space are

called cohomology classes. We can summarize all of the above results in the follow-
ing theorem:

Theorem 6.2. FEquivalence classes of finite dimensional Lie algebras of first order
differential operators are in one-to-one correspondence with equivalence classes of
triples [h, M, [F]], where b is a finite dimensional Lie algebra of derivative operators,
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M is a finite-dimensional h-module of smooth functions, and [F] is a cohomology
class in H(h,C>/M).

We have now determined the necessary steps to classify quasi-exactly solvable
Lie algebras of first order differential operators. First, one must classify all possible
finite-dimensional Lie algebras h of derivative operators, and for each find all possi-
ble finite-dimensional h-modules M. Then for each pair (h, M) we must determine
the first cohomology space. This classifies the Lie algebras of first order differen-
tial operators. Now the condition that such a Lie algebra is in fact quasi-exactly
solvable is that it admits a finite-dimensional g-module W of smooth functions.
It is easy to see that a Lie algebra of first order differential operators cannot be
quasi-exactly solvable unless the h-module M is either the trivial module consisting
of the zero function, or the constant functions with basis {1}. This is because if M
contained non-constant functions, then by applying those elements of g that were
purely multiplication operators, which we have seen must be elements of M, to el-
ements of the g-module W, we can generate an arbitrarily large number of smooth
functions that are linearly independent, and so if W is an invariant subspace, it
cannot be finite-dimensional. Also, it is clear that if g is a quasi-exactly solvable Lie
algebra with h-module M = {0}, then we can extend it to a quasi-exactly solvable
Lie algebra of first order differential operators with h-module M = {1} since con-
stant function multiplication operators obviously leave any subspace W invariant.
Thus we may restrict our attention to M = {1} for classifying the quasi-exactly
solvable Lie algebras of first order differential operators.

7. ONE-DIMENSIONAL CLASSIFICATION

The finite-dimensional Lie algebras of derivative operators were classified [1] in
1880 up to changes of variables & = ¢(x) by Sophus Lie, for the case of one real or
complex variable and for two complex variables. This classification was restricted
to so-called non-singular Lie algebras, which means that at no point in the space
does every derivative operator in the Lie algebra vanish simultaneously. Using these
results as a starting point, Kamran and Olver classified the finite-dimensional Lie
algebras of differential operators in one real or complex variable [13, 14] in 1990.
Out of the three possibilities, only one of these Lie algebras could be made quasi-
exactly solvable, and only if the cohomology parameter was quantized. That is,
only a discrete set of cohomology parameters is allowed if the Lie algebra is to be
quasi-exactly solvable [10]. With this restriction, the only quasi-exactly solvable
Lie algebra of first order differential operators in one real or complex variable is in
fact the s[(2) algebra introduced earlier with the space of polynomials of degree at
most n being the finite-dimensional invariant subspace.

8. CURRENT RESULTS IN HIGHER DIMENSIONS

The classification of quasi-exactly solvable finite-dimensional Lie algebras of
first order differential operators in two complex variables was completed in 1991
by Gonzélez-Lopez, Kamran, and Olver [4, 5, 6]. There are 24 classes of finite-
dimensional Lie algebras of differential operators in two complex variables and
demanding that they are quasi-exactly solvable imposes a similar quantization of
cohomology restriction that was recently interpreted in terms of algebraic geome-
try [3]. Lie algebras of derivative operators in two real variables were classified in
the same year [7]. Finally, in 1995, finite-dimensional Lie algebras of first order
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differential operators and their quasi-exact solvability in two real variables were
classified [11]. No work has as yet been attempted in higher dimensions.

Historically, results on one-dimensional quasi-exactly solvable systems were also
achieved independently by Turbiner and Ushveridze [18, 17, 15] in the late 1980’s.
Ushveridze later proposed a different procedure [21] for generating quasi-exactly
solvable systems. This method involves starting with a set of analytic functions that
depend on some numerical parameters that are fitted to make the functions compat-
ible with the Schréodinger equation being considered. From these functions one can
obtain the quasi-exactly solvable Schrodinger operator and associated eigenfunc-
tions simultaneously. This procedure has been shown to be essentially equivalent
to the methods described here although some aspects of the relationship between
the two methods are still not completely understood.

9. EXAMPLES OF QUASI-EXACTLY SOLVABLE POTENTIALS

We now apply the above results to some specific examples. In one dimension,
we have seen that all quasi-exactly solvable Schrédinger operators are polynomials
in the generators of the s[(2) algebra given above. The finite-dimensional invariant
subspace is the space of polynomials of degree at most n. Note that in constructing
the Schrodinger operator, if the parameter n cancels out from everywhere except
for perhaps a constant term, which just translates that spectrum of eigenvalues
and can be ignored, then we can find a finite-dimensional invariant subspace of
arbitrarily large dimension. Thus the problem becomes in fact exactly solvable, in
that we can alegbraically determine as many of the eigenvalues as we want. Hence
we expect this to occur for the well-known exactly solvable potentials, which we
will now demonstrate for a few cases [21]:

Harmonic Oscillator: The harmonic oscillator potential is given by V(z) =
%w2x2, where w is the oscillation frequency. In terms of the s[(2) generators, the
Schrédinger operator can be written:

Hyp =-JJ —wJ?
d? ¢ d n nw
= —-— — W— —_—
dg? d¢ 2
Applying the theorem for transforming this to Schrodinger form, we have f(£) = 1,
g(§) = w&, h(§) = —%7. Substituting into the expression for the transformed
operator gives:
~ 2 1,4, (+lw
Hop = =Gz Tawe + 5
Morse Potential: The exactly solvable Morse potential is given by V(z) =
—2ar _ 9,—ax 1ol i 3
e 2e~ % for some parameter .. The polynomial in s[(2) generators given by

Hop = = JJ* + 20~ — (2a+ a*(n+ 1)) J°®

can be similarly transformed to the Schrodinger operator

- 2

d
Hop = —w =+ 6—2041‘ — 26_(11. + C

where the constant term depends on « and n.
Poschl-Teller Potential: Another exactly solvable system is given by the

Pdéschl-Teller potential, V(z) = —m for some parameter «. This can be
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constructed from

1
2

Hop = —a?J3J3 —a?J~J~ +a? <<1 + ;12) —(n+ 1)) J3

which transforms to
o dz?  cosh®(ax)
Anharmonic oscillator: An example of a quasi-exactly solvable potential that
is mot exactly solvable is the one-dimensional anharmonic oscillator. We will con-
struct the general form of this potential in reverse, starting from a polynomial of
generators that forms a quasi-exactly solvable second order differential operator:

Hyp = —4J%0" =2(n+1)J" +V2wJ" +V2uJ°

2
= —4,5;% + (\/§u§2 +V2p — 2)dilg — V2nwé - %

where we can identify f(&) = 4¢, g(€) = 2—/2v€%—/2ué, and h(¢) = \/§m/£+%.
The expression for the potential then becomes:

2 2
Y e SR 3,2
V(x)78x+4x +<8 V(n+4>)x +C

+C

Thus by suitably choosing the parameters n, u and v, we can express many different
anharmonic oscillator potentials in Lie algebraic form, but the parameter n will
always be present. We can only obtain n + 1 of the eigenvalues algebraically.
Generalized Coulomb Potential: For a final one-dimensional example [2],
consider a particle moving in a central potential. In spherical coordinates, if the
potential V' depends only on the radial coordinate r, then it can be easily shown that
assuming a variables-separable solution of the form ¥(r,6,¢) = R(r)Y (0, ¢), the
Schrédinger equation separates into two equations, one being the radial component:

( d? +l(l+1)

dr? r2

where [ is a non-negative integer that arises from demanding that the solution to
the angular equation be periodic in the angular variables. This corresponds to
the angular momentum of the particle. Specifically, we will consider a generalized
Coulomb potential given by:

+ V(r))R(r) = ER(r)

@
V=241 D
rz r re2
The ordinary Coulomb potential for the interaction between two point charges is
given simply by the % term. We want to map this Schrodinger operator to an
equivalent operator that will be a polynomial in the s[(2) generators. To do this,

we will use the transformation

where
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This satisfies the smoothness requirements as long as we restrict attention to the
domain r > 0 and we expect F < 0 for a bound state solution. With this transfor-
mation, the Schrédinger operator becomes:

. , 2 Il(l+1) o v B :
H, =M - =47 —a(r)
P € ( dr? + r2 + rs r + rs ¢

d{ _ .,d _ (+1) o ~ pB

— o(r) % o(r) & 1 o(r) . - =

e dr(e o o'(r)e )—f— 2 +r%+7“+7‘%

d2 d o I(1+41) « ¥ I}

_ 20" (1) - " ot Sy T T A

e + 20 (T)dr +d"(r)—=(o'(r)" + 2 + I + . + 3

Substituting the expression for o(r), we obtain, after some simplification,

2

. d 3 I+1))\ d
Hop = +2<\/—E+ ar_* (+)> +E

s dr? o0/—E r Jdr
a(l+32) 1 a? 1

Finally, we transform the derivative operators and substitute r = z2:

d 1 1d
— = Tz —
dr 2 dzx
d? 1 d? 1 sd
_ = — T2 —
dr?2  4drdz? 4 dx

The Schrodinger operator ﬁop becomes:

. 1 &2 V—E a (I+2)\ d
Hop, = - ) —+FE
P 422 da? * ( >daz i

x + 2v/—Ex? a3

a(l+3) 1 a? 1
—_— — — +2(l+1)V—-F —
+( % + 4 z3+ 4E+(+) +7 2
Now we simplify the equation fIOpR = ER by multiplying through by —4z3 and
letting Hop = —4a3H,p. The spectral problem then becomes H,, R(r) = 43R(r),
with fIc,p given by:
- d? 20 d
Hyp, = — 4 (4 +3 - — —4V/—Ez? ) —
P mde—l—( + V—F x)dm
a? (4l + 3)a
— 4y +8(1+1 —E—I——)w—i
( Y+ 8(1+ 1)V i =
Since we want to write the second order differential operator that appears on the
left hand side of this equation in terms of the s[(2) generators, we need to ensure
that the operator in fact does leave the space of polynomials of degree at most n
invariant. The only terms that cause potential difficulty are the terms proportional
to x and to xQ%. We must demand that when acting on z™ these terms give zero.
This will ensure that the operators leave the space of polynomials of degree at most
n invariant, and then we should be able to express it as a polynomial in the s[(2)
generators. So we demand that

d 2
—4vV=Ea2® " - (47 +8(l+1)V=-E+ Oé) 2"t =0
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Thus, we have the restriction

2
& Ay +AV=E@ +24n) =0

This equation must be satisfied by v, «, and [ to find the first n + 1 eigenvalues
algebraically. Substituting this equation into the above expression, the operator
finally becomes:

- d n\d d? 2 d n
H,, = — —— | — —4V—-E(2*— — — |- =
P (x dx 2) dx <x dx? nas) vV—F (x dx 2)
) d (4+3+n)a
dx v—F
_ 2 ny _  (H+3+na
=J3J —4V-EJt - —J+ <4l+3+7) J -
V—E 2 V—F
in terms of the s[(2) generators. Note the dependence on n shows that this system
is not exactly solvable. This example illustrates the obvious fact that quasi-exact
solvability is by no means restricted to the Schrédinger equation or even to quantum
mechanics. It applies to any spectral problem. The differential operators do not
even have to be second order, although the application of these methods to higher

order quasi-exactly solvable operators has not been attempted and would be much
more involved.

+ (44343

10. FUTURE DIRECTIONS

Research in the area of quasi-exactly solvable quantum mechanical systems still
holds many interesting possibilities for the future. In higher dimensions, there is
an interesting connection between the algebraic structure of the equation and the
geometric structure of the underlying space that must be considered when analyzing
equivalence of differential operators [17, 9, 10].

Another area that holds much promise is for Schrodinger equations that have
multi-component wavefunction solutions, for example in the case of an electron in a
magnetic field, where the solution is a two component spinor. Already quasi-exactly
solvable systems have been discovered in this context [17, 15], using an extension of
Lie algebras known as graded or supersymmetric algebras. There are also connec-
tions being discovered between quasi-exact solvability and the theory of orthogonal
polynomials [19, 20], as well as two-dimensional conformal field theory [16].
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