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Abstract

We show, using affinization, that over any field F there exists a
primitive, algebraic affine F -algebra that is not locally finite, answer-
ing a question of Kaplansky in the affirmative.

1 Introduction

In [5] Kurosh asked whether it was true that an algebraic algebra was nec-
essarily locally finite. Golod and Shafarevich [1] constructed an infinite di-
mensional affine nil ring, disproving the conjecture of Kurosh. Kaplansky
later asked whether one could find both a primitive and a primitive, affine
counter-example to the Kurosh conjecture (see problem 15 of [4]) Amitsur
(unpublished) was able to answer the first half of this problem by decorating
the Golod-Shafarevich example to obtain a primitive counter-example to the
Kurosh conjecture. This example, however, is not affine; indeed, it is not
even countably infinite dimensional over its base field. We give an example
of an algebraic, primitive affine ring that is not locally finite by using the
technique of affinization. Our main result is the following.

Theorem 1 For any field F there exists an infinite dimensional primitive,
algebraic affine F -algebra.

2 Construction

We now give our construction.

Theorem 2 Let F be a field. There exists a primitive algebraic affine F -
algebra B that is not locally finite.
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Proof. let T be the subring of row-finite ℵ0 × ℵ0 matrices over F given by

T =
{

(ti,j)i,j≥0 : there exists an N such that ti,j = 0 for i, j > N
}

. (2.1)

We observe that T is a countably infinite dimensional primitive, algebraic
algebra. From [1] we know that there exists an affine F -algebra

A = F{x, y}

such that:

A is infinite dimensional over F ; (2.2)

The homogeneous maximal ideal (x, y) is nil. (2.3)

Let R be the free product of A and the polynomial ring F [z] and let

S =

(
F + Rz R

Rz R

)
. (2.4)

Note that S is an affine F -algebra, generated by(
0 0
0 c

)
,

(
1 0
0 0

)
,

(
0 1
0 0

)
, and

(
0 0
z 0

)
,

where c ∈ {1, x, y, z}. Notice also that F + Rz is a free F -algebra on the set
of generators {viz : i ≥ 0}, where {vi : i ≥ 0} is an F -basis for A. We can
therefore find a surjective F -algebra homomorphism

Φ : F + Rz → T.

Let
P = ker(Φ) (2.5)

and for 1 ≤ i, j ≤ 2 let ei,j denote the 2 × 2 matrix with a one in the i, j
entry and zero in every other entry. Observe that

J = S

(
P 0
0 0

)
S =

(
P PR

RzP RzPR

)
is an ideal in S with

e1,1Je1,1 = Pe1,1. (2.6)
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By Zorn’s lemma we can extend J to an ideal Q which is maximal with respect
to satisfying equation (2.6). By maximality, Q is a prime ideal. Finally, we
let

B = S/Q. (2.7)

Then B is an infinite dimensional, affine prime algebra; moreover, by con-
struction, e1,1Be1,1

∼= T and hence B is primitive by Theorem 1 of [6]. We
now show that B is an algebraic F -algebra. Let I be the image of(

F + Rz R
0 0

)
in B. We have that I is a right ideal. Moreover, I is locally finite since T is
locally finite. It follows from Proposition 2 of X.12 of [3] that the two-sided
ideal generated by I is algebraic. Notice that BI is the image of

I =

(
F + Rz R

Rz R

)
·
(

F + Rz R
0 0

)
=

(
F + Rz R

Rz RzR

)
in B. Hence B/BI is a homomorphic image of

S/I ∼=
(

0 0
0 R/RzR

)
∼= A.

In particular B/BI is algebraic. Since BI is algebraic and B/BI is algebraic,
we conclude that B is algebraic. Finally, since

e1,1Be1,1
∼= T,

we conclude that B is infinite dimensional. Thus we have constructed an
affine, algebraic primitive algebra that is not locally finite.

References

[1] E.S. Golod, and I.R. Shafarevich, On the class field tower, Izv. Akad.
Nauk. SSSR Mat. Ser. 28 (1964), 261–272. (in Russian)

[2] I.N. Herstein, Noncommutative rings, Carus Monograph No. 15, MAA,
1968.

3



[3] Nathan Jacobson, Structure of Rings, Amer. Math. Soc. Coll., vol. 37,
rev. ed., 1964.

[4] Irving Kaplansky, “Problems in the theory of rings” revisited, Amer.
Math. Monthly 77 (1970), no. 5, 445–454.

[5] A. Kurosh, Ringtheoretische Probleme die mit dem Burnsideschen Prob-
lem über periodische Gruppen in Zussammenhang stehen, Bull. Acad.
Sci. URSS. Sér. Math. [Izvestia Akad. Nauk SSSR] 5 (1941), 223–240.

[6] Charles Lanski, Richard Resco, and Lance Small, On the primitivity of
prime rings. J. Algebra 59 (1979), no. 2, 395–398.

4


