Solution to Practice 1p

B4(b) The range of L is polynomials of the form b 4 2cx. But we can write
any polynomial in P; in this form, so the range of L is Py, which has as a basis
{1,2}. As for the nullspace of L, it will be all polynomials a + bz + cx? where
a, b, and ¢ satisfy b = 0 and 2¢ = 0 (so that b + 2cx = 0 4 0z). This means
that we need b = 0 and ¢ = 0, but there are no restrictions on a. As such, the
nullspace of L is all polynomials of the form a + 0z + 022. We can write this as
Span {1}. So {1} is a spanning set for the nullspace of L, and this set is clearly
linearly independent, so it is a basis for Null(L).

Since we found that {1, 2} is a basis for the range of L, the rank of L is 2. We
then found that {1} is a basis for the nullspace of L, and thus the nullity of L is
1. So we have rank(L) + nullity(L) = 2+ 1 = 3 = dim P, and thus our results
are consistent with the Rank-Nullity Theorem.

B4(d) The range of L is polynomials of the form a+ (a+b)z +bz?. This can be
rewritten as a(1+2)+b(z+22). Thus, we have Range(L) = Span {1+x, z+22%}.
So {1+ z,x + 22} is a spanning set for the range of L, and this set is clearly
linearly independent, so {1 + z,x + 2%} is a basis for Range(L). As for the
8 2 } such that a+ (a-+b)x+bx? =
040z +0z2. Setting the coefficients equal, we see that we need a = 0, a+b = 0,
and b = 0. Which means that a = 0, b = 0 is the only possibility. And so,
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is a basis for Null(L).

nullspace, it will be all diagonal matrices [

is the only element of the nullspace, which means that the empty set

Since we found that{1 + x,z + x?} is a basis for the range of L, the rank of L
is 2. We then found that the empty set is our basis for the nullspace of L, and
thus the nullity of L is 0. So we have rank(L) 4 nullity(L) = 2+0 = 2 = dim D,
and thus our results are consistent with the Rank-Nullity Theorem.
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B4(e) The range of L is matrices of the form [ c—d d—a

} This can be

rewritten as
1 0 -1 1 0 -1 00
“{0 —1]“7{ 00]+C[1 O}er{—ll}
1 0 -1 1 0 -1 0 0 .
Andsoweseethat{{0 _1},[ 0 0}7[1 0}’[_1 1}}1@2‘

spanning set for Range(L). But is it linearly independent? Let’s look for
xr1,T2, 3,24 € R such that
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Performing the calculation on the left, we get

T — T2
T3 — T4

T2 — I3
Ty — T1

}
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Setting the entries equal to each other, we get the following system:
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We solve this system by row reducing its coefficient matrix:

1 -1 0
0 1 -1
0 0 1
-1 0 0
[1 -1 0
0 1 -1
“lo o 1
0 0 -1
(1 -1 0
0 1 0
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0 00

0

0

-1

1
0

0
-1
-1

0

Ri+ Ry

1
0
0
0

-1 0 0
1 -1 0
0 1 -1
-1 0 1 Ry + Ry
-1 0 0
1 -1 0 Ry + R3
0 1 -1
0 0 0
0 -1
0 -1
1 -1
0 0

We see from the reduced row echelon form of the coefficient matrix that there
is one parameter in the solution to our system, which means that our set is not
linearly independent. However, using our technique for obtaining a basis from
a spanning set, we simply need to remove any dependent members of our set.
To that end, we note that our system is equivalent to

$1—1'4:0,

$2—$4:0,

51,‘3—£L'4:0

Replacing the variable x4 with the parameter s, we see that the general solution

to our system is

T2
T3
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To write one vector as a linear combination of the others, we set s = —1, which
gives us

and so we have

Lo al- ool ][]

(In fact, we can pull any of the matrices to the right...) And so we see that
-1 1 0 -1

Then B; is still a spanning set for Range(L). But is it linearly independent? To
find out, we need to look for solutions to the equation

0

0

1o0), [~ 1] [0 1] _To0
Tlo =1 |2 o0 "1 o] o0
Performing the calculation on the left, we get
1 — T2 X9 — X3 o 0 0
T3 —T1 o 0 0

Setting the entries equal to each other, we see that this is equivalent to the
system

{ 0 0 ] is a dependent member of our spanning set. So, let B; = { 1 0 ] , {

T - 2 =0
Tro —I3 = 0

r3 = 0

—T1 =0

The third equation tells us that x5 = 0. Plugging this into the second equation,
we have that o — 0 = 0, so z2 = 0. And the fourth equation tells us that
21 = 0. As such, we must have that 1 = o = 3 = 0. And this means that 5
is linearly independent.

1 0 -1 1 0 —1 .
Atlonglast,wehaveshownthat{{O _1],{ 0 O]’{l O]}lsa

basis for the range of L.

As for the nullspace, it will consist of matrices [ i 2 } whose entries a, b, ¢, d

a—> b—c}

c—d d—a

satisfy [ 0 0

_ [ 0 0 ] . Setting the entries equal, this means that



a—b=0 b—c=0 ¢c—d=0 d—a=0

The first equation tells us that b = a. Plugging this into the second equation,
we now have that a — ¢ = 0, which means that ¢ = a. Plugging this into the
third equation, we now have a — d = 0, which means that d = a. This is
consistent with the fourth equation, which also says that d = a. And so we see
that a = b = ¢ = d. That is, all the entries of our matrix are the same! So we

write Null(L) = Span { [ 1 1 } } And so { [ 1 } ] } is a spanning set for

the nullspace of L, and it is clearly linearly independent, so it is a basis for the
nullspace of L.

. 1 0 -1 1 0 -1 . .
Slncewefoundthat{[o _1}7[ 0 0}7[1 O}}lsabasmforthe

range of L, the rank of L is 3. We then found that { [ 1 1 is a basis for the
nullspace of L, and thus the nullity of L is 1. So we have rank(L) +nullity(L) =

3+ 1=4=dim M(2,2), and thus our results are consistent with the Rank-

Nullity Theorem.
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And so the only linear mapping satisfying the given conditions is L : R3 — P,
a

defined by L b =c+ (2b+c)x + (a+c)z?
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D2(b) This question can have multiple answers, but the most obvious one is to

have L(a + bx + cx?) = {8 ZC)]

First, we note that L is linear, since L(t(a; + b2 + c122) + (ag + box + c22?)) =

t thy + b b
L((tar+az)+(thy+bo)z+ (ter+ep)a?) = { " +a(2) tey icz } :t{ 0 o }+

4
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0 ¢ } =tL(a; + bix + c12?) + L(ag + baw + c22?).
2

Second we see that the nullspace of L is all polynomials a + bz + cx? whose
coefficients a, b, and ¢ have the property that [ g IC) } = [ 8 8 } Setting
the entries equal to each other, we immediately see that the only such a, b, and

care a =0, b=0, and ¢ = 0. As such, the only element of the nullspace is the
zero polynomial, i.e. we have shown that Null(L) = {0}, as required.
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Lastly, we note that the range of L is all matrices of the form [ 8 el =

10 0 1 0 0 1 0 0 1 0 0 .
(o o]=olo o] +e[o Vs dlo o] [0 o] [0 V]
clearly a spanning set for the range of L, as required.

D2(c) This question can have multiple answers, but the most obvious one is to
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First, we note that L is linear, since
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Second we see that the nullspace of L is the set of matrices i 3 whose en-
0 0
tries a, b, ¢, and d satisfy Z = 8 . So we need a = 0 and d = 0,
0 0

but there are not restrictions on b and c¢. As such, the nullspace of L is

0 b . . 0 1 0 0
{[c 0] |b,c€R}.Wecanwrltesuchmatrlcesasb{0 0]—}—0[1 O]’



so we see that B = { [ 8 (1) } , [ (1) 8 ] } is a spanning set for Null(L). More-

over, since B is a subset of a linearly independent set (specifically, the standard
basis for M(2,2)), we know that B is also linearly independent. Thus, B is a
basis for Null(L), and so we have shown that the nullity of L is 2, as required.

0 0
Third, we note that the range of L is vectors of the form Z =a (1) +
0 0

. As such, we have that C =

0 0 0
Range(L). Moreover, since C is a subset of a linearly independent set (namely
the standard basis for R*), we know that C is also linearly independent. As
such, we have that C is a basis for Range(L), and thus that the rank of L is 2,

as required.

D4 Note that the key to this proof is the fact that dim V = dim W. The
statement is not true otherwise.

, is a spanning set for

= o O
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Lastly, we note that L ([ , as required.
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And so, let us assume that V and W are n-dimensional vector spaces, and let
L :V — W be a linear mapping. To show that the Range(L) = W if and
only if Null(L) = {0}, we need to prove both directions of this statement:
(=) if Range(L) = W then Null(L) = {0}, and (<) if Null(L) = {0} then
Range(L) = W.

(=): Suppose that Range(L) = W. Then we have that rank(L) = dim(Range(L)) =
dim W = n. Plugging this fact into the Rank-Nullity Theorem, we have that

n + nullity(L) = n. This means that nullity(L) = 0, and so we see that the
dimension of the nullspace is 0. But the only subspace of V with dimension 0

is {0}. And so we see that, if Range(L) = W, then Null(L) = {0}.

(«<): Suppose that Null(L) = 0. Plugging this fact into the Rank-Nullity
Theorem, we have that rank(L)+0 = n, so we see that the rank of L is n. That
is, we have that the dimension of the range of L is n. Then there must be a basis
B ={vy,...,v,} for Range(L). But this means that B is a set of n vectors from
W (since Range(L) is a subset of W) that are linearly independent (since if they
are linearly independent in Range(L) they will still be linearly independent in
W). By the two-out-of-three rule (Theorem 4.3.4 (3)), we also have that B is a
spanning set for W. And so we have that Range(L) = Span B =W. And so we



see that, if Null(L) = {0}, then Range(L) = W.



