Solution to Practice 11

A1l(a) To find the coordinate vector of x with respect to B, we need to find
1, T2 € R such that

5 1 -1 T1 — X2
-2 o I I
5 171 + T2 -1 | | z1—22
3 1 0 T
The second coefficient tells us that xo = —2, V\{hile the fourth coordinate tells
us the 21 = 3. This tells us that [x]z = _g . We can verify this by seeing
that i
1 -1 [ 5
0 1 —2
3 1 2 -1 | 5
1 0 3

To find the coordinate vector of y with respect to B, we need to find y1,y> € R
such that

-1 1 -1 Y1 — Yo
3 0 1 Y2
pu— + pu—
—L | T T i~y
2 1 0 Y1

The second coefficient tells us that yo = 3, while the fourth coordinate tells us

the y; = 2. This tells us that [y]g = [ _g . We can verify this by seeing that
1 —1 —1
0 1 3
2 Lt 3 1=
1 0 2

A1(b) To find the coordinate vector of x with respect to B, we need to find
$1, 82,83 € R such that

—2+4 8z + 522 =s1(1+z+2%) + s2(1 + 3z + 22?) + s3(4 + 22)
= (81 + s2 +483) + (51 + 3s2)x + (51 + 252 + s3) 22



Setting the coefficients equal to each other, we see that this is equivalent to the
system

S1 +s9 +4s3 = -2
s1  +3s9 =8
S1 +252 +53 =5

But before we complete this process, let’s look at how we find the coordinate
vector of y with respect to 5. We need to find 1, 5,5 € R such that

—4 48z + 422 =t1(1+z+2?) +ta(1 + 3z + 222) + t3(4 + 2?)
= (t1 + ta + 4t3) + (t1 + 3t2)z + (t1 + 2ty + t3)2?

Setting the coefficients equal to each other, we see that this is equivalent to the
system

th +ty +4t; = —4
t1 43ty =8
th 42ty +t3 =4

Now, since these two systems have the same coefficient matrix, we can solve
them simultaneously by row reducing the following double-augmented matrix:

1 1 4|-2|—-4 1 1 4|1 -2 -4
1 30| 8 8| Ro—Ri ~| 0 2 —4| 10| 12| (1/2)Rs
1 21 5 4 Rs — Ry 01 -3 7 8
11 4| =2 -4 1 1 41 -2 -4
~10 1 =2 5 6 ~10 1 =2 5 6
01 3| 7| 8] Rs—R, 00 —1| 2| 2| —Rs
11 4| —2| 41 Ry —4R3 1 1 0 6 4 R — Ry
~10 1 =2 ) 6 Ro+2R; ~ | 0 1 0 1 2
(00 1|-2|-2] 00 1|-2]=2
1 0 0] 5] 2
~10 1 0 1 2
(00 1|-2|-2
5
This tells us that [x]|g = 1 |. We can verify this by seeing that
-2
—2 48z +52% =5(1 + 2+ 2%) + (1 + 3z + 22%) — 2(4 + 2?)
2
We also have that [y]s = 2 |. We can verify this by seeing that
-2



—4+ 8z +42® =2(1 + z + %) + 2(1 + 3z + 22?) — 2(4 + 2?)

A1(c) To find the coordinate vector of x with respect to B, we need to find
S1, S2, 83 € R such that

0 1 _ 1 1 n 0 1 I 2 0 _ s1+ 283 s1+ S
L2071 021 170 -1 7| si4s2 s2—s3

Setting the entries equal to each other, we see that this is equivalent to the
system

S1 +283 =0

S1  +582 =

S1 +89 =1
52 —83 =

But before we complete this process, let’s look at how we find the coordinate
vector of y with respect to B. We need to find ¢1,t2,t3 € R such that

—4 1 _ 1 1 0 1 2 0 _ t1 +2t3 t1 +to
[ 1 4]_“[1 0]+t2[1 1}”3[0 1}_[ ttts byt

Setting the entries equal to each other, we see that this is equivalent to the
system

tl +283 = 74
t1 +io =1
t1  +to =1

to —13 =4

Now, since these two systems have the same coefficient matrix, we can solve
them simultaneously by row reducing the following double-augmented matrix:

1 0 2]0]|-4 1 0 2/0]|-4
11 o1 1 11 01| 1| R—Ry
11 01| 1| Rs—Ry, ~ |0 0 0|0| 0] Rs] Ry
01 —-1|2] 4 01 —-1|2] 4
1 0 2|0|-4 1 0 2/0]|-4
o1 —201] 5 o1 =201 5 gllggi"fv
0 1 —-1[2| 4| Rs—R 00 1]1]-1 2 3
00 O0]|0| 0 00 0/0] O



1 0 0]-2|-2
01 0 3 3
0 0 1 1)1
0 0 O 0 0
-2
This tells us that [x]|z = 3 |. We can verify this by seeing that
1
0 1 11 0 1 2 0
RIS R RN
-2
We also have that [y]sz = 3 |. We can verify this by seeing that
—1

R I R E T

A1(d) To find the coordinate vector of x with respect to B, we need to find
s1, S2 € R such that

1 3 -1 o 1 1 0 + 0 2 -1 o S1 81+282 —S2
14 0|0 1 1721 3 1|7 | sy s +35, 51— 59

From the (11) component, we see that s; = 1, and from the (21) component we
-1

see that s; = 1. This tells us that [x]|z = [ 1

] . We can verify this by seeing
that

13—1_110+02—1
14 0| |0 11 1 3 -1

To find the coordinate vector of y with respect to B, we need to find t1,t2 € R
such that

3 -1 2], [110],,[02 1] _[h t+2h —t9
-2 -3 5| "Tlo 11 211 3 =1 | |ty t1+3ts t;—ts

From the (11) component, we see that t; = 3, and from the (21) component

we see that to = —2. This tells us that [y]z = [ 3 } We can verify this by

—2
seeing that



3—12_3110_202—1
-2 -3 5| |0 11 1 3 -1

A1l(e) To find the coordinate vector of x with respect to B, we need to find
$1, S92, 83 € R such that

24z — 522+ 2% — 62 =s1(1+2%+2) +s2(1 + 2+ 222 + 23 + 2%) + s3(z — 2% + 23 — 22%)
= (s1 + 82) + (82 + 83)@ + (51 + 282 — 53)22 + (52 + 53)2> + (51 + 859 — 253)2*

Setting the coefficients equal to each other, we see that this is equivalent to the
system

S1 —+S9 =2
So +383 =1
s1 +2s9 —s3 = -5
S92 +383 =1
S1 +892 7253 =—6

But before we complete this process, let’s look at how we find the coordinate
vector of y with respect to B. We need to find t1,t2,t3 € R such that

l+x+422 +23+322 =t1(1+22 +2*) +t2(1 + 2 + 222 + 23 + 2%) + t3(z — 22 + 23 — 22%)
= (t; +ta) + (ta +t3)z + (t; + 2ty — t3)x? + (to + t3)x3 + (t1 + ta — 2t3)x?

Setting the coefficients equal to each other, we see that this is equivalent to the
system

ty Hte =
ta  +itz3 =

t1 +2ts —t3 =4
ty 4ty =1

th Aty 205 =

Now, since these two systems have the same coefficient matrix, we can solve
them simultaneously by row reducing the following double-augmented matrix:

1 1 0 211 1 1 0 211
0 1 1 1)1 0 1 1 1)1
1 2 -1|-5|4 Rs—Ry ~| 0 1 —-1|-7]3 Rs — Ry
0 1 1 1)1 Ry — Ry 0 0 0 00
1 1 -2|-6|3 Rs — Ry 00 —-2]-8|2



1 1 0 2|1 1 1 0 2 1
0 1 1 111 0 1 1 1 1 Rs — R3
~l0 0 —2|-8l2| (<1/2Rs ~| 0 0 1| 4|-1
0 0 0 0]0 0 0 0 0 0
00 —2|-8|2 00 —2|-8| 2| Rs+2Ry
1 1 0 2 1] Ri—Ry 1 0 0 5| —1
01 0|-3 2 01 0|-3 2
~ 10 0 1 4| -1 ~10 0 1 4| -1
0 0 O 0 0 0 0 0 0 0
(00 0| 0] 0] 000 0] 0
5
This tells us that [x]g = | —3 |. We can verify this by seeing that
4

242 -5+ —62* = 5(14+22 421 —3(1+2+22% +2® +2*) +4(x —2? 42 —22%)

-1
We also have that [y]s = 2 |. We can verify this by seeing that
-1

1+a+42 423432 = —1(1+22+2)+2(1+2+222 423+ o) — 1 (z—a? + 23 —22%)

B1(a) To find the coordinate vector of x with respect to B, we need to find
1, T2 € R such that

5 1 2 xr1 + 21’2
1 1 1 x1 + To
2| = 1 2 + T2 1 - 2x1 + x2
1 1 1 x1 + T2

Setting the components equal to each other, we see that this is equivalent to
the system

Tr1  +2x9 =5
T “+2x9 =
21’1 +xo = -2
T +x9 =1

But before we complete this process, let’s look at how we find the coordinate
vector of y with respect to B. For this, we need to find y;,y2 € R such that



0 1 2 Y1 + 2y
1| _ 1 1 Y1 + Yo
3 = 2 + Y2 1 - 2y1 _|_ Yo
1 1 1 Y1+ Y2

Setting the components equal to each other, we see that this is equivalent to
the system

y1 +2y2 =0

Y1 ty2 =
21 +y2 =3

y1 ty2 =1

Now, since these two systems have the same coefficient matrix, we can solve
them simultaneously by row reducing the following double-augmented matrix:

1 2 510 1 2 5[0 ]
1 1 1|1 Ry — Ry 0 -1 —4 11 —Rs
2 1|-213 R3s — 2R, 0 —-3|-12|3
1 1 1)1 Ry — Ry 0 —-1| 4|1 |
1 2 5 0 Ri1 — 2Ry 1 0| -3 2
0 1 4] -1 0 1 4| -1
0 —3|—-12 3 R34+ 3R, 0 0 0 0
0 —-1| -4 1 R4+ Ro 0 0 0 0
This tells us that [x]|p = [ _i ] We can verify this by seeing that
) 1 2
1 1 1
N e I R I
1 1 1

We also have that [y]s

I
—
I
= N

] . We can verify this by seeing that

— N =
— == N

B1(b) To find the coordinate vector of x with respect to B, we need to find
S1, S2, 83 € R such that



1 -3 o 1 1 + 1 0 + 0 1 o S1 + S2 S1 + 83
2 3170 —1 |71 1 |TB 1 2| T | sadtsy —s1+ 5ot 283

Setting the entries equal to each other, we see that this is equivalent to the
system

S1  +82 =1
S1 +s83 = -3
S92 +83 = 2

—81  +89 +283 =3

But before we complete this process, let’s look at how we find the coordinate
vector of y with respect to B. We need to find 1, 3,35 € R such that

-1 0 . 1 1 1 0 0 1 _ t1 +to t1 + 3
[ 3 7]_t1[0 I}HQL 1}+t3{1 2]_{t2+t3 —t1 + 1ty +ts3

Setting the entries equal to each other, we see that this is equivalent to the
system

t1  +to =-1
tq +t3 =0
to +3 =3

—t1 +ty +2t3 =7

Now, since these two systems have the same coefficient matrix, we can solve
them simultaneously by row reducing the following double-augmented matrix:

1 1 0 1] -1 1 1 0 1] -1
1 0 1]-3 0 Ry — Ry 0 —1 1|4 1
0 1 1 2 3 0 1 1 2 3 R34+ Ry
-1 1 2 3 7 Ry + Ry 0 2 2 4 6 Ry + 2Rs
[ 1 1 0 1] -1 1 1 0 1)1
0 -1 1| -4 1 —Rs 0 1 -1 4| -1 Ry + R3
“lo 0 2[-2| 4] (1/2)Rs 00 1[-1| 2
| O 0 4| -4 8 0 0 4| —4 8 R4 — 4R35
1 1 0 1] -1 Ri — Ry 1 0 0] —-2]-2
01 0 3 1 0 1 0 3 1
“l1o o0 1|-1] 2 Tl1o0 0 1|-1] 2
|0 0 0 0 0 0 0 0 0 0
-2
This tells us that [x]|z = 3 |. We can verify this by seeing that
-1



B1(c) To find the coordinate vector of x with respect to B, we need to find
$1, 82, S3 € R such that

143z —2% =si1(z+2%) + so(—2 + 32%) + s3(1 + . — 2?)
= (s3) + (51 — 52 + 83)7 + (51 + 359 — 53)22

Setting the coefficients equal to each other, we see that this is equivalent to the
system

S§3 = -1
S1 —S92 +83 = 3
S1 +382 —S83 = -1

But before we complete this process, let’s look at how we find the coordinate
vector of y with respect to B. We need to find ¢1,t2,t3 € R such that

34222 =ti(z+2%) + ta(—2 + 322) + t3(1 + = — 2?)
= (t3) + (t1 — ta +t3)a + (t1 + 3t — t3)2?

Setting the coefficients equal to each other, we see that this is equivalent to the
system

t3 =3
tp  —ty +tz =0
t1 +3ty —ty =2

Now, since these two systems have the same coefficient matrix, we can solve
them simultaneously by row reducing the following double-augmented matrix:



0 0 1|-1|3] RiJRs [1 3 —-1|-1|2
1 -1 1] 3|0 1 -1 1| 3|0 | Re—Ry
1 3 —-1|-1|2 0 0 11-113
[ 1 3 —-1]-1 2 Ry + R3 1 3 0] -2 )
~l0 -4 2| 4]-2| Ry—2R; ~| 0 —4 0| 6|-8 | (~1/4)R,
0 0 1|-1| 3 0 0 1|-1| 3
[1 3 0 21571 R —3R, 1 0 0| 5/2]-1
~10 1 0|-3/2]|2 ~10 1 0|-=3/2| 2
| 0 0 1 =113 0 01 -1 3
5/2
This tells us that [x]g = | —3/2 |. We can verify this by seeing that
-1
~1+3z— 2% = (5/2)(z + 2%) — (3/2)(—x + 32?) — (1 + 2 — 2?)
-1
We also have that [y]p = 2 |. We can verify this by seeing that
3

34202 = —(z+2) +2(—x + 32%) +3(1 + = — 2?)
B1(d) To find the coordinate vector of x with respect to B, we need to find

$1, S92, 83 € R such that

3—322 =s51(1+ 22+ 22%) + s9(—32 — 32%) + s3(—3 — 32)
= (s1 — 3s3) + (281 — 352 — 3s3)x + (281 — 3s2)2?

Setting the coefficients equal to each other, we see that this is equivalent to the
system

S1 7383 =3
281 —382 —383 =0
281 —382 =-3

But before we complete this process, let’s look at how we find the coordinate
vector of y with respect to 5. We need to find 1, t3,t35 € R such that

1+2? =t;(1+4 22+ 222%) + to(—3x — 322) + t3(—3 — 3x)
= (tl — 3t3) + (2t1 — 3ty — 3t3)1‘ + (2t1 — 3t2)$2

10



Setting the coefficients equal to each other, we see that this is equivalent to the
system

th —3t; =1
2t1 —3t2 —3t3 - 0
2t —3ts =1

Now, since these two systems have the same coefficient matrix, we can solve
them simultaneously by row reducing the following double-augmented matrix:

1 0 -3 3|1 1 0 =-3| 3] 1
2 -3 -3| 0|{0| Re—2R;y ~| 0 -3 3|—-6|-2
2 -3 0]-3|1 Rs — 2R, 0 -3 6|—-9| -1 R3 — Ry
[ 1 0 -3 3 1 R+ R3 1 0 0 0 2
~10 -3 3|-6|-2| Ro—Ry ~|0 =3 0|-3|-3] (~1/3)Re
0 0 3|-3| 1 0 0 3|-3] 1] (1/3)Rs
1.0 0] 0 2 |
~10 1 0 1 1
0 0 1|-1]1/3
[0
This tells us that [x]|g = 1 |. We can verify this by seeing that
-1

3—322 = 0(1 + 2x + 22%) + (=3z — 327%) — (=3 — 32)

2
We also have that [y]sp = 1 |. We can verify this by seeing that
1/3

14+ 22 =2(1 4+ 22 4 22?) + (=32 — 32%) 4+ (1/3)(—3 — 3x)
B1(e) To find the coordinate vector of x with respect to B, we need to find
$1, S92, 83 € R such that

2 —2x+ 522 — 2% — bt =5 (1 +2+2%) +so(1 + 222 + 22 + 2*) + s3(2? + 2% + 32)
= (51 + 82) + (s1) + (252 + s3)22 + (851 + 52 + 83)2° + (52 + 3s3) 2!

Setting the coefficients equal to each other, we see that this is equivalent to the
system

11



S1  +82 =2

S1 =2
282 +53 =5

ST 489 +s3 =-—1
Sy +3s3 = -5

But before we complete this process, let’s look at how we find the coordinate
vector of y with respect to B. We need to find ¢1,t2,t3 € R such that

—1 =3z +32%2 - 223 — 2t =t (1 +2+2°) +to(1 + 222 + 22 + 24) + t3(2® + 2% + 32)
= (t1 +t2) + (t1)x + (2t2 + t3)2? + (t1 + ta + t3)2® + (t2 + 3t3)a?

Setting the coefficients equal to each other, we see that this is equivalent to the
system

t1  +to =-1
tl = —3
2to 413 =3

t1 +to +t3 = -2
to +3tg = —1

Now, since these two systems have the same coefficient matrix, we can solve
them simultaneously by row reducing the following double-augmented matrix:

11 0| 2|-17 Ri{R 10 0]-2]-3
1 0 0|-2]|-3 1 1 0 2|1 -1 Ry — Ry
0 2 1 5 3 ~10 2 1 5 3
1 1 1]—-1]-2 1 1 1|-1|-2 Ry — Ry
01 3|-5|-1 01 3|-5|-1
(1 0 0] -2]-3] 1 0 0]-2|-3
01 0 4 2 01 0 4 2
~ 10 2 1 ) 3 R3—2Ry ~ | 0 9 1|-3]|-1
0 1 1 1 1 Ry — Ry 0 0 1|-3|-1 Ry — R3
(01 3|-5|-1] Ry—Ry 00 3|-9|-3| Rs—3Rs
1 0 0] -2]-3]
01 0 4 2
~10 9 1]|-3]|-1
0 0 0 0 0
00 0| 0| 0]
—2
This tells us that [x]p = 4 |. We can verify this by seeing that
-3

12



2—2x+52% —2® — 52t = —2(1+x+23) +4(1+22% + 23 + o) - 3(2® + 2% + 32%)

-3
We also have that [y]z = 2 |. We can verify this by seeing that
-1

~1-3z+32% —22% —2* = 3(1+x+2®)+2(1+ 222 + 23 +2*) — (2% +2° + 32%)

13



