Solution to Practice 1i

B4(a): Since we already know that B is a spanning set for Span B, we want to
check if B is linearly independent. To that end, we will look for solutions to the
equation

0 1 2 -1 t1 4+ 2ty — t3
0| =t1| 2 |+t 3 | +13 0| = 2t1 + 3to
0 1 -2 7 t1 — 2tg + Tts

Setting the components equal, we see that this is equivalent to looking for
solutions to the system:

t1 +2ty —t3 =0
2t  +3tq =
t1 —2t +Tts =0

To find the solutions to this system, we row reduce the coefficient matrix:

1 2 -1 1 2 -1 1 2 -1
2 3 0| Ro—2R; ~|0 -1 2 ~l0 -1 2
1 -2 7| Rs—Ry 0 -4 8 | Rs;—4R, 0 0 0

The last matrix is in row echelon form, and from it we see that the rank of
the coefficient matrix is 2. Since this is less than the number of variables, we
know that our equation has an infinite number of solutions, which means that
B is linearly dependent. This means that B is not a basis for Span B. So we
need to remove at least one dependent member of 5. To find such a dependent
member, we will find the general solution to our equation. And the first step in
that process will be to complete the row reduction of our coefficient matrix:

1 2 -1 1 2 -1 Ry — 2R, 1 0 3
0 -1 2 —Ry ~| 0 1 -2 ~10 1 =2
0 0 0 0 0 0 0 0 0

From our RREF matrix, we see that our system is equivalent to the system

t1 +3ts =0
to —2t3 =0

Replacing the variable t3 with the parameter ¢, we see that the general solution
to our system is

t —3t
ty | = 2t
ts t



Plugging in t = —1, we get the solution t; = 3, to = —2, and t3 = —1, which
translates into the following equation:

0 1 2 -1 -1 1 2
0[=32]-2 3| - 0= 0[=32]-2 3
0 1 -2 7 7 1 -2
-1
Since we can write 0 | as a linear combination of the other elements of B,
7
-1 1 2
we know that By = B\ 0 = 2 |, 3 is also a spanning
7 1 -2

set for B. So now we want to see if B; is linearly independent. To that end, we
will look for solutions to the equation

0 1 2 t1 + 2to
0 =t1| 2 | +1ts 3 = 2t1 + 3o
0 1 -2 t1 — 2to

Setting the components equal, we see that this is equivalent to looking for
solutions to the system:

t1 +2t, =0
2t1 +3ta =0
t1, —2ts =0

To find the solutions to this system, we row reduce the coefficient matrix:

1 2 1 2 1 2
2 3 Ry —2R; ~ | 0 -1 ~ 10 -1
1 -2 Rs — Ry 0 —4 R3s — 4R, 0 0

The last matrix is in row echelon form, and from it we see that the rank of the

coefficient matrix is 2. Since this is the same as the number of variables, we

know that our equation has a unique solution, which means that B; is linearly
1 2

independent. And since By = 2 |, 3 is a linearly independent
1 -2

spanning set for Span B, we see that B; is a basis for Span B.

B4(b) Since we already know that B is a spanning set for Span B, we want to
check if B is linearly independent. To that end, we will look for solutions to the
equation



0 1 1 2 0 3
0 =t1| 1 |+ta| =1 |+t3| 0| +ts]| 2| +t5] -3
0 -1 2 1 -3 —9

t1 +to + 2t3 + 3t5
t1 — to + 2t4 — 3t5
—t1 4 2ty + t3 — 3ty — 2t5

Setting the components equal, we see that this is equivalent to looking for
solutions to the system:

t1 +to  +2t3 +3ts =0
tl 7t2 +2t4 *3t5 =
—t1  +2to +t3 =3ty —2t5 =0

To find the solutions to this system, we row reduce the coefficient matrix:

1 12 0 3 1 1 2 0 3
1 =1 0 2 -3| Ry—Ry ~| 0 -2 =2 2 —6 | (~1/2)R,
-1 2 1 -3 —2| Ry+Ry 0 3 3 -3 1
112 03 112 0 3
~|l0 11 -1 3 ~l0 11 -1 3
0 3 3 —3 1| Rs—3Ry 000 0 —2

The last matrix is in row echelon form, and from it we see that the rank of
the coefficient matrix is 2. Since this is less than the number of variables, we
know that our equation has an infinite number of solutions, which means that
B is linearly dependent. This means that B is not a basis for Span B. So we
need to remove at least one dependent member of 5. To find such a dependent
member, we will find the general solution to our equation. And the first step in
that process will be to complete the row reduction of our coefficient matrix:

112 0 3 1 1 2 0 3
011 -1 3 ~ |0
0

000 0 —2| (1/2)Rs

Ry —3R3
Ry — 3R3

1 1 2 0 0 Ri — Ry 1 0 1 10
~]10 11 -1 0 ~]10 1 1 -1 0
0 0 O 0 1 0 0 O 0 1

From our RREF matrix, we see that our system is equivalent to the system

t1+t3+ts =0
tot+t3—ty, =0
ts =0

Replacing the variable t3 with the parameter s and the variable t, with the
parameter ¢, we see that the general solution to our equation is



tl —s—t

t2 —8 + t
ts3 =

ty4 t

ts
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Setting s = —1 and ¢t = 0, we see that
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0 3 2 1 1
0 2 |1 4+0]| —3 |, which means that | 0 | = 1+ | -1 {. And
-3 -2 1 -1 2
2
this means that | 0 | is a dependent member of B.
1
0 1
But notice also that setting ¢t = —1 and s = 0 gives us | 0 | = 1| -
0 -1
1 2 0 [ 3
-1 (4+0]0|-1 2 1+0| =3
2 1 -3 | 2
0 1] 1 0
which means that 2 | = 1 [ =] —1 |. And this means that 2
-3 -1 2 -3

is also a dependent member of B.

Which one should we remove? Well, both actually. The easiest way to see this
is to realize that we can first remove either one. Let’s go ahead and remove

2 1 1 0 3
0 |, leaving us with B; = 14(,] -11, 21, -3 . By
1 -1 2 -3 -2
Theorem A we know that B; is a spanning set for Span 5. But since we already
0 1 1
know that 2| = 1 | — | —1 |, we know that B; is not linearly
-3 -1 2
0
independent. So let’s now remove the dependent member 2 |, and consider
-3
1 1 3
the set By = 14(,] -11|,] -3 . By Theorem A, we know that By
-1 2 -2

is a spanning set for Span B. Now let’s check to see if B; is linearly independent.
To that end, we will look for solutions to the equation



0 1 1 3 t1 +to + 35
1 + to -1 +t3| —3 = t1 —to — 35
0 -1 2 -2 —t1 4 2ty — 25
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Setting the components equal, we see that this is equivalent to looking for
solutions to the system:

t1 +ty +3t5 =0
tq —ty =3t =0
—t1 2ty —2t5 =0

To find the solutions to this system, we row reduce the coefficient matrix:

1 1 3 1 1 3
1 -1 =3 | Ry—Ri ~ |0 -2 —6 | (~1/2)R,
“1 2 -2 | Ri+ Ry 0 3 1
11 3 11 3
~|01 3 ~l0 1 3
0 3 1| Ry—3Ry 00 —2

The last matrix is in row echelon form, and from it we see that the rank of the
coefficient matrix is 3. Since this equals the number of variables, we know that
our equation has a unique solution, which means that Bs is linearly independent.

1 1 3
This means that By = 1({, -11],] -3 is a basis for Span B.
-1 2 -2

B5(a) Since we already know that B is a spanning set for Span B, we want to
check if B is linearly independent. To that end, we will look for solutions to the
equation

{0 0} _t1|:1 1]+t2[—2 _2]+t {1 -1 e {3 1}
00 2 1 —4 -2 311 0 415 2
_ t1 — 2ty +t3+ 3ty t1 — 2ty — 1t3 — 1ty
- [ 2t1 — 4tg + t3 + Sty t1 — 2tg + 2ty

Setting the components equal, we see that this is equivalent to looking for
solutions to the system:

t1 —2te +ts3 +3ty =0
t1 —2ty —t3 +ty, =0
2t1 —4ty +t3 +5ty =0
t1 —2ty +2t, =0



To find the solutions to this system, we row reduce the coefficient matrix:

1 -2 13 1 -2 1 3 1
1 -2 -1 1| Ro—Ry 0 0 -2 -2 0
2 —4 5| Rs—2R, |0 0 —1 —1| Rs—(1/2)Ry | O
1 -2 2 | Ry—Ry 0 0 —1 —1| Ry—(1/2)Ry | 0

The last matrix is in row echelon form, and from it we see that the rank of
the coefficient matrix is 2. Since this is less than the number of variables, we
know that our equation has an infinite number of solutions, which means that
B is linearly dependent. This means that B is not a basis for Span B. So we
need to remove at least one dependent member of 5. To find such a dependent
member, we will find the general solution to our equation. And the first step in
that process will be to complete the row reduction of our coefficient matrix:

1 -2 1 3 1 =2 1 37 R —Ry 1 -
0 0 -2 —2| (=1/2)R, 0 0 1 1
0 0 0 0 “lo0o 000 0
0 0 0 0 0 0 0 0

From our RREF matrix, we see that our system is equivalent to the system

t1 — 2ty +2t, =0
ts+ts =0

Replacing the variable ¢5 with the parameter s and the variable t, with the
parameter ¢, we see that the general solution to our equation is

tl 2s — 2t
tg o S
t3 | —t
tyq t
. 0 0 11 -2 =2
Setting s = —1 and ¢t = 0, we see that 0 0 = -2 9 1}[_4 _2]+
1 -1 3 1 . -2 =2 1 1
0[ 1 0 }4—0{ 5 9 },Whlchmeansthat [ 4 _9 } ——2[ 9 1 } And
this means that [ :Z :; ] is a dependent member of B.

But notice also that setting t = —1 and s = 0 gives us { 8 8 ] =2 [ é
3
5 2

-2 -2 1 -1 3 1 . 1]
0[_4 9 ]Jr{l 0][5 2},Whlchmeansthat[ 2}

1 -1
1 0

oo = O

OO =N



Which one should we remove? Well, both actually. The easiest way to see this
is to realize that we can first remove either one. Let’s go ahead and remove

-2 =2 . . 1 1 1 -1 3 1
{_4 _2},leavmgusw1th81{[2 1}7[1 0}7[5 2]} By
Theorem A we know that B; is a spanning set for Span B. But since we al-

3 1 11 1 -1 .
readyknovvthaut{5 2}—2{2 1_—1—[1 0},Weknowthat8118not

. . 1
linearly independent. So let’s now remove the dependent member [ 3 ],

5 2
and consider the set By = {[ ; 1 } ) 1 7(1)

that B, is a spanning set for Span B. Now let’s check to see if By is linearly
independent. To that end, we will look for solutions to the equation

00]_, 11+t 1 1] [ ti+ty ti—ty
00| 21 211 0| | 241 t

Setting the components equal, we see that this is equivalent to looking for
solutions to the system:

. By Theorem A, we know

tl +t2 = 0
t1 —ty =0
2t7 +to =0
t1 =0

The last equation tells us the t; = 0. Plugging this into the first equation, we
see that 0 4+ t5 = 0, so we also have t; = 0. And since t; = to = 0 is the only
solution to the equation, we see that Bs is linearly independent. And this means

thathz{{; 1],[1 _é]}isabasisforSpanB.

B5(b) Since we already know that B is a spanning set for Span B, we want to
check if B is linearly independent. To that end, we will look for solutions to the
equation

0 0 1 2 1 2 3 6 0 1
R I e R e A R R R T R

_ t1 +to+ 3tz +1t5 2t; + 2ty + 6t3 + t4 + 3t5
- —t1 + 2ty + 2t5 t1 +to + 3t3 — 2ty — t5

Setting the components equal, we see that this is equivalent to looking for
solutions to the system:

N —



t1 +ty  +3ts +ts =0
2t +2ty +6t3 +tyg +3t5 =
—t1  +2t +2t5 =

t1 Aty 43t —2t, —ts =0

To find the solutions to this system, we row reduce the coefficient matrix:

113 0 1 113 0 1
2 26 1 3| Ry—2R, 000 1 1| RTRy
120 0 2| Ry+Ry 033 0 3
1 13 -2 1| Ri—R, 000 —2 —2
113 0 1 1130 1
033 0 3| (1/3)R, 0110 1
“looo0o 1 1 1o o0 o0 11
000 —2 —2| Ry,+2R; 00000

The last matrix is in row echelon form, and from it we see that the rank of
the coefficient matrix is 3. Since this is less than the number of variables, we
know that our equation has an infinite number of solutions, which means that
B is linearly dependent. This means that B is not a basis for Span B. So we
need to remove at least one dependent member of B. To find such a dependent
member, we will find the general solution to our equation. And the first step in
that process will be to complete the row reduction of our coefficient matrix:

1 130 1] R —Ry 10200
01 10 1 0110 1
00011 1o o0 o0 11
00000 000 0 0

From our RREF matrix, we see that our system is equivalent to the system

t+2t5 =0
t2+t3+t5 :0
ts+ts =0

Replacing the variable t3 with the parameter s and the variable t; with the
parameter ¢, we see that the general solution to our equation is

tl —2s
tg —s—t
tg = S
ty —t
ts t
. 0 0 1 2 1 2
Settmgs-—landt—O,weseethat[0 O}_Q[l 1]—1—[2 1}—



] 0 1 1 3 . 3 6 1 2
—I—O[O _2}—&—0{2 _1],Wh1chmeansthat{0 3]—2[_1 1}4—

N = O W
— N WD

. And this means that [ ?) g is a dependent member of B.

But notice also that setting ¢t = —1 and s = 0 gives us [ 00 ] =0 [ L2 }—i—

0 0 -1 1
[1 2] 3 6 0 1 1 3 . 1 3
2 1_-1—0[0 3]—1-{0 _2]—{2 _1],Wh1chmeansthat{2 _1]—
(1 2] 0 1 . 1 3 1.
21 _—l— 0 —9 . And this means that 9 _1 is a dependent member
of B.

Which one should we remove? Well, both actually. The easiest way to see
this is to realize that we can first remove either one. Let’s go ahead and remove

3 6 _ . 12 1 2 0 1 L3
{O 3},leav1nguSW1thB1{{_l 1],{2 1}’[0 _2},[2 _1}}.

By Theorem A we know that B is a spanning set for Span 5. But since we

already know that [ L 3 } = [ L2 } + { 0 L ], we know that Bj is not

2 -1 2 1 0 -2
linearly independent. So let’s now remove the dependent member 9 7‘;’ ,
. 1 2 1 2 0 1
and consider the set By = {[ 11 } , [ 9 1 ] , { 0 9 . By Theorem

A, we know that Bs is a spanning set for Span B. Now let’s check to see if By
is linearly independent. To that end, we will look for solutions to the equation

00]_, vz, 2, o 1] t by 2t + 20 + 13
00| | -11 2121 310 =2 | 7 | —t1 42ty ty+ty— 23

Setting the components equal, we see that this is equivalent to looking for
solutions to the system:

tl +t2 = 0
2t +2t9 +t3 =
—t1 +2ts =0

t1 +ty —2t3 =0

To find the solutions to this system, we row reduce the coefficient matrix:

11 0 11 0
2 2 1| Ry—2R; 00 1| RIR,
-1 2 0| Ry+Ri |0 3 0
11 -2 | R—Ry 00 -2



11 0 110
03 0| (1/3)Ry 010
“lo o0 1 00 1
0 0 —2 | Ry+2R; 00 0

The last matrix is in row echelon form, and from it we see that the rank of the
coefficient matrix is 3. Since this equals the number of variables, we know that
our equation has a unique solution, which means that Bs is linearly indepen-

. 1 2 1 2 0 1 . .
dent. This means that By = {{ 11 ] , { 9 1 } , [ 0 —2 }} is a basis for
Span B.

B6(a) Since we already know that B is a spanning set for Span B, we want to
check if B is linearly independent. To that end, we will look for solutions to the
equation

0-+024+022 = t1 (1+a+a?)+to(w+a?+a3)+t3(1—2®) = (b14+t3)+(t o) o+ (t o) 2?4+ (ta—t3) 2

Setting the coefficients equal, we see that this is equivalent to looking for solu-
tions to the system:

tq +t3 =0
t1 +io =0
tl +t2 = 0

ta —tg3 =0

To find the solutions to this system, we row reduce the coefficient matrix:

10 1 10 1 10 1
11 0| R—R; 01 -1 01 -1
11 0| Rs—R, 7|01 -1| Rs—Ry, |0 0 0
01 -1 0 1 -1 | Ry—Rs 00 O

The last matrix is in reduced row echelon form, and from it we see that the rank
of the coefficient matrix is 2. Since this is less than the number of variables, we
know that our equation has an infinite number of solutions, which means that
B is linearly dependent. This means that B is not a basis for Span B. So we
need to remove at least one dependent member of 5. To find such a dependent
member, we will find the general solution to our equation. From our RREF
matrix, we see that our system is equivalent to the system

ti1+t3 =0
to—ts3 =0

Replacing the variable t3 with the parameter ¢, we see that the general solution
to our equation is

10



th —t
to | =
ts t

Setting t = —1 gives us 0+ 02 + 022 = (1 + z + 22) — (v + 2% + 2%) — (1 — 23),
which means that 1 — 23 = (1 + 2 + 22) — (z + 22 + 23). And this means that
1 — 22 is a dependent member of B. And so we remove 1 — 3, leaving us with
By ={1+z+2% 2+ 2%+ 2%}. By Theorem A we know that B; is a spanning
set for Span B. Now let’s check to see if B is linearly independent. To that
end, we will look for solutions to the equation

04+0z+022 =ty (1+a+a?)+to(z+a+a3) = (t1)+(t1 o)z +(t +to)x? +(to)x3

Setting the coefficients equal, we see that this is equivalent to looking for solu-
tions to the system:

t1 =
ti+ta =0
ti1+ta =0

tz :0

The first equation tells us the t; = 0, and the last equation tells us that t5 = 0,
so we see that the only solution to this system is t; = t3 = 0. This means that
By is linearly independent, and thus By = {1 + z + 22,z + 22 + 23} is a basis
for Span B.

B6(b) Since we already know that B is a spanning set for Span B, we want to
check if B is linearly independent. To that end, we will look for solutions to the
equation

040z +0z% =t1(1+x+2%) +ta(z + 2% + 23) +t3(1 + 2% + 23)
= (t1 +t3) + (t1 +t2)x + (t1 +to +t3)2 + (t2 +t3)2®

Setting the coefficients equal, we see that this is equivalent to looking for solu-
tions to the system:

tq +t3 =0

t1 +io =0

ty 4t +tz =
tg +t3 = 0



To find the solutions to this system, we row reduce the coefficient matrix:

10 1 10 1

1 1 0| R—Ry 01 —1

1 1 1| Ry—Ry 01 0| R3—Ry
01 1 01 1| Ri—Rs
10 1 10 1
01 -1 01 -1

“lo o 1 “lo o0 1
0 0 2| Ry—2Rs 00 0

The last matrix is in row echelon form, and from it we see that the rank of
the coefficient matrix is 3. Since this is equal to the number of variables, we
know that our equation has a unique solution, which means that B is linearly
dependent. This means that B is itself a basis for Span B5.
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