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Bl(a) Let A = | 21 + 23 = 24, 21,72,23,74 €R

S0: A is defined as a subset of R%, and since 0+0=0, we have 0 € A, so A is
non-empty.

S1: Let &,y € A, and let 2= &+ ¢. Then

z1+23 = (x1+y1)+ (x3 +ys) definition of 2
= (z1 +x3) + (y1 +y3) properties of R

Tq + Ya because T,y € A

=2 definition of 7

As we have shown that z; + 23 = z4, we have that 2’ € A, and thus A is closed
under addition.

S2: Let ¥ € A, t € R, and let «/ = tZ. Then

wy + w3 =tx] +trs definition of W
=t(xy + x3) properties of R
=txy because ¥ € A
= wy definition of w

As we have shown that wy +ws = wy, we have that @ € A, and thus A is closed
under scalar multiplication.

Since properties S0, S1, and S2 all hold, A is a subspace of R*.

B1(b) Let B = {[ ar a2 ] | a1 + a3 = a4, a1,a2,a3,a4 ER}.
as Q4

S0: B is defined as a subset of M(2,2), and since 0+0=0, we see that the zero
matrix is in B, so B is non-empty.

Sl: Let XY € B,and let Z=X+Y. Then

z14+ 23 = (x1+y1)+ (x3+ys) definition of Z
= (1 +23) + (y1 +y3) properties of R
=4+ Ys because X,Y € B
=2z definition of Z

As we have shown that z; + 23 = 24, we have that Z € B, and thus B is closed
under addition.

S2: Let X € B,t € R, and let W =tX. Then



wy +ws =txr; +trg definition of W
=t(xy + x3) properties of R
=txy because X € B
= wy definition of W

As we have shown that wy + wz = wy, we have that W € B, and thus B is
closed under scalar multiplication.

Since properties S0, S1, and S2 all hold, B is a subspace of M(2,2).

B1(c) Let C = {ag + a1z + asx® + azx® | ap + az = as, ag,ay,asz,as € R}.

S0: C' is defined as a subset of P3, and since 04+0=0, we see that the zero
polynomial is in C, so C' is non-empty.

S1: Let a(z),b(x) € C, and let ¢(x) = a(x) + b(x). Then

co+ca = (ap+by)+ (az+b2) definition of ¢(x)
= (ag + a2) + (bp + ba) properties of R
= a3+ b3 because a(x),b(x) € C
=c3 definition of ¢(x)

As we have shown that ¢g+ca = ¢3, we have that ¢(x) € C, and thus C is closed
under addition.

S2: Let a(x) € C, t € R, and let d(z) = ta(zr). Then

do+dy =tag+tay definition of d(z)
=t(ap + az) properties of R
= tag because a(z) € C
=ds definition of d(x)

As we have shown that dy + d2 = ds, we have that d(z) € C, and thus C is
closed under scalar multiplication.

Since properties SO, S1, and S2 all hold, C' is a subspace of Ps.

B1(d) Let D = {ag + a12? | ag, a1 € R}

S0: D is defined as a subset of P, but this is also a subset of P;. And since
0+ 022 = 0 4 0z + 022 + 02% + 02, the zero polynomial is in D, so D is
non-empty.

S1: Let a(z),b(z) € D. Then a(z) + b(z) = (ap + a12?) + (bo + byx?) =
(ap + bo) + (a1 + by)a?. So, if we let ¢o = ag + by, and ¢; = a; + by, then we

have that a(z) + b(x) = co + c12?, where ¢y, c; € R, and thus a(z) + b(z) € D.
So D is closed under addition.

S2: Let a(z) € D and t € R. Then ta(z) = t(ap + a1z?) = (tag) + (tai)z>.



So, if we let dy = tag and d; = ta;, then we see that ta(z) = dy + dy2? where
dp,dy € R, and thus ta(xz) € D. So D is closed under scalar multiplication.

Since properties SO, S1, and S2 all hold, D is a subspace of P;. (And P3, and
Py

Bl(e) Let E = { [ ; i ] } Then the zero matrix is not in E, so F cannot be

a vector space, and thus cannot be a subspace of M (2,2).

B1(f) Let F = [ a1 az } | a1 —as3 =1, a1,a9,as ER}. Then the zero

0 as
matrix is not in F', since 0-0=0, not 1. So F' cannot be a vector space, and thus
cannot be a subspace of M(2,2).

B2(a) Let A= {A e M(3,3) | tr(A) = 0}.

0 0 0

S0: A is defined as a subset of M (3,3), and since tr 0 00 =0+0+
0 0 0
t Al

0 = 0, we see that the zero matrix is in A4, and thus that A is non-empty.
S1: Let A,B € A, and let C = A+ B. Then

tr(C) = c11 + caz + c33
= (a11 + b11) + (age + ba2) + (as3 + bs3z)
= (a11 + ag2 + asz) + (bi1 + bao + bs3)
=040
=0

As we have shown that tr(C) = 0, we see that C = A+ B € A, and thus A is
closed under addition.

S2: Let Ae A, t € R, and let D =tA. Then

tr(D) =di1 + daa +ds3
=tay1 + tass + tass
= t(a11 + az + ass)
=t(0)
=0

As we have shown that tr(D) = 0, we see that D = tA € A, and thus A is
closed under scalar multiplication.

Since properties SO, S1, and S2 all hold, A is a subspace of M(3, 3).



B2(b) The subset of invertible matrices is not a subspace of M (3, 3) because is
does not contain the zero matrix.

1 0
B2(c) Let C=< AeM(@B3,3)|]A| 2 |=]0 .
3 0 |
0 0O 1 0
S0: C is defined as a subset of M (3,3), and since | 0 0 0 2 | =10,
0 0 O 3 0
we see that the zero matrix is in C, and thus that C is non-empty.
1 1 1 0
Sl: Let ABeC. Then(A+B)| 2| =42 |+B|2|=1]0]+
3 3 3 0
0 0 1 0
0| =|0]|.Since(A+B)| 2 | =1| 0 |, weseethat A+ B €, and
0 0 3 0
thus C is closed under addition.
1 1 0 0
S2: Let AcC,t€R. Then (tA) | 2 | =t|A| 2 || =t|0o|=1]0
3 3 0 0
1 0
Since (tA) | 2 | = | 0 |, we see that tA € C, and thus C is closed under
3 0

scalar multiplication.

Since properties S0, S1, and S2 all hold, C is a subspace of M (3, 3).

4 1 00074
B2(d)LetD={AcM@B3,3)|A| 5 |=|2 |} Since| 0 0 0]]5
6 3 000]]|6

o O O

1
2 |, we see that the zero matrix is not in D, and thus D is not a
3

subspace of M (3

B2(e) Let £ = {A € M(3,3) | AT = —A}. Note that AT = —A if and only if
aj; = —aj; forall 1 <4,5 < 3.

S0: & is defined as a subset of M(3,3), and since 0=-0, we see that the zero
matrix is in £, and thus that £ is non-empty.

S1: Let A,B € &, and let C = (A+ B). Then for all ¢ and j we see that



Cij = Q45 + bij

= —a;; — bj;
= —(aji +bji)
= _Cji

As such, CT = —C, so C = (A + B) € £, and thus £ is closed under addition.
S2: Let A€ &, t€R, and let D =tA. Then for all i and j we see that
dij = taij
= t(—aj;)
—(ta;)

As such, DT = —D, so D =tA € £, and thus & is closed under scalar multipli-
cation.

Since properties SO, S1, and S2 all hold, £ is a subspace of M (3, 3).

B3(a) Let A = {p(x) € Ps | p(—z) = p(z) for all z € R}.

S0: A is defined as a subset of Ps, and since 0(—z) = 0 = 0(z) for all z € R,
we see that the zero polynomial is in A, and thus A is non-empty.

S1: Let p(x),q(z) € A. Then (p +q)(=2) = p(—2) + ¢(—z) = —p(z) —q(r) =
—(p(x) + q(x)) = =(p + ¢)(x). And since (p + ¢)(—z) = —(p + ¢)(x), we have
that (p+ q)(z) € A, and thus A is closed under addition.

S2: Let p(x) € A and t € R. Then (tp)(—z) = t(p(—=x)) = t(—p(z)) =

—(t(p(x))) = —(tp)(x). And since (tp)(—z) = —(tp)(z), we have that (tp)(z) €
A, and thus A is closed under scalar multiplication.

Since properties SO, S1, and S2 all hold, A is a subspace of Ps.

B3(b) Let B = {(p())? | p(x) € P2}. Then 22 € B (since 2% = (z)?, where
r € Py), and z* € B (since * = (22)?, where 22 € P,). But 22 + 2* ¢ B, since
22 + 2% = 22(1 + 22) # (p(z))? for any p(x) € P,. As such, B is not closed
under addition, and therefore is not a subspace of Ps.

B3(c) Let C = {ag + a1z + -+ ag2* | ayaq = 1, ag,a1,az,a3,as € R}. Then
the zero polynomial is not in C, since (0)(0)=0, not 1. As such, C' is not a
subspace of Ps.

B3(d) Let D = {a3p(x) | p(x) € P>}.
S0: D is defined as a subset of Ps, and since 0(x) € P, and 2%(0(z)) = 0(x),



we see that the zero polynomial is in D, and thus D is non-empty.

S1: Let p(z), ¢(x) € D, with p(z) = x3a( ) and g(z) = 23b(z) (a(x),b(z) € Py).
Then (p + ¢)(x) = 2%a(z) + a*b(x) = *(a(x) + b(x)) = =*((a + b)()). Since
a(z),b(x) € P, (and since P; is closed under addition), we have that (a+0b)(z) €
Py. Therefore, we have that (p+q)(x) = 23(a+b)(x) for (a+b)(x) € Py, which
means that (p 4+ ¢)(z) € D. And thus, D is closed under addition.

S2: Let p(z) € D (with p(z) = z3a(x) for a(x) € P,), and t € R. Then
(tp)(z) = t(p(x)) = t(z3a(x)) = 23(ta)(z). Because P, is a vector space, we
know it is closed under scalar multiplication, which means that (ta)(z) € Pe.

Therefore, we have that (tp)(z) = x3(ta)(z) for (ta)(x) € P, which means that
(tp)(z) € D. And thus, D is closed under scalar multiplication.

Since properties SO, S1, and S2 all hold, D is a subspace of Ps.

B3(e) Let E = {p(x) € Ps | p(1) = 0}.

S0: FE is defined as a subset of Ps, and since 0(1) = 0, we see that the zero
polynomial is in E, and thus F is non-empty.

S1: Let p(z),q(z) € E. Then (p+¢)(1) = p(1) +¢(1) = 0+0 = 0. So
(p+4q)(1) = 0, which means that (p+¢)(z) € E. And so we see that E is closed
under addition.

S2: Let p(x) € E and ¢t € R. Then (tp)(1) = t(p(1)) = ¢(0) = 0. So (tp)(1) =0,
which means that (tp)(z) € E. And so we see that F is closed under scalar
multiplication.

Since properties S0, S1, and S2 all hold, F is a subspace of Ps.

B4(a) Let A= {f € F | f(3) + £(5) = 0}.

S0: First we note that A is defined to be a subset of 7. Moreover, since
0(3) +0(5) = 0+ 0 = 0, we see that the zero function is in A, and thus A is
non-empty.

S1: Let f,g € A. Then (f+9)(3) + (f+9)(5) = (f(3) +9(3)) + (f(5) +9(5)) =
(fB)+£(5))+(9(3) +9(5)) = 0+0 = 0. And since (f +9)(3) + (f +9)(5) =0,
we have that f + g € A, which shows that A is closed under addition.

S2: Let f € Aand t € R. Then (¢f)(3) + (tf)(5) = t(f(3)) + t(f(5)) =
t(f(3)+ f(5)) =t(0) = 0. And since (tf)(3)+ (tf)(5) = 0, we have that ¢ f € A,

which shows that A is closed under scalar multiplication.

Since properties S0, S1, and S2 all hold, A is a subspace of F.



B4(b) Let B={f € F| f(1) + f(2) = 1}. Then the zero function is not in B,
since 0(1) +0(2) =0+ 0 =0 # 1. As such, B is not a vector space, and thus
cannot be a subspace of F.

B4(c) Let C = {f € F | |f(z)| < 1}. Then the constant function f(z) =1 is
in C, but the scalar multiple 2f(x) is not in C, since 2f(x) = 2 for all , which
means that |2f(x)| > 1, and thus 2f ¢ C. Since C is not closed under scalar
multiplication, C' is not a subspace of F.

B4(d) Let D = {f € F | f is increasing on R}. That is, f € D if and only if
we have f(z) < f(y) whenever z < y.

Then D is not a subspace of F, because D is not closed under scalar multipli-
cation. For a counterexample, consider that the function f(z) =« is in D, but
the scalar multiple —f(z) is a decreasing function, and thus not in D.



