Solution to Practice 3x

B1(a) A is not Hermitian

B1(b) B is Hermitian. Let’s find the eigenvalues of B:

det (B —AI) = det \/55:3 ‘/?)5:;
=(B-NB - —(2—V2i+V2i—i?)
15— 5A—3A+ A2 —3
— 12— 8\ 4 A2
— (6= \)(2—N)

So, the eigenvalues of B are A = 2,6. Now let’s find the eigenspaces for these
eigenvectors:

The eigenspace for A = 2 is the nullspace of [ \/551); \/35__;\ } - [ Y +?; V2 _i 7

2 \/i_é } So, the eigenvectors for A = 2

satisfy 321 + (V2 — )2z = 0, so we have that z; = (—=1/3)(vV2 — )z. If
we replace the variable zo with the parameter o, we see that the eigenvec-

which is row equivalent to [

fors of A = 2 are { (_1/3)(‘/§_i)3 lac c}, which we can write as
Span H (v2 _Z?)j\/\/% ]} And so have that {[ (v2 _2;\/‘/% ” is an or-

thonormal basis for the eigenspace for A = 2.

The eigenspace for A = 6 is the nullspace of [ \/55:_? \/35__;\ } = [ V2 ;12 V2 :; } ,

_(1) V2 _8 ] So, the eigenvectors for A = 6 sat-

isfy —z1 + (v/2 —i)z2 = 0, so we have that 2; = (v/2 — 4)ze. If we replace
the variable zo with the parameter «, we see that the eigenvectors of A = 6

are{[ (‘/i_i)g } lae c}, which we can write as Span{{ (\/5_?;; H

which is row equivalent to {

And so have that { [ (V2 - Zig } } is an orthonormal basis for the eigenspace
for A = 6.
And so we have that the matrix U = { (\/? __2?\/\/% (\/? B ?ﬁ ] is a unitary

. " A 0] |20
matrlxsuchthatUBU—[ 0 )\2]—{0 6]'

B1(c) C is Hermitian. Let’s find the eigenvalues of C:



det (C — ) = det \%‘_i ‘/Ej;
=(5B-XN(2-)\) —(3+V3i—3i—i?)
=10-5XA -2\ 4+ —4
=6—TA+ )\
=(6-X)(1-2)

So, the eigenvalues of C' are A = 1,6. Now let’s find the eigenspaces for these
eigenvectors:

. . 5-X V34 4 3+i
Th f = 11is the null f =
e eigenspace for A is the nullspace o [x/ﬁ—z 2_)\} [\/g—z e
which is row equivalent to [ E)l V3 + é } So, the eigenvectors for A = 1

satisfy 421 + (V3 +i)zz = 0, so we have that z; = (—1/4)(v/3 + i)z. If
we replace the variable zo with the parameter «, we see that the eigenvec-

{{ (/B3 +D)a ] lae c}, which we can write as

Span { { (v3 +—%¢@ ] } And so have that { { (V3 +_iw% } } is an or-

thonormal basis for the eigenspace for A\ = 2.

The eigenspace for A = 6 is the nullspace of [ \/55__); \/fjj\ } — [ /3 :t V3 -i_-i } ’

-1 V3+i
0 0

isfy —21 + (V3 +14)29 = 0, so we have that z; = (/3 +i)2o. If we replace the
variable zo with the parameter «, we see that the eigenvectors of A = 6 are

{[ (V3+1)a ] lae c}, which we can write as span{[ (V3+9/V5 ”

tors of A = 1 are

which is row equivalent to { ] So, the eigenvectors for A = 6 sat-

1/V5
And so have that { { (V3+ Zi;ﬁ } } is an orthonormal basis for the eigenspace
for A = 6.
‘ U~ | (BN (VBH)/VE L
And so we have that the matrix U = [ NGy 1/v/5 is a

. . N A 0 |10
unitary matrix such that U*CU = { 0 A ] = { 0 6 }



B1(d) F is Hermitian. Let’s find the eigenvalues of F':

1-—A i —i
det (F — M) =det —i —1-=X i
1 -t =X
—1-A T = 7 o=
—(1”)‘ i —/\‘_Z i _’

= (1 =N+ A% +142) —i(Ni — %) —i(i% +ixi)
=A4+MN 1A N A+ A—i+i+1+ A
=4\ \3

=AA—2)(A+2)

1

—1-A

—1

So, the eigenvalues of F' are A\ = 0,2, —2. Now let’s find the eigenspaces for

these eigenvectors:

1-A i —i 1 i
The eigenspace for A = 0 is the nullspace of -t —1—-A it | =1 - -1
i —i = i —i
To find the nullspace, we need to row reduce this matrix:
1 i —i 1 i —1i
- =1 i Ro+iRy ~ | 0O -2 1+ (—1/2)Ry
i —i 0 Rs — iRy 0 1—1 -1
1 i —i | Ry —iRy 1 0 (=1/2)—(i/2)
~ 10 1 (=1/2) - (i/2) ~ 10 1 (-1/2)—(i/2)
0 1—1 -1 | Rs+(-1+19)R, 0 0 0
So, the eigenvectors for A = 0 satisfy z1 —((1/2)+(1/2)i)z3 = 0 and 22— ((1/2)+
(1/2)i)z3 = 0. If we replace the variable z3 with the parameter a, we see that
(1/2) + (1/2)i)a
the eigenvectors of A = 0 are ((1/2) + (1/2)i)ac | | @ € C 3, which we can
«
(1+14)/V8 (1+14)/V8
write as Span (1+14)/v8 . And so have that (1+14)/v8 is an
2/\/8 2/V/8
orthonormal basis for the eigenspace for A = 0.
1-A i —i -1 i
The eigenspace for A = 2 is the nullspace of —i —1—-A it | =1 — -3
i —i = i —i
To find the nullspace, we need to row reduce this matrix:
-1 i —i —R; 1 —i i
—i —3 i ~ | —i =3 i Ry +1Ry
i =1 =2 i -1 =2 Rs — iRy



1 —i i 1 —i i ] Ri+iRs
~10 —2 —14i | (=1/2)Ry ~ | 0 1 (1/2) — (1/2)i
0 —1—i ~1 0 —1—i —1 | Rs+(1+%)Ry
10 (1/2) + (3/2)i
~ 10 1 (1/2)—(1/2)i
[0 0 0

So, the eigenvectors for A = 2 satisfy 21 +((1/2)+(3/2)i)z3 = 0 and 2o+ ((1/2)—

(1/2)i)zs = 0. If we replace the variable z3 with the parameter «, we see that
(—1/2) - (3/2)i)a

the eigenvectors of A = 0 are ((-1/2) + (1/2)i)ac | | « € C p, which we

o
(1+3i)/4 (14 3i)/4
can write as Span (1—14)/4 . And so have that (1—-14)/4 is
-1/2 —1/2
an orthonormal basis for the eigenspace for \ = 2.
1—A i —i
The eigenspace for A = —2 is the nullspace of - —1=A i =
i —i =

[ 3 i =i ]

- 1 i | . To find the nullspace, we need to row reduce this matrix:
| ¢ -t 2]

3 i —i 3 T —

—i 1 i | iRy ~ |1 i -1 R T Ry
| i =i 2] i —1 2

[ 1 i —1 1 i -1
~ 13 i —i Ry—3Ry ~ | 0 -2 3—1 (1/2)iRs

| i 2 Rs — iRy 0 1—7 243

[ 1 i -1 Ry — iR, 1 0 (1/2)—(1/2)
~ 10 1 (1/2)+(3/2)i ~ 10 1 (1/2)4(3/2)

| 0 1—4 241 R34+ (—1+1i)Rs 0 0 0

So, the eigenvectors for A = —2 satisfy z; + ((1/2) — (1/2)i)z3 = 0 and 29 +

((1/2)+(3/2)i)z3 = 0. If we replace the variable z3 with the parameter «, we see
(-1/2) — (1/2)i)a

that the eigenvectors of A\ = —2 are ((-1/2) = (1/2)i)ac | | « € C p, which

a

(1—14)/4 (1—14)/4

we can write as Span (1+3i)/4 . And so have that (1+3i)/4
~1/2 ~1/2

is an orthonormal basis for the eigenspace for A = —2.
(1+4)/vV8 (143i)/4 (1—1i)/4
And so we have that the matrix U = | (144)/v/8 (1 —14)/4 (1+3i)/4
2/V/8 —1/2 —1/2



is a unitary matrix such that U*FU =

A0
0 Ao

0
0

0 0 A3

o O O

o N O

o



