Solution to Practice 3q

Al(a) Let A= 7(1) g . To find the eigenvalues of A, we need to first find
the characteristic polynomial.
-2 4
det (A—AI) =det [ 1 ]
=(=A)?+4

=N +4
= (A — 20)(\ + 2i)

So, our eigenvalues are A = 2i and A\ = —2i. The eigenvectors for A = 2i are the
nullspace of { __21% B 2% ] , which we find by row reducing this matrix:
—2i 4 -1 -2i | —Ry
[ ~1 —Zi] By 1R, N[—Qz’ 4}
1 2 1 2
—2i 4 Ro 4+ 2iR, 0 0

So, the eigenvectors satisfy the equation z; + 2izo = 0, which is the same as the

()

Using Theorem 9.4.1, we know that the eigenvectors for A = —2i are Span { [

Span{ { 2; } }
And so we have that P = [ —2 2

11 } is an invertible matrix and D =

{ 2(2] _2(;. } is a diagonal matrix such that P~'AP = D.

-1 2
A1(b) Let A = [ 3

find the characteristic polynomial.

} To find the eigenvalues of A, we need to first

—1-2X 2
det (A—AI) :det{ 13-
= (-1-A)(=3- ) +2
=34+A+30+22+2
=A24+4\+5



We can use the quadratic formula to find the roots of this equation:

_ —4 £ /16 — 4(1)(5) _ —4:|:\/j4:

A —2+1
2(1) 2 !
So, our eigenvalues are A = —2+i and A\ = —2—i. The eigenvectors for A = —2+i
—1—-(-2+479) 21 | 1—1 2
are the nullspace of 13— (=241 ] = { 1 14 ],

which we find by row reducing this matrix:

1—1 2 (1/2)(1+i)R1 1 141 1 142
-1 —-1-—3 -1 —-1-—1 Ro+ Ry 0 0

So, the eigenvectors satisfy the equation z; + (1 + @)z2 = 0, which is the same

as the set Span{[ -1 7; ]}

Using Theorem 9.4.1, we know that the eigenvectors for A = —2—i are Span { { —i-d } } =

1
Span{{ _1+; }}
And so we have that P = { —l-i —l4

1 1 } is an invertible matrix and D =

[ —2 +8 » 72 } is a diagonal matrix such that P~'AP = D.
2 2 -1

Al(c)Let A= | —4 1 2 |. To find the eigenvalues of A, we need to first
2 2 -1

find the characteristic polynomial.

2\ 2 -1
det (A—AI) =det -4 1-X 2
2 2 —1-A

1- X 2 —4 2 —4 1-)

=24 2 —1—/\‘_2’ 2 —1—/\‘_‘ 2 2’

= (2= N1 =N(=1=A) —4) = 2((—4) (-1 = \) —4) — (-8 —2(1 - \))
=2-N(=1=A+A+A2—4)—2(4+4\ —4) — (=8 -2+ 2))
=(2-A)(A\2+5) —2(4)) — (=10 +2))

=2X2 =10 — A% + 5X — 8A + 10 + 2\

= —BA+2X2 - \°

=-A56-2\+\?)



Because —\ is a factor of the characteristic polynomial, we know that A = 0 is
an eigenvalue of A. To find the other eigenvalues of A, we use the quadratic
formula to find the roots of 5 — 2\ + A\?:

_ 2 VA AME) _24V16

A 2(1) 2

So, the eigenvalues of A are A = 0,1+42¢,1—2i. Now let’s find their eigenspaces.
The eigenspace for A = 0 is the nullspace of A—AI = A—0I = A, and to find the

2 2 -1 2 2 -1
nullspace of A we need to row reduce A. | —4 1 2| ~]10 5 0|~
2 2 -1 00 O
2 2 -1
0 1 0
00 O
So the eigenvectors of A = 0 are the the vectors that satisfy 2z; — z3 = 0 and
1
z5 = 0, which we can write as Span 0
2
2—(1+2) 2 -1
The eigenspace for A = 14-2i is the nullspace of A—\I = -4 1—(1+29) 2
2 2 —1-(1+2)
[ 1—2i 2 —1
-4 -2 2 |, which we find by row reducing this matrix.
2 2 22 |
[ 1—2i 2 —1] 2 2 —-2-2i | (1/2)R;
-4 =2 2 RiJ Ry ~ -4 =2 2
i 2 2 -2-2i | 1—2i 2 -1
i 1 1 —-1-1 1 I
~ —4 =2 2 Ry +4Ry ~ |0 4—2i —2—4i (1/20)(4 + 2i)Ro
| 121 2 -1 Rs+ (—1+20)Ry 0 1+2¢ 2—1
[ 1 1 —1—4 Ry — Ry 1 0 -1
~ 10 1 —1i ~10 1 —i
| 0 1420 2—3 R3+ (—1—2i)Ry 00 O

So the eigenvectors of A = 1+ 2i are the the vectors that satisfy z; — z3 = 0 and
zo —izz = 0. If we replace the variable z3 with the parameter «, we see that
the general solution to this system is

z1 o 1
zo | = | ta | =« =
23 « 1



which we can write as Span i

1 1
By Theorem 9.4.1, the eigenspace for A\ = 1—2¢ is Span i = Span —1i
1 1
1 1
So we have that | 0 | is an eigenvector for the eigenvalue A =0, | ¢ | is an
2
1
eigenvector for the eigenvalue A =1+ 2¢, and | —¢ | is an eigenvector for the
1
1 1 1
eigenvalue A = 1 — 2i. And this means that the matrix P= | 0 ¢ —i | is
2 1 1
0 0 0
such that P"'AP=D=| 0 1+2i 0
0 0 1-—2¢
2 1 -1
Al(d)Let A=1| 2 1 0 [|. Tofind the eigenvalues of A, we need to first
3 -1 2
find the characteristic polynomial.
2—A 1 -1
det (A—XI) =det 2 1-2A 0
3 -1 2-A
1 -1 2—A -1
__2‘1 2A’+(1_)‘)‘ 3 2/\’_O

=-22-A-1D+1-XN)4—-22-2Xx+7*+3)
=21 =N+ (1 = A\)(7T—4X+ \?)
=(1=XN)(-2+7—41+)\?)
=(1-=XN(B-41+2?)

Because 1 — )X is a factor of the characteristic polynomial, we know that A = 1
is an eigenvalue of A. To find the other eigenvalues of A, we use the quadratic
formula to find the roots of 5 — 4\ + A\2:

\_AEVICAME) 4V,

2(1) 2




So, the eigenvalues of A are A = 2,2 +14,2 — i. Now let’s find their eigenspaces.

2-1 1 -1
The eigenspace for A = 1 is the nullspace of A—\I = 2 1-1 0| =
3 -1 2-1
1 1 —1]
2 0 0 |, which we find by row reducing this matrix.
| 3 —1 L]
1 1 -1 1 0 0 1 0 0
2 0 0f|~1|0O 1 -1 |~]0 1 -1
| 3 —1 1| 0 -1 1 00 0
So the eigenvectors of A = 1 are the the vectors that satisfy z; = 0 and 20 — z3 =
0
0, which we can write as Span 1
1
2—(2+41) 1
The eigenspace for A = 2+ is the nullspace of A—\I = 2 1—-(241)

[ —i 1 -1
2 —1—1 0 |, which we find by row reducing this matrix.
3 -1 —i

—i 1 17 iRy 1 i —i
2 —1—i 0 ~|2 —1—-i 0| Ry—2R;
3 -1 —i | 3 -1 —i | R3—3R;
[ 1 i —i [ 1 i —i
~10 —1-3i 2 ~ 0 —1-3i 2 | (1/10)(—1+ 3i)Ry
| 0 —1-3i 2 | R3—Ry 0 0 0
(1 —i | Ry — iRy 1 0 1(-1-20)
~10 1 =2-14i ~10 1 (=3-14)
[0 0 10 0 0

So the eigenvectors of A = 2+ i are the the vectors that satisfy z; + (1/5)(—1—
2i)z3 = 0 and 23 + (1/5)(—3 —i)z3 = 0. If we replace the variable z3 with the
parameter «, we see that the general solution to this system is

21 (1/5)(1 + 2i)«x 1424
zo | = (1/5)3+)a | =(1/5)a 3+i | =
23 « 5
1+2¢
which we can write as Span 341
5



1424
By Theorem 9.4.1, the eigenspace for A = 2 — ¢ is Span 3+

7 =
5
1—2i |
Span 3—1 .
5 -
[0 14 2¢
So we have that | 1 | is an eigenvector for the eigenvalue A\ = 1, 3+1
L1 5
1—24
is an eigenvector for the eigenvalue A = 2+1¢, and 3 — i | is an eigenvector for
5
0 14+2¢ 1—2
the eigenvalue A = 2—i. This means that thematrix P=| 1 3+4+:¢ 3—1
1 5 5
1 0 0
is such that P"'AP=D=| 0 1+2i 0
0 0 1—-2¢



