Lecture 31

Subspaces

Definition: Suppose that V is a vector space over C, and that U is a subset of
V. If U is a vector space over C using the same definition of addition and scalar
multiplication as V, then U is called a subspace of V.

As we found in R, any subset (but not necessarily a vector space) W of a vector
space V will automatically satisfy properties V2, V5, V7, V8, V9, and V10. So,
if we want to prove that W is itself a vector space, we only need to look at
properties V1, V4, V5, and V6. We can easily use the same proof as in R, to
show that Ov = 0 and (—1)v = —v in C as well. This means that properties
V4 and V5 will follow from property V6 (closure under scalar multiplication).
And so, as before, we get the following alternate definition of a subspace.

Definition: Suppose that V is a vector space over C. Then U is a subspace of V
if is satisfies the following three properties:

S0: U is a non-empty subset of V

Sl: w+z € U for all w,z € U (U is closed under addition)

S2: az € Ufor all z € U and o € C (U is closed under scalar multiplication)
Example: Show that the set U = { [ 22 ] | z € C} is a subspace of C2.
We need to verify the three defining properties.

SO0: We note that [
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N ] € C? for all z € C, so U is a subset of C2. To see that

it is non-empty, we note that 2(0) = 0, so [ 8 ] eU.

S1: Let o,z € U. Then we have that @ = Yl and 7 = “ | for some
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w, z € C. Then we have that
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and since w + z € C, we see that W + 2 € U.



S2: LetZeU(soé’:[ N ]),andaE(C. Then
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and since az € C, we see that a2’ € U.

Example: Let C(2,2) be the set of all 2 x 2 matrices with entries from the com-
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21 22 } | 21,20 € (C}. Then A is a subspace
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of C(2,2). To prove this, we check the three properties:

plex numbers, and let A =
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S0: { 22 ] € C(2,2) for all z1,29 € C, so A is a subset of C(2,2). To see
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that A is non-empty, we can set z; = zo = 0, and see that [
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Sl: Let A,B€ A, say A= [ ] and B = [ } Then we have
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and since a1 + by € C and as + by € C, we see that A+ B € A.
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and since aa; € C and aas € C, we see that oA € A.
Example: To see that the set W = {[ Z§ ] | z € C} is not a subspace of C2,
. i —i i —i] [ o
consider that [ 1 } € W and { 1 } €W, but { 1 ]+[ 1 ] = { _9 ],

and [ _(2) ¢ W. As such, property S1 fails, so W is not a subspace.



