Solution to Practice 2j

B2(a) Number of parameters = number of variables - rank. In this case, we get
that the number of parameters is 4-2=2. Turning the matrix into equations, we
get

X + 3],‘2 - Ty =0
T3 + 2134 = O

We need to replace the variable x5 with the parameter s, and the variable x4
with the parameter ¢. This gives us
X1 + 35 — t = 0
T3 + 2t = 0

From this, we see that the general solution is

I 738 +t *3 1
zo | s . 1 0
2 ot |75 0 | TH| =2
T4 t 0 1

B2(b) Number of parameters = number of variables - rank. In this case, we
get that the number of parameters is 5-3=2. Turning the matrix into equations,
we get

T + X2 — 2x4 = 0
T3 + T4

I
o

Ty = 0

We need to replace the variable x5 with the parameter s, and the variable x4
with the parameter ¢t. This gives us

T, + s — 2t = 0

r3 + 4 = 0

Irs = 0

From this, we see that the general solution is

T —s+ 2t -1 2
To S 1 0
r3 | = —t =s| O +t] —1
Ty t 0 1
T5 0 0 0



B2(c) Number of parameters = number of variables - rank. In this case, we get
that the number of parameters is 6-3=6. Turning the matrix into equations, we
get

r1 + 2 — 3x¢ = 0
T3 — bry + 4dzg = 0
Is + Te =0

We need to replace the variable x5 with the parameter r, the variable x4 with
the parameter s, and the variable g with the parameter ¢. This gives us

T + 2r — 3t =0
xr3 — Bbs + 4t = 0
Trs + t = 0

From this, we see that the general solution is

T —2r + 3t —2 0 3
To r 1 0 0
x3 | 5s — 4t 0 5 —4
x4 | s - 0 +s 1 +i 0
Is5 —t 0 0 1
Te t 0 0 -1

B3(a) The coefficient matrix for this system is

1 5 =3
3 5 -9
1 1 -3

To determine the rank and number of parameters, we need to row reduce to row
echelon form:

1 5 -3 1 5 -3
35 9| Ry—3R, ~| 0 —10 0
11 -3| Ry—Ry 0 —4 0 | Rs—(2/5R,
1 5 -3
~|0 -10 0
0 0 0

We see that the row echelon form has two pivots, so the rank of the matrix is 2,
and the number of parameters in the general solution is 3-2=1. To determine
the general solution, I will row reduce our matrix the rest of the way to reduced
row echelon form.



1 5 -3 1 5 =37 R—5R, 10 -3
0 -10 0 | (=1/10)Ry ~| 0 1 © ~|0 1 0
0 0 0 00 0 00 0

This corresponds to the homogeneous system

T1 —3%320
xT9 = 0

Replacing the variable x3 with the parameter s, we get

T — 35 = 0
o :O

From this we see that the general solution is

xI1 3s 3
To = 0 =S 0
T3 S 1

B3(b) The coefficient matrix for this system is

1 4 -2
2 0 -3
4 8 =7

To determine the rank and number of parameters, we need to row reduce to row
echelon form:

1 4 -2 1 4 =2
2 0 -3 Ry—2R; ~ |0 -8 1
4 8 -7 Rs — 4R, 0 -8 1 Rs — Ry
4 =2
~10 =8 1
0 O 0

We see that the row echelon form has two pivots, so the rank of the matrix is 2,
and the number of parameters in the general solution is 3-2=1. To determine
the general solution, I will row reduce our matrix the rest of the way to reduced
row echelon form.

1 4 -2 1 4 -2 ] Ry—4R,
0 -8 1 | (-1/8)Ry ~| 0 1 —1/8

0 0 0 00 0

1 0 —3/2
~10 1 —1/8

00 0



This corresponds to the homogeneous system

T —

From this, we see that the general solution is

1 (3/2)s 3/2
xe | =1 (1/8)s | =s| 1/8
T3 s 1

B3(c) The coefficient matrix for this system is

11 1 =2
2 70 —-14
13 0 -6
1 4 0 -8

To determine the rank and number of parameters, we need to row reduce to row
echelon form:

11 1 -2 11 1 -2
2 7 0 —14 | Ry—2R; 0 5 —2 —10 | (1/5)Rs
1 30 —6 Rs—Ry |0 2 -1 4
1 40 -8 Ry — Ry 0 3 -1 —6
(1 1 1 -2 1 1 1 -2
0 1 -2/5 —2 0 1 -2/5 —2
102 -1 4 | Rg—2R, T |0 0 —1/5 0
|03 -1 -6 Ri—3Ry 0 0 1/5 0 | Ry+Rs
(11 1 -2 ]
0 1 —2/5 —2
“1o o0 -1/5 0
00 0 0

We see that the row echelon form has three pivots, so the rank of the matrix is
3, and the number of parameters in the general solution is 4-3=1. To determine
the general solution, I will row reduce our matrix the rest of the way to reduced
row echelon form.



11 1 =2 11 1 -2 Ry — Rs
0 1 —2/5 -2 0 1 -2/5 —2 | Ry+(2/5)Rs
00 -1/5 0 | =5Rs ~ |0 0 1 0

00 0 0 00 0 0

1 10 —27 R —R,y 100 0

01 0 -2 01 0 -2
“lo o1 0 “lo o1 0

000 0 000 0

This corresponds to the homogeneous system

T = 0
X9 — 2$4 =
T3 = 0

o

Replacing the variable x4 with the parameter s, we get

X1 =

8
™)
|
DO
)
Il
coo

xs3

From this, we see that the general solution is

T 0 0
To | | 25 | _ 2
zs || 0|70
T4 S 1

B3(d) The coefficient matrix for this system is

1 3 1 1 2
0 21 0 —1
1 2 2 1 0
1 21 1 1

To determine the rank and number of parameters, we need to row reduce to row
echelon form:

1 311 2 1 3 11 2
0210 -1 0 2 1 0 —1| RyJRy
1221 0 R-3-R |0 -1 10 -2
1 211 1 R,—R—1 0 -1 0 0 -1
1 3 11 2 1 3 11 2
0 -1 0 -1 | —Rs 0 1 00 1
1o -1 10 -2 1o -1 10 -2 Rs + Ry
0 2 10 -1 0 2 1 0 —-1| Ry—2R-2



1311 2 1 3 11 2
0100 1 0100 1
“1o o010 -1 “lo o010 -1
0 01 0 -3 | Ry—Rs 0000 -2

We see that the row echelon form has four pivots, so the rank of the matrix is
4, and the number of parameters in the general solution is 5-4=1. To determine
the general solution, I will row reduce our matrix the rest of the way to reduced
row echelon form.

1 3 1 1 2 1 3 1 1 2 Ry — 2Ry
01 0 0 1 01 0 0 1 Ry — Ry
0010 -1 “10 010 —1| Rs+Ry
000 0 -2 (=1/2)Ry4 000 0 1
1 3 1 1 0] Ri—R;s 13 01 0 Ry — 3R,
01 000 01 0 00
Y100 100 “lo 0100
|00 0 0 1| 0 00 01
1 0 0 1 0]
01 000
Y100 100
| 00 0 0 1]
This corresponds to the homogeneous system
T + x4 = 0
T2 = 0
T3 =0
Irs = 0

Replacing the variable x4 with the parameter s, we get

xr1 + s =
X2 =
T3 =

OO OO

From this, we see that the general solution is

T -8 -1
To 0 0
T3 | = 0 =s 0
T4 S 1
Is5 0 0



4.0 607 (/R 1 0 3/2|0
B4(a) | 6 6 3 | —6 ~| 6 6 3 |—6| Ry—6R
—2 1 -4|-1 -2 1 —4|-1| R3+2R;
10 3/2]0 1 0 3/2|0 1 0 3/2
~|06 —6[-6| (1/6)Ry ~| 0 1 —1]-1 ~l0 1 -1
01 —1]-1 01 —1|-1]| Rs—Ry 00 0

This corresponds to the system

o — I3 = -1

Replacing the variable x3 with the parameter s, we get

X + (3/2)s = 0
To — S = -1

From this, we see that the general solution is

x (—3/2)s 0 -3/2
Ty | = —1+s | = -1 |+s 1
T3 S 0 1

Turning our attention to the related homogeneous system, we would have per-
formed the exact same row operations on the coefficient matrix, leaving us with

1 0 3/2
01 -1
0 0 O
This corresponds to the system
z1 + (3/2)z3 = 0
T2 — I3 = 0

Replacing the variable x3 with the parameter s, we get

Ty + (3/2)s = 0
Ty — s = 0

From this, we see that the general solution is



1 2 —4]10 1 2 —41]10
-1 =5 —5|—-1| Ry+Ry 0 =3 =919 | (-1/3)R,
Bab) | ., 1 9 |1 Rs+4R;, ~ |0 9 -7 |41
—5 —4 0| 8 | Ry+5R, 0 6 —20|58
(1 2 -4 10 1 2 —41]10
01 3 |-3 01 3 |-3
T10 9 —7 |41 | Rg—9R, T | 0 0 34|68 | (—1/2)Rs
| 0 6 —20|58 | Ry—6R, 0 0 —38|76 | (—1/2)R4
[1 2 —4| 10 1 2 —4]10 Ry +4R3
01 3|-3 01 3 |-3]| Ry—3Rs
1o o0 1 |-2 “lo o0 1 ]-2
0 0 1 |-2| Ry—Rs 00 010
[1 2 0| 2 1 R —2R 10 0]—4
01 0|3 01 0|3
Y10 o0 1]-2 Y100 1]-2
0 0 0|0 00 0]O0
This corresponds to the system
X1 = —4
) = 3
r3 = —2

From this, we see that the general solution is

X1 —4
Zo = 3
I3 -2

Turning our attention to the related homogeneous system, we would have per-
formed the exact same row operations on the coefficient matrix, leaving us with

1 00
010
0 01
0 0 0

This corresponds to the system



&
€2
zs3

From this, we see that the general solution is

X1 0
i) = 0
T3 0
1 -1 4 -1] 4
-1 -2 5 2|5 Ry + Ry
Ba(e) |, 1 9 9| -4| Ry+4m,
5 4 1 8|5 Ry —5R;
[1 -1 4 -1 4
0 1 -3 1] -3
“lo -5 18 -2/ 12 Rs+5R;
0 9 —19 13|15 | Ry—9R,
1 -1 4 —1| 4 ]
0 1 -3 1/|-3
“lo 0o 1 1 |-1 ~
|0 0 8 4|12 | Ry—8R;
[1 -1 4 —=1] 4 7 Ri+Rs
0 1 -3 1 |-3| Ry—Ry
“lo o 1 1|-1]| Rs—Rs ~
00 0 1 |-5]
1 -1 0 0] =177 Ri+Rs 1
0 1 0 0] 14 0
“1lo 0 1 0| 4 1o
0 0 0 1| -5 0
This corresponds to the system
1
Z2
€3
T4

From this, we see that the general solution is

I -3
i) o 14
I3 o 4
T4 -5

o

O oo O o
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1 |-1
—4 120
-1
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4
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(—=1/3) Ry

(1/3)Rs

(—=1/4)R4

Ry —4R;3
Ry + 3R3



Turning our attention to the related homogeneous system, we would have per-
formed the exact same row operations on the coefficient matrix, leaving us with

1 0 00
01 00
0 01 0
0 0 01
This corresponds to the system
1
T2
T3
T4

From this, we see that the general solution is

Ty 0
xIo o 0
I3 o 0
Ty 0
113 1 4] 2
4 4 6 —8 4| -4 | Ry—4R;
Bad) | 1 4 9 1)-6| Rm-Ry
3 32 —4 5|6 Ry — 3R,
11 3 1 4] 2 7 I
001 2 212
“10 01 -3 -3|-8| Ry—Ry
001 1 1]0 Ri— Ry
11 3 1 4| 2 ] I
001 2 212
“lo o0 1 1|2 ~
|00 0 -1 —1|-2] Ry+Rs I
(1 1 3 0 3]0 R — 3R, 1
0010 0]-2 0
“lo o001 1|2 “lo
(00 0 0 0]0 0
This corresponds to the system
r1 + X2 =+
T3
T4 +

10
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-3 | -8

71 0 | (~1/7)R
2

2
210 | (“1/5)Rs
—2

Ry — R3

Ry — 2R3



Replacing the variable x5 with the parameter s and the variable x5 with the
parameter ¢, we get

r1 + s 4+ 3 = 6
I3 = -2
Ty + t = 2

From this, we see that the general solution is

T 6—s—3t 6 -1 -3
To s 0 1 0
T3 | = —2 = -2 | +s 0 +1 0
Ty 2—t 2 0 -1
Is t 0 0 1

Turning our attention to the related homogeneous system, we would have per-
formed the exact same row operations on the coefficient matrix, leaving us with

110 0 3
001 00
000 11
000 00
This corresponds to the system
1+ 22 + 3z =

T3

I
coco

T4 + T3 =

Replacing the variable xo with the parameter s and the variable x5 with the
parameter ¢, we get

T, + s + 3t = 0
X3 = 0
gy + t = 0

From this, we see that the general solution is

T —s5— 3t -1 -3
To S 1 0
T3 | = 0 =s 0 +1 0
Ty —t 0 -1
Is t 0 1
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Instructor’s comments As you worked through problem B4, you hopefully
noticed the following shortcut: to go from the general solution of the non-
homogeneous system to the general solution of the homogeneous solution, you
simply need to switch the “constant vector” (that is, the vector not affiliated
with any parameters) to the zero vector. In fact, the constant vector comes
from the augmented column, which in the case of the homogeneous system is
all zeros.

D1(a) If # is orthogonal to @, then #-ad = 0. That is, we must have that
a1x14asx2+azrs = 0. Similarly, if & is orthogonal to 5, then byx1+boxo+bsrs =
0, and if & is orthogonal to ¢, then c;x1 + coxs +c3zr3 = 0. So, in order for ¥ # 0
to be simultaneously orthogonal to a, 5, and ¢, £ must be a non-trivial solution
to the following system of homogeneous equations:

a1r1 + asxs + asrs = 0
bizi + bexa + b3zz = 0
C1T1 +  Coxo + C3T3 = 0

D1(b) The matrix A is the coefficient matrix for the system of homogeneous
equations given in part (a). Since all homogeneous systems are consistent, we
know that we can apply part 2 of Theorem 2. Since the system will have non-
trivial solutions if and only if there is at least one parameter in the general
solution, then we know that in order for there to be a non-trivial solution to the
system from (a), the rank of A must be less than 3.
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