Lecture 2k
Spanning Problems

(pages 91-95)

Systems of linear equations came up frequently in our study of R™. Because
we had not developed the techniques we now have for solving systems of linear
equations, we were unable to fully explore R™ in Chapter 1. So now, we will go
back and revisit some of our definitions from Chapter 1, and work on finding
solutions to common questions. To that end, consider the following example:
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Example: Write 8 as a linear combination of 1] 29 | e
8 0 -3 -5
0
and g . That is, find scalars ¢, o, t3,%4 € R such that
-1
1 2 1 0 -1
0 2 8 4 4
t1 1|t ta o | T t3 5 | T ty 3 = 8
0 -3 -5 1 8

This single vector equation is solved by breaking it into its four components,
giving us the following system of linear equations:

ti1 + 2ty + i3 = -1
2t + 8tz + 4ty 4

fy — 2y + Bts + 3t, — 8
— 3ty — bty — ty = 8

And we solve this system of linear equations by row reducing its augmented
matrix:

1 2 1 0|-1 1 2 1 0|-1
0 2 8 4| 4 0 2 8 4| 4 (1/2)R,
1 -2 5 3|38 Rs—Ri ~ |0 —4 4 319
0 -3 -5 —1| 8 0 -3 -5 —1| 8
1 2 1 0|-1 1 2 1 0]-1
0 1 4 2|2 01 4 2|2
“lo -4 4 3109 Rs+4Ry ~ | 0 0 20 11|17 | (1/20)Rs
0 -3 -5 —1| 8 Ry + 3R, 00 7 5|14



1 2 1 0 -1 1 2 1 0 -1
01 4 2 2 0 1 4 2 2
0 0 1 11/20]17/20 0 0 1 11/20] 17/20
| 0 0 7 5 14 | R4—TR3 0 0 0 23/20]161/20 (20/23)Ry4
(1 2 1 0 -1 ] 1 2 1 0] -1 R, — Rs
N 01 4 2 2 Ry — 2Ry 01 4 0]-12 Ry — 4R3
0 0 1 11/20]17/20 Rs — (11/20)Ry 0 01 0] -3
| 00 0 1 7] 0 0 01 7
1 2 0 0] 2 Ri — 2R, 1 0 0 0] 2
01 0 0] 0O 01 0 0] O
0 01 0]-3 0 01 0]-3
| 00 0 1|7 0 0 0 1] 7
From the final RREF matrix, we see that the system has the unique solution
-1
ty =2,1t3 =0, t3 = —3, and t4 = 7. This means that we can write ;1 as
8
1 2 1 0
. .. 0 2 8 4
a linear combination of N EE 5 | and 3 as follows:
0 -3 -5 -1
1 2 1 0 -1
0 2 8 4 4
2 1 +0 _9 + -3 5 +7 3 = 3
0 -3 -5 -1 8
Back in Lecture 1h, we defined the span of a set of vectors {¥}, ¥, ..., ¥, } to be

the set of all linear combinations of these vectors. As we just saw in the previous
example, we can use a system of linear equations to find the scalars used to write
one vector as the linear combination of a set of vectors. But what if our system
did not have a solution? That is, what if the system was inconsistent? This
would correspond to the case where our vector was not in the span of the set of

vectors. So, if we know that a vector ¥ is in Span{#¢},¥s, ..., U, }, then we can
set up a system of linear equations whose solution provides us with the scalars
that show ¥ is a linear combination {#, ¥a, ..., 7, }. But what we also get, from
this same system, is the fact that a vector ¢ is in Span{vi, ¥s,...,¥,} if and
only if the corresponding system of equations is consistent.

1 -3 8
Example: Determine whether or not | 2 | isin Span 2 , | —4

4 6 —13

To solve this we need to determine whether or not there are any solutions to the



-3 8 1
vector equation ty 2 + 9 —4 = | 2 |. Breaking this vector equa-
6 -13 4
tion into its three components, we see that the vector equation has a solution if
and only if the following system of linear equations has a solution:

=3t + 2t = 1
260 — 4ty = 2
6ts — 13ta = 4

To determine whether or not this system has a solution, we will write it as an
augmented matrix and row reduce:

-3 8 |1 -3 8 |1
2 42| (/2R ~| 1 -2]1 Rl Ry
6 —-13|4 6 —-13|4
1 -2 1 1 -2 1
~1 -3 8 |1 Ro+3Ry ~| 0 2 4 (1/2)Rs
| 6 —13|4 Rs — 6R; 0 —-1|-2
(1 -2 1 1 =211
| 0 —1]-2 Rs + Ry 0 0|0
The final matrix is in row echelon form, and as it has no bad rows, we know that
1 -3 8
the system is consistent. This meansthat | 2 | ISin Span 2 , | —4
4 6 | —13
1 =371 [ 8
Example: Determine whether or not | 2 | isin Span 2 , | —4
3 6 | —13
To solve this we need to determine whether or not there are any solutions to the
-3 8 1
vector equation ty 2 + 9 —4 = | 2 |. Breaking this vector equa-
6 -13 3

tion into its three components, we see that the vector equation has a solution if
and only if the following system of linear equations has a solution:

=3t + 2t = 1
260 — 4ty = 2
6ts — 13ta = 3

To determine whether or not this system has a solution, we will write it as an
augmented matrix and row reduce:



1 -3 8 |1
2| (1/2)Ry ~| 1 -2 |1 Rl R
—13 3 6 —-13|3
— 1 1 =21
~ —3 8 1 Ro+3Ry ~| 0 2| 4 (1/2)Rs
| 6 —13 3 R3 —6R; 0 —-1|-3
[1 -2 1 =2] 1
L 0 —-1|-3 Rs + Ro 0 0 |-1
Since the bottom row in the last matrix is a bad row, we know that the system
1 -3 8
is inconsistent, and therefore | 2 | is NOT in Span 2 , | —4
3 6 —13
And so, to summarize, to determine if a vector ¥ is in Span{vy, s, ..., 0, }, we

row reduce the augmented matrix [0; Ua - - U,|0]. If a row echelon form has a
bad row, then v is not in the span. If the row echelon form does not have a bad
row, then ¥/ is in the span. In the case that ¢ is in the span, any solution to the
system gives us the coefficients needed to write ¥’ as a linear combination of the

vectors in {7y, ¥a, ..., U, }. And yes, it is possible to have multiple solutions:
2 1 1
Example: Write | 3 | asalinear combination of the vectors in 1(,]0
0 0 0
1 1 0
We need to find scalars t1,to,t3 € Rsuchthatt; | 1 |+t2 | 0 |+t3| 1 | =
0 0 0
[ 2
3 |. To that end, we will row reduce the affiliated augmented matrix as
0
follows:
11 0]2] 1 1 0]2
1 0 13 Ro—Ry ~| 0 -1 1|1 | —Rs
1 0 0 0]0 | 0 0 0f0
11 01 2 Ri — Ry 1 0 1 3
~10 1 —-1|-1 ~10 1 —-1]-1
00 01O 00 01O

Putting our RREF matrix back into equations, we see that

tq + t3 = 3
tay — t3 = -1

Replacing the variable t3 with the scalar s, we get

—_



tl + s = 3
t2 — s = -1

From this we see that the general solution to our system is

t1 3—5 3 -1
to | =| -14+s | = -1 |+s 1
tg S 0 1

And from this general solution, we see that (using s = 0)

1 1 0 2
3|1 | -0 |4+0|1|=]3
0 0 0 0
and that (using s = 1)
1 1 0 2
211 (+01 0|+ 1 |=1|3
0 0 0 0
and that (using s = 3)
1 1 0 2
O| 1| +2]0|4+3|1|=]3
0 0 0 0

and so on!

We'll see in the next lecture that we only get multiple ways to write a vec-
tor ¥ as a linear combination of the vectors in {¥},0s,...,0,} when the set
{¥h, V2, ...,0,} is linearly dependent. But before we leave the subject of span-
ning sets behind, there is one other question to consider: When does a set of
vectors {U,Ta, ..., U} span all of R™? That is equivalent to asking whether or
not the equation t1 ¢ +toth + - - - + t1 U = U has a solution for every v € R". In
terms of our technique for solving such systems, this means that no matter what
the augmented column is, our augmented matrix can NOT have a bad row. The
only way to achieve this is to make sure that every row in the COEFFICIENT
matrix has a pivot. That is, we need the rank of the coefficient matrix to equal
the number of equations, which is n. So, we’ve proved the following result:



Lemma 2.3.1: A set of k vectors {71, ¥a,...,0;} in R™ spans all of R™ if and
only if the rank of the coefficient matrix of the system t1v +toto+- - - +t40x = U
is n.

Now, you would think that this would be a “Theorem”, but in fact the following
result will turn out to be the important one in the end:

Theorem 2.3.2: Let {0, s, . .., Uk} be aset of k vectors in R™. If Span{}, ¥a, ..., Uk} =
R”, then k£ > n.

We'll use Theorem 2.3.2 later to prove the REALLY BIG RESULT!!! But for
now, let’s get some practice with spanning sets...



