Solution to Practice 1g
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A2(a) Call the set A. Then A is not a subspace of R? because | 1 | € A (as
3
2 4
922 12=4-1=3),but2| 1 | =| 2 | ¢A(asd2-22=16—4=12#£6).
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A2(b) Call the set B. Then 0 € B, so B in non-empty. Let Z,7 € B. So 1 = x3
and y; = y3. Then if we let W = &+ ¢ we get that wy = z1 +y1 = x3+y3 = ws.
So @ € B, and thus B is closed under addition. Finally, let # € B (so x1 = x3),
t € R, and let 2 = tZ. Then 21 = txy = trz = 23. So Z € B, and thus B is closed
under scalar multiplication. And as B is non-empty, closed under addition, and
closed under scalar multiplication, we have that B is a subspace of R3.

A2(c) Call the set C. Then 0 € C, so C in non-empty. Next, let Z 7 € C. So
x1+x2 =0 and y; +yo = 0. Then if we let & = £+, we get that w, = 1+ y1
and we = xo+yo. Thus, wi+ws = (x1+y1)+ (w2 +y2) = (x1+22)+(y1 +y2) =
0+ 0 =0. So we have that & € C, which means that C is closed under scalar
multiplication. Finally, let Z € C (so 1 + z2 = 0), t € R, and let 2 = tZ. Then
z1 = tzq and z9 = tx9, S0 21+ 29 = tx1+txe = t(x1+2x2) = £(0) = 0. So we have
that Z € C, which means that C is closed under scalar multiplication. And as
C' is non-empty, closed under addition, and closed under scalar multiplication,
we have that C is a subspace of R2.
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A2(d) Call the set D Then | 1 | e D,but 2| 1 | = | 2 | ¢ D, since
1 1 2

(2)(2) =4 # 2. So D is not closed under scalar multiplication, and thus D is
not a subspace of R3.

2
A2(e) Call the set F. Then if we let t; =t; =0 we see that | 3 | € E, so E
4
is non-empty. (Instructor’s note: While we usually use 0 to show that F is
non-empty, we can of course use any element of F to prove that F is non-empty.)
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Next,letZ= | 3 |+t1 | 1 |+t2| 2 [andy=| 3 |+s1 | 1 |+s2| 2 |,
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so that &,/ € . Then if W = & + ¢ we have:



[ 2] 1 1 [ 2 1 1
W= 3 |+t 1 +to| 2 |+ 3| +s1 1 + 59| 2
| 4] 1 3 | 4 1 3
[ 2] [ 2] 1] 1
= 3|+ 3 | +@i+s)| 1| +(tats2)| 2
| 4 | 4 ] 1| 3
(27 [ 1] 1 1 1
| 4 | 1] 3 1 3
[ 2] 1
= 3| +(t1+s1+1 +(to+se+1)| 2
| 4 3
And so, at long last, we see that W € F, so E is closed under addition. Lastly,
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letZ=1| 3 | +t; +ta| 2 |, s€R and let 2= sZ. Then
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Z = s| 3 | +st1| 1 |+ sty
4 1
[ 2] i 1
= 3 +(3—1) 3 + sty ]. + sto 2
| 4 | 4 1 3
[ 2] 1 1 1
= 3|1 +(s—=1) 1 (+] 2 +sty | 1 | +sta| 2
| 4 | 1 3 1 3
[ 2] 1 1
= 3| +(sti+(s=1)| 1 |+ (sta+(s—=1))| 2
4 1 3

This shows that 2 € F, and thus that E is closed under scalar multiplication.
And as we have shown that F is non-empty, closed under addition, and closed
under scalar multiplication, we have that E is a subspace of R3.

A3(a) Call the set A. Then 0 € A, so A is non-empty. Next, let Z,7 € A,
t € R, and let & = ¥+ ¢ and 2 = t&. Now, as 7,y € A, we have that
r1+xo+x3+x4=0and y; +ys +y3s +ys = 0. Then wy + we + w3z + wy =
(21 +y1) + (w2 +y2) + (3 +y3) + (4 +ya) = (21 + 22 + 23 + 24) + (Y1 +
Yo +ys+ys) =04+0=0,s0 @ € A, and thus A is closed under addition. And



21+ 22+ 23+ 24 = txy Htrg+teg+tey = (1 +a2+x3+24) =t(0) =0,50 27 € A
and thus A is closed under scalar multiplication. And as we have shown that A
is non-empty, closed under addition, and closed under scalar multiplication, we
have that A is a subspace of R*.

A3(b) Call the set B. Then 0 ¢ B, so B is not a subspace of R%.

A3(c) Call the set C. Then 0 ¢ C, as 04 2(0) = 0 # 5, so C' is not a subspace
of R%.
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A3(d) Call the set D. Then 1 € D, as 1=(1)(1) and 1-1=0, but 2 1 ¢
1 1
1 2
D, as 2 } = ; and 2 # (2)(2). As D is not closed under scalar
1 2

multiplication, D is not a subspace of R*.

A3(e) Call the set E. Then 0 € E. Next, let Z, € E, t € R, and let & = Z+ ¢
and 2 = tZ. Then 221 = 3x4, x9—5x3 = 0, 2y; = 3y4, and y2 —5yz = 0. We also
have that 2wy = 2(x1 + y1) = 221 + 2y1 = 323 + 3ys = 3(x4 + ya) = 3wy, and
wy —5ws = (2 +y2) —5(x3+ys3) = (2 —523)+ (y2—5y3) =04+0=0,s0 W € E,
and thus F is closed under addition. Similarly we see that 2z; = 2(tx1) =
t(2x1) = t(3x4) = 3(txs) = 324, and 29 — bzg = twg — 5(twg) = t(xe — Sxz) =
t(0) =0, so Z € E, and thus F is closed under scalar multiplication. And as
we have shown that E is non-empty, closed under addition, and closed under
scalar multiplication, we have that E is a subspace of R,

A3(f) Call the set F. Then 0 ¢ F, so F is not a subspace of R%.

D3(a) Let A be the intersection of U and V. That is, we have that & € A if
and only if £ € U AND & € V. Since U and V are both vector spaces, we have
that 0 € U and 0 € V, so 0 € A, and thus A is non-empty. Next, suppose that
Z and ¢ are in A, and that t € R. As 7 and ¢ are in A, they are also in U, which
being a vector space is closed under addition and scalar multiplication. Thus,
we have that both £ 4+ ¢ € U and tZ € U. Similarly, we have that & and ¥ are
in the vector space V, so £+ ¢y € V and tZ € V. Thus we see that ¥+ € A
and tZ € A, giving us that A is closed under addition and scalar multiplication.
And therefore A is a subspace of R".



D3(b) LetB:Span{ (1)}} andletC:Span{[ (1) }} Then [ (1) } is in

the union of B and C (as it is in B), and (1) is in the union of B and C

0 1

(asitisinC),but{1 +{0}—[i]isnotintheunionofBandC as

¢ B and [ ] ¢ C. Thus, the union of B and C' is not closed under

addltlon7 and therefore is not a subspace.

D3(c) First we see that U + V is non-empty, since 0cUandleV gives us
0=0+0€eU~+V. So, let 21,22 € U+ V and t € R, and let uj,us € U
and v1,v3 € V be such that 27 = u] + v1 and 25 = u5 + v3. Then 27 + 75 =
U1 +01 +ur+03 = (Ul +uz)+ (01 +03). And since uj+up € U and v1 403 € V we
see that 1 +25 € U+ V, and thus that U 4V is closed under addition. Finally,
we have that t£] = t(uj + v1) = tuy + tv1. Since tuy € U and tv; € V, we see
that t£1 € U + V, and thus that U + V is closed under scalar multiplication.
And since U 4 V is non-empty, closed under addition, and closed under scalar
multiplication, we have that U + V is a subspace of R™.



