Lecture 1g
Subspaces

(pages 16-17)

I will begin our discussion of subspaces with the following definition of a sub-
space, which has been modified from the one given in the text.

Definition A subset S of R™ is called a subspace of R if the following conditions
hold:

(0) S is non-empty
(1) S is closed under addition (that is, for #,7 € S we have ¥ + ¢ € S)

(2) S is closed under scalar multiplication
(that is, for t € R and Z € S, we have tZ € 5)

This definition is of course the same as the one given in the text, but I prefer
to present the definition in this manner as it emphasizes the often overlooked
requirement that S be non-empty. In fact, a subspace must always contain 0
(which follows from property (2), using ¢t = 0), so frequently the first thing one
looks for when trying to determine if a subset S is in fact a subspace is whether
ornot 0 € S. Moreover, one can quickly prove that the single element subset
{6} is always a subspace of R”, and that R™ is always a subspace of R" as well.
For other subsets, we need to pay closer attention to properties (1) and (2). At
first glance, you may not understand why these properties don’t always hold.
After all, of course the sum of two vectors is a vector. The key is the fact that we
have S written in the places where we have previously written the all inclusive
R"™. So, when we take two elements of S and add them, we don’t want to end
up with some random vector from R™. We want to make sure that our result
is still contained in S. And this needs to be true for all possible combinations
of vectors in S! And then even if that works, we need to make sure that all the
scalar multiples are contained in S as well.

With the exception of the set {6}, subspaces will always contain an infinite
number of elements. As such, we can’t describe S with a list of elements. So,
our definitions of S will always be abstract. I find that many students stumble
at this point, and the only advice I have is to look at lots of examples (coming
next!).

Example 1 Consider the subset S; = {6, €1,63} of R%. Then S; is non-empty
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(and even contains 0). But .S; is not closed under addition, as €] + €3 = [ 1 ] ,
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but [ 0

] ¢ S. S is also not closed under scalar multiplication, as 2¢; = [ 2 ] ,



but { g } ¢ S. So S1 is NOT a subspace of R2.

Before I move on to more examples, there are two things that I want to point
out about how my example differs from a “proof” that S; is not a subspace.
The first is that I looked at all three properties, when all that is needed to show
that S is not a subspace is that any one of the properties fails. So, for example,
the last two sentences would have been enough for full marks. The second thing
that I want to emphasize is that to show that S; did not have properties (1)
and (2), I provided specific counterexamples. In theory a definition for S could
be so abstract that you would need to give a completely abstract argument for
why one of these properties does not hold, but for this course you should always
be able to give me either two specific elements of S whose sum is not in .S or a
specific element of S and a specific element of R whose scalar product is not in
S. So, with that advice in hand, lets look at some more subsets.

Example 2 Consider the subset Sy = { [ il } |z = 1} of R2. Then 0 ¢ So, 80
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S, is not a subspace of R2. (While technically 0 ¢ S is not one of the properties
we need, we previously discussed why every subspace of R™ must contain 0, so
this would be an acceptable answer.)
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Example 3 Consider the subset S3 = 2o | |t123 —2x3=0,. Then | 3 | €
I3 6
2 4
Szas (2)(3)—6=0,but2| 3 | = 6 ¢ Ss, as (4)(6) — 12 =12 #0. So
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S35 is not a subspace of R3.
Example 4 Consider the subset S; = {{ il ] |z1, 2 < 0} of R2. Then
2

[ :} } € S4, but (-1 [ :1 ] = [ } } ¢ Ss. So Sy is not a subspace of

Okay, now lets look at some things that ARE subsets.

Example 5 Consider the subset S5 = {{ 1 } |z = O} of R%. Then { 8 } €

S5, so S5 is non-empty. So let ¥ = 1 } and ¢ = [ & } be elements of Ss.
n
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Then z1 = =0. Let Z =2+ 4. Then Z = = =
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0 . Since z; = 0 we see that Z € S5, and thus S5 is closed under
T2 + Y2 |

T

addition. Finally, let & = € S; and t € R, and let 2 = tZ. Then

tay | tao txo
S is closed under scalar multiplication. And as S5 is non-empty, closed under
addition, and closed under scalar multiplication, we have that S5 is a subspace
of R2.

7= [ A - [ #0) ] = { 0 ] Since z; = 0 we have that Z € S5, and thus

Example 6 Consider the subset Sg = xo | |x3 =1 + 29 p of R3. Then
€3

0 € Sg since 0=040. Next, suppose that Z, y € Sg. Then we have z3 = x1 + 22
and y3 = y1 +yo. Solet 2= Z+ . Then z; = 1 + y1, 20 = T2 + Y2, and
zz3 =x3+ys = (1 +22) + (11 +y2) = (x1 +y1) + (T2 + y2) = 21 + 22. So
we have Z € Sg, and thus that Sg is closed under addition. Finally, let & € Sg
(so 3 = 21 + 22), t € R, and let Z = ¢tZ. Then z; = tx1, 22 = txs, and
z3 = tog = t(x1 + x2) = twy + twe = 21 + 22. So we see that Z € Sg, and thus
that Sg is closed under scalar multiplication. And as we have shown that Sg
is non-empty, closed under addition, and closed under scalar multiplication, we
have that Sg is a subspace of R3.



