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that the first column of P is not an eigenvector of A, and thus P does not
diagonalize A.
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we see that [ . } is also an eigenvector. As such, we know that P diagonalizes
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A. We find P! using the matrix inverse algorithm:
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{ %g _%g ] . From our previous calculations, we know that AP =

4 -2
{ 4 9 ] As such, we have:

P~1AP =P-1(AP)
[1)2 1/2“4 2]
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And so we see that P"1AP is a diagonal matrix.
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diagonalizes A. We find P~! using the matrix inverse algorithm:
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{ 8 -l } As such, we have:
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(8+12)/5 (—1+1)/5}
| (24-24)/5 (-3-2)/5
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And so we see that P~1AP is a diagonal matrix.

-7 2 -4 -1 T+2-12 -3
B1(d) Since 8 -1 4 1] = —-8—-1+12 | = 3| =
18 -6 11 3 —-18-6433 9
-1 -1 -7 2 —4 -1
3 1 [, we see that 1 | is an eigenvector. Since 8 —1 4 2
3 3 18 -6 11 3
7T+4-12 -1 -1
—-8—-24+12 | = 2 |, we see that 2 | is also an eigenvector.
—18 —-12+ 33 3 3
-7 2 —4 1 —7—2+4+38 -1 1
Since 8§ —1 4 -1 | = 84+1-8 | = 1 (=-| -1,
18 -6 11 -2 1846 — 22 2 -2
1
we see that | —1 | is also an eigenvector. As such, we know that P diagonalizes
-2
A. We find P~! using the matrix inverse algorithm:
-1 -1 111 0 O —Ry 11 -1,-1 0 0
1 2 —=1(0 1 0 ~ 1 2 -1 01 0 Ry — Ry
3 3 —-2]0 0 1 3 3 -2 0 0 1 Rs — 3R,
1 1 —-1|{-1 0 O Ry + R3 1 1 02 0 1 Ri — Ry
~10 1 0 1 10 ~|0 1 0|1 1 0
0 0 1 3 01 00 113 01



2
O O =
o = O
= o O

1 -1 1 -3 -1 -1
=11 1 0 3 2 1
3 0 1 9 3 2

[ 3-3+9 —1-2+3 —1-1+2
=| -343+0 —-142+40 —-1+1+0
| 9+0+9 —-3+0+3 —-3+0+2

30 0
=0 1 0
0 0 -1

And so we see that P"1AP is a diagonal matrix.

B2(a) First we need to find the eigenvalues of A:

det(A — AT) =det<[_§ ﬂ‘{g gD

—4 -\ 3
:det[ 2 1>\]
= (—4—=N)(1-)\)—6
=—4+4N-A+ )22 -6
—10 + 3X\ + \?
=2-X(=5-1)

So the eigenvalues of A are A = 2 and A = —5. Next, we need to find their
eigenspaces. To find the eigenspace for A\ = 2, we need to find the general
solution to (A —2I)¥ = 0. To do this, we need to row reduce A — 21 as follows:

—4-2 3 -6 3 2 -1
{ 212]_{ 21]R1iR2N[6 3]R2+3R1

3]

So our system is equivalent to the equation 2v; — vy = 0, or vo = 2v;. If



we replace the variable vy with the parameter s, then we see that the general

=[] =[a ] =2 ]=om{] 3]}

Thus, the eigenspace for A = 2 is Span{[ ; }} To find the eigenspace for

A = —5, we need to find the general solution to (A 4 51)7 = 0. To do this, we
need to row reduce A + 51 as follows:

—4+5 37 _[1 3 13
2 1+5 - 2 6 Ry — 2R, 0 0

So our system is equivalent to the equation vy + 3vy = 0, or v; = —3vy. If
we replace the variable vy with the parameter s, then we see that the general

S R R e E

Thus, the eigenspace for A = —5 is Span{ [ _i) } }

= W

Since the eigenvalues of A have equal algebraic and geometric multiplicity, it is
. . . 1 -3 2 0
diagonalizable, with P = [ 9 1 and D = [ 0 -5 }

B2(b) First we need to find the eigenvalues of A:

det(A — AI) =det<[g é}—é SD

oA 2
_det[ 0 B—A}

=(5-NB-X)

So the eigenvalues of A are A = 5 and A = 3. Next, we need to find their
eigenspaces. To find the eigenspace for A = 5, we need to find the general
solution to (A —5I)¥ = 0. To do this, we need to row reduce A — 51 as follows:

5—5 21 |0 2| 1/2Ry 10 1 0 1
0 3-5| |0 =2 0 =2 | Re+2Ry 0 0

So our system is equivalent to the equation v, = 0. If we replace the variable
v1 with the parameter s, then we see that the general solution is



=|nl=[o]=o]=m{]s ]}

Thus, the eigenspace for A = 5 is Span{ }} To find the eigenspace for

1
0
A = 3, we need to find the general solution to (4 — 3I)7 = 0. To do this, we

need to row reduce A — 31 as follows:

ISR

So our system is equivalent to the equation vy + vo = 0, or v1 = —wg. If
we replace the variable vy with the parameter s, then we see that the general

R R R T )

Thus, the eigenspace for A = 3 is Span { [ _1 } }
Since the eigenvalues of A have equal algebraic and geometric multiplicity, it is

. . . 1 -1 5 0
diagonalizable, with P = [ 0 1| and D = [ 0 3 }

B2(c) First we need to find the eigenvalues of A:

i —an([32]-[39])

5—X 2
—det{ 0 5_)\}

=(G-N6-2)

So the only eigenvalue of A is A = 5, which has algebraic multiplicity 2. To find
the eigenspace for A = 5, we need to find the general solution to (A —5I)7 = 0.
To do this, we need to row reduce A — 5[ as follows:

5-5 201 _ 10 2 1/2R1N01
0 5—-5| |0 0 0 0
So our system is equivalent to the equation vo = 0. If we replace the variable
v1 with the parameter s, then we see that the general solution is

=[n]=[a]=[0]=sm{[5]}



Thus, the eigenspace for A = 5 is Span{ { 1 , and so we see that the geo-

0
metric multiplicity of A =5 is only 1. Since this is not the same as its algebraic
multiplicity, A is not diagonalizable.

B3(a) First we need to find the eigenvalues of A:

iy —an([13]-[39])
.

A 3
—det{ 5 GA}

=(4=N(6-X)—15
=24 —4\N—6A+ N2 —15
=9 — 10+ \?
=1-XNO-X)

So the eigenvalues of A are A = 1 and A = 9. Next, we need to find their
eigenspaces. To find the eigenspace for A = 1, we need to find the general
solution to (A — I)v' = 0. To do this, we need to row reduce A — I as follows:

4-1 3| _[3 3 (1/3)R1N11 11
5 6-1| |5 5 5 5| Ra—56R 0 0
So our system is equivalent to the equation vy + vo = 0, or v1 = —wvg. If
we replace the variable vy with the parameter s, then we see that the general

o[ ][]

Thus, the eigenspace for A = 1 is Span{ [ _1 ] } To find the eigenspace for

A = 9, we need to find the general solution to (A — 917 = 0. To do this, we
need to row reduce A — 91 as follows:

4-9 3] [ -5 3 | 5 3] (=1/5)R |1
5 6-9 | 5 =3 | Re+ Ry 0 0 0
So our system is equivalent to the equation vq — (3/5)ve = 0, or v; = (3/5)vs.

If we replace the variable vy with the parameter s, then we see that the general
solution is

p=[ 2] =[O ] o[ ¥ ] = soun {[ 5]} = somn{[ 3])

Thus, the eigenspace for A = 9 is Span { [ :; ] }

~3/5
0

|



Since the eigenvalues of A have equal algebraic and geometric multiplicity, it is

. . . -1 3 |10
diagonalizable, WlthP[ 1 5 } and D = [ 0 9 }

B3(b) First we need to find the eigenvalues of A:

det(A — \I) =det([i _g]_[é SD

3— A -6
det{ 4 8—)\}
=(3-XN0B8—-)—24
=24—-3\—8\+ X2 —-24
= 11N+ X2
= —A(11 =)

So the eigenvalues of A are A = 0 and A\ = 11. Next, we need to find their
eigenspaces. To find the eigenspace for A = 0, we need to find the general
solution to (A — (0)I)% = 0. To do this, we need to row reduce A — (0)I = A as
follows:

e e B N ]

So our system is equivalent to the equation vy — 2vy = 0, or vy = 2vy. If
we replace the variable v with the parameter s, then we see that the general

s=[n]=[]= - em{[ ]}

Thus, the eigenspace for A = 0 is Span{[ ? }} To find the eigenspace for

A = 11, we need to find the general solution to (A — 11I)7 = 0. To do this, we
need to row reduce A — 111 as follows:

B R ] ] () e

1 3/4
0 0
So our system is equivalent to the equation v1 + (3/4)ve = 0, or v; = (—3/4)vs.

If we replace the variable v, with the parameter s, then we see that the general
solution is

=[] [ ][ s 4T} - 2]



Thus, the eigenspace for A = 11 is Span{ [ 72 } }

Since the eigenvalues of A have equal algebraic and geometric multiplicity, it is

. . 3 2 _3 0 0
diagonalizable, with P = [ 1 4 } and D = [ 0 11 ]

B3(c) First we need to find the eigenvalues of A:

det(A — A1) Zth([i _111]_[3 g])

1—2A —4
= det { 4 12 }
=(1-XN1-X)—16
=1-XA—-XA+X—-16
= —15 —2X\ + \?
=(=3-XN)(B-X)
So the eigenvalues of A are A\ = —3 and A = 5. Next, we need to find their

eigenspaces. To find the eigenspace for A = —3, we need to find the general
solution to (A + 3I)v = 0. To do this, we need to row reduce A + 31 as follows:

[ L O [ e [ 3]

So our system is equivalent to the equation v; —ve = 0, or v1 = vs. If we replace
the variable vy with the parameter s, then we see that the general solution is

-[a]-[2]- [ )-sm {2 )

Thus, the eigenspace for A = —3 is Span { [ ! ] } To find the eigenspace for

1

A = 5, we need to find the general solution to (A — 5I)7 = 0. To do this, we
need to row reduce A — 51 as follows:

1-5 -4 | -4 —4 (—1/4)R;y 1 1
—4 1-51| | -4 —4 —4 —4 | Re+4R,
1 1
0 0
So our system is equivalent to the equation v; + vy = 0, or v; = —vy. If

we replace the variable v with the parameter s, then we see that the general
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Thus, the eigenspace for A = 5 is Span { [ 71 } }

Since the eigenvalues of A have equal algebraic and geometric multiplicity, it is

. . . 1 -1 -3 0
diagonalizable, with P = [ 1 1 } and D = [ 0 5 }
B3(d) First we need to find the eigenvalues of A:
-7 2 12 A0 O
det(A—XI) = det -3 0 6|—-]10 X O
-3 1 5 0 0 A
A 12
= det -3 = 6
i -3 1 5—-2A
(replace row 2 with row 2 plus row 3)
[ -7 -\ 2 12
= det 0 —1—X 142\
-3 15—
(expanding along the second row)
—7—-A 12 —7T—X 2
= 0+(-1-1) 3 5\ —(1+A)’ _3 1‘
= (1=M((=7T=N)(G=A) +36) = 1+ N)((=7—- 1) +6)
= (=1=X)(=35+TA=BX+ A2 +36)+ (-1 —-A)(—-1—))
= (1= +22+X2-1-))
= (=1=M)A\+2A?)
= —A-1-2X)2

So the eigenvalues of A are A = 0, which has algebraic multiplicity 1, and A =
—1, which has algebraic multiplicity 2. Next, we need to find their eigenspaces.
To find the eigenspace for A = 0, we need to find the general solution to (A +
(0)I)7 = 0. To do this, we need to row reduce A + (0)I = A as follows:

-7 2 12 -3 0 6 —1/3)R;
-3 0 6 Ri 1 By -7 2 12 =
-3 1 5 -3 1 5
[ 1 0 -2 1 0 -2 1 0 -2
~| -7 2 12| Ry+7R, ~| 0 2 -2 | (1/2)R, ~| 0 1 -1
| -3 1 5| Ry+3R 01 -1 01 -1
1 0 =2
~10 1 -1
00 0

So
vg — w3 = 0 (or vg = v3).

our system is equivalent to the equations vy — 2v3 = 0 (or v; = 2v3), and
If we replace the variable vz with the parameter s,

Rs; — Ry



then we see that the general solution is

V1 2s 2 2
T=1| vy | = s | =s| 1 | =Span 1
V3 1 1
2
Thus, the eigenspace for A = 0 is Span 1 , and we see that A = 0 has
1

geometric multiplicity equal to its algebraic multiplicity. To find the eigenspace
for A = —1, we need to find the general solution to (A + I)¥ = 0. To do this,
we need to row reduce A + I as follows:

—74+1 2 12 -6 2 127 (=1/6)R, 1 -1/3 -2
-3 1 6|=|-31 6 -3 1 6| Ro+3Ry
-3 1 5+1 -3 1 6 -3 1 6| Rs3+3R,
1 -1/3 -2

~10 0 0
0 0 0

So our system is equivalent to the equation vy — (1/3)ve — 2v3 = 0, or v; =
(1/3)va + 2v3. If we replace the variable vy with the parameter s and the
variable vs with the parameter ¢, then we see that the general solution is

vy (1/3)s+ 2t 1/3 2 1 2
T= 1| vy | = s | =s 1 |4+t 0| =s|3]|+¢t]| 0
VU3 t 0 1 0 1
1 2
Thus, the eigenspace for A = —1 is Span 31,10 , and we see that
0 1
A = —1 has geometric multiplicity equal to its algebraic multiplicity. Thus, A
2 1 2 0 0 O
is diagonalizable, with P=| 1 3 0 |and D= | 0 -1 0
1 0 1 0o 0 -1

B3(e) First we need to find the eigenvalues of A:

10



3 0 —4 A0 O
det(A—A) = det 11 =2 |—-]0 X0
1 0 -1 0 0 A

33— 0 —4

= det 1 1-X -2

1 0 —1—-2X

(expanding along the second column)

33—\ —4
= (=X 1 —1-2)\
= 1=M(E=N(-1-X)+4)
= (1=XN(=3-3Xx+X+)2+4)
= (1-=X)(1-2X+)\?)
= (1-))

So the only eigenvalue of A is A = 1, which has algebraic multiplicity 3. To find
the eigenspace for A = 1, we need to find the general solution to (4 — I)¥ = 0.
To do this, we need to row reduce A — I as follows:

3-1 0 —4 2 0 —47 (1/2)R, 1 0 -2
1 1-1 2 |l=]10 -2 ~| 10 —2| R—Ry
1 0 —1-1 1 0 -2 1 0 -2 | Rs—Ry
10 -2

~100 o0
00 0

So our system is equivalent to the equation v; — 2vs = 0, or vy = 2v3. If
we replace the variable vy, with the parameter s and the variable v with the
parameter ¢, then we see that the general solution is

vy 2t 0 2 0 2
v=| vy | = s |=s|1|4+t] 0| =Span 1(,]0
U3 t 0 1 0 1
0 2
Thus, the eigenspace for A = 1 is Span 11,10 , and we see that A =1
0 1

has geometric multiplicity equal 2. Since this is not the same as its algebraic
multiplicity, A is not diagonalizable.

B3(f) First we need to find the eigenvalues of A:

11



12 0 A0 0
det(A—X) = det|[ |2 4 o0o]=|0 A 0
00 -2 0 0 A

[ 1— X 2 0

= det 2 4- ) 0

0 0 —2-A

(expanding along the third row)

1- 2
= O+O+(—2—)\)‘ ;4_A

= A((T=A)(4=X) —4)
(2= MN(@d—A—dr+ 12 —4)
= (=2 A)(=BA+A2)
= A2-N)(-N)

So the eigenvalues of A are A =0, A = —2, and A = 5. Next, we need to find
their eigenspaces. To find the eigenspace for A = 0, we need to find the general
solution to (A 4 (0)I)7 = 0. To do this, we need to row reduce A+ (0)1 = A as
follows:

—9_
—9_

1 2 0 1 2 0 1 2 0
2 4 0 Ry—2Ry ~ |1 0 0 O 0 0 1
0 0 —2 | (=1/2)Rs 00 1| Hlhs 00 0
So our system is equivalent to the equations v; 4+ 2vs = 0 (or v; = —2v3), and

vz = 0. If we replace the variable vy with the parameter s, then we see that the
general solution is

1 —2s —2 —2
v=| vy | = s | =s 1 | = Span 1
VU3 0
-2
Thus, the eigenspace for A = 0 is Span 1 . To find the eigenspace for
0

A = —2, we need to find the general solution to (A 4 2I)7 = 0. To do this, we
need to row reduce A + 21 as follows:

1+2 2 0 3 2 0 2 6 07 (1/2)R,
2 442 0l=1]2 6 0 Bi 1Ry 320 /
0 0 —2+2 000 0 0 0

1 30 1 30

~13 2 0| Rg—3R;, ~| 0 —7 0| (=1/7)R,

00 0 0 0 0

12



So our system is equivalent to the equations v; = 0 and vy = 0. If we replace
the variable vs with the parameter s then we see that the general solution is

vy 0 0 0
v=|wvo | =] 0| =s| 0| =Span 0
VU3 s 1 1
0
Thus, the eigenspace for A = —2 is Span 0 . To find the eigenspace for
1

A = 5, we need to find the general solution to (A — 5I)7 = 0. To do this, we
need to row reduce A — 51 as follows:

1-5 2 0 —4 2 07 (-1/4)R,
2 4-5 0| = 2 -1 0
0 0 —-2-5 0 0 —7 | (~1/7)Rs
1 —1/2 0 1 —1/2 0 1 —1/2
~12 =1 0| Ri—2R; ~| 0 0 0 0
0 0 1 0 0 1 B2 1 Bs 0 0

So our system is equivalent to the equations v; — (1/2)ve = 0 (or v; = (1/2)va),
and v3 = 0. If we replace the variable v with the parameter s then we see that
the general solution is

vy (1/2)s 1/2 1 1
v=| vg | = s | =s 1 | =s| 2 | =Span 2
U3 0 0 0 0
1
Thus, the eigenspace for A = 5 is Span 2 . Since all the eigenvalues of
0
A have geometric multiplicity equal to its algebraic multiplicity, A is diagonal-
-2 0 1 0 0 0
izable, with P = 1 0 2|landD=|0 -2 0
01 0 0 0 5
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