Solution to Practice 5d

B3(a) The first thing we need to do is find the eigenvalues. To do that, we
need to factor the characteristic polynomial:

C(\) = det(A — M) :det([g 3]—[3 2])

3-A 0
0 7—X

= (3= N7

:det[

And so we see that the eigenvalues are A = 3,7. Moreover, we see that the
algebraic multiplicity of A = 3 is 1, and the algebraic multiplicity of A = 7 is 1.
To find their geometric multiplicity, we need to find their eigenspaces.

To find the eigenspace for A = 3, we need to find the general solution to (A —
31)¥ = 0, which we do by row reducing A — 3I:

iR i e i R

And so we see that our system is equivalent to the equation vo = 0. Replacing
the variable vy with the parameter s, we see that the general solution is

=[2]=[5s]=[s]=sm{[3 ]}

0 . As the eigenspace has only

one basis vector, the geometric multiplicity of A = 3 is 1.

Thus, the eigenspace for A = 3 is Span{ [ L

To find the eigenspace for A = 7, we need to find the general solution to (A —
717 = 0, which we do by row reducing A — 71:

3—-7 0 -4 0 10
{ 0 7—7}_[ 0 0} (=1/4) B N{o 0}
And so we see that our system is equivalent to the equation v; = 0. Replacing
the variable vy with the parameter s, we see that the general solution is

=)= )=V =m0}

Thus, the eigenspace for A = 7 is Span{ [ (; . As the eigenspace has only
y

one basis vector, the geometric multiplicity of A = 7 is 1.



B3(b) The first thing we need to do is find the eigenvalues. To do that, we
need to factor the characteristic polynomial:

C(A) = det(A - \I) —detq_g :g}—“ SD

—3-A -3
_det[ 0 —B—A]

= (=3 - A)?

And so we see that the only eigenvalue is A = —3, and that the algebraic
multiplicity of A = —3 is 2. To find their geometric multiplicity, we need to find
the eigenspace. To do this, we need to find the general solution to (A+31)7 = 6,
which we do by row reducing A + 31:

-3+3 —3}_{0 —3]_(—1/3)R1N{0 1}

0 -3+3 0o 0] 0 0

And so we see that our system is equivalent to the equation vy = 0. Replacing
the variable v; with the parameter s, we see that the general solution is

= nl=[o]=o]=sm{]s ]}

0 . As the eigenspace has only

one basis vector, the geometric multiplicity of A = —3 is 1.

Thus, the eigenspace for A = —3 is Span { { 1

B3(c) The first thing we need to do is find the eigenvalues. To do that, we need
to factor the characteristic polynomial:

C()) = det(A — AT) _det({; “;’]_H 2])

:det[L; 2?}
=(T=2(2-X)-(2)3)
=14—TA—=2 A+ A2 —6=8—9\ + \?
=(1-NB=2)

And so we see that the eigenvalues are A = 1,8. Moreover, we see that the
algebraic multiplicity of A =1 is 1, and the algebraic multiplicity of A = 8 is 1.
To find their geometric multiplicity, we need to find their eigenspaces.

To find the eigenspace for A = 1, we need to find the general solution to (A —
I = 0, which we do by row reducing A — I:



2[5 ) [ 2]

And so we see that our system is equivalent to the equation vq 4+ (1/2)ve = 0,
or v; = (—1/2)vy. Replacing the variable vy with the parameter s, we see that
the general solution is

=[] ] s 2]} o[ 2]

Thus, the eigenspace for A = 1 is Span { [ . As the eigenspace has only

1
-2
one basis vector, the geometric multiplicity of A =1 is 1.

To ﬁn(i the eigenspace for A = 8, we need to find the general solution to (A —
I)¥ = 0, which we do by row reducing A — I:

7—38 31 | -1 3| R |1 -3 |t -3
2 2-8 | 2 —6 2 —6 | Ry—2Ry 0 0
And so we see that our system is equivalent to the equation v; — 3vy = 0, or

v1 = 3vy. Replacing the variable v, with the parameter s, we see that the
general solution is

- 171 _ 35 _ 3 _ S n 3

v= V2 B S =5 1 = oba 1
. . 3
Thus, the eigenspace for A = 8 is Span 1
one basis vector, the geometric multiplicity of A = 8 is 1.

}. As the eigenspace has only

B3(d) The first thing we need to do is find the eigenvalues. To do that, we
need to factor the characteristic polynomial:

—4 0 0 A0 O
C(A) =det(A—AI) =det 2 -8 4 |—-]10 X0
-4 50 0 0 A
—4— A 0 0
= 2 —8—A 4 | (expanding along the first row)
—4 5 =\
8-\ 4
=(—4-)) 5 )
= (=4 =N ((=8 = A)(=A) —20) = (=4 — A\)(=20 + 8A + \?)
=(—4—-XN)(2-XN)(-10-X)

And so we see that the eigenvalues are A = 2, —4, —10. Moreover, we see that



the algebraic multiplicity of A = 2 is 1, the algebraic multiplicity of A = —4
is 1, and the algebraic multiplicity of A = —10 is 1. To find their geometric

multiplicity, we need to find their eigenspaces.

To find the eigenspace for A = 2, we need to find the general solution to (A
21)¥ = 0, which we do by row reducing A — 2I:

—4 -2 0 o0 —6 0 o0 (=1/6)R;y 1 0 0
2 -8-2 4| = 2 —-10 4 ~ 2 —-10 4
—4 5 =2 —4 5 =2 —4 5 =2
1 0 o0 1 0 0 1 0 0
~10 =10 4 (=1/10)Ry ~ | 0 1 =2/5 ~10 1 =2/5
0 5 =2 0 5 -2 R3 — bRy 0 0 0
And so we see that our system is equivalent to the system
vy =0, vy — (2/5)vz =0 (or vy = (2/5)v3)
Replacing the variable v with the parameter s, we see that the general solution
is
U1 0 0 0 0
v=| vy | =] 2/5 | =s]| 2/5 | =Span 2/5 = Span 2
U3 s 1 1 5
0
Thus, the eigenspace for A = 2 is Span 2 . As the eigenspace has only
5
one basis vector, the geometric multiplicity of A = 2 is 1.
To find the eigenspace for A = —4, we need to find the general solution to
(A+4I)v = 0, which we do by row reducing A + 41:
—4+4 0 0 0 0 0 2 —4 4
2 844 4 |=| 2 —4 4| TR 0001 poyp
—4 5 4 -4 5 4 -4 5 4 2y
[ 2 -4 47 (1/2)R, 1 -2 2
~ —4 5 4 ~ —4 5 4 Ry +4R;
. 0 0 0 0 0 0
[1 -2 2 1 -2 2 R+ 2R,
~ 10 =3 12 (=1/3)Ry ~ | O 1 —4
00 0 0o 0 O
1 0 —6
~10 1 —4
00 0

And so we see that our system is equivalent to the system

Ry — 2R,
Rs + 4R,



v1 — 6vz = O(or v1 = 6vs3), vy — 4vz = 0 (or vy = 4ws)

Replacing the variable v with the parameter s, we see that the general solution
is

1 6s 6 6
v= | vy | = | 4s | =s| 4 | = Span 4
VU3 S 1 1
6
Thus, the eigenspace for A = —4 is Span 4 . As the eigenspace has only
1
one basis vector, the geometric multiplicity of A = —4 is 1.
To find the eigenspace for A = —10, we need to find the general solution to

(A +10I)7 = 0, which we do by row reducing A + 101:

—4410 0 0 6 0 07 (1/6)R, 10 0

2 —8+410 4 |=| 2 2 4 ~| 2 2 4

—4 5 10 4 5 10 -4 5 10
10 0 10 0 100
~|0 2 4| (1/2Ry ~|0 1 2 ~10 1 2
0 5 10 0 5 10 | Rs—5R, 00 0

And so we see that our system is equivalent to the system
v1 =0, vy + 2v3 = 0 (or vy = —2uv3)

Replacing the variable vz with the parameter s, we see that the general solution
is

1 0 0 0
v=| vy | =] —2s | =s| —2 | = Span -2
V3 s 1 1
0
Thus, the eigenspace for A = —10 is Span -2 . As the eigenspace has
1
only one basis vector, the geometric multiplicity of A = —10 is 1.

B3(e) The first thing we need to do is find the eigenvalues. To do that, we need
to factor the characteristic polynomial:



4 2 2 A0 O
C(A) =det(A—AI) =det 2 4 2|—-10 X0
2 2 4 0 0 A
4—X 2 2
= 2 4-—A 2 | (expanding along the first row)
2 2 4-A
4—- X 2 2 2 2 4-A
_4_”‘ 2 a-x |22 a-a|TP 2 2

(

A=N)(4 =N[4 =) —4) —2(2(4—)\) —4) +2(4—-2(4 - \)
=(4—=A)(16 —8X+ A2 —4) —2(8 =2\ —4) +2(4 — 8 + 2))
=48 — 32X + 427 — 12X +8X\2 — A3 — 8 +4X\ — 8+ 4\
=32—36)+ 12\ — )3

=(2-X%8-N)

And so we see that the eigenvalues are A = 2,8. Moreover, we see that the
algebraic multiplicity of A = 2 is 2 and the algebraic multiplicity of A = 8 is 1.
To find their geometric multiplicity, we need to find their eigenspaces.

To find the eigenspace for A = 2, we need to find the general solution to (A —
210 = 0, which we do by row reducing A — 21:

4-2 2 2 2 2 2 2 2 27 (1/2)R,
2 4-2 2|=122 2| RR=R, ~| 0 0 0
2 2 4-2 2 2 2| Rs—Ry 00 0
111
~100 0
00 0

And so we see that our system is equivalent to the equation v +vo +v3 = 0, or
v1 = —vg —vs. Replacing the variable vy with the parameter s and the variable
vs with the parameter t, we see that the general solution is

U1 —s—t -1 -1 —1 -1
T=1| vy | = s | =s 1 |+t 0 | = Span 1|, 0
U3 t 0 1 0 1
-1 -1
Thus, the eigenspace for A = 2 is Span 11, 0 . As the eigenspace
0 1

has only two basis vectors, the geometric multiplicity of A = 2 is 2.

To find the eigenspace for A = 8, we need to find the general solution to (A —
81)¢ = 0, which we do by row reducing A — 81:



4-8 2 2 -4 2 270 Ri1Rs 2 2 —4
2 4-8 2 =] 2 -4 2 ~ 2 -4 2
2 2 4-8 2 2 —4 -4 2 2
[ 1 1 -2 11 -2
~| 2 -4 2| Ry—2R, ~| 0 —6 6| (~1/6)R,
—4 2 2| Ry+4R, 0 6 —6
1 1 27 R —Rs 10 -1
~10 1 -1 ~10 1 -1
| 0 6 —6 | Rs—6R, 00 0

And so we see that our system is equivalent to the system
vy — vz =0 (or v; = v3), vy —v3 =0 (or vy = v3)

Replacing the variable vs with the parameter s, we see that the general solution
is

171 S 1 1
v=| vy | =] s | =s| 1| =Span 1
V3 S 1 1
1
Thus, the eigenspace for A = 8 is Span 1 . As the eigenspace has only
1

one basis vector, the geometric multiplicity of A = 8 is 1.

B3(f) The first thing we need to do is find the eigenvalues. To do that, we need
to factor the characteristic polynomial:



—9 -7 7 A0 0
CA\) =det(A—X) = det|]| -9 -7 2]—]0 A 0
8 -8 -3 0 0 A

—9— )\ —7 7

= —9 —T—\ 2

8 —8 —3-)

(expanding along the first row)

i 2 9 2

= (_9_”’ -8 3A‘+7’ 8 3)\‘
9 T
+7‘ ’ _8‘

= (=9-N((=7T=X)(=3=X) +16) + 7(—9(—=3 — \) — 16)
+7(72 = 8(=7—N))

= (=9=N)2L+T7A+3\+ A2+ 16) + 7(27 + 9\ — 16)
+7(72 + 56 + 8)\)

= (=9 =N (374 10\ + \?) + 7(11 +9X\) + 7(128 + 8))

= =333 — 90\ — 9\% — 37T\ — 1002 — X3 + 77 + 63\ + 896 + 56

= 640 — 8\ — 19\2 — )3

= (5=N)(=8=\)(=16—2))

And so we see that the eigenvalues are A = 5, —8, —16. Moreover, we see that
the algebraic multiplicity of A = 5 is 1, the algebraic multiplicity of A = —8
is 1, and the algebraic multiplicity of A = —16 is 1. To find their geometric
multiplicity, we need to find their eigenspaces.

To find the eigenspace for A = 5, we need to find the general solution to (A —
51U = 0, which we do by row reducing A — 5I:

-9-5 -7 7 ~14 -7 77 R IRs
-9 —-7-5 2 = -9 —-12 2
8 -8 —-3-5 8§ -8 -8
[ 8 -8 -8 (1/8)R; 1 -1 -1
~ -9 -12 2 ~ -9 -12 2 Ro +9R,
4 -7 7 14 -7 7| Ry+14R,
1 -1 -1 1 -1 —-17] Ri+Ry 1 0 —2/3
~10 =21 =7 | (=1/21)Ry; ~ | O 1 1/3 ~10 1 1/3
|0 —21 -7 0 —21 -7 | Rs+2lR, 00 0

And so we see that our system is equivalent to the system

vy — (2/3)vs =0 (or v1 = (2/3)v3), vy + (1/3)v3 =0 (or vy = (—1/3)v3)



Replacing the variable v with the parameter s, we see that the general solution
is

i (2/3)s 2/3 2/3 2
v=|wve | =| (-1/3)s | =s| —1/3 | = Span -1/3 = Span -1
VU3 s 1 1 3
2
Thus, the eigenspace for A = 5 is Span -1 . As the eigenspace has only
3

one basis vector, the geometric multiplicity of A =5 is 1.

To find the eigenspace for A = —8, we need to find the general solution to
(A +8I)¢ =0, which we do by row reducing A + 81:

—9+38 -7 7 -1 -7 7
—9 —7+8 2 |=]-9 1 2| R—9R,
8 -8 —3+8 8 —8 5 | Rs+8R

-1 -7 7 -1 -7 7] Ri+TR,

~| 0 64 —61| (1/64)Ry ~| 0 1 —61/64 ~

0 —64 61 0 —64 61 | Rs+64Rs

“1 0 21/64

0 1 —61/64

00 0

And so we see that our system is equivalent to the system
—v1+(21/64)v3 = 0(or v1 = (21/64)v3), va—(61/64)v3 = 0 (or v = (61/64)v3)

Replacing the variable v with the parameter s, we see that the general solution
is

U1 (21/64)s 21/64 21/64 21
7= vy | = (61/64)s | =s | 61/64 | = Span 61/64 = Span 61
VU3 s 1 1 64
21
Thus, the eigenspace for A = —8 is Span 61 . As the eigenspace has
64
only one basis vector, the geometric multiplicity of A = —8 is 1.
To find the eigenspace for A = —16, we need to find the general solution to
(A4 161)0 = 0, which we do by row reducing A + 161:
—9+16 -7 7 A G (1/7)Ry
-9 —-7+16 21=1-9 9 2
8 -8 —-3+16 8§ -8 13



1 -1 1 1 -1 1

~| =9 9 2| Ry+9R ~ |0 0 11 | (1/11)R,
| 8 —8 13| R3—8R, 0 0 5
(1 -1 1] Ri—-Rs 1 -1 0

~10 01 ~10 01
|0 0 5] Ry—5R, 0 00

And so we see that our system is equivalent to the system
vy —vg =0 (or v1 = vg), vg =0

Replacing the variable v, with the parameter s, we see that the general solution
is

U1 1 1
v=| vy | =| s |=s| 1 | =Span 1
U3 0 0 0
1
Thus, the eigenspace for A = —16 is Span 1 . As the eigenspace has
0
only one basis vector, the geometric multiplicity of A = —16 is 1.

10



