Lecture 4i
The Cofactor Matrix
(pages 274-5)

As we continue our study of determinants, we will want to make use of the
following matrix:

Definition: Let A be an n X n matrix. We define the cofactor matrix of A,
denoted cof A, by

(COf A)” = Cij

That is, the ij entry of cof A is the cofactor of the ij entry of A.

Note: We have not yet looked at the cofactors of a 2 x 2 matrix, as the deter-
minant of a 2 X 2 matrix was given by a formula. But now we want to be able to
find the cofactor matrix of a 2 x 2 matrix, and in doing so, we see that we need
to define the determinant of a 1 x 1 matrix. Perhaps it is due to its simplicity
that the textbook never explicitly states that the determinant of a 1 x 1 matrix
[a] is a. Note that this is consistent with Theorem 5.1.3, and with the definition
of the determinant of a 2 x 2 matrix being the same as expanding by cofactors.
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Example: To determine the cofactor matrix of A = [ 4 7

] , we first need

to compute all the cofactors:
011 = (—1)1+1det [ -7 ] =7 Clg = (—1>1+2d€t [ 4 ] =—4
021 = (—1)2+1det [ 3 } =-3 022 = (—1>2+2d€t [ 2 ] =2

Note that I used the notation det [ -7 } instead of the abbreviated notation
| -7 | in this case, to prevent confusion with the idea of the absolute value.

And so we have

cofA:[C11 C1a } :[_7 _4]

Ca1 O -3 2
7 1 3
Example: To determine the cofactor matrix of B=| 4 -2 =5 |, we first
9 8 -3
need to compute all the cofactors:
Ciy = (-1 _z :g ‘ =6+40=46




Chp = (—1)1+2 3 :g — (—12 1 45) = —33
Ciz3 = (—1)1*3 L7239 18— 50
9 8
1 3
Cop = (—1)2+1 g _3|=-(=3-24)=27
7 3
o 1\242 — _91 _ - _
Coy = (—1) o _3 21 — 27 = —48
Cos = (=123 | T L (56— 9) = —a7
9 8
13
Cq = (-1 _5‘:—54—6:1
Csp = (—1)3+2 Z 3 ‘(3512)47
-5
701
Csz = (—1)3+3 1 o ‘:—14—4:—18
And so we have
Ci1 Crz Ciz 46 —33 50
cof B = 021 022 023 = 27 —48 —47
C’31 032 033 1 47 —18




