Lecture 4e
Elementary Row Operations and the Determinant

(pages 264-8)

We saw in the previous lecture that it is much easier to calculate the determinant
of a triangular matrix, or better yet, a matrix with a row or column of all zeros.
And we've already seen how to use elementary row operations to find a row
equivalent matrix that either has a row of all zeros, or at least is upper triangular.
The purpose of this lecture is to see how elementary row operations affect the
determinant, so that we only need to calculate these easier determinants. In
particular, this lecture is going to look more at the theory of the process (mostly
stating theorems and giving proofs, with a couple of simple examples). But as
I found that getting through all this material can be mentally taxing, I have
separated out the more practical “How do we do this” examples into the next
lecture. As such, there is not an assignment at the end of this lecture.

If you recall, there are three types of elementary row operations: multiply a row
by a non-zero scalar, interchange two rows, and replace a row with the sum of
it and a scalar multiple of another row. We will look at the effect that each of
these operations has on the determinant.

Theorem 5.2.1: Let A be an n X n matrix and let B be the matrix obtained
from A by multiplying the i-th row of A by r. Then detB = rdetA.

Example: Let A = ; ? } and B = :23 ;L }7 so that B is obtained from
A by multiplying the first row of A by 2. Notice that

HHECOROT)

=2(—1) = -2

Proof of Theorem 5.2.1: If we expand along the i-th row of B to calculate its
determinant, we get

detB = bilCil + -+ banz

But the reason we have chosen the i-th row of B is that we know that b;; = ra;;
for j = 1,...n. Moreover, since the submatrices B(i,7) will all have row ¢



removed, and since this is the only place where B differs from A, we see that
A(i,j) = B(i, j). Thus, the cofactor C;; for b;; is the same as the cofactor C;
for a;;. So we have that

detB =ra;1Ci + -+ + 1ainCin = 1(ainCfy + -+ + 0inC},) = rdetA

Theorem 5.2.2: Suppose that A is an n X n matrix and that B is the matrix
obtained from A by swapping two rows. Then detB = —detA.

10 1 31 3
Example: Let A= | 0 2 -2 | and B= | 0 2 -2 |, so that B is
3 1 3 1 0 1

obtained from A by swapping the first and third rows. We see that
detB  (expanding along the second row)
3 3 1
_ 1242 9\ (_1)2+3
=0+2(-1) 11 | T2 0

=0+2(=1)*2((3)(1) — (1)(3)) + (=2)(=1)*T*((3)(0 ) 1))
=0+ 2(—1)2“(—1)((11)(3) = (3)1) + (=2)(=1)*(

_ 0+2(_1)2+2‘ 5 ;’+(—2)( 1)2+3 1:1))) D

= —detA (expanded along the second row)
Performing the calculations, we get that detA = 2 and detB = —2.
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Proof of Theorem 5.2.2: In our example, we expanded along row 2 because this
was a row that had NOT been switched. If we look further at the example, we see
that the submatrices of B used to calculate the determinant could be obtained
from the corresponding submatrices of A by swapping the rows. Generalizing
to any n X n matrix B, we will find that we are looking at submatrices that are
a row swap from the corresponding submatrices of A. As such, we will want to
prove this theorem by induction.

Base case: Let A = | ¢t 912 ,and let B = @21 922 | Then B is the
a21 a1l a2

only matrix that can be obtained from A by swapping rows. And we see that

detB = a210a12 — Q11022 = —(0,11a22 — a21a12) = —detA.

Induction hypothesis: For all k& x k matrices A, if B is obtained from A by
swapping two rows, then detB = —detA.

Induction step: Let A be a (k+ 1) x (k 4+ 1) matrix, and let B be a matrix
obtained from A by swapping two rows. Let i be such that the i-th row of A
was NOT swapped when making B. (So, row i of A and row i of B are the
same.) If we expand along row i, we get



detB = b;1Ci1 + -+ + bi(k4-1) Ci(k41)

To compute detB, we will need to look at the submatrices B(7,j). Our choice
of i means that B(i,j) can be obtained from A(4, ) by swapping the same rows
as we swapped to get B from A. This means that B(4,7) is a k x k matrix
that is obtained from A(%, j) by swapping two rows, and thus, by our inductive
hypothesis, detB(i, j) = —detA(7, 7). So we now have that

detB  =b;(—1)""1detB(i,1) + - - + bj(py1)(—1) 1 det B(i, k + 1)
= a;1(—1)" 1 detB(i,1) + - -+ + ajpy1) (1) TFFdet B(i, k + 1)
= a;1(—1)"H(—=1)detA(i, 1) + - - + g1y (—1)TFT(=1)det A, k + 1)
= —(an (1) det A(i, 1) + - - + aip1)(—1) T 1det Ai, k + 1))
= —detA

There is an interesting consequence of Theorem 5.2.2:
Corollary 5.2.3: If two rows of A are equal, then detA = 0.

Proof of Corollary 5.2.3: Suppose that two rows of A are equal, and let B be
the matrix obtained from A by swapping these identical rows. Then B = A, so
detB = detA. But, by Theorem 2, detB = —detA. So we have that detA =
—detA. The only number that is equal to its negative is zero, so we have shown
that detA = 0.

And now, we turn our attentions to the final row operation:

Theorem 5.2.4: Suppose that A is an n x n matrix and that B is obtained from
A by adding r times the i-th row of A to the k-th row. Then detB = detA.

1 -1 1 1 -1 1
Example: Let A = | -2 4 -2 |,andlet B= | 0 2 0 | be the
3 1 4 3 1 4
matrix obtained from A by adding 2 times row 1 to row 2. Then we see that
detB  ( expanding along the third row)
-1 1 1 1 1 -1
_ a9(_1)3+1 _1\3+2 _A(_1)3+3
a0 Ty g [ g e g
while
detA  ( expanding along the third row)
-1 1 1 1 1 -1
_ 9(_1)3+1 _1)3+2 _A(_1)3+3
s Ty [ew| G mace| T

In comparing the necessary calculations for detA and detB, we see that the



submatrices involved in the calculation of det B can be obtained from the corre-
sponding submatrices of detA by adding 2 times row 1 to row 2—-the same row
operation we used to get B from A. Moreover, we note that

‘1 1

Ly | = ENED @ =2

|~ e =0 ma || = 00 - ) =0

—2 4

‘ 1 -1 ‘:(1)(4)_(_2)(_1):2 and

And so we see that detA = detB = 3(—1)3T1(=2) +(=1)372(0) —4(-1)33(2) =
—14.

Note: I expanded along the third row to parallel the technique used to prove
Theorem 5.2.4. It would have been much quicker to calculate the determinant of
B (and thus, of A) to expand along the second row. In fact, the entire reason we
are looking at row operations is so that we can make such simpler calculations!

Proof of Theorem 5.2.4: This theorem also needs to be proved by induction.

a a a a
Base case: Let A = M2 and let B = 11 12
az1 a2 raiy +ao1 rayz + ass
Then
detB = aii(rai2 + a22) — aiz(ray + az:)

=Traii16i2 + a11G22 — ra110412 — 21012

= Qa11G22 — 021012
= detA

rasy +a11  rag + aie

, then
a21 a2

Similarly, if B =

detB (raz1 + a11)ass — ag1(rass + ai2)
=Tagia2 + a1102 — raz1a2 — 210412
= a11G22 — 021012

= detd

And so we see that if A is a 2 x 2 matrix, and B is obtained from A by adding
a multiple of one row to another, then detB = detA.

Induction hypothesis: For all & x k& matrices A, if B is obtained from A by
adding a multiple of one row to another, then detB = detA.



Induction step: Let A be a (k+ 1) x (k+ 1) matrix, and suppose that B is the
matrix obtained from A by adding r times row ¢ to row j, and let [ # 4, j. Then
we can compute the determinant of B by expanding along row [, getting

detB = b1 Ci1 + -+ + byt 1) Cl(r41)

Our choice of [ gets us that b, = ay, for all m = 1,...k + 1. So, now let’s
consider the submatrices B(l,m) and A(l,m). Because | # i, j, rows i and j
both appear in B(l,m) and A(l, m) (with their entries from column m omitted).
This means that B(l,m) can be obtained from A(l, m) by adding r times row i
to row j. And since A(l,m) and B(l,m) are k X k matrices, we use our induction
hypothesis and get that detA(l,m) = detB(l, m). And so we see that

detB = by (—1)*1detB(1,1)
=ay (—1)"tdet A(1, 1)
= detA

s+ bl(k+1)(—1)l+k+1detB(l, (ki + 1))
)

+
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