Lecture 1a

Vectors in R?

(pages 1-4)

By this point in your life you have learned to do a great many things with
numbers. In this course, we are going to look at doing things with groups of
numbers. To start things slowly, we begin by looking at pairs of numbers. And
we begin our study of pairs with a definition from the text:

Definition: R? is the set of all vectors of the form [ il }, where z1 and x5 are
2

real numbers. Equivalently, we write

Rz:{l: i; }]xl,xQER}

EXAMPLE: Some examples of vectors in R? are:
1 -5.3 0 9/5
1) 141 |° or |’ ~1/2

Notation: We use Z to denote vectors in R?, and will write & = { il . More-
2

over, the numbers z; and x5 are called the components of the vector Z. In-
dividually, we say that z; is the first component of & and zs is the second
component of Z.

EXAMPLE: The first component of the vector

second component of the vector [ _91/5)2 } is —1/2.

;Zf’ } is —5.3, and the

You may be used to using the notation R? to denote the set of Cartesian co-
ordinates, that is, the set of points in the plane. Instead of overriding that

definition, we will in fact embrace it, as we will identify the vector { ;;1 :I with
2

the corresponding point (z1,z2) in the plane.




EXAMPLE: We can graph the vector [ i ] as the point (1,1), the vector

[ 1213 J as the point (—5.3,1.41), the vector }’ 27; } as the point (m,27), and

the vector { _?1/5)2 } as the point (9/5,—1/2).

*(-5.3,1.43)
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But vectors will be more than just points. Eventually we will come to think of

vectors as having a length and direction, and this notion of a vector is usually
visualized as a directed line segment from the origin to the point (z1, z2).

EXAMPLE: Now we look at our vectors as directed line segments...

N =
LS ;
L




Please keep in mind that all three ways of viewing a vector: as a pair of numbers,
as a point, and as a directed line segment; are valid and useful. And all three
will be used in this course!

But the main way that vectors are different from points in the plane is that we
define operations on them.

Definition: If & = [ 2 }, 7= [ zl ] € R?, then we define addition of vectors
2
by

L T1 Y1 1+
+y= = =
Lk [wz} {yz} [m-ﬂh}

We say that addition is defined ”componentwise”, as we add matching compo-
nents. Most importantly, we notice the value of the second components does
not effect the calculation of the first components, and vice versa.

wxaven: ||+ 2]-[525] - (5]

3 2 342 5
4 1] _[a+1])_[ 5
EXAMPLE.[2}+[_5]_[2_5}~[_3}

If we view the vectors in these examples as directed line segments, we notice
that addition also has a graphical interpretation.
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The graphical interpretation of vector addition is known as the parallelogram rule for addition,
as it is always the case that the point (1 + y1, 22 + y2) is the point opposite
from the origin on the parallelogram defined by Z and .

Another way to visualize vector addition is to think of actually sliding 7 until
it is at the end of #, so that we are adding ¥ to the end of Z.

I call this the end-to-end method of adding vectors, and it can be particularly
useful if you need to add several vectors to each other.
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We also define an operations known as scalar multiplication:

Definition: f# = | ©

T2
of a vector by the scalar ¢ by

ami(2)-[2]
X2 t.’Eg

In this case, we take a real number (known as a scalar), and multiply it by
a vector. Again we see that scalar multiplication is defined componentwise.
That is, the scalar is multiplied by each component, and the value of the second
component does not effect the calculation of the first component, and vice versa.
Note also that our definition of scalar multiplication is consistent with the view
that 24 should equal Z + Z (and 3% = Z + Z + &, etc.), since

MR e RN
2 = = = +
T2 2x1 To + To T2 Z2

! ] € R? and ¢ € R, then we define scalar multiplication

EXAMPLE If 7 = ;’“ ],then
S HEHIN
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=3[ 3] 2]

While vector addition represents putting vectors end-to-end, scalar multiplica-
tion represents shrinking or stretching a vector, or reversing the direction when
we multiply by a negative.
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We end this lecture with a bit more notation.

Notation: We will write —Z to mean the scalar product (—1)Z, and & — 7 to
mean the sum Z + (—1)7.

Notation: The vector { 8 :] occurs so frequently that we give it its own name:
0. There are two other vectors that will also appear frequently in our studies,

so they are given special names too. They are €] = } and €3 = { 0 :I . The

1
0 1
special feature of these vectors is that any vector F satisfies T = z1€1 + Z265.
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Solution to Assignment 1a

-[131-[3]

N

3-41 [-1

2-1 17| 1
X2,
AN

mos] -

B -]




m@e| ]2 & [=[ G880 =[5 ][ 7]

[N

T 6/2+3/3
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D1(a) We need to find real numbers t; and t3 such that ¢; { i } +19 [ _11 } =

13
-12
getting the following two equations

1 “}Jr%[g]* 2/2+4/3
4
3

- To do this, I will break the vector equation into its two components,

t1 +t2 = 13 t1 —to=—12

Adding the two equations together, we get 2t; = 1, so #; = 1/2. This means
that 1/2+t2 =] 13, 80 1g = 25/2
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D1(b) We need to find real numbers t; and o such that #; { i ] +t9 [ _11 J =
11 To do this, I will break the vector equation into its two components,

getting the following two equations
t1 +1 =x1 t1 —tg =9

Adding the two equations together, we get 2t; = z1 + 32, s0 t1 = (z1 + 22)/2.
This means that (21 + z2)/2 + ta = x1, 50 21 + T3 + 25 = 2z, and thus
t2 = (z1 — x2)/2. (Note that this result agrees with our result for part (a).)

D1(c) We have t; = (z1 + 32)/2 = (V2 + 7)/2 and t5 = (v/2 — 7) /2.



