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Abstract

This paper addresses a generalization of the matroid parity problem to delta-matroids. We

give a minimax relation, as well as an efficient algorithm, for linearly represented delta-

matroids. These are natural extensions of the minimax theorem of Lovász and the augmenting

path algorithm of Gabow and Stallmann for the linear matroid parity problem.

r 2003 Elsevier Science (USA). All rights reserved.

1. Introduction

The matroid parity problem is an extremely general problem; containing
matching, matroid intersection, as well as NP-hard problems. It is even known to
have exponential lower bounds in an ordinary oracle model [11,13]. We consider the
parity problem in the more general setting of delta-matroids.

Bouchet [1] introduced delta-matroids as a generalization of matroids [18,20].
Essentially equivalent combinatorial structures were proposed independently by
Dress and Havel [7] and by Chandrasekaran and Kabadi [6]. This generalization
maintains nice matroidal properties with respect to linear optimization; such as the
greedy algorithm and the polyhedral description [4].

In contrast to the case of matroids, where the intersection theorem due to
Edmonds [8] has played an important rôle, there are negative results on a pair of
delta-matroids. For instance, Chandrasekaran and Kabadi [6] remarked that the
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intersection problem for delta-matroids includes the matroid parity problem, which
cannot be solved in polynomial time [13]. Alternatively, Bouchet [3] introduced the
delta-covering problem, which is again a generalization of the matroid parity
problem and hence is polynomially unsolvable in general.

The matroid parity problem is solvable if the matroid in question is linearly
represented. This is a result of Lovász [12–14], who discovered a minimax relation
as well as a polynomial-time algorithm. Since then, more efficient algorithms
have been developed for the linear matroid parity problem. Gabow and
Stallmann [9] devised an augmenting path algorithm, which provides an alter-
native proof of the minimax theorem of Lovász. In addition, Orlin and Vande
Vate [17] presented another efficient algorithm, which relies on the minimax
relation. These results motivate us to focus on the delta-covering problem for linear
delta-matroids (these are delta-matroids that are represented by skew-symmetric
matrices).

In this paper, we introduce the delta-parity problem, which is equivalent to the
delta-covering problem but generalizes the matroid parity problem more directly.
We then extend the Lovász minimax theorem to the delta-parity problem for linear
delta-matroids. The proof follows from an analysis of an augmenting path
algorithm, which extends the linear matroid parity algorithm of Gabow and
Stallmann. It is not difficult to convert the minimax theorem and the augmenting
path algorithm to those for the delta-covering problem. This resolves open problems
of Bouchet [3, Problems 14–16] on special classes of delta-covering problems. In
particular, we obtain an efficient algorithm that decides whether an evenly directed
4-regular graph admits a pair of compatible euler tours.

Our results hold for skew-symmetric matrices over any field. However, for fields of
characteristic two, we insist that skew-symmetric matrices have diagonal entries zero.
We also provide a characterization of binary delta-matroids (these are delta-
matroids represented by symmetric matrices over GF(2)). It is shown that a binary
delta-matroid is an elementary projection of an even binary delta-matroid (that is, a
delta-matroid that can be represented by a skew-symmetric matrix over GF(2)). This
characterization enables us to efficiently solve the delta-parity problem for binary
delta-matroids.

2. Preliminaries

2.1. Skew-symmetric matrices

A matrix A whose row/column set is indexed by a finite set V is said to be skew-

symmetric if A is equal to the transpose of �A; and all diagonal entries of A are zero.
(For fields of characteristic different from two, the condition that A has a zero
diagonal is implied by the condition that A ¼ �At:) The support graph of A is the
graph G ¼ ðV ;EÞ with vertex set V and edge set E ¼ fðu; vÞ j Auva0g:

Skew-symmetric matrices have the peculiar property that their determinants are
perfect squares. The square root of the determinant is called the Pfaffian of A: The
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Pfaffian of A can be computed by taking weighted sums over all perfect matchings M

of the support graph G:

Pf A ¼
X
M

sM

Y
ðu;vÞAM

Auv;

where sM takes 71 in a suitable manner, see [15]. In particular, A is singular if G has
no perfect matching (as is the case when jV j is odd). On the other hand, if G has
exactly one perfect matching, then A is nonsingular.

A matrix A0 is said to be congruent to A if there exists a nonsingular matrix Q such
that A0 ¼ QtAQ: The operation converting A to A0 is called a congruence

transformation. Note that skew-symmetry and nonsingularity are invariant under
congruence transformations. Our augmenting path algorithm, in Section 5, implicitly
uses the following fact: A skew-symmetric matrix A is nonsingular if and only if there

exists a matrix A0; congruent to A; whose support graph has a unique perfect matching.
We use the following lemma to show that a graph has a unique perfect matching.

(If X is a subset of vertices of a graph G; we let G½X 
 denote the subgraph of G that is
induced by X :)

Lemma 2.1. Let G ¼ ðW ;EÞ be a graph with vertex set W of even cardinality.

Suppose the vertex set W can be partitioned into odd sets U0;U1;y;Uh and vertices

y0; y1;y; yh such that

(1) G½Ui,fyig
 has a unique perfect matching for each i ¼ 0; 1;y; h;
(2) ioj implies ðw; zÞeE for wAUi and zAUj,fyjg:

Then G ¼ ðW ;EÞ has a unique perfect matching.

Throughout this paper, A½X 
 denotes a principal submatrix of A indexed by
XDV ; and A½X ;Y 
 designates a submatrix whose row and column are indexed by X

and Y ; respectively. We also denote by XWY the symmetric difference of X and Y ;
that is, XWY ¼ ðX,YÞ � ðX-YÞ:

Suppose the skew-symmetric matrix A has the following form:

Y X

A ¼
a b

�bt g

 !
:

We define a matrix A � Y by

Y X

A � Y ¼
a�1 a�1b

bta�1 gþ bta�1b

 !
:

This operation converting A to A � Y is called a pivoting. The following theorem is
fundamental to linear delta-matroids.
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Theorem 2.1 (Tucker [19]). Let A½Y 
 be a nonsingular principal submatrix of a skew-

symmetric matrix A: Then, for all SDV ;

det ðA � YÞ½S
 ¼ det A½YWS
=det A½Y 
:

2.2. Delta-matroids

A delta-matroid is a pair ðV ;FÞ of a finite set V and a nonempty family
F of its subsets, called feasible sets, that satisfy the symmetric exchange

axiom.

(DM) For F ;F 0AF and xAFWF 0; there exists yAFWF 0 such that FWfx; ygAF:

We call a delta-matroid whose feasible sets all have the same cardinality
modulo two an even delta-matroid. The base family of a matroid is an even delta-
matroid. In fact, a delta-matroid is a matroid if and only if the feasible sets all
have the same cardinality. Given a feasible set FAF of an even delta-matroid
M ¼ ðV ;FÞ; we consider a graph GF ¼ ðV ;EF Þ with an edge set EF ¼
fðu; vÞ j FWfu; vgAFg: The graph GF is called the fundamental graph of M with
respect to F :

For a delta-matroid M ¼ ðV ;FÞ and XDV ; we denote MWX ¼ ðV ;FWX Þ;
where FWX ¼ fFWX j FAFg: It is easy to see thatMWX is a delta-matroid. This
operation is referred to as twisting by X ; and MWX is said to be equivalent to M:
The delta-matroid M� ¼MWV is the dual of M: It is also easy to see that M\X ¼
ðV \X ;F\X Þ defined by F\X ¼ fF j FAF; FDV \Xg is a delta-matroid, provided
that F\X is nonempty. This operation is referred to as the deletion of X : The
contraction of M by X means ðMWX Þ\X ; denoted M=X : Note that evenness is
invariant under these operations.

Let A be a skew-symmetric matrix whose row/column set is identified with V :
Then the family of the nonsingular principal submatrices FðAÞ ¼ fX j rank A½X 
 ¼
jX jg satisfies (DM), and henceMðAÞ ¼ ðV ;FðAÞÞ forms a delta-matroid [2]. We call
a delta-matroid linear if it is equivalent to MðAÞ for some skew-symmetric matrix A:
Since every skew-symmetric matrix of odd size is singular, a linear delta-matroid is
an even delta-matroid.

For a feasible set F of a linear delta-matroid M ¼MðAÞWX ; we call a skew-
symmetric matrix AF a fundamental matrix of M with respect to F if it satisfies
MðAF Þ ¼MWF : Note that the support graph of AF coincides with the fundamental
graph GF : A fundamental matrix can be constructed explicitly. In fact it follows from
Theorem 2.1 that A � Y with Y ¼ XWF is a fundamental matrix of M with respect
to F :

For a pair of delta-matroids M1 ¼ ðV1;F1Þ and M2 ¼ ðV2;F2Þ with

V1-V2 ¼ |; the direct sum M1"M2 designates the delta-matroid ðV ;FÞ
defined by V ¼ V1,V2 and F ¼ fF1,F2 j F1AF1;F2AF2g: If M1 ¼MðA1ÞWX1

and M2 ¼MðA2ÞWX2; the direct sum M1"M2 is represented as MðAÞWX ; where
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X ¼ X1,X2 and

V1 V2

A ¼
A1 O

O A2

 !
:

3. The delta-parity problem

Let M ¼ ðV ;FÞ be a delta-matroid on V with jV j even. Consider a partition P of
V into pairs, called lines. Each element vAV has its mate %v such that fv; %vg is a line.
For FDV ; we denote by dPðFÞ the number of elements vAF whose mate %v is out of
F : In other words, dPðFÞ is the number of lines exactly one element of which belongs
to F : Then the delta-parity problem is to find a feasible set FAF that minimizes
dPðFÞ: We denote by dðM;PÞ the optimal value of this problem, that is,

dðM;PÞ ¼ minfdPðFÞ j FAFg:

In the following, we introduce a lower bound on dðM;PÞ: It will be shown later, as
the main result of this paper, that the lower bound is tight for linear delta-matroids.
This is a natural extension of the Lovász minimax theorem for the linear matroid
parity problem.

In order to present the lower bound, we first introduce a strong map operation for
delta-matroids. Let M ¼ ðV ;FÞ and M1 ¼ ðV ;F1Þ be delta-matroids. We say that

M1 is a strong map of M if there exists Z and a delta-matroid Mþ ¼ ðV,Z;FþÞ
with M ¼Mþ

\Z and M1 ¼Mþ=Z; this is denoted M2M1: Note that M is a strong
map of M1 if and only if M1 is a strong map of M: (We do not know of a pair of
delta-matroids, on a common ground set, that are not related by a strong map.)
However, it is possible that this operation may not be transitive. IfM2M1; then the
distance between M and M1; denoted by distðM;M1Þ; is the minimum cardinality of

Z such that there exists a delta-matroid Mþ ¼ ðV,Z;FþÞ with M ¼Mþ
\Z and

M1 ¼Mþ=Z:
The following result provides a lower bound on the optimal value of the delta-

parity problem.

Lemma 3.1. For a pair of delta-matroids M and M1 related by a strong map, we have

dðM;PÞXdðM1;PÞ � distðM;M1Þ:

Proof. If distðM;M1Þpc; there exists a sequence M0;M1;y;Mc of delta-matroids
withM0 ¼M;Mc ¼M1; and distðMi�1;MiÞ ¼ 1 for i ¼ 1;y; c: Hence, it suffices to

show the statement in the case of distðM;M1Þ ¼ 1: Let Mþ ¼ ðV,fzg;FþÞ be a

delta-matroid with M ¼Mþ
\fzg and M1 ¼Mþ=fzg: Then there exists a feasible set

FþAFþ that contains z: Suppose FAF is an optimal solution of the delta-parity
problem for M: The symmetric exchange axiom (DM) implies that there exists

yAFWFþ such that F ¼ FWfy; zgAFþ: Since zAF; we have F1 ¼ F  � fzgAF1:
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Then dðM;PÞ ¼ dPðFÞXdPðF1Þ � 1XdðM1;PÞ � 1; which completes the
proof. &

We now exploit properties of even delta-matroids. SupposeM ¼ ðV ;FÞ is an even
delta-matroid, and consider a direct sum decomposition M ¼M1"?"Mc: Note
that each componentMi is also an even delta-matroid. If every feasible set ofMi is of
odd cardinality, Mi is called an odd component. We denote by oddðM;PÞ the
number of odd components in the finest direct sum decomposition which is
compatible with the partition P (that is, the ground set of each Mi is a union of
lines).

Lemma 3.2. An even delta-matroid M satisfies dðM;PÞXoddðM;PÞ:

Combining this with Lemma 3.1, we obtain the following lemma.

Lemma 3.3. Suppose M and M1 are even delta-matroids related by a strong map. Then

dðM;PÞXoddðM1;PÞ � distðM;M1Þ:

This lower bound on dðM;PÞ is in fact tight for a suitable M1 in the case of linear
delta-matroids. The precise statement is as follows.

Theorem 3.1. For a linear delta-matroid M; we have

dðM;PÞ ¼ maxfoddðM1;PÞ � distðM;M1Þ jM2M1;M1: linearg: ð1Þ

We will prove this theorem via an augmenting path algorithm for the delta-parity
problem on linear delta-matroids.

4. Applications and related problems

In applications, Theorem 3.1 does not always provide a satisfactory minimax
theorem. Typically,M is in some restricted class of delta-matroids and we would like
M1 to also be chosen from the same class. Often, by closer analysis of the algorithm,
we can place such conditions on M1: For instance, if M is equivalent to a matroid,
then so is M1: Also, if M ¼M1"M2 then M1 ¼M11"M12; where M12M11 and
M22M12:

4.1. Linear matroid parity

Given a matroid M ¼ ðV ;BÞ with the base family B and a partition P of V into
pairs, the matroid parity problem is to find a base containing the maximum number
of lines (or equivalently to find a largest independent set containing only lines). Let
nðM;PÞ denote the optimal value of the matroid parity problem. Then it is obvious
that 2nðM;PÞ ¼ rankM� dðM;PÞ:
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Thus, it is clear that the delta-matroid parity problem is a generalization of the
matroid parity problem. However, it is not immediately clear that linear matroids are
linear delta-matroids; this is outlined below.

Let N be a matrix whose columns are indexed by V ; and let B be the set of all sets
that index maximal linearly independent sets of columns of N: Then, M ¼ ðV ;BÞ
forms a matroid which is called linear. Let B be a basis of M: By elementary row
operations, we may assume that N has the following form:

B V \B

N ¼ð I N 0 Þ;

where I is a B by B identity matrix. For FDV ; FAB if and only if N 0½B\F ;F \B
 is
square and nonsingular. We now define a V by V skew-symmetric matrix A as
follows:

B V \B

A ¼
O N 0

�ðN 0Þt
O

 !
:

For SDV ; A½SWB
 is nonsingular if and only if N 0½B\S;S\B
 is square and
nonsingular. Therefore, we have

M ¼MðAÞWB:

Thus, linear matroids are indeed linear delta-matroids.
Lovász [13,14] proved a minimax theorem similar to Theorem 3.1. While this does

not follow immediately from Theorem 3.1, it can be proved using additional
structure from the algorithm. Indeed, this is Gabow and Stallmann’s proof [9] of
Lovász’s minimax theorem.

4.2. The delta-covering problem

Given a pair of delta-matroids ðV ;F1Þ and ðV ;F2Þ; find F1AF1 and F2AF2

maximizing jF1WF2j: This is the delta-covering problem posed by Bouchet [3]. The
delta-covering problem is closely related to two natural decision problems.

Partition problem: Given a pair of delta-matroids ðV ;F1Þ and ðV ;F2Þ; does there
exist a partition ðF1;F2Þ of V such that F1AF1 and F2AF2?

Intersection problem: Given a pair of delta-matroids M1 and M2; do M1 and M2

share a common feasible set?
The connection between the delta-covering problem and the partition problem is

clear. The intersection problem for M1 and M2 is the partition problem for M1 and
M2WV : Given its relation to these very familiar problems, the delta-covering
problem may seem more natural than the delta-parity problem. However, we shall
see that the delta-covering problem and the delta-parity problem are equivalent.

The delta-parity problem is a special case of delta-covering problems as follows.
Let L denote the family of subsets of V that can be represented as a union of lines.
Then ðV ;LÞ forms an even delta-matroid, and dPðFÞ ¼ jV j � maxfjFWLj j LALg
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holds for FDV : Hence, the delta-parity problem is a delta-covering problem on
ðV ;FÞ and ðV ;LÞ:

On the other hand, an arbitrary delta-covering problem can be reduced to a delta-
parity problem. Given a pair of delta-matroids ðV ;F1Þ and ðV ;F2Þ; denote their

copies by M1 ¼ ðV1;F
0
1Þ and M2 ¼ ðV2;F

0
2Þ; respectively. Let M ¼ ðV1,V2;FÞ be

the direct sum of M1 and M�
2; the dual of M2; and P be the partition of the ground

set V1,V2 into the pairs each of which corresponds to an original element in V :
For a pair of feasible sets F1AF1 and F2AF2; it is easy to see that dPðFÞ ¼
jV j � jF1WF2j holds for F ¼ F 0

1,ðV2 � F 0
2ÞAF; where F 0

1 and F 0
2 are the copies of

F1 and F2: Therefore, the delta-covering problem on ðV ;F1Þ and ðV ;F2Þ coincides
with the delta-parity problem for M with the partition P:

It is not difficult to convert Theorem 3.1 to a minimax relation on the delta-
covering problem for linear delta-matroids. For a pair of even delta-matroids M1 ¼
ðV ;F1Þ and M2 ¼ ðV ;F2Þ; consider the finest partition ðV1;y;VcÞ of V that
simultaneously gives direct-sum decompositions of bothM1 andM2: We say Vi is an
odd component with respect to ðM1;M2Þ if jF1-Vij þ jF2-Vij � jVij is odd for a
pair of feasible sets F1AF1 and F2AF2: We denote by oddðM1;M2Þ the number of
odd components with respect to ðM1;M2Þ: Then we have the following corollary.
(Again, this is not a direct corollary of Theorem 3.1, we use some additional
properties from the algorithm.)

Corollary 4.1. For a pair of linear delta-matroids M1 ¼ ðV ;F1Þ and M2 ¼ ðV ;F2Þ;
we have

maxfjF1WF2j j F1AF1;F2AF2g

¼ jV j � maxfoddðM11;M21Þ � distðM1;M11Þ � distðM2;M21Þg;

where M112M1 and M212M2; and M11 and M21 are chosen among linear delta-

matroids.

4.3. The partition problem and compatible Euler tours

The following problem is an important special case of the partition problem
(stated above): Given a delta-matroid M ¼ ðV ;FÞ; can V be partitioned into two

feasible sets of M? There is some hope that there may exist an efficient algorithm for
solving this problem for any even delta-matroid. However, even for linear delta-
matroids the only known algorithm is that presented here. This partition problem,
for a linear delta-matroid MðAÞWX ; is the problem of deciding if there exists a
partition ðF1;F2Þ of V such that A½F1
 and A½F2
 are both nonsingular. (The
analogous problem for a symmetric matrix A remains open.) This partition problem
also contains an interesting graph theoretic problem.

Let ~GG ¼ ðV ; ~EEÞ be a connected directed graph such that each vertex has two

entering and two leaving arcs. We are interested in the euler tours in ~GG : An euler
tour induces a pairing of the entering arcs of a vertex with its leaving arcs. There are
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two possible such pairings at each vertex; we refer to any such pairing as a
bitransition. Two euler tours are compatible if they do not use a common
bitransition. We are interested in the problem of deciding whether there exists
a pair of compatible euler tours. This problem was proposed by Bouchet [3],
and provided much of the motivation for studying the delta-covering
problem.

We fix a particular reference bitransition at each vertex, the collection of which we
denote by R: Note that R need not correspond to an euler tour, as it may contain a

number of disconnected walks. We encode an euler tour T ; of ~GG; by the set RðTÞ of
vertices at which R and T share common bitransitions. Clearly, two euler tours T1

and T2 are compatible if and only if ðRðT1Þ;RðT2ÞÞ partitions V : Now let F be the

collection of sets RðTÞ taken over all euler tours T of ~GG: We call ðV ;FÞ an eulerian

delta-matroid; eulerian delta-matroids are in fact linear delta-matroids over an
arbitrary field, see Bouchet [3]. The partition problem for this delta-matroid is the

problem of finding compatible euler tours in ~GG:
Our augmenting path algorithm for the delta-parity problem provides an

efficient algorithm for finding compatible euler tours. Unfortunately, we have
been unable to deduce a nice graphic condition for the existence of a pair of
compatible euler tours from Theorem 3.1. It would be interesting if, for an eulerian
delta-matroid, Theorem 3.1 still holds when M1 is chosen among eulerian delta-
matroids.

4.4. Binary delta-matroids

Recall that we have defined skew-symmetric matrices so that, even over fields of
characteristic two, we have a zero diagonal. This definition ensures that linear delta-
matroids are even. However, there are alternative notions of ‘‘linear delta-matroids.’’
For a symmetric matrix A; MðAÞ is a delta-matroid (see [2,5]). The delta-parity
problem is also of some interest for delta-matroids arising from symmetric matrices.
We shall describe a trick that enables us to solve the delta-parity problem for
symmetric binary matrices.

A binary delta-matroid is a delta-matroid that is equivalent to MðAÞ ¼ ðV ;FðAÞÞ
for some symmetric matrix A over GF(2). Recall FðAÞ ¼ fX j rank A½X 
 ¼ jX jg;
where the row/column set of A is identified with V : A binary delta-matroid is not
necessarily even. In fact, a binary delta-matroid is even if and only if it is
representable by a skew-symmetric matrix over GF(2).

For a delta-matroid M ¼ ðV ;FÞ and XDV ; we define FjX ¼ fF \X j FAFg:
Then it can be shown thatMjX ¼ ðV \X ;FjXÞ is a delta-matroid. This operation, or
MjX itself, is called the projection of M on X : In particular, we call MjX an
elementary projection if X is a singleton. Note that projection does not necessarily
preserve evenness.

Lemma 4.1. Every binary delta-matroid is an elementary projection of some even

binary delta-matroid.
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Proof. Suppose A is a symmetric matrix over GF(2) with row/column set V : Let c
denote a vector corresponding to the diagonal of A; i.e., cv ¼ Avv for vAV : Consider
two matrices

Â ¼
A þC c

ct 1

 !
; Ã ¼

A þC c

ct 0

 !
;

where C ¼ cct and the row/column sets of Â and Ã are both V,fug: For YDV ; we

have det A½Y 
 ¼ det Â½Y,fug
 ¼ det Ã½Y 
 þ det Ã½Y,fug
: Since Ã is skew-sym-

metric, Ã½Y 
 or Ã½Y,fug
 is singular. Hence, A½Y 
 is nonsingular if and only if

either Ã½Y 
 or Ã½Y,fug
 is nonsingular. Thus we have MðAÞ ¼MðÃÞjfug; which

implies MðAÞWX ¼ ðMðÃÞWXÞ j fug for XDV : &

It is obvious from the proof that the converse also holds. Namely, an elementary
projection of an even binary delta-matroid is a binary delta-matroid. It should be
remarked, however, that projection does not necessarily preserve binary represent-
ability.

We now discuss how to solve the delta-parity problem for a noneven binary delta-
matroid M ¼ ðV ;FÞ represented as MðAÞWX for XDV : Consider the even binary

delta-matroid M0 ¼MðÃÞWX constructed as in the proof of Lemma 4.1. Since

M ¼M0jfug; a feasible set of M is either a feasible set of M0
\fug or M0=fug: Note

that both of these delta-matroids are even and binary. Therefore, in order to solve
the delta-parity problem for M; we need only apply the augmenting path algorithm

to M0
\fug and M0=fug independently and compare the solutions. The better of the

two gives an optimal solution for M:
It should be remarked that the above argument, including Lemma 4.1, is valid

not only over GF(2) but also over an arbitrary finite field of characteristic two.
The vector c in the proof of Lemma 4.1 should be defined in such a way that cv

is a square root of Avv: Hence, we can efficiently solve the delta-parity problem
for delta-matroids represented by symmetric matrices over a finite field of
characteristic two.

5. An augmenting path algorithm

In this section we present an augmenting path algorithm for solving the delta-
parity problem on linearly represented delta-matroids. The algorithm is relatively
straightforward, but the proof of correctness is, as should be expected, rather
technical.

Let M ¼ ðV ;FÞ be an even delta-matroid represented as M ¼MðAÞWX by a
skew-symmetric matrix A and XDV ; let P be a partition of V into pairs, and let
FAF: We will describe an algorithm that either concludes, with the aid of Lemma
3.3, that F is an optimal solution for the delta-parity problem, or finds a feasible set
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F 0 such that dPðF 0Þ ¼ dPðFÞ � 2: One may then solve the delta-parity problem by
beginning with the feasible set X and repeatedly applying the algorithm.

The search procedure for an augmenting path with respect to FAF works

primarily on a skew-symmetric matrix Ax whose row/column set is denoted by Vx:

The algorithm initially sets Ax to the fundamental matrix AF and augments Ax each

time it generates a new element to be added to Vx: The new elements are called
transforms. We denote by tðp; q; bÞ a transform generated with reference to three

elements p; qAV and bAV x: Whenever the algorithm generates a transform tðp; q; bÞ;
both Ax

pb and Ax
qb are nonzero. On generating a transform t ¼ tðp; q; bÞ; the

algorithm computes m ¼ Ax
bpAx

�q � Ax
bqAx

�p (where Ax
�v denotes the column of Ax

indexed by v), adds t to V x; and updates Ax as

t

Ax’
Ax m

�mt 0

 !
:

The vector m is chosen to be a linear combination of the columns Ax
�q and Ax

�p such

that mb ¼ 0:

The algorithm uses the support graph Gx ¼ ðV x;ExÞ of Ax: Recall that dPðFÞ is
the number of lines that have exactly one element in F : Such lines are called source

lines and we denote by S the set of elements that belong to source lines.

For each vertex vAV ; let vy denote p if v is a transform tðp; q; bÞ; and v otherwise.

A parity path is a sequence of vertices v0v1?vl such that vyi are all distinct,

ðvi�1; viÞAEx for odd i and fvyi�1; vyi g is a line of P for even i: (Note that a parity path

is a sequence of vertices that does not necessarily correspond to a path in Gx:) For a

parity path P; we denote by %P the reverse sequence of P: Also, we let Py ¼
fvy j vAPg: A parity path P ¼ v0v1?vl is said to be an augmenting path if it satisfies
the following conditions:

(AP1) l is odd;
(AP2) v0; vlAS; but fv0; vlg is not a line;
(AP3) vyi eS for i ¼ 1;y; l � 1;
(AP4) tðp; q; bÞAP implies qAP and peP;
(AP5) M ¼ fðvi�1; viÞ j i: oddg is the only one perfect matching in Gx½P
:

After finding an augmenting path P; the algorithm updates the feasible solution F

to FWPy: It is obvious from (AP1)–(AP4) that dPðFWPyÞ ¼ dPðFÞ � 2: The

following lemma guarantees that FWPyAF:

Lemma 5.1. If P is an augmenting path, AF ½Py
 is nonsingular.

Proof. Since Ax½P
 is congruent to AF ½Py
 by (AP4), it suffices to show that Ax½P
 is

nonsingular. A perfect matching of Gx½P
 corresponds to a nonzero term of the
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Pfaffian of Ax½P
; the square of which is equal to the determinant of Ax½P
: Hence the

uniqueness of the perfect matching implies that Ax½P
 is nonsingular. &

We now describe the search procedure for finding an augmenting path with respect
to a feasible set. Basically, it performs a breadth-first search using a queue to grow
parity paths of odd cardinality from vertices in S: A vertex v is labeled and put into
the queue when it is reached by a parity path (or search path) PðvÞ: Once labeled, a
vertex is never unlabeled nor relabeled. The algorithm picks the first labeled element,
say v; from the queue, sequentially assigns a number sðvÞ to v; and then examines its
neighbors. This process is said to scan v:

The algorithm associates a set BðxÞDVx with every labeled vertex xAV x; once
defined BðxÞ is never modified. We call BðxÞ a blossom. A blossom is a union of lines
and possibly transforms. Source lines in particular belong to distinct blossoms. A
blossom free from source lines is accompanied by a vertex called the bud, while a
blossom including a source line has no bud. A vertex in a blossom is called a tip of
the blossom if it is adjacent to the bud. Blossoms may be nested or disjoint but never

cross; that is, BðxÞDBðyÞ; BðyÞDBðxÞ; or BðxÞ-BðyÞ ¼ | for any labeled x and y:

For any xAVx; we denote by BðxÞ the maximal blossom that contains x: Note that
maximal blossoms are disjoint. It is helpful to imagine that each maximal blossom
has been shrunk to a line that consists of two supernodes: one for the tips and the
other for the rest.

It is possible to implement the algorithm without keeping PðvÞ and BðxÞ explicitly,
which is important from the viewpoint of computational efficiency. Gabow and
Stallmann [9] discuss this issue in greater detail for the linear matroid parity problem.

Recall that the algorithm works with a graph Gx ¼ ðV x;ExÞ; which is implicit in
the description below. For xAPðvÞ; we let PðvjxÞ denote the subsequence of PðvÞ
from the successor of x to v:

Algorithm. SearchðFÞ
Step 0: Let S be the set of elements in the source lines. For every sAS; set

BðsÞ :¼ fs; %sg; label s with PðsÞ :¼ s; and put s into the queue. Put V x :¼ V ; Ax :¼ AF ;
and k :¼ 1:

Step 1: If the queue is empty, then stop. Otherwise, pick the first element v from
the queue, assign sðvÞ :¼ k:

Step 2: For each scanned vertex u adjacent to v; if ueBðvÞ; apply Blossomðv; uÞ
choosing u in the increasing order of sðuÞ:

Step 3: For each unlabeled vertex u adjacent to v; if u does not belong to any
blossoms, put lðuÞ :¼ sðvÞ and do the following steps.

(3-1): If the mate %u is also adjacent to v; then create a transform t ¼ tð %u; u; vÞ; label

it with PðtÞ :¼ PðvÞut; set BðtÞ :¼ fu; %u; tg; and put t into the queue. Augment V x and

Ax accordingly.
(3-2): If the mate %u is not adjacent to v; then label %u with Pð %uÞ :¼ PðvÞu %u; set

Bð %uÞ :¼ fu; %ug; and put %u into the queue.
Step 4: Mark v as scanned, increment k; and return to Step 1.
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Procedure. Blossomðv; uÞ
Step 0: If the first elements in PðvÞ and in PðuÞ belong to different source lines,

then terminate with the augmenting path P :¼ PðvÞPðuÞ:
Step 1: Let b be the last element of PðvÞ such that BðbÞ-PðuÞa|; and d be the

last element of PðuÞ such that dABðbÞ: If d ¼ b; then put T :¼ fp; qg with p and q

being the immediate successors of b; respectively, in PðvÞ and in PðuÞ; create

a transform t ¼ tðp; q; bÞ; augment Vx and Ax accordingly, and put B :¼ ftg:
Otherwise, put T :¼ | and B :¼ BðbÞ:

Step 2: For each labeled element xAPðvjbÞ,PðujdÞ � T ; put B :¼ B,BðxÞ:
Step 3: For each unlabeled element xAPðvjbÞ,PðujdÞ � T ; label x with

PðxÞ :¼
PðvÞPðujxÞx if xAPðujdÞ;
PðuÞPðvjxÞx if xAPðvjbÞ;

(

set BðxÞ :¼ B; and put x into the queue, choosing x in the decreasing order of lðxÞ:
Step 4: If d ¼ b; then label t with PðtÞ :¼ PðuÞPðvjpÞt; set BðtÞ :¼ B; and put t into

the queue.

The procedure Blossomðv; uÞ yields a new blossom. If b ¼ d; the vertex b is defined
to be the bud of the new blossom. Hence, p and q; possibly among others, are tips of
the new blossom. Otherwise (i.e., if dab), the new blossom has the same bud as
BðbÞ; provided that BðbÞ is free from source lines. Step 3 of SearchðFÞ also yields a
new blossom, called a degenerate blossom, where v is defined to be the bud. Note that
the bud of a blossom is located outside the blossom.

Claim 5.1. The following conditions hold for any labeled vertex x at Step 1 of

SearchðFÞ as well as at each termination of the procedure Blossomðv; uÞ:

(1) If BðxÞ is a blossom with a bud b; then b is scanned and PðxjbÞ is contained in BðxÞ:
Moreover, the first vertex of PðxjbÞ is a tip of BðxÞ and the others are labeled.

(2) If BðxÞ is a blossom without a bud, then PðxÞ is contained in BðxÞ:

Proof. If BðxÞ is a degenerate blossom, then BðxÞ has a bud and (1) is obvious by
Step 3 of SearchðFÞ: For the nondegenerate case, suppose inductively that the
statements hold before the algorithm performs Blossomðv; uÞ; now consider
applying Blossomðv; uÞ: If dab; then, by the inductive assumption, the statements
hold for v and for the vertices labeled in Blossomðv; uÞ: Hence (2) holds, and to show
(1) it suffices to consider the case that d ¼ b:

Since b is the last element of PðvÞ such that BðbÞ-PðuÞa|; the
inductive assumption implies that PðvÞ ¼ PðbÞPðvjbÞ and that b scanned. Since d

is the last element of PðuÞ such that dABðbÞ; the inductive assumption implies that
PðuÞ ¼ PðbÞPðujbÞ: Therefore, for each vertex x that gets labeled in Blossomðv; uÞ;
we have PðxjbÞDBðxÞ:

The immediate successor of b in PðvÞ (and in PðuÞ) is a tip of BðxÞ: Thus, the
vertex of PðxjbÞ that succeeds b is a tip of BðxÞ; and, by the inductive assumption, the
other vertices PðxjbÞ are labeled. &
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The following result is a straightforward consequence of Claim 5.1 and the
description of the algorithm.

Claim 5.2. If v is a labeled vertex, and zAPðvÞ; where z ¼ tðp; q; bÞ is a transform, then

qAPðvÞ and pePðvÞ:

The following two results are also straightforward.

Claim 5.3. If v is a labeled vertex and xAPðvÞ is not labeled, then lðxÞ is defined.

Claim 5.4. If v is scanned, yAPðvÞ; and lðyÞ is defined, then sðvÞXlðyÞ:

The following result ensures that the search path has odd cardinality.

Claim 5.5. Let v be a labeled vertex with PðvÞ ¼ v0v1;y; vl ; where v ¼ vl : Then l is

even. Moreover, if vj was not labeled when we labeled v then

(1) j is odd, Pðvj�1Þ ¼ v0v1;y; vj�1; and lðvjÞ ¼ sðvj�1Þ and

(2) if lðvkÞ is defined and jpkpl then lðvkÞXlðvjÞ:

Proof. Suppose inductively that the statements held before we label v: First consider
the case that v is labeled in Step 3 of SearchðFÞ: Then vl�1 is unlabeled. Moreover,
Pðvl�2Þ ¼ v0v1yvl�2; and lðvl�1Þ ¼ sðvl�2Þ: By the inductive assumption, l � 2 is
even, and so is l: Hence (1) and (2) hold when j ¼ l � 1: Now suppose that jol � 1:
Since vj was not labeled when we labeled v; it is not labeled when we labeled vl�2: So

we can apply induction to vj and Pðvl�2Þ: Thus (1) holds, and (2) holds for kpl � 2:

Since lðvl�1Þ is defined, and vy is the mate of vl�1; lðvÞ is not defined. Finally, by
Claim 5.4, lðvl�1Þ ¼ sðvl�2ÞXlðvjÞ:

Now suppose that v is labeled in Blossomðr; uÞ: Hence, either vAPðrÞ; vAPðuÞ; or v

is a transform. In each case, the proofs are much the same, so we assume that

vAPðuÞ: Therefore, PðvÞ ¼ PðrÞPðujvÞv: By the inductive assumption, PðrÞ is of odd
cardinality.

Note that, v was not labeled when we labeled u: Applying induction to v and PðuÞ;
we see that PðujvÞ is of odd cardinality, which implies l is even. We also see that, for
each zAPðujvÞ; if lðzÞ is defined, then lðzÞXlðvÞ: Therefore, each of the vertices in
PðujvÞ is labeled when we label v: In particular, vjePðujvÞ: Therefore, vjAPðrÞ:
Moreover, vj was not labeled when we labeled r: Therefore, we can apply induction

to vj and PðrÞ: Thus, (1) holds. Moreover, for each zAPðrjvjÞ; if lðzÞ is defined then

lðzÞXlðvjÞ: Now, to complete the proof of (2), it suffices to prove that lðvÞXlðvjÞ;
since lðzÞXlðvÞ for each zAPðujvÞ where lðzÞ is defined.

Note that either vjABðvÞ or vjAPðuÞ: Suppose that vjAPðuÞ: However, vj was not

labeled when we labeled u; and vAPðujvjÞ: Therefore, applying induction to vj and

PðuÞ; we get lðvÞXlðvjÞ as required. Now suppose that vjABðvÞ: If vj is labeled in

Blossomðr; uÞ then, since vj is labeled after v; we have lðvÞXlðvjÞ; as required. So we
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may suppose that vj is not labeled in Blossomðr; uÞ; and, hence, vj is a tip of BðvÞ: So,

vj�1 is the bud of BðvÞ; and, hence vj�1APðuÞ: Let w be the successor of vj�1 in PðuÞ:
So w is also a tip of BðvÞ; and hence was unlabeled when we labeled u: Applying
induction to w and PðuÞ; we get lðvÞXlðwÞ and lðwÞ ¼ sðvj�1Þ: Hence lðvjÞ ¼
sðvj�1ÞplðvÞ; as required. &

Suppose that v is a labeled vertex with PðvÞ ¼ v0v1yvl ; where v ¼ vl : We associate
a sequence LðvÞ of labeled vertices with v as follows. If every vertex in PðvÞ was
labeled no later than v; we put LðvÞ ¼ PðvÞ: Otherwise, we set LðvÞ ¼ PðvjviÞ; where
vi is the last vertex of PðvÞ that was not labeled when we labeled v: Thus, by Claim
5.5, LðvÞ has odd cardinality, PðvÞ ¼ Pðvi�1ÞviLðvÞ; and sðvi�1Þ ¼ lðviÞ: Moreover, if
v is scanned, then sðvi�1ÞosðvÞ: Therefore, the search path PðvÞ uniquely
decomposes as

PðvÞ ¼ Lðx1Þy1?LðxkÞykLðvÞ;

where sðx1Þ ¼ lðy1Þo?osðxkÞ ¼ lðykÞ:

Claim 5.6. If v is scanned, then, for each yALðvÞ; y is scanned and sðyÞpsðvÞ:

Proof. When a vertex is labeled it is added to the queue, where it is only removed to
be scanned. Now v is the last vertex in LðvÞ to be labeled, so it is also the last to be
scanned. &

Claim 5.7. If v is a labeled vertex with PðvÞ ¼ PðxÞyLðvÞ; zALðvÞ is a transform, and b

is the bud of BðzÞ; then sðbÞXlðyÞ:

Proof. Suppose that z ¼ tðp; q; bÞ: Then, PðzÞ ¼ PðbÞqLðzÞ; lðqÞ ¼ sðbÞ; and, by
Claim 5.2, qAPðvÞ: In fact, either q ¼ y or qALðvÞ: If qALðvÞ then, by Claim 5.5,
lðqÞXlðyÞ: In either case, we get sðbÞ ¼ lðqÞXlðyÞ; as required. &

The following result is straightforward.

Claim 5.8. Let w be a scanned vertex, veS be a vertex that is not a transform, and

ðw; vÞAEx: Then one of lðvÞ and lð%vÞ is defined. Moreover,

(1) if lðvÞ is defined, then lðvÞpsðwÞ and

(2) if lð%vÞ is defined, then lð%vÞpsðwÞ:

Claim 5.9. For a labeled vertex v; let PðvÞ ¼ Lðx1Þy1yLðxkÞykLðvÞ be the

decomposition of PðvÞ: If wALðxiÞ; where iAf1;y; kg; and zAPðvjyiÞ then ðw; zÞeEx:

Proof. Suppose, to the contrary, that ðw; zÞAEx; where wALðxiÞ and zAPðvjyiÞ:
Note that xi is scanned, so, by Claims 5.6 and 5.5, w is scanned and sðwÞpsðxiÞ ¼
lðyiÞ: Suppose that z is a transform; say z ¼ tðp; q; bÞ: By Claim 5.7,
sðbÞXlðyÞXsðwÞ: However, since w is adjacent to z; wab: Hence, sðbÞ4sðwÞ:
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Note that w is adjacent to either p or q; say p: If lðpÞ is defined, then lðpÞ ¼
sðbÞ4sðwÞ; contradicting Claim 5.8. Therefore, we may assume that lðpÞ is not
defined. If z is created by Blossomðr; uÞ; then p must belong to PðrÞ; which
contradicts Claim 5.3. Therefore, BðzÞ is a degenerate blossom, and, hence, q is the
mate of p: However, lðqÞ is defined and lðqÞ ¼ sðbÞ4sðwÞ; contradicting Claim 5.8.
Therefore, z is not a transform.

If lðzÞ is defined then, by Claim 5.5, lðzÞXlðyiÞXsðwÞ; contradicting Claim 5.8.
Thus, lðzÞ is not defined. Then, by Claim 5.8, lð%zÞ is defined and lð%zÞpsðwÞplðyiÞ:
Therefore, by Claim 5.5, we see that %zePðvÞ: Then, there exists a transform z0 ¼
tð%z; q; bÞ in PðvÞ: Since z0 is labeled after z; we have zALðvÞ: By Claim 5.7, lð%zÞ ¼
sðbÞXlðyiÞ: This contradiction completes the proof. &

Claim 5.10. Suppose wAPðvÞ and zAPðuÞ such that sðwÞpsðvÞ; sðzÞpsðuÞ; and

either PðvÞ-BðzÞ ¼ | or PðuÞ-BðwÞ ¼ | when the algorithm starts Blossomðv; uÞ:
If w is adjacent to z in Gx; then w ¼ v and z ¼ u:

Proof. If ðw; zÞ is such an edge and ðw; zÞaðu; vÞ; then the algorithm should have
performed either Blossomðw; zÞ or Blossomðz;wÞ before Blossomðv; uÞ: &

We now intend to show that a parity path P obtained in Step 0 of Blossomðv; uÞ is
in fact an augmenting path. Since (AP1)–(AP4) are obvious from the algorithm
description, it suffices to show that P satisfies (AP5). In order prove (AP5) we utilize
Lemma 2.1.

Claim 5.11. For a labeled vertex v; there exists a partition ðLðxiÞ,fyig: i ¼ 1;y; hÞ
of LðvÞ � fvg such that, for i ¼ 1;y; h; either sðxiÞ ¼ lðyiÞ or the algorithm has

applied Blossomðyi; xiÞ: Moreover, there is an appropriate total order % among the

components such that i!j implies ðw; zÞeEx for every wALðxiÞ and zALðxjÞ,fyjg:

Proof. Suppose inductively that the statements hold before v gets labeled. If BðvÞ is
degenerate then LðvÞ ¼ v; so the result is vacuous. Now suppose that v is labeled in
Blossomðr; uÞ: Note that vAPðuÞ; vAPðrÞ; or v is a transform. We assume that
vAPðuÞ; similar arguments work for the other cases. We also assume that
LðvÞaPðvÞ; the argument when LðvÞ ¼ PðvÞ is similar.

Let y0 be defined so that LðvÞ ¼ Pðvjy0Þ: By Claim 5.5, lðy0ÞplðvÞ: Therefore,

again by Claim 5.5, y0ePðujvÞ: Thus, LðvÞ ¼ Pðrjy0ÞPðujvÞv: Since y0 was not labeled
when we labeled r; we can decompose PðrÞ as Pðx0Þy0Lðx1Þy1yLðxkÞykLðrÞ:
Similarly, PðujvÞ can be decomposed as PðujvÞ ¼ Lðxkþ1Þykþ1yLðxc�1Þyc�1LðxcÞ;
where xc ¼ u and koc: By the inductive assumption LðrÞ � frg can be partitioned into
ðLðxiÞ,fyig: i ¼ cþ 1;y; hÞ: Putting yc ¼ r; we obtain a partition ðLðxiÞ,fyig: i ¼
1;y; hÞ of LðvÞ � fvg such that, for each i ¼ 1;y; h; the algorithm has applied
Blossomðyi; xiÞ or sðxiÞ ¼ lðyiÞ: In particular, sðxiÞ ¼ lðyiÞ holds for 1pioc:

By the inductive assumption, there is a total order % among the components

in LðrÞ � frg such that i!j implies ðw; zÞeEx for every wALðxiÞ and zALðxjÞ,fyjg:
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We extend this to a total ordering on all of the components by defining i!j

if either:

(a) 1piocpjpk or
(b) sðxiÞosðxjÞ where 1pi; jpc:

Now consider any wALðxiÞ and zALðxjÞ; where i!j: If i; j4c then, by definition,

ðw; zÞeEx: By Claims 5.9 and 5.10, if i; jpc; we have ðw; zÞeEx: Now suppose that

1pipcojph: Thus, zAPðrÞ � frg: So, by Claims 5.9 and 5.10, ðw; vÞeEx; as
required. &

Claim 5.12. When the algorithm scans a labeled vertex v; the following hold.

(1) If the algorithm applies Step 3 of SearchðFÞ to an unlabeled vertex u adjacent to

v; then Gx½LðvÞ,fug
 has a unique perfect matching.
(2) If the algorithm applies Blossomðv; uÞ in Step 2 of SearchðFÞ; then

Gx½LðuÞ,fvg
 has a unique perfect matching.

Proof. Suppose inductively that both statements hold for previously scanned
vertices.

In order to prove (1), we consider the partition ðLðxiÞ,fyig: i ¼ 1;y; hÞ of
LðvÞ � fvg with the total order % introduced in Claim 5.11. By the inductive

assumption, each induced subgraph Gx½LðxiÞ,fyig
 has a unique perfect matching.
Put y0 ¼ v; L0 ¼ fug; and Li ¼ LðxiÞ for i ¼ 1;y; h: We extend the total order %

by setting 0!i for i ¼ 1;y; h: Now lðuÞ ¼ sðvÞ; and, for wALðvÞ � fvg; we have

sðwÞosðvÞ; so, by Claim 5.8, ðw; uÞeEx: Thus, i!j implies ðw; zÞeEx for wALi and

zALj,fyjg: Therefore, by Lemma 2.1, Gx½LðuÞ,fvg
 has a unique perfect matching.

In order to prove (2) we consider the partition of LðuÞ � fug into LðxiÞ,fyig for
i ¼ 1;y; h: For each wALðuÞ � fug; we have sðwÞosðuÞ: Therefore, by Claim 5.10,

ðw; vÞeEx: Put y0 ¼ u; L0 ¼ fvg; and Li ¼ LðxiÞ for i ¼ 1;y; h: Then, as above, we
see that (2) follows from Lemma 2.1. &

Lemma 5.2. The parity path P obtained by SearchðFÞ is an augmenting path.

Proof. Suppose the algorithm returns P ¼ PðvÞPðuÞ at Step 0 in Blossomðv; uÞ: It

suffices to show that Gx½P
 has a unique perfect matching. The search paths PðvÞ
and PðuÞ can be decomposed as PðvÞ ¼ Lðx1Þy1yLðxkÞykLðvÞ and PðuÞ ¼
Lðxkþ1Þykþ1yLðxc�1Þyc�1LðxcÞ; where xc ¼ u and koc: Let ðLðxiÞ,fyig: i ¼
cþ 1;y; hÞ be the partition of LðvÞ � fvg given by Claim 5.11.

Putting yc ¼ v; we see that the set of vertices in P is a disjoint union of LðxiÞ,fyig
for i ¼ 1;y; h: By Claim 5.12, each component Gx½LðxiÞ,fyig
 has a unique perfect
matching. Similar to the proof of Claim 5.12, we may define a total order % among

the components such that i!j implies ðw; zÞeEx for every wALðxiÞ and

zALðxjÞ,fyjg: Therefore, Gx½P
 has a unique perfect matching by Lemma 2.1. &
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5.1. Proof of the minimax theorem

We now show that, if the algorithm fails to find an augmenting path, F is an
optimum feasible set. Recall that for a matrix A we denote by A½X ;Y 
 a submatrix
whose rows and columns are indexed by X and Y ; respectively. In addition, we
denote A½X ;X 
 by A½X 
:

Let TB denote the set of the tips of a blossom B with a bud. Construct a
graph GB ¼ ðTB;CBÞ with vertex set TB and edge set CB ¼ fðp; qÞ j tðp; q; bÞABg:
Note that, before we create a transform tðp; q; bÞ there was no blossom that
contained both p and q: Therefore, the graph GB is a tree, which we call the tip

tree of B:
When the algorithm generates a blossom B0 that includes a blossom B and

does not share the bud, one of the tips of B; say x; gets labeled, but the other tips
of B do not. The following fact will be used in the proof of the minimax
theorem.

Claim 5.13. A vertex zAVx that is adjacent in Gx to an unlabeled tip y of

the non-maximal blossom B is adjacent to the labeled tip x of B or some transform

in B:

Proof. The column corresponding to a tip y of B is a linear combination of those
columns for x and for the transforms along the path in the tip tree GB between y and

x: Hence, for zAV x; if Ax
zya0 then Ax

zwa0 for w ¼ x or for some transform w in B:

That is, a vertex zAV x that is adjacent in Gx to an unlabeled tip y of B is also
adjacent to the labeled tip x of B or some transform in B: &

Henceforth, we suppose that the algorithm SearchðFÞ has terminated at Step 1
without finding an augmenting path. We intend to show that F is optimal to the
delta-parity problem. Recall that a vertex in a blossom has its mate in the same

blossom. We consider a partition of V x defined by

Rx
i : a maximal blossom that is disjoint of source lines ði ¼ 1;y; kÞ;

W x
j : a maximal blossom that includes a source line ð j ¼ 1;y; cÞ;

U : the set of unlabeled elements with unlabeled mates:

Put Ri ¼ Rx
i -V for i ¼ 1;y; k and Wj ¼ W x

j -V for j ¼ 1;y; c: Then

ðW1;y;Wc;U ;R1;y;RkÞ is a partition of V : Each W x
j includes exactly one source

line, which implies c ¼ dPðFÞ: Let bi denote the bud of Rx
i and Ti the set of the tips of

Rx
i : We also denote R ¼

Sk
i¼1 Ri and W ¼

Sc
j¼1 Wj:

Claim 5.14. The partition ðW1;y;Wc;U ;R1;y;RkÞ of V satisfies:

(1) AF ½Wi;Wj
 ¼ 0 and AF ½Wj;Wi
 ¼ 0 for 1piojpc;
(2) AF ½U ;W 
 ¼ 0 and AF ½W ;U 
 ¼ 0:
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Proof. Recall that AF ¼ Ax½V 
: Since Wi has no tips, it follows from Claim 5.13

that a vertex in Vx adjacent in Gx to some vertex in Wi is adjacent to a labeled vertex
in Wi:

If there is an edge in Gx between two labeled vertices, these two must be in the
same blossom. Therefore, the maximal blossoms Wi for i ¼ 1;y; c are not adjacent
to each other, which implies (1). If a vertex uAU is adjacent to a vertex in W ; it is
adjacent to a labeled vertex in W ; and then the mate %u must be labeled or u is in a
blossom, which contradicts the definition of U : Thus, we obtain (2). &

Claim 5.15. Suppose uAVx
\Rx

i is labeled or belongs to U : Then u is not adjacent in Gx

to any labeled vertex in Rx
i :

Proof. If uAV x
\Rx

i is labeled and adjacent to a labeled vertex xARx
i ; then u and x

must be in the same blossom, which is a contradiction. On the other hand, if u

belongs to U and is adjacent to a labeled vertex in Rx
i ; then the mate %u must be

labeled or u is in a blossom, which contradicts the definition of U : &

Claim 5.16. Suppose uAV x
\Rx

i is not adjacent to any labeled vertex in Rx
i : Then

Ax½fug;Ri
 is a multiple of Ax½fbig;Ri
:

Proof. It follows from Claim 5.13 that Ax
uv ¼ 0 for every vARx

i \Ti: On the other

hand, since the bud biAVx
\Rx

i of Rx
i is also labeled, we have Ax

biv
¼ 0 for every

vARx
i \Ti by the same reasoning.

Next we consider the parts corresponding to Ti: Let r be a tip of Rx
i : For another

tip pATi; consider the next tip qATi along the path from p to r in the tip tree. Then

the transform t generated with reference to p and q is not adjacent to u; thus, Ax
ut ¼ 0:

By the definition of Ax
ut; for the transform t; we have Ax

up ¼ Ax
uqAx

bip
=Ax

biq
: Repeating

this, we obtain Ax
up ¼ Ax

urA
x
bip
=Ax

bir
for every tip pATi: Thus, Ax½fug;Ri
 is a multiple

of Ax½fbig;Ri
: &

We now construct a skew-symmetric matrix Aþ; whose row/column set is V,Z

with Z ¼ fzi j i ¼ 1;y; kg: The matrix Aþ is defined by Aþ½V 
 ¼ AF ; Aþ½Z
 ¼ 0;
Aþ½fzig;Ri
 ¼ AF ½fbig;Ri
 and Aþ½fzig;V \Ri
 ¼ 0 for i ¼ 1;y; k: We omit here the
definitions of submatrices determined by the skew-symmetry.

Recall that Aþ is said to be congruent to A1 if A1 ¼ QtAþQ holds for some
nonsingular Q: In particular, if A1 is a skew-symmetric matrix that is obtained from

Aþ by adding multiples of row/column i to other rows/columns, then A1 is congruent

to Aþ:

Claim 5.17. The skew-symmetric matrix Aþ is congruent to a skew-symmetric matrix

A1 such that

(1) A1½Wi;Wj 
 ¼ 0 and A1½Wj;Wi
 ¼ 0 for 1piojpc;
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(2) A1½U ;W 
 ¼ 0 and A1½W ;U 
 ¼ 0;
(3) A1½R;W 
 ¼ 0 and A1½W ;R
 ¼ 0;
(4) A1½R;U 
 ¼ 0 and A1½U ;R
 ¼ 0;
(5) A1½Ri;Rj
 ¼ 0 and A1½Rj;Ri
 ¼ 0 for 1piojpk;
(6) A1½Z;V 
 ¼ Aþ½Z;V 
; A1½V ;Z
 ¼ Aþ½V ;Z
; and A1½Z
 ¼ Aþ½Z
 ¼ 0:

Proof. We will obtain A1 from Aþ by adding multiples of the rows/columns of Aþ

that are indexed by Z to the rows/columns of Aþ that are indexed by V : Since

Aþ½W,U ;Z
 ¼ 0; this transformation does not change Aþ½W,U 
 nor

Aþ½Z;Z,V 
; which together with Claim 5.14 implies (1), (2) and (6).

By Claims 5.13, 5.15 and 5.16, for each uAW,U ; Ax½fug;Ri
 is a multiple of

Ax½fbig;Ri
 ¼ Aþ½fzig;Ri
: Hence, it is easy to make Aþ½W,U ;Ri
 zero, by a
congruence transformation adding a multiple of the row/column indexed by zi;
without affecting any other part of Aþ: Thus, we have (3) and (4).

Now consider eliminating Aþ½Ri;Rj
 for iaj: By Claims 5.13 and 5.15, each vertex

vARx
i \Ti is not adjacent to any labeled vertex in Rj : Hence, by Claim 5.16, Ax½fvg;Rj 


is a multiple of Ax½fbjg;Rj
 ¼ Aþ½fzjg;Rj
 for vARx
i \Ti: For each vARx

i \Ti; we

have Ax
vbi

¼ 0: Therefore, by Claims 5.13 and 5.15, Ax½fvg;Rj,fbig
 is a multiple

of Aþ½fzjg;Rj,fbig
: Now, let p be a tip of the blossom Rx
i : For any other tip q

of Rx
i ; the column Ax

�q is a linear combination of Ax
�p and the columns of Ax that are

indexed by transforms in Rx
i : However, as shown above, for each transform t in Rx

i ;

Ax½ftg;Rj,fbig
 is a multiple of Aþ½fzjg;Rj,fbig
: Hence, Aþ½fqg;Rj,fbig
 is a

linear combination of Aþ½fzjg;Rj,fbig
 and Aþ½fpg;Rj,fbig
 for every qATi:

Therefore, we can apply a congruence transformation to Aþ so that, for every xARi;
Aþ½fxg;Rj,fbig
 becomes a multiple of Aþ½fpg;Rj,fbig
 and the other parts

of Aþ remain unchanged. As a result of this congruence transformation, we

obtain rank Aþ½Ri;Rj,fbig
 ¼ 1: In particular, Aþ½Ri; fyg
 becomes a multiple of

Aþ½Ri; fbig
 ¼ Aþ½Ri; fzig
 for every yARj: Thus, we can eliminate Aþ½Ri;Rj
:
We may apply the above argument separately for different pairs of i and j to

obtain (5). &

Claim 5.18. Let A1 be the matrix found in the proof of Claim 5.17. Then MðA1Þ=Z ¼
MðAþÞ=Z: Moreover MðAþÞ=Z is nonempty.

Proof. Let X be a subset of V : As A1 is obtained from Aþ by adding multiples of the
rows/columns indexed by Z to those indexed by V ; A1½Z,X 
 is congruent to

A1½Z,X 
: Therefore, A1½Z,X 
 is nonsingular if and only if Aþ½Z,X 
 is

nonsingular. Therefore, MðA1Þ=Z ¼MðAþÞ=Z:
The columns of Aþ that are indexed by Z are linearly independent. Let Z,X

be a maximal set that indexes a set of linearly independent columns of Aþ:
Then, Aþ½Z,X 
 is nonsingular, and, hence, X is a feasible set of

MðAþÞ=Z: &
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Since MðAþÞ\Z ¼MðAF Þ and MðAF Þ ¼MWF ; we have distðMWF ;
MðA1Þ=ZÞpjZj; which implies distðM;M1ÞpjZj for M1 ¼ ðMðA1Þ=ZÞWF :

We now evaluate oddðM1Þ: Denote Rþ
j ¼ Rj,fzjg for j ¼ 1;y; k: Then Claim

5.17 implies that the partition ðW1;y;Wc;U ;Rþ
1 ;y;Rþ

k Þ gives a direct-sum

decomposition of MðA1Þ without odd components. Therefore, the partition
ðW1;y;Wc;U ;R1;y;RkÞ determines a direct-sum decomposition of MðA1Þ=Z

consistent with P: The components corresponding to R1;y;Rk have feasible sets of
odd cardinality but the others do not.

The same partition gives a direct-sum decomposition of M1: Since Wi is a union of
lines and includes exactly one source line, jF-Wij is odd for each i ¼ 1;y; k:
Therefore, Wi corresponds to an odd component of M1: On the other hand, Rj

corresponds to an odd component of M1 because jF-Rjj is even. Thus, all the

components ofM1 except for U are odd components, which implies oddðM1;PÞXcþ
k: Combining this with distðM;M1ÞpjZj ¼ k; we obtain oddðM1;PÞ �
distðM;M1ÞXc; which together with Lemma 3.3 completes the proof of Theorem 3.1.

5.2. Complexity

We conclude by discussing the time complexity of the augmenting path algorithm.
Obviously from the construction of the tip trees, the number of transforms generated
in SearchðFÞ is at most n ¼ jV j: Hence, the size of the matrix we deal with is OðnÞ;
and the search procedure can be implemented to run in Oðn2Þ time. The

augmentation is in fact a pivoting, which requires Oðn3Þ time. Since the whole

algorithm performs at most n=4 augmentations, the total time complexity is Oðn4Þ:

6. Related work

The delta-parity problem is equivalent to computing the rank of mixed skew-
symmetric matrices introduced in [16, Section 7.3]. A subsequent paper [10] exhibits
an alternative, nonalgorithmic approach to show the minimax theorem via the rank
of mixed skew-symmetric matrices.
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