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The results of quantum process tomography on a three-qubit nuclear magnetic resonance quantum
information processor are presented and shown to be consistent with a detailed model of the
system-plus-apparatus used for the experiments. The quantum operation studied was the quantum
Fourier transform, which is important in several quantum algorithms and poses a rigorous test for
the precision of our recently developed strongly modulating control fields. The results were
analyzed in an attempt to decompose the implementation errors into colevrerdll systematic
incoherent(microscopically deterministjc and decohererimicroscopically randomcomponents.

This analysis yielded a superoperator consisting of a unitary part that was strongly correlated with
the theoretically expected unitary superoperator of the quantum Fourier transform, an overall
attenuation consistent with decoherence, and a residual portion that was not completely positive—
although complete positivity is required for any quantum operation. By comparison with the results
of computer simulations, the lack of complete positivity was shown to be largely a consequence of
the incoherent errors which occurred over the full quantum process tomography procedure. These
simulations further showed that coherent, incoherent, and decoherent errors can often be identified
by their distinctive effects on the spectrum of the overall superoperator. The gate fidelity of the
experimentally determined superoperator was 0.64, while the correlation coefficient between
experimentally determined superoperator and the simulated superoperator was 0.79; most of the
discrepancies with the simulations could be explained by the cummulative effect of small errors in
the single qubit gates. @004 American Institute of PhysicgDOI: 10.1063/1.1785151

I. INTRODUCTION terms of specific defects in the model. Additional errors in-
troduced during the QPT procedure itself further complicate
In order to develop larger and more powerful quantumthe analysis of the QPT results. In this paper we explore
information processing devices, it is essential to quantify th@nhese issues via a concrete case study, in which QPT is per-
precision with which they can be controlled. This informa- formed on a previously reported three-qubit quantum Fourier
tion is generally reported as a single number, the fidelity ofransform (QFT) implemented using a nuclear magnetic
the operatiort—2 Although fidelity is a reasonable measure of resonancéNMR) quantum information processbr.
control, it gives experimentalists little useful information The dynamics of an isolated quantum system are de-
about what went wrong or how to improve their control over g¢riped by the Schinger equation, which gives rise to an
the quantum system. Quantum process tomograph@PT) N x N unitary operator, wherd is the dimension of system'’s
provides additional information that may be useful in this yjpert space. Open quantum systems, however, generally
regard, by yielding an estimate of the quantum operation thgheract with an inaccessible environment and thereby un-
was actually implemented. This in turn provides a stringen]dergo decoherenCeFurthermore, in the case of expectation
check on the completeness and accuracy of the system-plugs| e measurements as in liquid-state NMR, each element of

apparatus model used _to design _the implementat_ior_l. It iﬁwe statistical ensemble may undergo a slightly different uni-
nevertheless a challenging task to interpret the deviations qgry operation which, though nonrandom, is difficult to dis-

this estimate from the superoperator implied by the model ir{inguish from decoherendd® The statistics of measure-

ments on open quantum systems are generally described by
dpresent address: Center for Computational Materials Science, Naval Rgzn N N density operator, and the evolution of a density
search Laboratory, Washington, DC 20375. . L . . .
Ppresent address: Perimeter Institute for Theoretical Physics, Waterlocgp(':‘ra'[or under an incoherent distribution of Hamiltonians
Ontario N2J 2W9, Canada. and/or interactions with an environment, although nonuni-
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tary, remains linear and is described by a superoperator. Th. H
goal of quantum process tomography is to determine this /I\

superoperator. =
Methods for implementing QPT have been presented in @ (H]
Refs. 5-7, 12, and 13, and two-qubit NMR implementations A\
of QPT have previously been reportéd® In the present /4 w2 —H]|
NSNS

paper, QPT is carried out with the aim of validating the
mathemat'cal m_Odel of the SYStem'p'US'aPPar?tUS used T[O dSI'G. 1. Circuit diagram for implementation of the quantum Fourier trans-
sign the NMR implementation of a multiqubit, entangling form for three qubits. For each qujit starting with the most significant, a
unitary operation, and to identify the types and strengths o$eries of conditional phase gates are implemented between jgabil all
the errors that occurred. We have found it useful to classifyiubits more significant thay, followed by a HadamardH) on j. The

. @Bx= )~ i -
the errors as coherent, incoherent, and decoherent, becat@%ﬁﬁ’:gg E}Z%i?dded @'=m/2"". A bit reversal(two-headed arro
each class is related to specific shortcomings in the experi-
mental implementation. Coherent errors are systematic errors

in the net unitary operation that was actually implementedy;4amard gatel! , which rotate theth qubit from a com-
Incoherent errors refer to unwanted unitary evolution which ) .o o o cioie 1o an equal superposition of computa-

is not uniform across the ensemble of spin systems in thgonal basis states, and two-qubit conditional phase gates
NMR sample so that even though each member of the er;gjk(e), which rotate the phase of qulitoy 6 if qubit j is in

semble undergoes strictly unitary evolupon, the evolution Ofie statel1). In this notation, the complete gate sequence of
the ensemble averages appears nonunitary. The effects of ip-

coherence are reversible, at least in principle, and knowledg{tbe three-qubit QFT igreading from right to el
of the coherent and incoherent errors can be used to design
better quantum gatdsinitary operations In contrast, deco-
herent errors are due to unknown interactions with an inac-
cessible environment, so they are not reversible and can
eliminated only by relatively costly changes to the apparatu
or the way in which information is encoded within it. ,
An important benefit of QPT is that it poses a rigorousand as part OT the quan_tum bak_ers n?fép‘
test of the accuracy of the mathematical model of the system- The remainder of this paper is organized as follows. Sec-

) ; ; - ion Il gives an overview of the experimental and computa-
glhulz ?Spgiﬁu;yus :rzp:gr?nzsﬁg aer)](g ;rr]itr?]?r:teatl t:]eesuel)tf irflrge;.ltédr}al procedures used for QPT, together with the metrics_by
to the results of computer simulations of the complete QP'IWhICh the re.sults were gompgred o those of the theorgucal
procedure, based upon the same model. Simulations bas del. Sectlonlll desprlbes incoherent errors and their ef-
on the model used here were also used in designing th§th5, on QPT, in partlcular the apparent l"."Ck of compIeFe
strongly modulating control fields by which the desired uni- Positivity of the results, while Sec. I desgrlbes the experi-
tary operation as well as all the unitary operations needed forpen_tal syst_em and procedures used to |mple_m¢_ant QPT in
the QPT procedure were implement@dThis was done by detail. Section IV presents a compl_ete description of the
minimizing the difference between the desired qubit rotatiOnsystem-plus-apparatgs_ model by .Wh'Ch the results of .QPT
operator and the quantum operation obtained by simulatin ere mterpre_ted. This is followed n Sec. V by an OVerview
the effect of the control fields on the spins in the molecule f the gxpenmental results,_ and in Sec.,VI by_a.deta|le.d
used for the experiments. As a result, any incorrectness in theomparson of the rgsults with thg models.predlctmr.\s. FI-
model directly affects the reliability of the experiments, butna”y’ Sec. Vil cqntalns an analyS'S of the d|screpan0|es be-
in ways that, by definition, differ from the simulations. This tween the experimental and simulated results, with the goal

can suggest ways to improve the model, after which furthePf, dete'rmin'ing thgir probabl'e or'igin.s. The paper c.oncludes
simulations will pinpoint the remaining experimental errors.W'th brief discussion of the implications of our findings for

The operation on which QPT was performed is the QFT.the field of quantum information processing as a whole.

The QFT constitutes a key subroutine in several quantum
algorithms®*’ as well as in certain methods for simulating Il. QUANTUM PROCESS TOMOGRAPHY
quantum dynamics on a quantum compudfef In algo-

rithms such as Shor’s factoring algorithm, the QFT is used n the literature. Some of these methbtfsrequire increasing
extract periodic features of wave functions, while in simula-y . 0ot space size beyond that of the system whose dy-

t'oni_ of qugntum dy?amlcs Itis Llsf.d to r_lr_1rc]>ve llz_ertwegnf_thEamics are to be studied. This is unappealing for current
position and momentum representations. The QFT is definegd, o iantal studies of quantum information processing

m T y2pi2 T g1
5 4) H“B ( 5 ) H-, 2
here Swaf¥ is a swap gate between qubjtandk (see Fig.

. This gate sequence has been implemented via NMR to
demonstrate the ability of the QFT to extract periodifity,

Swapg®H3B?3

)813

There are several methods of performing QPT outlined

as follows: where qubits are at a premium. The procedure used in this
L N1 work (see Fig. 2 is similar to those given in Refs. 5 and 6
oy H 2 2 i
Umedx) = —— e2mixx'IN|y 1y 1 and results in alN“xN com.plex-valued matrix, h'erea_lfter
o) JN Zo X'y @ referred to as a “supermatrix.” Because of the inevitable

experimental errors made in the QPT procedure, this super-
The QFT has been expreséttt as a sequence of one-qubit matrix will not, in general, correspond to any completely
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S 0 ces colp;,) and colp,), respectively, as determined by
_L) state tomographysee below. In quantum information pro-

cessing, the Hilbert space is usually a tensor product of the

{Sin} two-dimensional Hilbert spaces of its constituent qubits, so
{U} {Uo} thatN= 2" grows exponentially with the number of qubits

As a result, QPT can in practice be carried out on only a few

m qubits at a time. Nevertheless, even a large quantum com-

M’ {mop} puter is expected to be based upon such local operations, so

a complete analysis of small implementations is a prerequi-
site to understanding the issues involved in the control of

_ ) DT larger systems.
(Llro (P) = qu Uro pUro We now introduce the measures of state and gate fideli-
ties that were used to summarize the results of QPT. The
m,, = tr(ﬂ 0 (pxx ) G_) accuracy with which the initial states were created was quan-

titated by the correlation between the desired input state and

FIG. 2. A schematic of the QPT implementation used in this paper, togethef® One determined by state tomographg.,
with two equations describing how the readout operatigg®nd measure-

mentsm,, (xx=in,op) are obtained from the ensemble of quantum systems c( = tr(Pthpin) ()
described by the density matrix[whereo_= %(Ux*iay)]. A set{S,,} of Pin+Pin /tr(pfh)tr(pﬁ) !

(not necessarily unitajyoperations is performed, each in a separate experi-
ment, on the equilibrium stq;eeq of the spin system to c'reate a complete set WheI‘Gpth and pin are the traceless parts of the density matri-
{pin} Of input states. Each input state is then determined by quantum statgag of the desired and measured input states, respectively.

tomography, i.e., by repetition of the experiment with different readout_l_h . t stat df th ilibri .
pulses{U,,}, appended to each repetition. The readout pulses rotate unob- e Input states were prepared from the equilionum spin

servable components of the density matrix into observable components, tHefate by means of suitable nonunitary operatiSgsand the
mean valuegm,} of which are equal to the unobservables’ mean valuesmagnitudes of their traceless parts taken as the reference

before rotation. Measurement of these mean values thus allows for the r%{gainst which all Subsequent losses of coheréucmagne-
construction of the input state that was actually created. Next, the set of.

input states is recreated one state at a time, and the ope&fjofi interest tization m_ NMR) due to non_umtary eVOIUtI(_)n were mea-
(in this paper the QFTapplied to each in turn. This gives a complete set of SUred. This was done by scaling the correlation of the output
output states{p,,}. Once again, readout of eaghy, requires that the ex-  states by a factor which measures the loss of coherénce,

periment be repeated followed by different readout operat{ofysg. The yielding the so-called attenuated correlation
mean values of the complete set of observalfleg,} that is measured

allows reconstruction of the set of output states actually created. Finally, '[r(p2 )
these estimates §p,}, together with the earlier estimatesipf,}, are used Calpin ,pop) =C(pu :Pop) _r;p, (5)
to reconstruct an estimate of the operatifg, via Eq. (3). This recon- tr(Pin)

structed operation is not expected to be unitary due to decoherence during .
the application ofS,, as well as errors in the state tomography procedure.vv_herepth andpop are_ the traceless parts of the denS|ty ma-
Also, due to incoherent errors across the ensemble involved in NMR experitrices of the theoretical and measured output states, respec-

ments, the supermatrid,s estimated via this QPT procedure may not tively, and p;, that of the corresponding input state from
correspond to a completely positive, trace-preserving superoperator. above.

The average state correlation and average attenuated
positive and trace-preserving superoperango quantum _state correllat|on are reasonable measures of the overall fidel-
operation, unitary or otherwise. Therefore, we use methodd® Of the implemented quantum operation, but a measure
recently introduced by HavEt'S to obtain the best least- that is more clearly independent of the choice of initial states
squares fit to the measured supermatrix that does correspoffithe correlation between the superoperator matrices, i.e.,
to such a quantum operation. This is expected to yl_eld a (S, Sop) =r( StThSOp) I ( StThSth)tf( Sg Sop)- (6)
better estimate of the superoperator that was actually imple-- _ o B
mented, since it will subsequently be shown that the nonSince this quantity is not sensitive to the overall loss of mag-
Comp|ete|y positive part of the Superoperator is |arge|y du@etlzatlon, we W|” also use the attentuated correlation be-
to errors committed during the readout steps. tween supermatrices, namely,

The. QPT procedure in Fig. 2 requires implementation of CA(SthxSop)Etr(S;rhSop)/tr(SIhSth): Fe(S;rhSop), (7)
the desired unitary operation on a complete se\’dknown _ o _
input states, followed by determination of all of the resultingWhere F. is the entanglement fidelity defined by
output states via quantustatetomography. Once all of the Schumachelr.Accordmeg, we will refer to this quantity as
experimental input and output states have been completeNﬁe gate fidelity. It can be shown that this fidelity satisfies
determined, and given that the input states have been chos@(pi,pop) = Ca(Sin,Sop), Where the overbar indicates an
to be linearly independent, the experimental supermatrix caaverage over any orthonormal operator basis, with equality if
be calculated as tr(p2) =tr(p3) for all the input states.

Mo=R R 3) Our analysis utilizes two different representations of

obs™ Toutin guantum operations, the supermatrix representation and the

whereR;, andR,, are supermatrices whose columns are theKraus operator sum representation. The supermataper-
“columnized” experimental input and output density matri- ates on the density matrix as
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col(psin) =S col( pini) , (8) psin- In principle one could define a nonlinear transformation
that produces this mapping, but this is not very useful in
practice because the large amount of information needed to
define a general nonlinear transformation is neither readily
available nor easy to work with.

Incoherent errors are precisely those which depend upon

wherep;, and p5, are the initial and final density matrices,
and the “col” operation stacks the columns of the density
matrices on top of one another in left to right order. This
results in anNXN matrix becoming a column vector of
lengthN2. We will primarily work in two different superma- )
trix bases, the computation@r Zeemanbasis and the prod- S°™M€ classical parameter that labels the members of an en-

uct operator basis. In the computational basis the rows ant ?glqes’e?ﬁﬁesgng dert]rirsatea?arzogtrgatllr?r]chkz)aemvl\jeRn;Qee?itr?]tjr?tsl,n
columns of the 2x2" density matrix are labeled by the P ' P

binary expansion of their indices frofr - 0) to |1 --1). The described below, the main source of incoherent errors is the

product operator basis is related to the structure of the NMF?r?at'al mfllomolgenelt)_/”lp the l(f%dm-frequen((:jygeld qt\(er th
Hamiltonian and the rows and columns of the supermatrix irhe S.ft‘mp € \]{o utrr?e._ t IS Tay fethexprgsse 'thytr:N” flr}g Id €
this basis are labeled dss @1 ,, 1,0 @ 1,00, 10 o, amiltonian for the interaction of the spins wi e rf fie

®--®0o,, where “®” denotes tensor multiplication, the’s in the form

are the standard Pauli matriceés,is the 2<2 identity ma-

trix, and each term has factors(see Ref. 23 f_or details H(t:F) = a(t) yB,(F)e 1201072 gibotorl2, (11)
The superoperator of a quantum operation can also be

expressed as a Kraus operator sdifihis sum involves a set

of NXN matrices Ay (the Kraus operatoyssuch that wherea(t) is the envelope of the fieldy is the gyromagnetic
R ratio of the spinsB4(F) is the magnitude of the field at the
Pfin= ; AxPiniAy (9)  pointF, Aw is the difference between the frequency of the rf

field and the resonance frequency of the spins in the static
where the sum may require as manyNgsterms. It is easily magnetic fieldB,, and theo’s are the usual Pauli matrices.
seen that a Kraus operator sum preserves the Hermiticity ofhus, the unitary operatiob) =exp(/dtH;) depends upon

pini» and that it preserves the trace if and only if the positionr in the sample as well as on the time, i.6.,
=U(t;r), as does the resulting spin statp(t;r)
> AlA=1. (10)  =U(t;F)p(0;F)UT(t;F). The equilibrium state of the spins
k

in the static fieldB, is independent of over the sample

If the operation is purely unitary there is only one KrausVvolume, so we may takp(0;F)=p(0) to be constant. The
operator, which is just the unitary operator in question. Indensity operator that is observed is the integral over the
general, however, there are an infinite number of equivalergample volume/, i.e.,
Kraus operator representations of a given quantum operation.
The least-squares fitting procedure described below yields a
Kraus operator sum representation iq v_vhich t_he Kraus opera- p(t):J de(t;F)zJ dFU(t;7F) p(0)UT(t:F)
tors are both mutually orthogonal, minimum in number, and % v
sorted by the size of the contribution each makeps

Y P =S(1)p(0), 12
1. INCOHERENT ERRORS

A superoperator is completely positive if it admits a whereS(t) denotes the net superoperator of the actual quan-
Kraus operator sum representation. Although this conditiorium operation implemented. We can express this in matrix
holds for the physical processes usually studied in the quarferm ag?
tum mechanics of open systems, including unitary operations
and decoherence via weak interactions with a Markovian en-
vironment, it is not difficult to construct situations in which S =
not only complete positivity, but even the distinction be- COI(S(t)p(OD:( fvdrU(t,r)®U(t,r) col(p(0)),
tween a state and its transformations breaks d&\W#.Such (13
situations can only arise when the initial state of the system
is not pure, but can be represented by a probability distribu- o
tion over an ensemble of pure states with density matfix ~ whereU is the complex conjugate df and the “col” op-
Suppose the ensemble’s probability distribution depends oarator mapsNxN matrices to N?)-dimensional column
some classical parameter(usually space or timeand that vectors, as described above.
pini @lso represents an average oueisee below for a con- Describing the evolution of an ensemble by integrating
crete example Then if the applied transformatiokl like-  over its spatial degrees of freedom works well for a single
wise depends o, so that the transformation orrelated  operation. When a second operatiSnis applied following
with the states in the ensemble, then the final density matrithe firstS;, however, we must take the spatial correlations
piin Will generally not be equal to the result of applying the produced by the first into account in computing the correct
average offC overc to p;, . Indeed there will usually be no overall superoperator. In terms of the foregoing equations,
superoperator which maps every possipig to the correct this may be expressed as
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0.5 To go the other direction, i.e., to take a supermafiand
convert it into an equivalent Kraus operator sum, we first
0.2 O rearrange its elements into a Hermitian supermatrix called
O O X X . .
> the Choi supermatri%®
8 *x
0.1 %% « N—1
X
%@ T:,Z (Ejj®IN)S(IN®E;)), (16)
0 %X ij=0
X
Ogé% « wherel is the N XN identity matrix andE;; is a matrix of
3 01 x B xX zeros except for a 1 in thei,f)th position. Then, if7
00X x =Ek)\kvkuﬂ: is the spectral decomposition @fand we as-
-0.2 O sume that all the eigenvaluas=0, our Kraus operatora,
-t 0 0% 097 may be shown to be
-0.5
1 08 -06 -04 -02 0 col(A) =\ (k=1,...N). (17)

FIG. 3. Eigenvalues of simulated supermatrices in the complex plane. The |t follows from the above that a superoperafbis com-
main figure shows the location of the eigenvalues with respect to the unibletely positive if and only if its Choi supermatrix is positive
circle, while the subplot shows the eigenvalue locations in greater detail . .. . .
This simulation was done for alanirisee text, and includes both coherent SEMIdefinite. In the event that an experimentally determined
errors due to imperfect pulses and incoherent errors due to the inhomog&UpermatrixS,,s does not have a positive semidefinite Choi
neous rf power across the sample. The eigenvalues indicated by ¢itdles  sypermatrix, it has been shoWrhat the completely positive
are of the produckiiy,Seq; of the supermatrix describing an evolutily,  gyneroperatos’ closest to it in the least-squares sense may

of a 90° pulse on spin 1 about the negatwexis times a second superma- . . . . . .
trix Si, for a 180° rotation of spins 1 and 2 about thexis. The eigen- be obtained simply by setting the negative eigenvalues of its

values indicated by cross€x) are for the supermatri§,., describing the ~ ChOi supermatrix to zero to get a new mat@x and map-
net evolution after concatenating these pulses together in the simulator. Dyging it back toS’ via Eq. (16) with S and 7 swapped. This

to the presence of incoherence the eigenvalues are not the same. In partio‘yrocedure, however, will result in a supermatfixthat does

lar, the presence of incoherence leads to an apparent decoherence, as evi- . . .
denced by a reduction in the eigenvalue magnitudes. The average eigenvaﬁ}ét preserve the trace of the density matrix. That condition

reduction is 1.2% 0y and 0.9% forSin,Saqy - can be reimposed by subtracting
AT'"=N"*col(Iy)col™ (1) T — I nxn (18
from 7', with the result that7' is no longer positive
semidefinite. It has further been shown, however, that iterat-

S281= fvd FZ[UZ(FZ)@UZ(FZ)]derl[Ul(Fl)‘X’Ul(Fl)] ing on these two procedures generates a sequence of super-
matrices which converges to the Choi supermatrix corre-

B R L= R R sponding to the superoperator that is closest tnd isboth
- fvdrzjvdrl[Uz(rz)U1(r1)]®[U2(r2)U1(r1)] trace preserving and completely positive. This is described
for the experimental results in the Sec. VIII.
T T ~ o In order to quantify the extent to which a supermatrix
= 14 . " : L
” fvdr[uz(r)ul(r)]®[U2(r)U1(r)] S 39 fails to be completely positive, we define the positivity as the

ratio of the sum of eigenvalues of the Choi matrix corre-

where S is the true superoperator of the combined operasponding to the supermatrix over the sum of positive eigen-
tions. Clearly, a similar result could be obtained if we werevalues of the said Choi matrix. For a completely positive
integrating over time, although that is not relevant to thesuperoperator the positivity is equal to 1, while the presence
experiments described in this paper. A simulation of an exof negative Choi eigenvalues causes the positivity to be less
ample of the lack of composibility of superoperators describthan 1.
ing incoherent errors is shown in Fig. 3.

It follows that theN?x N? supermatrix produced by our |y THE SPIN SYSTEM AND THE EXPERIMENTS
QPT proceduréFig. 2) cannot be expected to precisely cor-
respond to any physical process, and it will usually even fail ~ The experiments were implemented on a three-qubit
to define a completely positive and trace-preserving superofyMR quantum information processtt?® The three qubits
erator. In this event, an improved estimate of the supermatriiéssed were the three carbon spins in molecules of
of the quantum process that is realized by the QFT imple- C-enriched alanine in an aqueous solution. The internal
mentation can be obtained by making the smallest possiblgamiltonian of this system has the form
change to the supermatrix derived from QPT so as to make it 3 - 3
completely positive and trace preservi(@PTP. He=72, veoe,+ 5. > Jdat gk (19

One can, of course, always convert a Kraus operator sum =1 j=i=1
into an equivalent supermatrix via the “col” operation intro- where ,,ic are the Larmor frequencies of the spins a]t;ﬂc

duced above, are the strengths of the couplings between them, both in
frequency units. In our indexing scheme, a superscript 1 la-

coll D ApinAll = D A@A|colipi). (15) bels the carbonyl carbon of alanine, 2 the alpha carbon and 3

K K the methyl carbon. A separate time-dependent external
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TABLE I. Measured carbon-13 decay rates for each type of product operatiritsthe alanine molecule used

for the experiments. These include the inverses of the relaxation fimasdT, for all three carbon-13 spins.

The “x|y” subscripts indicate that, in every operator of the corresponding product, all the labels to the left or to
the right of the bar must be used together, thus indicating a total of two products with one expression.

0'% 0.032+0.01 o5 0.345+0.01

o 0.583:0.01  olo? 0.282+0.01

ora? 0.458-0.01 o2 0.689+0.01

orolol 0.684:0.01 oy, oxy0s 1.89+0.02
) s Ug‘yo'z ,10'X|y0'20'§

U’Z‘W , 30' Ui‘yz , 3.19+0.01 0'5‘),,3 0'20',{“,,2 , 1.68+0.01

U?](_‘yaé’ oy (lr,(|y0'Z o-ia-xhgl’ O'Z(lrza'x‘y .

Ui‘yaé‘x, Ui‘yayxaé, 6.93+0.11 Ué‘yag‘x, Uf‘yaégg‘w 3.56+0.06

Tyl TlyIxy Tz . TulyTxly TdyTz 9y

U)Z(‘ya'g‘x oy a'x‘ya'g‘x, 6.81+0.10 cr¥‘xcr)2(‘ya'§‘y, TylyTyixTxly » 13.48-0.81

Dy » T2TxlyTxly TxlyTxyTylx

U'x\y"'x\y"'x|y 14.58+0.20

rf pulse is applied to rotate qubits. In the 7 T magnet used for ,
the experiments, the resonant frequency of carbon-13 is ¢ 21)

~75.468 MHz. Frequency changes, also known as chemlcal

shifts, among the splns introduce differenceé—v: ~ Whereg is an arbitrary phase. The notanﬁ“(/ZwJJk) rep-

=9456.5 Hz, v3—13=2594.3 Hz, and vi— Vé resents a time interval during whiak,cX evolution occurs

=12050.8 Hz. The couplmg constants between the threwhile chemical shifts and all other qubit couplings are refo-
spins are Ji%=54.2 Hz, =35.1Hz, and J}% cused, while the superscriptk denotes a pulse which ro-
= —1.2 Hz. In the absence of rf, tHg, relaxation times of tates only sping andk. The final three pulses in the above
the three spins are all longer than 1.5 s, while Therelax- ~ sequence perform a rotation around thaxis. In our previ-
ation times are |onger than 400 r(me Table | for exact OUS Worl’? the bit reversal was implemented experimentally.
numbers. Here the bit reversal is achieved by simply renaming the bits.
To rotate qubits we used the strongly modulating pulses ~We stress that the various building blocks of the QFT
introduced in Refs. 3 and 10. The first generation of stronglymplementation, i.e., the individual pulses and evolution pe-
modulating pulses was designed to perform the desirefiods, remain unchanged for all experiments. After creation
propagator while refocussing the Spins’ known interna]Of each initial state a fixed sequence is applled that is inde-
Hamiltonian® the second generation was designed to als®endent of the initial state.
compensate for rf field inhomogeneifyThis was done by The input state$p;,} used were the 64 product operator
including the rf inhomogeneity profile in the simulations and, States(neglecting the large but undetectable identity compo-
hence, in the target function minimized to design the comﬂ?m) These are ()actually the identitytg) and states such as
pensated pulses. Pulses designed in this way performed ne&fsx : o3, a”d‘fyff where the superscripts represent the spin
optimally over the range of rf powers experienced by theindices, as above. These states were chosen because they are
ensemble of spins. While the simulated peak fidelities wer@rthogonal and easy to create on a liquid-state NMR system.
lower than with the uncompensated pulses, the actual perfol/e order the states IeX|cograph|caIIy starting with 0, fol-
mance of the compensated pulses in the spectrometer wigved byo:=1,81,80y, o5=1,80,®1,, and so on until
greatly enhanced. ololoi=0,0 0,00, (the complete ordering may be found
The method of implementing the QFT via NMR is the in Fig. 8. The QFT gate sequence described above is applied
same as in our previous QFT implementatiBAwith the  to each of these 64 states to obtain the corresponding set of
added benefit of the rf pulses that compensated for rf inhooutput stategpy-
mogeneity. The pulse sequences for the Hadamard and con- [N any given three-spin spectrum only 24 of the 64 prod-
ditional phase gates are derived from an idempotent or cotCt operators are observable. Thus, to completely reconstruct

relation operator description of the propagaftrsThe the state of the system, each experiment is repeated seven
Hadamard gate pulse sequence is times with different readout pulses appended to the experi-

_ _ ment. The real amplitudes of the peaks in the spectrum were
i ' ! then used as the coefficients of the product operators which
Hi= 5] ~7) - (20
y X

Hamiltonian, shown in Eq(11), must be added whenever a )i ( gik ) ( )J (W)J‘,k (g)J,k (w)i,k
a - -\ T -\ A —| A | A
2 2

were transformed into the corresponding observable product
operators by the readout pulses. This procedure, known as

This pulse program reads as follows: apply a pulse that rostate tomographywas done for all input and output states.
tates spin by 90° about they axis, followed by a pulse that
rotatesj by 180° about thex axis. TheB/¥ gate can be V- THE SYSTEM-PLUS-APPARATUS MODEL

implemented using the coupling between qubits and the fol-  Quantum process tomography serves experimentalists in
lowing pulse sequence: two ways. First, it provides a thorough test of the model of
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the system-plus-apparatus used to design and interpret the The computer search for the strongly modulating control
experiments. Second, it provides a complete picture of theequencegpulses is quite demanding, and it is important to
net effects of all the errors made in implementing the experikeep the Hilbert space as small as possible during the asso-
ment and, in conjunction with the model, allows these effectsiated simulations. For this reason the simulations described
to be unraveled into specific defects in the apparatus—anih this paper ignored the four hydrogen atoms in the alanine
perhaps also the model. Before attempting this latter tasknolecule, which were left aligned with the main magnetic
therefore, we wish to fully present, discuss, and justify thefield during the actual experiments but which nonetheless
model we used for QPT on the QFT. This model includes thénave couplings to the carbons on the order of 150 Hz. A
following attributes:(1) the Hilbert space of the system in better way, which we subsequently implemented and is de-
guestion and its Hamiltonian2) the Hilbert space of the scribed here for completeness, would be to average the re-
larger system with which the given system interacts cohersults of 16 simulations over each of the three-spin Hamilto-
ently, and the Hamiltonian describing these interactid8s; nians
the relaxation superoperator of the system, and some knowl- 5
edge of how the larger system relax¢d) bounds on the HO =S 2 (— 1)% , i
precision of the classical control fields applied; &bd the Hs = = VC+ H] 7cz
distribution of incoherent variations in these fields across the
sample. N
Both the fields and the positions of the spins can be +7TJ>IE Iuah ol (23
treated classically. Since the larger system contains only a
total of eight spins, we can simulate it exactly. Further infor-for all combinations of§=[&,,...,8,]=1{0,1}*, where “c”
mation, for example, the correlation times or full spectralstands for “control.” This is much faster than diagonalizing
densities of the noise generators driving relaxatfonpuld  the Hamiltonian with the four hydrogens includétb times
have been included in the model, but the above proved adenger as opposed to 16%).
equate to explain most of the experimental observations for During the free evolution periods between pulses, on the
the QFT. other hand, we applied additiondlard 7 pulses to the car-
The first attribute is the Hamiltonian for the three bons to refocus this unwanted phase evolution, in accord
carbon-13 spins of alanine used as qubits for the QFT, whickvith the free-evolution Hamiltonian used for thegmauch
has the form ofHg given in Eq.(19). The larger system less demandingsimulations,
includes, in addition to the carbons, the fqmonexchang-

3

4 3
ing) hydrogens and the spin-1 nitrogen-14 nucleus in alanine.
Tr?()e I;lrgergsystem’s Harr?iltonian hgs the form Hs=Hst WZ Z Hoh Tt (24)
S where “f” stands for “free.” The frequency evolution of the
Hs=Hs+ Wizl VHO ,+ TYNON Lt 2 JH’H&'H &l hydrogens can be neglected because they are left alorg the
B axis, thereby also avoiding population disturbances that
a3 L _ would lead to nuclear Overhauser cross relaxation and
EZ 2 otk —;1 INCONTG., thereby memory effects.

The search for strongly modulating control sequences
was further simplified by assuming that the rf phase, ampli-
—2 NHON, Za'HZ, (22)  tude, and frequency were piecewise constant, so the total
' unitary transformation was given by the product

:]

I\)

where we have used the well-known fact that couplings be- Km Kmax
tween spins with distinct gyromagnetic ratios can be trun- U2 = H Ug= H Tex;{—i(tk—tkl)ch
cated to just the seculdre., o,0,) part. k= k=1

The spin-1 nitrogen has an electric quadrupole moment ty
and hence a shoff;, so its coupling to the other spins —iJ dtHg (1) |
cannot be observed. As a result, the nitrogen can be omitted -

from the Hamiltonian, although it still plays a role in the Here “T” denotes the usual time-ordering operator and the
relaxation of the other spins. The spin-latti ) relaxation  external rf Hamiltonian during thkth interval is given by
time of the hydrogen atoms, on the other hand, is longer than

the experiment, so here we must include the additional fre- j
quency shifts that depend upon their spin states. In othef k()= ak?’CBlE (e” '(”t”kw")%zﬂjc el Mocy),
words, we take thery,, to be constants of the motion and (26)
treat the carbons as an incoherent mixture 626 inde-

pendent three-spin systems, each with their resonance fre¢hereq, is the relative amplitude of the field during tkéh
quencies shifted by one of the 16 possible sums d§ /2. interval [cf. Eq. (11)]. This assumption allows the unitaries
Because we start with the spins in the high-temperature eun for each interval to be calculated exactly by transforming
librium state, each of these 16 independent evolutions corto an interaction frame in whicH ; , becomes time indepen-
tributes equally to the simulated density matrix. dent and diagonalizing the net Hamiltonian in that fraine.

(25

3

Downloaded 26 Aug 2009 to 129.97.98.51. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



6124 J. Chem. Phys., Vol. 121, No. 13, 1 October 2004 Weinstein et al.

0.08 12.5
X 111
0.07 y 11.3
X
0.06 y x 11X 10.0
X
0.05 y o « 1X1 8.75
X
0.04 x . XX 7.50
X
0.03 X % 6.25
x X x X11
0.02 L _
0.01F yox x> “
FHesex X X1X 3.75

2.50

O L L I I
0.85 0.9 0.95 1
Power XX1 .

. ] 1.25
FIG. 4. The 33 point rf profile shows how much of the sample sees what XXX

fraction of the desired powsgso 1.0 on the horizontal axis is the desired 0.00
powel. This profile was measured experimentally and used for the simula- — i < ; — i > ; (sec‘1)
tions. - - = > > > >

FIG. 5. (Color) Measured Hadamard relaxation operator vs the product

Th t t tes th trol fields b Vi \%perator basis for the three carbons of alanine in the absence of rf fields,
€ spectrometer generates the control nields by applying i, rates color coded as indicated by the legend. The labels on the axes are

time-dependent voltage to a tuned resonator. The limitationg short hand for the product operators associated xvithdy directions on
on both the control circuitry and the tuned resonator intro-<he three carbons, with e.g., XkXo%o3 . The labels for each entry of the
duce time-dependent distortions of this modulation at thenatrix are obtained by analogy with the product rules for the Pauli opera-
: A : . ... tors; for example, the matrix entry in the row labeled 1XX and column
d_|scont|nu|t|e_s betweep intervals. To _account for this I_|m|ta-Iabeled Y1Y is YXZ- 01020, See Table | for the numerical values of
tion, we monitor the field generated in the control ddile  the various entries.
antenna that interacts with the spisd preweight the time
dependent wave form to provide a close approximation to the
desired shape. In addition, we use the measured modulation — "
i i — tr[(Uth® Uth) Sop]
sequence in the simulator to follow the dependence of the F ((u,® Up) Sop= ———
propagator for small distortions. tr[ (U U @ (UiU ]
To achieve usable sensitivity, NMR is carried out on an
ensemble of spatially distributed spins. The control field thus _ E 1T (TeoU (Ao A
varies over the spatial extent of the sample, which is termed Y= (U@ Un) (An® Am)]
rf field inhomogeneity. This variation could be reduced by

33

using a larger coil, a smaller sample, or by selecting a par- 3 —— ‘

ticularly homogeneous region of the sample via a magnetic = a‘mzzl (U pAm) @ (UgAm) ]
field gradient. All of these options, however, reduce the

signal-to-noise ratio. Fortunately, the spatial variation of the 33

rf field is constant over time, and can be measured very =ahn§_:1 |tr(UtThAm)|2. (28

accurately. This allows us to perform the simulations for
each member of a histogram of the variations in rf amplituden simulations including the four hydrogen spins, the sum on
across the sample, and to combine the results as an incohefre right-hand side of this formula must be increased by an-
ent sum just as was described for the variations in the hydroother factor of 16 in taking the partial trace over the hydro-
gen spin states above. A total of 33 values was included igen spins.
this rf inhomogeneity histogrartsee Fig. 4. The relaxation superoperator for the carbons in alanine
The procedure used to find a modulation sequence thatas measured in the absence of rf fields, and found to have
correctly implements any desired unitary operation seeks t98.5% of its norm along the diagonal in the product operator
maximize the fidelity between the desired unitary superoppasis. This means that the various product operator compo-
erator Uy,® Uy, and the simulated superoperaifg,. The  nents decay monoexponentially, without cross relaxation, so
latter was obtained as an incoherent or Kraus operator ovéhat it can be described by anx® “Hadamard relaxation
the 33 rf field strengths in the experimentally measured rimatrix.” 23! This is shown pictorially in Fig. 5, while pre-
inhomogeneity histogram, i.e., cise values for the various types of rates seen in the figure are
given in Table I.
To be complete, the relaxation superoperator should also
33 33 be measured as a function of the applied rf fieldsd in-
Sop(p) = 2 pgufpuzfz E AePAE- (27 clude memory effects due to nuclear Overhauser effects with
¢=1 ¢=1 the hydrogen®). The QFT, however, efficiently mixes the
states of the three carbon spins, so that on average over its
implementation the decoherence is indistinguishable from a
Thus, the gate fidelity as defined in Ed@) can be calculated uniform, isotropic attenuation of all the product operator
directly from the Kraus operatos,, as components. That is to say, QPT on the QFT is not able to
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-?; . y committed during implementation of a complex unitary
g transformation, the QFT. Therefore, this simple effective re-
£ 04 2 laxation superoperator was assumed to accelerate the simu-
205 */ﬁgg*% lations of the overall QFTho relaxation was assumed during
E-’»OG * o the pulse design simulations, since they are not intended to
5 R ﬁﬁ%“* correct for such effecls
E e b4 ﬁ@{ #]
k07 oA %
< ,A * #
5 P v I VI. AN OVERVIEW OF THE EXPERIMENTAL RESULTS

0.8 PAN AR BN A b
g o %g@é?%* Complete QPT was performed twice using different sets
g“‘g w0d o8 2, N “ of strongly modulating rf control sequences to implement
5 N ‘;ooo single spin rotationgSec. 1\). The first such iteration was
§'%%0 08 08 07 06 05 04 03 done with the sequences described in Ref. 3, which refo-

correlations obtained without RF inhomogeneity compensation

cussed the evolution under the alanine molecule’s internal
FIG. 6. The various correlatiorisee Sec. Jifor the 64 states of the product SPIN Hamiltonian H in Eq. (19)] during the sequence. The
operator basis before and after applying the QFT, where those obtained fromecond iteration used control sequences that not onIy refo-
the uncompensated strongly modulating control sequences have been plottgfissed the internal Hamiltonian but also compensated for
against those obtained with the sequences designed to compensate for. rfh itv in the rf field it ﬁﬂ Th th d set of
inhomogeneity(Ref. 10. To spread the points out, ttieo)ordinates plotted Inhomogeneity In the rt field 1tsefl. Thus, the second set o

are log{1+(1—x)], although the axes have been labeled by the actualCONtrol sequences was expected to produce much smaller
correlations B=x=<1. Circles(O) are used for the initial state correlations, incoherent errors than the first, while the coherent and deco-
while triangles(A) denote the final state correlations, and stajsindicate herent errors were expected to be roughly the same for both.

the final state attenuated correlations. For the uncompensated sequencesilﬁe improvement obtained with the rf-compensated set is
average initial state correlation is 0.93, the average final state correlation i p p

0.64, and the average attenuated correlation is 0.37. For the compensatdustrated in Fig. 6, which plots the correlations and attenu-
sequences, the average initial state correlation is 0.96, the average final staiéed correlations obtained for each of the 64 product operator
correlation is 0.82, and the gate fidelity 0.64. Moreover, since a large map4qis states used as inputs for the two iterations against one
jority of the points lie below the diagonal in the plédashed ling the h Furth id f b ial i ith
correlations with the compensated pulses were in fact better in almost ever@nOt er. Further evidence for substantia 'mprovem¢”t5 wit
case. the rf-compensated control sequences may be obtained from

the Kraus operator plots and statistics in Fig(sée below

for their interpretation Having demonstrated this clear-cut
provide any details regarding the physical relaxation proimprovement, all subsequent analyses will be given only for
cesses operative in alanine, save for an average overall ratige results obtained with the compensated control pulses.
of attenuation. Of course, QPT could be performed on a sim- The correlation provides an estimate of the accuracy of
pler gate, as in Ref. 15 where it was used to derive a relaxthe experimental QFT implementation, but without consider-
ation superoperator for free precession, but the goal here is fog the loss of magnetization due to decoherence or incoher-
use QPT to learn about the coherent and incoherent erroence. The average of the input state correlations over all 64

0.9

0.8 I Kraus Operator Amplitudes

0.7 [ uncompensated control sequences

0.6 B compensated control sequences

0.5

0.4]

0.3

0.2

0.1

% s 10 15 20 25 30 35

Kraus A,

FIG. 7. The bar graph on the left shows the amplituages||A,]/\/8 of experimental QFT Kraus operators, where the light gray portions of the bars are the

amplitudes obtained from QPT done with the uncompensated control sequences, and the dark gray bars are the amplitudes obtained from QPT done with the

rf-compensated control sequenc¢sse text With the uncompensated control sequences the dominant Kraus operator had an amptt0de, whereas the
compensated haaf = 0.86. The second largest Kraus operators had amplitudas=08.30 anda=0.34, respectively, after which the amplitudes decreased
much more slowly. The plots on the rigfwhich are shaded by column number to aid viewiagmpare the real part of the desired unitary operdiggr (top
centej to the real part of the largest Kraus operatgrobtained using the uncompensated and compensated control seqiieftcasd right-hand plots on
the second row, respectivelyand to the corresponding second largest Kraus operAgofisottom row. The correlations between real parts of these operators
were C(RU ger,RAY) =0.78, C(RU ger, RAT) = 0.95, C(RU ger, RA) =0.06 andC(9RU gy, :RAZ) =0.02.
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basis states was 0.96, while the average correlation followingmaller positive, or perhaps negative, eigenvalues are likely
application of the QFT was 0.82. A minimization search,to be statistically significant.

however, found pure states which, after operating on them

with the experimental superoperator, had a correlation witVIl. COMPARISON WITH THE MODEL

the same pure state following the theoretical QET as low as To assess the precision and completeness of our system-
0'4,5' The average attenuated correlation gate f',de“&)’ plus-apparatus model, the complete set of experiments in-
wh|ch_ als_o tgkes into account the loss of magnet_|zat|on, WaSgived in QPT on the QFT was simulated using the math-
0.64, indicating that about 22% pf the magnetization was Iosfematical model of the system-plus-apparatus described in
over the ca. 30 ms needed to implement the @88 Sec. gec v, The compatibility of the simulated results with the
IV). These numbers are in-line with expectations based 0By nerimental provides a rigorous test for the accuracy of the
other recent applications of the rf-compensated controf,qqe| which takes all the known significant imperfections
sequence$ About half of this magnetization loss was €xX- of the experimental apparatus into account. All of the unitary
pected due to intrinsic decoherence, and since approxm_ate&zjeraﬁons performed during these simulations were imple-
the same amount of decoherence occurred during the inpyented using exactly the same strongly modulating control
states’ readout as during the output states’, the remainder Sequences that were used for the experiments, and complete
probably due to residual uncompensated incoherence and/gf,te tomography was performed for each input and output
imperfect decoupling of the protons from the carbons used agate. It should be noted, however, that these states were
qubits. These issues will be discussed in more detail in latefeconstructed directly from the observables in the simulated
sections. A complete list of all the output stastenuatel  gensity matrices, without further simulating the spectra and
correlations may be found in Fig. 8 below. fitting them as required in experimental state tomography
Rather than looking at the action of the QFT on states(yhich of course gives rise to additional errors in the actual
one can also look directly at the Kraus operator sum comMayperiments Figure 8 shows the correlation and attenuated
puted from the completely positive part of the experimentalcorrelation of the initial and final states obtained from these
supermatrixMps (Sec. Ill). Each Kraus operatok, has an  simulations.
associated amplitudey = [|A|/\8= \\/8 (where), is the Figure 9 plots the sorted Kraus operator amplitudes ob-
kth eigenvalue of the associated Choi supermptaird since  tained from the simulated supermatrix, along with those from
in a perfect implementation the desired unitary operatothe experimental supermatrix for comparis@f. Fig. 7).
Uqrr Would be the only Kraus operator with nonzero ampli- The negative values plotted are actually the negative square
tude, one expects the Kraus operator with the largest amplioots of the corresponding Choi matrix eigenvalues, and are
tude to be at least fairly similar td oer. This is confirmed  shown to illustrate that the experimental supermatrix was
by the plots of the real part of the largest Kraus operatorsignificantly farther from being completely positive than was
shown in Fig. 7, which had an amplitudg=0.86 and a the simulated(the positivity of the simulated supermatrix
correlation with the real patt) oer of 0.95, implying a net  was 0.86, as opposed to 0.60 for the experimeritile most
coherent error of roughly 5%. The second largest Kraus optikely reason for this is the absence in the simulations of the
erator, also shown, had an amplitudeagf=0.34, and was additional errors expected from fitting the spectra to extract
also rather close to unitary although uncorrelated Withr.  the product operator amplitudes for state tomography. Also
We expect it to be a rough approximation to the largest unishown once again is the real part of the theoretical QFT
tary operator in any sum of unitary transformations makingunitary matrix (cf. Fig. 7), along with the real parts of the
up the incoherent error. Finally, there are another 32 essemnatrices of the largest Kraus operators from the experimental
tially nonunitary Kraus operators in the completely positiveand simulated supermatrices. Finally, the corresponding best
part of the experimental QFT supermatrix with smaller am-unitary approximations to the largest Kraus operators, ob-
plitudes(Fig. 7). tained by setting their singular values to unity, have their real
The non—completely positive part of the QFT superma-parts shown in the bottom right-hand side of Fig. 9. It may
trix, which is obtained from the eigenvectors associated wittbe seen that there is a good correspondence between the
the negative eigenvalues of its Choi supermatrix, will also bdargest Kraus operators as well as between their best unitary
of interest in what follows. The positivity of the QFT super- approximations, with a correlation between the simulation
matrix, as defined at the end of Sec. lll, was only 0.60, butand the experiment of 0.90 in both cases. As noted previ-
the ratio of the smallest to the largest Choi supermatrix ei-ously, the smaller Kraus operators cannot be expected to cor-
genvalues was-0.075, indicating that the negative eigen- respond significantly to one another.
values were rather small in magnitude in comparison to the  Since the Fourier transformation converts between the
positive ones. The ratio with the second largest wds48,  position and momentum bases, it has a very simple interpre-
and the third had almost the same magnitude as the smallesation in phase space. Classically, a Fourier transform rotates
These observations, together with the well-known sensitivityphase space by 90°. In quantum phase space, the QFT su-
of the eigenvectors of nearly degenerate eigenvalues to smadkroperator has only one nonzero element equal to unity in
perturbations in the elements of the matrix from which theyeach row and column, and so constitutes a permutation
come, imply that rather little information about the errors matrix>3 This is shown in Fig. 10, along with the corre-
made in the QFT implementation can be gleaned from theponding plots for the simulated and experimental superma-
individual Kraus operators after the first two. Only the sub-trices. One can see immediately from these plots that there
spaces spanned by the eigenvectors associated with all of tlee errors in the QFT implementation. The phase space basis,
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FIG. 8. (Color) The differences between thattenuatefcorrelations of the output states and their mean values are displayed for each input state, which are
indicated by the symbols on the left vertical axis with, e.g., 1—th§¢7§’. The simulated vs theoretical state correlations are in blue, and the experimental vs
theoretical state correlations are in yellow, while the corresponding attenuated correlations are in cyan and brown, respectively. Theirmpmespond

values of the(attenuateflcorrelations were 0.89, 0.82, 0.83, and 0.63, respectively. The pair of dashed vertical lines about the center marks one standard
deviation for the input state correlatiofrsot shown, which are expected to be determined primarily by measurement errors so that any values within these
bounds are certainly almost entirely due to noise. The larger deviations in the correlations are due to the propagation of coh@emtextorhile the yet

larger deviations in the attenuated correlations include the effects of decohémmeled as a uniform attenuation in the simulatjons

however, consists of operators that are neither Hermitian ndaheless, that in the phase space basis the errors appear more
products of any underlying Hilbert space basis, and whichwhite than Gaussian especially in the simulation.

are not related in any simple way to the physical operators

Other bases, in which the discrepancies between the

used to implement the QFT. Thus, although the action of thesimulated and experimental supermatrices are also clearly
QFT is very easy to understand in the phase space basis, itisanifested, include the computational bagis Zeeman ba-
very hard to interpret the discrepancies between the theoresis, see Fig. Jland the product operator basshown in Fig.

ical superoperator and observed supermatrix in terms of2), where the latter consists of all possible products of the
implementation errors in this basis. It is worth noting, none-Pauli matricesr,, o, ando, of different spiné? (see Sec.

Downloaded 26 Aug 2009 to 129.97.98.51. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



6128

J. Chem. Phys., Vol. 121, No. 13, 1 October 2004

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0
-0.1
-0.2

Kraus Operator Amplitudes
(compensated control sequences)

[0 simulated from model (see text)
B from experimental data

Mﬂﬂﬂfﬂﬂﬂﬂﬁﬂﬂlﬂﬂmﬂmwwiﬂwww

“

-0.3
0 10

20

30

40

50

Weinstein et al.

best unitary
approximation
to Kraus A

FIG. 9. The left-hand plot shows the real amplitudes of experimental QFT Kraus opddzdcgray and those obtained from the QPT simulation based on

the system-plus-apparatus modéaght gray), where the negative values plotted are actually the negative square roots of one-eighth the absolute values of the
corresponding Choi matrix eigenvalues. It may be seen that the experimental supermatrix deviated significantly more from being completéhapadkgive
simulated, most likely to the absence of errors from fitting the spectra in the (agertext The dominant Kraus operator has an amplitude 0.86 for the
experiment and 0.87 for the model. The right side of the figure compares the real part of the theoretical unitary QF T(tmyperaiddle to the largest Kraus
operator from the experimerimiddle-lef) and simulatedmiddle-righ) supermatrices. Also shown are the real parts of the corresponding best unitary
approximations to these largest Kraus operatbaitom line. The correlation between the two largest Kraus operators, and between the corresponding best
unitary approximations, was 0.90 in both cases.

Il above. It may be observed that the theoretical superoperaeperator obtained from the best unitary approximation to the
tor contains several fixed points in the product operator bafargest Kraus operatoU UI’ followed by the theoretical
sis, which provide us with another interesting metric for theunltary superoperatdd oer® U e, i€,
precision of our implementation. Two of these fixed points
are oyo> and (ox+03)/2. The correlations between these
fixed points, before and after applying the experimental and
simulated superoperators, are 0.91 and 0.93, respectively.
Further information can be obtained from plots of the indi-
vidual rows, which depict how much each input state con-  The resulting supermatrices in the phase space basis are
tributes to a given output state, as shown in the relativelydisplayed in Fig. 14, along with the exact QFT supermatrix
simple case of ther)l(of fixed point in Fig. 13. in the same basis for comparison. It may immediately be
The greatest part of the deviation between the simulatedeen that there has been a considerable improvement in the
and experimental results is expected to be due to the propaimilarity of these matrices, as is further confirmed by a cor-
gation of small coherent errors. Thus it is interesting to com+elation between the corrected simulated and corrected ex-
pare the simulated and experimental supermatrices after coperimental supermatrices of 0.94, between the corrected
recting these errors as completely as possible. This is mosimulated and theoretical of 0.99, and between the corrected
simply done by left-multiplying by the inverse of the super- experimental and theoretical of 0.95. The correlations

Mor,obgsim™= (UQFT® Uorn( Ul,ob$sim
ou 1,0b$sim) TMobsisim : (29)

H - - = - - +1
] e e | T e LD : e S 08
o ’ e : e l0.6
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FIG. 10. (Color The theoreticalleft), simulated(middle), and experimentalright) supermatrices of the QFT in the phase space basis, wherein all their
elements are necessarily real. Since the theoretical is simply a permutation matrix in this basis, the differences between it and the otheilyveeame eas
but the physical meanings of these differences are obscure. For example, the level of “background noise” is noticeably larger in the sintulatitie tha
experiment, although both have the maximum entry of each(omlumn in the same place as the theoretical.
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FIG. 11. (Color) The real parts of the theoretiddéft), simulatedmiddle), and experimentdright) supermatrices in the computatioriZeeman basis, where

the theoretical superoperator is given in terms of the unitary operaﬁﬁﬂ@ Ut?fT. The correlations and attenuated correlations among these matrices may
be found in Table Il. Although the pattern of the theoretical superoperator’s matrix elements is visible in both the simulated and the expepenerasibsu
it is still not at all obvious from this vantage point what errors have occurred during implementation or how they can be corrected.

between the simulated and experimental correction factorghat make up the QFT. Their net effect can therefore be mod-
i.e., the products of the unitary superoperators in the aboveled as a simple uniform attenuation of all the product op-
equation, are, however, only 0.90, indicating that the cumuerators in the density matrix other than the identity. This is
lative effects of coherent errors that were not taken into acexplicitly demonstrated by the close correspondence between
count by the simulations over the course of the experimentghe supermatrix eigenvalues shown in Fig. 15, both from
were roughly 10%. It should further be noted that whereasjmulations using the Hadamard relaxation operdted

the experimental supermatrix is significantly more strongly« *7) and from simulations taking no account of relaxation
correlated with the theoretical than it is with the simulated,g5e by scaling down the nonidentity components of the den-
after they haye beer_1 corrected the_ir correlations and attenlé-lty operators by a factor of 0.8Blue “O”). In general, of
ated correlations with the theoretical are very nearly th& se relaxation cannot be accounted for by a single attenu-

same. ation factor, and in fact methods similar to those described
here have been used to determine the complete NMR relax-
VIil. DISCUSSION ation superoperator of a two-spin syst&m.

We have shown that our model of the system-plus- Figure 15 also shows the eigenvalues of the supermatrix

apparatus is able to predict many details of the experiment&Ptained from simulations which included incoherent errors
results(see Table Il for all the correlations among the theo-from rf field inhomogeneity, first without taking relaxation or
retical, simulated, and experimental supermatrices, togethéeadout errors into accourityan “®”), and second from
with the attenuated correlations to the theorejic8pecifi- ~ Simulations which included input and output state readout
cally, simulations based on the Hadamard relaxation operat@nd took relaxation into account by scaling the nonidentity
shown in Fig. 5 and Table | have allowed us to establish thaeomponents of the density matrices readout by Gdg2en

the results contain no specific information on the decoher® X" ). These plots show rather clearly that most of the addi-
ence rates and processes operative in our system, since thémal dispersion seen in the simulations including incoherent
are averaged by the complex sequence of transformatioresrors stems directly from those errors, and was not an unin-

70720 30 40 50 60 10 20 30 40 50 60 10 20 30 40 50 60

FIG. 12. (Color) The theoretical(left), simulated(middle), and experimental supermatrices in the product operator basis, wherein all the elements are
necessarily realsee text; the scale has been reduced by a factor of 2 to create more g¢oiitnastorrespondence between the rows/columns of this
supermatrix and the individual product operators is the same as that given by the labels on the vertical axis of the bar graph in Fig. 8. Becausesll the en
of the corresponding “real” density matrix are the expectation values of observables which transform nicely under r®efio23, the physical interpre-

tation is somewhat easier in this basis. This is manifest, for example, in the appearance of several fixed panisomithediagonal and zeros elsewhere

in the same rowsee text
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+1 TABLE II. The correlation coefficients between all pairs of supermatrices,
0.8k labeled as described in the main text, together with the attenuated correla-
) tions (as defined in Sec. Jlbetween each and the theoretically exact super-
0.6 1 matrix of the quantum Fourier transform.
0.4t Attenuated
0.2f J ] Supermatri¥  Correlations among all pairs of supermatricesrrelation
S EET DU | o il iy g I Wl n s T B oo i _
0 » ft ity ey ’1] 4 Theoretical ~ 1.00 0.89 099 082 095 100
0.2 Simulated 1.00 0.90 0.79 0.85 0.68
+1 Corrected Sim.  --- 1.00 0.81 0.94 0.76
0.8 Experimental 1.00 0.87 0.64
©r 1 Corrected Exp. - 1.00 0.74
0.6 _
04 aSee text for complete descriptions of the terms in the first column.
0.2¢ J_
OF-ebadas alll] Y | I Jn'*““n*“] FUSRPRSNIN P F IO ¥ . ) . ) .
0 L I T ! single-spin corrections wemerotations(as described below

10 20 30 40 50 60 Another, probably more important, reason for these apparent
discrepancies between the model and the experiments lies in
FIG. 13. As may be seen from row 14 of the supermatrices shown in Figthe propagation of many small coherent errors over the
12, the operatoniof is a fixed point of the QFT. The upper bar graph course of the QFT implementation
displays the corresponding row of the theoretitdérk gray, simulated P ) ; . .
(medium gray, and simulated with coherent errors correctéight gray) Even though the simulated single-qubit gate fidelities
supermatrix elements vs the product operator basis, whereas the lower barere all better than 0.99, they were also less than unity. The
graph displays these same statistics for the experimental supermatrix. lf15in thing that limited these fidelities was that the number of
contrast to the phase space and Zeeman lasisshown, there is a sig- t dh th b f i int | ithi
nificant correlation between the experimental and simulated values; speciff-)ar_ame ers, an . ence the number of tme Intervals within
cally, the simulated-to-experimental correlation coefficients were 0.80 andvhich the rf amplitude and phase was held constant, had to
0.94 before and after correction, respectively. In the present case these cdge kept as low as possible during the optimizations by which
r(_ela_tlons are d_ue almost entl_rely to the single Iqrge diagonal value, bufha strongly modulating pulses were designed. Although the
similar correlations were obtained for all other pairs of rows; the average lati f " h I db ianifi
correlations were 0.78 and 0.94 before and after correction, respectively. cumu qtlve effects o _SUC Sm?‘ error? cou . ecome signiti-
cant, since they are included in the simulations they are not
likely to be the source of the additional eigenvalue dispersion
tended consequence of the additional errors made during thbat is seen in the experimental results. A more important
readout operations needed for QRPEcall that incoherent source of coherent errors is expected to be due to the fact that
errors were included in simulating the readout operajions the protons were not included in any of the simulations, and
Nevertheless, the spread in the eigenvalues of the expefiheir couplings to the carbons used as qubits will show up as
mental superoperatdsee Fig. 17 beloyvwas significantly phase rotations. In addition, the model ignores such fine de-
larger than those in the simulations of the full QPT proce-tails of the apparatus as the limits on the rise-and-fall times
dure, and it was not possible to match them in a one-to-onef the transmitter used to generate the rf control sequences,
fashion. In part this may be due to systematic errors in th@and more generally its frequency response characteristics.
least-squares fitting procedure by which the observalotgs ( Although the simulation of reactive circuits is more complex
in Fig. 2) were extracted from the NMR spectra, in particular than the simulation of resistive circuits, in due course we will
errors in distinguishing the absorptive and dispersive peaklso include such effects in the model and continue to refine
components. Such errors are difficult to simulate accuratelyt until the only remaining discrepancies between the simu-
and therefore not included in our simulations of the full QPTlated and experimental results lie in the intrinsic measure-

procedure, but are consistent with the fact that the largesnent errors.

e < o, B e = by L T b
S T R oa . _' | [ iy 31 _- i TR S _'
a0 Sppies ; Tl o ot ol
doEa _. e R _' 2 g R Pl ™ _- g L
aeh . - LI i il Pl e -' ety B S| Rk -' aT e
6o "t . . _. R _. 7 PR el B g _. P
10 20 30 40 50 60 10 20 30 40 50 60 10 20 30 40 50 60

FIG. 14. (Color) Theoretical(left), simulated(middle), and experimentalright) supermatrices in the phase space basis after correcting the latter two by a
unitary supermatrix designed to bring them as close as possible to the thedetidalscribed in the textThe levels of background noise are a great deal
less than in the corresponding uncorrected supermattigs 10).
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FIG. 15. (Color) Plot of the eigenvalues of simulated QFT superoperators inF|G. 16. (Color) The blue squareg) are the eigenvalues of the simulated
the complex plane, specifically, the results of simulations with only coherentypermatrix\y,, including coherent, incoherent, and readout errors, while
errors(blue “O”), the results including relaxation using the relaxation su- yne magenta triangle&\) are those after correctingl,,s by postmultipli-
peroperator shown in Fig. 5 and Tablered **”), the results including  ¢4tion with the product of single-spin rotatiohk;® U3 @ U3 and the or-
incoherent errors but no relaxatidnyan “."“)'"and the same following  anqe diamonds after premultiplication with a product of different single-spin
simulation of the full QPT proceduregreen “x”), wherein decoherence qations(see Table Iil. Although we cannot quite unambiguously match up
was mimicked simply by scaling down the simulated QFT superoperatorg,,irs of eigenvalues, it is clear that they have been made very similar by
following the state readout pulses by a factor of 0(8&ve for the compo-  hase corrections.

nent with eigenvalue 1, which is needed for trace preservatimaid the

comparison, the eigenvalues of the QFT superoperator including only the

coherent errorgblue “O”) were scaled to have the same RMS value as

those obtained with the simulated relaxation, thereby showing that the n . . .
effect of relaxation on the results of the QFT is simply to lower the ampli-q:the best “”'tarY approximation to the I_argeSt Kraus operator
tude of the eigenvalues without otherwise dispersing them in the comple®1 Of the experimental supermatrigf. Fig. 9, andU g is
plane. It may also be seen that the effect of incoherent errors on the eigesimilarly the best unitary approximation to the largest Kraus
values is both to increase their angular spread and to scale them do"‘@perator of the simulated supermatrix. Using a numerical
proportionately, so that they tend to move along arcs inside of and tangent to h. th duct of th ingl - tati f d
the unit circle, and that the additional errors introduced by the tomograph)ﬁearc_ » (e pro UC. 0 ree single-spin rotations was an
procedure do not alter them greatly. that fittedU, best in the least-squares sense. The resulting
unitary U@ U3 ® U3 had a correlation coefficient withl
of 0.96, in support of the hypothesis.

Unwanted bilinear interactions are refocussed during the  The angles and directional cosines of the axes of these
QFT implementation by the application afrotations to the three rotations are shown in Table lll, while the eigenvalues
individual spins, using traditional NMR methotfsErrors in  of the resulting corrected superoperators are shown in Fig.
these rotations will contribute to the bilinear errors only to16. It should be noted that, although the correlation between
second order, so these bilinear errors depend mainly upon the; ., and U, g, increased from 0.90 to 0.96 on left-
timing of the pulses, which can be controlled very accuratelymultiplying U, by the Hermitian conjugate of this product of
As a consequence, we expect that the residual coherent err@imgle-spin rotation operators, these rotations are the cumu-
that were not taken into account by the simulations will belative result of many small rotation errors and are not simply
primarily single-spin rotations. To test this hypothesis, thetraced back to any single shortcoming in the experiments.

error operatorJ , = Ul,ex,}JI,sim was taken, wheréJ, ., is  For completeness, the axes and angles of the single-spin ro-

TABLE lIl. The two triples of single-spin rotations that optimize the correlation coefficient between the best
unitary approximations to the largest Kraus operators of the experimental and simulated supermatrices, when
the experimental supermatrix is left or right multiplied by the unitary matrix corresponding to each one of these

triples.

Side Spin X-, y-, andz-directional cosines of rotation axis Rotation angleg
Left 1 —0.992 0.007 0.123 36.7

Left 2 —0.386 —0.243 0.890 9.0

Left 3 0.703 0.701 —0.123 16.9

Right 1 0.059 —0.031 0.998 14.2
Right 2 0.227 —0.512 0.829 10.2
Right 3 —0.092 —0.292 —0.952 38.3
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TABLE IV. The correlation coefficients between theoretical, simulated, and i
experimental supermatricésee text, and the optimum completely positive +1f
and trace-preserving approximatioMcprp to the experimentally deter-
mined supermatrix\,,s, as well as the best unitary approximation to its ] & %@ﬂ?
largest Kraus operatdy; cprp2 U cprpand M itself for comparison. L %3%
— 0.5}

Correlation with  Correlation with ~ Correlation with N

Supermatrix Uicpre®Uscprp Mecprp Mops

X

Theoretical 0.86 0.89 0.82
Simulated 0.82 0.82 0.79 ol
Experimental 0.95 0.97 1.00

e
LA
%

s

G
:

zﬁ%
-

tations that best fit the error operatdy=U] j,Usepare  —0.5¢ ;k
also shown in Table Ill, together with the eigenvalues of the ;* ﬁ% %%
corresponding corrected superoperators in Fig. 16. The prod- ey -ga;
uct of these rotations similarly has a 0.97 correlation with
Uy, but in this case one must right-multiply, ., by the =1t . ) ) ) ) ) ) ) )
He_rm_man conjugate of the product to C(_)rrect it. The _close -1 —05 0 05 +1
coincidence between the angles of rotation aboutxtlaeis

on spin 1 in the first case and about thaxis on spin 3inthe FIG. 17. (Color) The blue plus signs (+) are the eigenvalues of the experi-

; ; _ al supermatrix M while the red five-pointed stars (x) are those at
I r is ex in gyt 3 r I 1.3 ment: pe: obs » p
atter case Is e peCted' s %FTO-XU QFT— 97 ( ecall ooy its best completely positive and trace-preserving approximation M cprp , and

IS a fI.XEd po_lnF of th_e QF)F ) the green six-pointed stars (%) are those of the superoperator corresponding
Flnally, it is of interest to demonstrate that desplte Ato the best unitary approximation to its largest Kraus operator U\ come

substantial number of negative eigenvalues in the Choi Més U, cprp (see text), scaled down to have the same trace as Mcprp.
trix of the experimental supermatrix, it is not necessary to

change it much in order to obtain a supermatrix which rep-

resents a completely positive and trace-preserving supero;p‘—e_3 was 0.64, whereaz Itf(enattzn_uatel))dsur?erfmatn: correl;
erator. For this reason the supermaticprp which best ation was 0.82see Table i Judging by the fact that mak-

fitted the Choi matrix of the experimental supermatrix sub-N9 the unitary part of the largest Kraus operator correspond
ject to the constraint that it was both positive semidefinite®S Cl0Sely as possible to the theoretical QFT gave a correla-

and satisfied the trace-preservation conditions was computéﬂ)n of 0.95, we conclude that the loss of fidelity due to
as described in Sec. lll. Although this procedure made esseﬁ@coherence and/or measurement errors durlr_lg ;tate tomog-
tially no change in the largest Kraus operatas expected _raphy was of order 5%. The loss of magnetization due to
it did have a significant effect on the experimental supermalncoherence and decoheren;:e, on the other hand, was
trix as a whole. The correlations between this CPTP fit ancp'64/9'8% 0.78, i.e., about 22%. This implies that t'he pum-
the other supermatrices that we have dealt with up to now ar@“lat've effects of coherent errors_reduce_d the fidelity by
given in Table IV, along with those of the original experi- about 0.82/0.950.86, or 14%, consistent with the fact that

mental supermatrix for comparison. This shows that eveﬁhe correlation between the largest Kraus operator and the

though imposing the complete positivity constraint on theth€oretical QFT unitary was 0.925,0.86.
More importantly, QPT of the QFT has enabled us to

experimental observations did not change the supermatrix ;
very much, the change was distinctly in the right directionva“date the essential correctness of our model of the system-

since it improved the correlation with both the simulated andP!us-apparatus used for the experiments in great detail and to

theoretical supermatrices. This is further confirmed by Fig!SClate its remaining shortcomings. It has further prompted

17, which shows the eigenvalues df(cprp, along with us to develop a range of data analysis and visualization tech-

those of the SUperopefatb_fl,cpT@Ul,cpr obtained from  Maues for quantum process tomography, which should be

the best unitary approximation to its largest Kraus opera’[oProadly applicable in quantum information processing. The

(scaled down so as to have the same trac 9 and experlments described here demonstrate the precision with

: . Ve . which complex quantum dynamics can be controlled, and
those of the experimental supermatiigps for comparison. highlight the significance of liquid-state NMR as a test bed
From this we see that the eigenvalues\dt.prpare closer to gntig 9 g

being cocircular, indicating that it is closer to an attenuatec{Or achieving such control. While full QPT on larger quan-

unitary than was\ s, but that only after taking the unitary um systems wil never be p_ractlcal, the a_naIyS|s <_jone here
) . should serve as an initial guide as to how information about
part did they become perfectly cocircular.

the errors in quantum information processors can be ex-

tracted and, perhaps someday, how to debug a quantum
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