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The results of quantum process tomography on a three-qubit nuclear magnetic resonance quantum
information processor are presented and shown to be consistent with a detailed model of the
system-plus-apparatus used for the experiments. The quantum operation studied was the quantum
Fourier transform, which is important in several quantum algorithms and poses a rigorous test for
the precision of our recently developed strongly modulating control fields. The results were
analyzed in an attempt to decompose the implementation errors into coherent~overall systematic!,
incoherent~microscopically deterministic!, and decoherent~microscopically random! components.
This analysis yielded a superoperator consisting of a unitary part that was strongly correlated with
the theoretically expected unitary superoperator of the quantum Fourier transform, an overall
attenuation consistent with decoherence, and a residual portion that was not completely positive—
although complete positivity is required for any quantum operation. By comparison with the results
of computer simulations, the lack of complete positivity was shown to be largely a consequence of
the incoherent errors which occurred over the full quantum process tomography procedure. These
simulations further showed that coherent, incoherent, and decoherent errors can often be identified
by their distinctive effects on the spectrum of the overall superoperator. The gate fidelity of the
experimentally determined superoperator was 0.64, while the correlation coefficient between
experimentally determined superoperator and the simulated superoperator was 0.79; most of the
discrepancies with the simulations could be explained by the cummulative effect of small errors in
the single qubit gates. ©2004 American Institute of Physics.@DOI: 10.1063/1.1785151#

I. INTRODUCTION

In order to develop larger and more powerful quantum
information processing devices, it is essential to quantify the
precision with which they can be controlled. This informa-
tion is generally reported as a single number, the fidelity of
the operation.1–3Although fidelity is a reasonable measure of
control, it gives experimentalists little useful information
about what went wrong or how to improve their control over
the quantum system. Quantum process tomography5–7 ~QPT!
provides additional information that may be useful in this
regard, by yielding an estimate of the quantum operation that
was actually implemented. This in turn provides a stringent
check on the completeness and accuracy of the system-plus-
apparatus model used to design the implementation. It is
nevertheless a challenging task to interpret the deviations of
this estimate from the superoperator implied by the model in

terms of specific defects in the model. Additional errors in-
troduced during the QPT procedure itself further complicate
the analysis of the QPT results. In this paper we explore
these issues via a concrete case study, in which QPT is per-
formed on a previously reported three-qubit quantum Fourier
transform ~QFT! implemented using a nuclear magnetic
resonance~NMR! quantum information processor.8

The dynamics of an isolated quantum system are de-
scribed by the Schro¨dinger equation, which gives rise to an
N3N unitary operator, whereN is the dimension of system’s
Hilbert space. Open quantum systems, however, generally
interact with an inaccessible environment and thereby un-
dergo decoherence.5 Furthermore, in the case of expectation
value measurements as in liquid-state NMR, each element of
the statistical ensemble may undergo a slightly different uni-
tary operation which, though nonrandom, is difficult to dis-
tinguish from decoherence.9,10 The statistics of measure-
ments on open quantum systems are generally described by
an N3N density operator, and the evolution of a density
operator under an incoherent distribution of Hamiltonians
and/or interactions with an environment, although nonuni-
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tary, remains linear and is described by a superoperator. The
goal of quantum process tomography is to determine this
superoperator.

Methods for implementing QPT have been presented in
Refs. 5–7, 12, and 13, and two-qubit NMR implementations
of QPT have previously been reported.14,15 In the present
paper, QPT is carried out with the aim of validating the
mathematical model of the system-plus-apparatus used to de-
sign the NMR implementation of a multiqubit, entangling
unitary operation, and to identify the types and strengths of
the errors that occurred. We have found it useful to classify
the errors as coherent, incoherent, and decoherent, because
each class is related to specific shortcomings in the experi-
mental implementation. Coherent errors are systematic errors
in the net unitary operation that was actually implemented.
Incoherent errors refer to unwanted unitary evolution which
is not uniform across the ensemble of spin systems in the
NMR sample so that even though each member of the en-
semble undergoes strictly unitary evolution, the evolution of
the ensemble averages appears nonunitary. The effects of in-
coherence are reversible, at least in principle, and knowledge
of the coherent and incoherent errors can be used to design
better quantum gates~unitary operations!. In contrast, deco-
herent errors are due to unknown interactions with an inac-
cessible environment, so they are not reversible and can be
eliminated only by relatively costly changes to the apparatus
or the way in which information is encoded within it.

An important benefit of QPT is that it poses a rigorous
test of the accuracy of the mathematical model of the system-
plus-apparatus used to design and interpret the experiments.
This is done by comparing the experimental results of QPT
to the results of computer simulations of the complete QPT
procedure, based upon the same model. Simulations based
on the model used here were also used in designing the
strongly modulating control fields by which the desired uni-
tary operation as well as all the unitary operations needed for
the QPT procedure were implemented.10 This was done by
minimizing the difference between the desired qubit rotation
operator and the quantum operation obtained by simulating
the effect of the control fields on the spins in the molecule
used for the experiments. As a result, any incorrectness in the
model directly affects the reliability of the experiments, but
in ways that, by definition, differ from the simulations. This
can suggest ways to improve the model, after which further
simulations will pinpoint the remaining experimental errors.

The operation on which QPT was performed is the QFT.
The QFT constitutes a key subroutine in several quantum
algorithms16,17 as well as in certain methods for simulating
quantum dynamics on a quantum computer.18,19 In algo-
rithms such as Shor’s factoring algorithm, the QFT is used to
extract periodic features of wave functions, while in simula-
tions of quantum dynamics it is used to move between the
position and momentum representations. The QFT is defined
as follows:

UQFTux&5
1

AN
(

x850

N21

e2p ixx8/Nux8&. ~1!

The QFT has been expressed20,21 as a sequence of one-qubit

Hadamard gatesH j , which rotate thej th qubit from a com-
putational basis state to an equal superposition of computa-
tional basis states, and two-qubit conditional phase gates
Bjk(u), which rotate the phase of qubitk by u if qubit j is in
the stateu1&. In this notation, the complete gate sequence of
the three-qubit QFT is~reading from right to left!

Swap13H3B23S p

2 DB13S p

4 DH2B12S p

2 DH1 , ~2!

where Swapjk is a swap gate between qubitsj andk ~see Fig.
1!. This gate sequence has been implemented via NMR to
demonstrate the ability of the QFT to extract periodicity,8

and as part of the quantum baker’s map.22

The remainder of this paper is organized as follows. Sec-
tion II gives an overview of the experimental and computa-
tional procedures used for QPT, together with the metrics by
which the results were compared to those of the theoretical
model. Section II describes incoherent errors and their ef-
fects on QPT, in particular the apparent lack of complete
positivity of the results, while Sec. III describes the experi-
mental system and procedures used to implement QPT in
detail. Section IV presents a complete description of the
system-plus-apparatus model by which the results of QPT
were interpreted. This is followed in Sec. V by an overview
of the experimental results, and in Sec. VI by a detailed
comparison of the results with the model’s predictions. Fi-
nally, Sec. VII contains an analysis of the discrepancies be-
tween the experimental and simulated results, with the goal
of determining their probable origins. The paper concludes
with brief discussion of the implications of our findings for
the field of quantum information processing as a whole.

II. QUANTUM PROCESS TOMOGRAPHY

There are several methods of performing QPT outlined
in the literature. Some of these methods7,12 require increasing
the Hilbert space size beyond that of the system whose dy-
namics are to be studied. This is unappealing for current
experimental studies of quantum information processing
where qubits are at a premium. The procedure used in this
work ~see Fig. 2! is similar to those given in Refs. 5 and 6
and results in anN23N2 complex-valued matrix, hereafter
referred to as a ‘‘supermatrix.’’ Because of the inevitable
experimental errors made in the QPT procedure, this super-
matrix will not, in general, correspond to any completely

FIG. 1. Circuit diagram for implementation of the quantum Fourier trans-
form for three qubits. For each qubitj , starting with the most significant, a
series of conditional phase gates are implemented between qubitj and all
qubits more significant thanj , followed by a Hadamard~H! on j . The
amount of phase added isu jk5p/2j 2k. A bit reversal~two-headed arrow!
completes the QFT.
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positive and trace-preserving superoperator~ergo quantum
operation!, unitary or otherwise. Therefore, we use methods
recently introduced by Havel13,15 to obtain the best least-
squares fit to the measured supermatrix that does correspond
to such a quantum operation. This is expected to yield a
better estimate of the superoperator that was actually imple-
mented, since it will subsequently be shown that the non-
completely positive part of the superoperator is largely due
to errors committed during the readout steps.

The QPT procedure in Fig. 2 requires implementation of
the desired unitary operation on a complete set ofN2 known
input states, followed by determination of all of the resulting
output states via quantumstatetomography. Once all of the
experimental input and output states have been completely
determined, and given that the input states have been chosen
to be linearly independent, the experimental supermatrix can
be calculated as

Mobs5RoutRin
21 , ~3!

whereRin andRout are supermatrices whose columns are the
‘‘columnized’’ experimental input and output density matri-

ces col(r in) and col(rop), respectively, as determined by
state tomography~see below!. In quantum information pro-
cessing, the Hilbert space is usually a tensor product of the
two-dimensional Hilbert spaces of its constituent qubits, so
thatN52n grows exponentially with the number of qubitsn.
As a result, QPT can in practice be carried out on only a few
qubits at a time. Nevertheless, even a large quantum com-
puter is expected to be based upon such local operations, so
a complete analysis of small implementations is a prerequi-
site to understanding the issues involved in the control of
larger systems.

We now introduce the measures of state and gate fideli-
ties that were used to summarize the results of QPT. The
accuracy with which the initial states were created was quan-
titated by the correlation between the desired input state and
the one determined by state tomography,3 i.e.,

C~r th ,r in!5
tr~r thr in!

Atr~r th
2 !tr~r in

2 !
, ~4!

wherer th andr in are the traceless parts of the density matri-
ces of the desired and measured input states, respectively.
The input states were prepared from the equilibrium spin
state by means of suitable nonunitary operationsSin and the
magnitudes of their traceless parts taken as the reference
against which all subsequent losses of coherence~or magne-
tization in NMR! due to nonunitary evolution were mea-
sured. This was done by scaling the correlation of the output
states by a factor which measures the loss of coherence,3

yielding the so-called attenuated correlation

CA~r th ,rop!5C~r th ,rop!Atr~rop
2 !

tr~r in
2 !

, ~5!

wherer th androp are the traceless parts of the density ma-
trices of the theoretical and measured output states, respec-
tively, and r in that of the corresponding input state from
above.

The average state correlation and average attenuated
state correlation are reasonable measures of the overall fidel-
ity of the implemented quantum operation, but a measure
that is more clearly independent of the choice of initial states
is the correlation between the superoperator matrices, i.e.,

C~Sth ,Sop![tr~Sth
† Sop!/Atr~Sth

† Sth!tr~Sop
† Sop!. ~6!

Since this quantity is not sensitive to the overall loss of mag-
netization, we will also use the attentuated correlation be-
tween supermatrices, namely,

CA~Sth ,Sop![tr~Sth
† Sop!/tr~Sth

† Sth!5Fe~Sth
† Sop!, ~7!

where Fe is the entanglement fidelity defined by
Schumacher.1 Accordingly, we will refer to this quantity as
the gate fidelity. It can be shown that this fidelity satisfies
C̄A(r th ,rop)>CA(Sth ,Sop), where the overbar indicates an
average over any orthonormal operator basis, with equality if
tr(r in

2 )5tr(r th
2 ) for all the input states.3

Our analysis utilizes two different representations of
quantum operations, the supermatrix representation and the
Kraus operator sum representation. The supermatrixS oper-
ates on the density matrix as

FIG. 2. A schematic of the QPT implementation used in this paper, together
with two equations describing how the readout operationsUro and measure-
mentsmxx (xx5 in,op) are obtained from the ensemble of quantum systems

described by the density matrixr @wheres2[
1
2(sx2 isy)#. A set $Sin% of

~not necessarily unitary! operations is performed, each in a separate experi-
ment, on the equilibrium statereq of the spin system to create a complete set
$r in% of input states. Each input state is then determined by quantum state
tomography, i.e., by repetition of the experiment with different readout
pulses,$Uro%, appended to each repetition. The readout pulses rotate unob-
servable components of the density matrix into observable components, the
mean values$min% of which are equal to the unobservables’ mean values
before rotation. Measurement of these mean values thus allows for the re-
construction of the input state that was actually created. Next, the set of
input states is recreated one state at a time, and the operationSop of interest
~in this paper the QFT! applied to each in turn. This gives a complete set of
output states,$rop%. Once again, readout of eachrop requires that the ex-
periment be repeated followed by different readout operations$Uro%. The
mean values of the complete set of observables$mop% that is measured
allows reconstruction of the set of output states actually created. Finally,
these estimates of$rop%, together with the earlier estimates of$r in%, are used
to reconstruct an estimate of the operationSop via Eq. ~3!. This recon-
structed operation is not expected to be unitary due to decoherence during
the application ofSop as well as errors in the state tomography procedure.
Also, due to incoherent errors across the ensemble involved in NMR experi-
ments, the supermatrixMobs estimated via this QPT procedure may not
correspond to a completely positive, trace-preserving superoperator.
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col~rfin!5S col~r ini!, ~8!

wherer ini andrfin are the initial and final density matrices,
and the ‘‘col’’ operation stacks the columns of the density
matrices on top of one another in left to right order. This
results in anN3N matrix becoming a column vector of
lengthN2. We will primarily work in two different superma-
trix bases, the computational~or Zeeman! basis and the prod-
uct operator basis. In the computational basis the rows and
columns of the 2n32n density matrix are labeled by the
binary expansion of their indices fromu0¯0& to u1¯1&. The
product operator basis is related to the structure of the NMR
Hamiltonian and the rows and columns of the supermatrix in
this basis are labeled asI 2^¯^ I 2 , I 2^¯^ I 2^ sx , to sz

^¯^ sz , where ‘‘^’’ denotes tensor multiplication, thes’s
are the standard Pauli matrices,I 2 is the 232 identity ma-
trix, and each term hasn factors~see Ref. 23 for details!.

The superoperator of a quantum operation can also be
expressed as a Kraus operator sum.11 This sum involves a set
of N3N matrices,Ak ~the Kraus operators! such that

rfin5(
k

Akr iniAk
† , ~9!

where the sum may require as many asN2 terms. It is easily
seen that a Kraus operator sum preserves the Hermiticity of
r ini , and that it preserves the trace if and only if

(
k

Ak
†Ak51. ~10!

If the operation is purely unitary there is only one Kraus
operator, which is just the unitary operator in question. In
general, however, there are an infinite number of equivalent
Kraus operator representations of a given quantum operation.
The least-squares fitting procedure described below yields a
Kraus operator sum representation in which the Kraus opera-
tors are both mutually orthogonal, minimum in number, and
sorted by the size of the contribution each makes torfin .

III. INCOHERENT ERRORS

A superoperator is completely positive if it admits a
Kraus operator sum representation. Although this condition
holds for the physical processes usually studied in the quan-
tum mechanics of open systems, including unitary operations
and decoherence via weak interactions with a Markovian en-
vironment, it is not difficult to construct situations in which
not only complete positivity, but even the distinction be-
tween a state and its transformations breaks down.24–27Such
situations can only arise when the initial state of the system
is not pure, but can be represented by a probability distribu-
tion over an ensemble of pure states with density matrixr ini .
Suppose the ensemble’s probability distribution depends on
some classical parameterc ~usually space or time! and that
r ini also represents an average overc ~see below for a con-
crete example!. Then if the applied transformationK like-
wise depends onc, so that the transformation iscorrelated
with the states in the ensemble, then the final density matrix
rfin will generally not be equal to the result of applying the
average ofK over c to r ini . Indeed there will usually be no
superoperator which maps every possibler ini to the correct

rfin . In principle one could define a nonlinear transformation
that produces this mapping, but this is not very useful in
practice because the large amount of information needed to
define a general nonlinear transformation is neither readily
available nor easy to work with.

Incoherent errors are precisely those which depend upon
some classical parameter that labels the members of an en-
semble, and so generate a correlation between the states in
the ensemble and this parameter. In the NMR experiments
described below, the main source of incoherent errors is the
spatial inhomogeneity in the rf~radio-frequency! field over
the sample volume. This may be expressed by writing the
Hamiltonian for the interaction of the spins with the rf field
in the form

H rf~ t;rW !5a~ t !gB1~rW !e2 iDvtsz/2sxe
iDvtsz/2, ~11!

wherea(t) is the envelope of the field,g is the gyromagnetic
ratio of the spins,B1(rW) is the magnitude of the field at the
point rW, Dv is the difference between the frequency of the rf
field and the resonance frequency of the spins in the static
magnetic fieldB0 , and thes’s are the usual Pauli matrices.
Thus, the unitary operationU5exp(*dtHrf) depends upon
the positionrW in the sample as well as on the time, i.e.,U
5U(t;rW), as does the resulting spin stater(t;rW)
5U(t;rW)r(0;rW)U†(t;rW). The equilibrium state of the spins
in the static fieldB0 is independent ofrW over the sample
volume, so we may taker(0;rW)5r(0) to be constant. The
density operator that is observed is the integral over the
sample volumeV, i.e.,

r~ t !5E
V
drWr~ t;rW !5E

V
drWU~ t;rW !r~0!U†~ t;rW !

[S~ t !r~0!, ~12!

whereS(t) denotes the net superoperator of the actual quan-
tum operation implemented. We can express this in matrix
form as13

col„S~ t !r~0!…5S E
V
drWŪ~ t;rW ! ^ U~ t;rW ! D col„r~0!…,

~13!

whereŪ is the complex conjugate ofU and the ‘‘col’’ op-
erator mapsN3N matrices to (N2)-dimensional column
vectors, as described above.

Describing the evolution of an ensemble by integrating
over its spatial degrees of freedom works well for a single
operation. When a second operationS2 is applied following
the first S1 , however, we must take the spatial correlations
produced by the first into account in computing the correct
overall superoperator. In terms of the foregoing equations,
this may be expressed as
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S2S15E
V
drW2@Ū2~rW2! ^ U2~rW2!#E

V
drW1@Ū1~rW1! ^ U1~rW1!#

5E
V
drW2E

V
drW1@Ū2~rW2!Ū1~rW1!# ^ @U2~rW2!U1~rW1!#

ÞE
V
drW@Ū2~rW !Ū1~rW !# ^ @U2~rW !U1~rW !#5S, ~14!

where S is the true superoperator of the combined opera-
tions. Clearly, a similar result could be obtained if we were
integrating over time, although that is not relevant to the
experiments described in this paper. A simulation of an ex-
ample of the lack of composibility of superoperators describ-
ing incoherent errors is shown in Fig. 3.

It follows that theN23N2 supermatrix produced by our
QPT procedure~Fig. 2! cannot be expected to precisely cor-
respond to any physical process, and it will usually even fail
to define a completely positive and trace-preserving superop-
erator. In this event, an improved estimate of the supermatrix
of the quantum process that is realized by the QFT imple-
mentation can be obtained by making the smallest possible
change to the supermatrix derived from QPT so as to make it
completely positive and trace preserving~CPTP!.

One can, of course, always convert a Kraus operator sum
into an equivalent supermatrix via the ‘‘col’’ operation intro-
duced above,

colS (
k

Akr iniAk
†D 5S (

k
Āk^ AkD col~r ini!. ~15!

To go the other direction, i.e., to take a supermatrixS and
convert it into an equivalent Kraus operator sum, we first
rearrange its elements into a Hermitian supermatrix called
the Choi supermatrix,13

T5 (
i j 50

N21

~Ei j ^ I N!S~ I N^ Ei j !, ~16!

whereI N is theN3N identity matrix andEi j is a matrix of
zeros except for a 1 in the (i , j )th position. Then, ifT
5(klkvkvk

† is the spectral decomposition ofT and we as-
sume that all the eigenvalueslk>0, our Kraus operatorsAk

may be shown to be

col~Ak!5Alkvk ~k51,...,N!. ~17!

It follows from the above that a superoperatorS is com-
pletely positive if and only if its Choi supermatrix is positive
semidefinite. In the event that an experimentally determined
supermatrixSobs does not have a positive semidefinite Choi
supermatrix, it has been shown13 that the completely positive
superoperatorS8 closest to it in the least-squares sense may
be obtained simply by setting the negative eigenvalues of its
Choi supermatrix to zero to get a new matrixT 8 and map-
ping it back toS8 via Eq. ~16! with S andT swapped. This
procedure, however, will result in a supermatrixS8 that does
not preserve the trace of the density matrix. That condition
can be reimposed by subtracting

DT 8[N21col~ I N!col†~ I N!T 82I N3N ~18!

from T 8, with the result thatT 8 is no longer positive
semidefinite. It has further been shown, however, that iterat-
ing on these two procedures generates a sequence of super-
matrices which converges to the Choi supermatrix corre-
sponding to the superoperator that is closest toS and isboth
trace preserving and completely positive. This is described
for the experimental results in the Sec. VIII.

In order to quantify the extent to which a supermatrix
fails to be completely positive, we define the positivity as the
ratio of the sum of eigenvalues of the Choi matrix corre-
sponding to the supermatrix over the sum of positive eigen-
values of the said Choi matrix. For a completely positive
superoperator the positivity is equal to 1, while the presence
of negative Choi eigenvalues causes the positivity to be less
than 1.

IV. THE SPIN SYSTEM AND THE EXPERIMENTS

The experiments were implemented on a three-qubit
NMR quantum information processor.28,29 The three qubits
used were the three carbon spins in molecules of
13C-enriched alanine in an aqueous solution. The internal
Hamiltonian of this system has the form

Hs5p(
i 51

3

nC
i sC,z

i 1
p

2 (
j . i 51

3

JC,C
i , j sW C

i
•sW C

j , ~19!

wherenC
i are the Larmor frequencies of the spins andJC,C

i , j

are the strengths of the couplings between them, both in
frequency units. In our indexing scheme, a superscript 1 la-
bels the carbonyl carbon of alanine, 2 the alpha carbon and 3
the methyl carbon. A separate time-dependent external

FIG. 3. Eigenvalues of simulated supermatrices in the complex plane. The
main figure shows the location of the eigenvalues with respect to the unit
circle, while the subplot shows the eigenvalue locations in greater detail.
This simulation was done for alanine~see text!, and includes both coherent
errors due to imperfect pulses and incoherent errors due to the inhomoge-
neous rf power across the sample. The eigenvalues indicated by circles~s!

are of the productS180x
1,2 S90ȳ

1 of the supermatrix describing an evolutionS90ȳ
1

of a 90° pulse on spin 1 about the negativey axis times a second superma-
trix S180x

1,2 for a 180° rotation of spins 1 and 2 about thex axis. The eigen-
values indicated by crosses~3! are for the supermatrixSboth describing the
net evolution after concatenating these pulses together in the simulator. Due
to the presence of incoherence the eigenvalues are not the same. In particu-
lar, the presence of incoherence leads to an apparent decoherence, as evi-
denced by a reduction in the eigenvalue magnitudes. The average eigenvalue
reduction is 1.2% forSboth and 0.9% forS180x

1,2 S90ȳ
1 .
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Hamiltonian, shown in Eq.~11!, must be added whenever a
rf pulse is applied to rotate qubits. In the 7 T magnet used for
the experiments, the resonant frequency of carbon-13 is
'75.468 MHz. Frequency changes, also known as chemical
shifts, among the spins introduce differencesnC

22nC
1

59456.5 Hz, nC
32nC

252594.3 Hz, and nC
32nC

1

512 050.8 Hz. The coupling constants between the three
spins are JC,C

1,2 554.2 Hz, JC,C
2,3 535.1 Hz, and JC,C

1,3

521.2 Hz. In the absence of rf, theT1 relaxation times of
the three spins are all longer than 1.5 s, while theT2 relax-
ation times are longer than 400 ms~see Table I for exact
numbers!.

To rotate qubits we used the strongly modulating pulses
introduced in Refs. 3 and 10. The first generation of strongly
modulating pulses was designed to perform the desired
propagator while refocussing the spins’ known internal
Hamiltonian;3 the second generation was designed to also
compensate for rf field inhomogeneity.10 This was done by
including the rf inhomogeneity profile in the simulations and,
hence, in the target function minimized to design the com-
pensated pulses. Pulses designed in this way performed near-
optimally over the range of rf powers experienced by the
ensemble of spins. While the simulated peak fidelities were
lower than with the uncompensated pulses, the actual perfor-
mance of the compensated pulses in the spectrometer was
greatly enhanced.

The method of implementing the QFT via NMR is the
same as in our previous QFT implementations,8,22 with the
added benefit of the rf pulses that compensated for rf inho-
mogeneity. The pulse sequences for the Hadamard and con-
ditional phase gates are derived from an idempotent or cor-
relation operator description of the propagators.30 The
Hadamard gate pulse sequence is

H j5S p

2 D
y

j

2Sp D
x

j

. ~20!

This pulse program reads as follows: apply a pulse that ro-
tates spinj by 90° about they axis, followed by a pulse that
rotates j by 180° about thex axis. TheBjk gate can be
implemented using the coupling between qubits and the fol-
lowing pulse sequence:

Sp D
f

j

2S u jk

2pJjkD2Sp D
f

j

2S p

2 D
y

j ,k

2S u

2D
x

j ,k

2S p

2 D
ȳ

j ,k

,

~21!

wheref is an arbitrary phase. The notation (u jk/2pJjk) rep-
resents a time interval during whichsz

jsz
k evolution occurs

while chemical shifts and all other qubit couplings are refo-
cused, while the superscriptj ,k denotes a pulse which ro-
tates only spinsj andk. The final three pulses in the above
sequence perform a rotation around thez axis. In our previ-
ous work8 the bit reversal was implemented experimentally.
Here the bit reversal is achieved by simply renaming the bits.

We stress that the various building blocks of the QFT
implementation, i.e., the individual pulses and evolution pe-
riods, remain unchanged for all experiments. After creation
of each initial state a fixed sequence is applied that is inde-
pendent of the initial state.

The input states$r in% used were the 64 product operator
states~neglecting the large but undetectable identity compo-
nent!. These are 0~actually the identityI 8) and states such as
sx

1 , sz
3 , andsy

2sx
3 where the superscripts represent the spin

indices, as above. These states were chosen because they are
orthogonal and easy to create on a liquid-state NMR system.
We order the states lexicographically starting with 0, fol-
lowed bysx

35I 2^ I 2^ sx , sx
25I 2^ sx^ I 2 , and so on until

sz
1sz

2sz
35sz^ sz^ sz ~the complete ordering may be found

in Fig. 8!. The QFT gate sequence described above is applied
to each of these 64 states to obtain the corresponding set of
output states$rop%.

In any given three-spin spectrum only 24 of the 64 prod-
uct operators are observable. Thus, to completely reconstruct
the state of the system, each experiment is repeated seven
times with different readout pulses appended to the experi-
ment. The real amplitudes of the peaks in the spectrum were
then used as the coefficients of the product operators which
were transformed into the corresponding observable product
operators by the readout pulses. This procedure, known as
state tomography,3 was done for all input and output states.

V. THE SYSTEM-PLUS-APPARATUS MODEL

Quantum process tomography serves experimentalists in
two ways. First, it provides a thorough test of the model of

TABLE I. Measured carbon-13 decay rates for each type of product operator (s21) in the alanine molecule used
for the experiments. These include the inverses of the relaxation timesT1 andT2 for all three carbon-13 spins.
The ‘‘xuy’’ subscripts indicate that, in every operator of the corresponding product, all the labels to the left or to
the right of the bar must be used together, thus indicating a total of two products with one expression.

sz
1 0.03260.01 sz

2 0.34560.01
sz

3 0.58360.01 sz
1sz

2 0.28260.01
sz

1sz
3 0.45860.01 sz

2sz
3 0.68960.01

sz
1sz

2sz
3 0.68460.01 sxuy

1 , sxuy
1 sz

2 ,
sxuy

1 sz
3 , sxuy

1 sz
2sz

3
1.8960.02

sxuy
2 , sz

1sxuy
2 ,

sxuy
2 sz

3 , sz
1sxuy

2 sz
3

3.1960.01 sxuy
3 , sz

1sxuy
3 ,

sz
2sxuy

3 , sz
1sz

2sxuy
3

1.6860.01

sxuy
1 syux

2 , sxuy
1 syux

2 sz
3 ,

sxuy
1 sxuy

2 , sxuy
1 sxuy

2 sz
3

6.9360.11 sxuy
1 syux

3 , sxuy
1 sz

2syux
3 ,

sxuy
1 sxuy

3 , sxuy
1 sz

2sxuy
3

3.5660.06

sxuy
2 syux

3 , sz
1sxuy

2 syux
3 ,

sxuy
2 sxuy

3 , sz
1sxuy

2 sxuy
3

6.8160.10 syux
1 sxuy

2 sxuy
3 , sxuy

1 syux
2 sxuy

3 ,
sxuy

1 sxuy
2 syux

3
13.4860.81

sxuy
1 sxuy

2 sxuy
3 14.5860.20
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the system-plus-apparatus used to design and interpret the
experiments. Second, it provides a complete picture of the
net effects of all the errors made in implementing the experi-
ment and, in conjunction with the model, allows these effects
to be unraveled into specific defects in the apparatus—and
perhaps also the model. Before attempting this latter task,
therefore, we wish to fully present, discuss, and justify the
model we used for QPT on the QFT. This model includes the
following attributes:~1! the Hilbert space of the system in
question and its Hamiltonian;~2! the Hilbert space of the
larger system with which the given system interacts coher-
ently, and the Hamiltonian describing these interactions;~3!
the relaxation superoperator of the system, and some knowl-
edge of how the larger system relaxes;~4! bounds on the
precision of the classical control fields applied; and~5! the
distribution of incoherent variations in these fields across the
sample.

Both the fields and the positions of the spins can be
treated classically. Since the larger system contains only a
total of eight spins, we can simulate it exactly. Further infor-
mation, for example, the correlation times or full spectral
densities of the noise generators driving relaxation,32 could
have been included in the model, but the above proved ad-
equate to explain most of the experimental observations for
the QFT.

The first attribute is the Hamiltonian for the three
carbon-13 spins of alanine used as qubits for the QFT, which
has the form ofHs given in Eq. ~19!. The larger system
includes, in addition to the carbons, the four~nonexchang-
ing! hydrogens and the spin-1 nitrogen-14 nucleus in alanine.
The larger system’s Hamiltonian has the form

HS5Hs1p(
i 51

4

nH
i sH,z

i 1pnNsN,z1
p

2 (
j . i 51

4

JH,H
i , j sW H

i
•sW H

j

1
p

2 (
i 51

4

(
j 51

3

JC,H
i , j sH,z

i sC,z
j 1

p

2 (
i 51

3

JN,C
i sN,zsC,z

i

1
p

2 (
j 51

4

JN,H
j sN,zsH,z

j , ~22!

where we have used the well-known fact that couplings be-
tween spins with distinct gyromagnetic ratios can be trun-
cated to just the secular~i.e., szsz) part.

The spin-1 nitrogen has an electric quadrupole moment
and hence a shortT1 , so its coupling to the other spins
cannot be observed. As a result, the nitrogen can be omitted
from the Hamiltonian, although it still plays a role in the
relaxation of the other spins. The spin-lattice (T1) relaxation
time of the hydrogen atoms, on the other hand, is longer than
the experiment, so here we must include the additional fre-
quency shifts that depend upon their spin states. In other
words, we take thesH,z to be constants of the motion and
treat the carbons as an incoherent mixture of 24516 inde-
pendent three-spin systems, each with their resonance fre-
quencies shifted by one of the 16 possible sums of6JC,H/2.
Because we start with the spins in the high-temperature equi-
librium state, each of these 16 independent evolutions con-
tributes equally to the simulated density matrix.

The computer search for the strongly modulating control
sequences~pulses! is quite demanding, and it is important to
keep the Hilbert space as small as possible during the asso-
ciated simulations. For this reason the simulations described
in this paper ignored the four hydrogen atoms in the alanine
molecule, which were left aligned with the main magnetic
field during the actual experiments but which nonetheless
have couplings to the carbons on the order of 150 Hz. A
better way, which we subsequently implemented and is de-
scribed here for completeness, would be to average the re-
sults of 16 simulations over each of the three-spin Hamilto-
nians

Hs,c
dI 5p(

i 51

3 S nC
i 1(

j 51

4
~21!d j

2
JC,H

i , j DsC,z
i

1p (
j . i 51

3

JH,H
i , j sW H

i
•sW H

j , ~23!

for all combinations ofdI [@d1 ,...,d4#5$0,1%4, where ‘‘c’’
stands for ‘‘control.’’ This is much faster than diagonalizing
the Hamiltonian with the four hydrogens included~16 times
longer as opposed to;163).

During the free evolution periods between pulses, on the
other hand, we applied additional~hard! p pulses to the car-
bons to refocus this unwanted phase evolution, in accord
with the free-evolution Hamiltonian used for these~much
less demanding! simulations,

HS,f5Hs1p(
i 51

4

(
j 51

3

JC,H
i , j sH,z

i sC,z
j , ~24!

where ‘‘f’’ stands for ‘‘free.’’ The frequency evolution of the
hydrogens can be neglected because they are left along thez
axis, thereby also avoiding population disturbances that
would lead to nuclear Overhauser cross relaxation and
thereby memory effects.

The search for strongly modulating control sequences
was further simplified by assuming that the rf phase, ampli-
tude, and frequency were piecewise constant, so the total
unitary transformation was given by the product

U tot
dI 5)

k51

kmax

Uk
dI 5)

k51

kmax

T expF2 i ~ tk2tk21!HS,c
dI

2 i E
tk21

tk
dtHrf,k~ t !G . ~25!

Here, ‘‘T’’ denotes the usual time-ordering operator and the
external rf Hamiltonian during thekth interval is given by

H rf,k~ t !5akgCB1(
j 51

3

~e2 i (ptnk1fk)sC,z
j

sC,x
j ei (ptnk1fk)sC,z

j
!,

~26!

whereak is the relative amplitude of the field during thekth
interval @cf. Eq. ~11!#. This assumption allows the unitaries
Uk

dI for each interval to be calculated exactly by transforming
to an interaction frame in whichH rf,k becomes time indepen-
dent and diagonalizing the net Hamiltonian in that frame.3
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The spectrometer generates the control fields by applying a
time-dependent voltage to a tuned resonator. The limitations
on both the control circuitry and the tuned resonator intro-
duce time-dependent distortions of this modulation at the
discontinuities between intervals. To account for this limita-
tion, we monitor the field generated in the control coil~the
antenna that interacts with the spins! and preweight the time
dependent wave form to provide a close approximation to the
desired shape. In addition, we use the measured modulation
sequence in the simulator to follow the dependence of the
propagator for small distortions.

To achieve usable sensitivity, NMR is carried out on an
ensemble of spatially distributed spins. The control field thus
varies over the spatial extent of the sample, which is termed
rf field inhomogeneity. This variation could be reduced by
using a larger coil, a smaller sample, or by selecting a par-
ticularly homogeneous region of the sample via a magnetic
field gradient. All of these options, however, reduce the
signal-to-noise ratio. Fortunately, the spatial variation of the
rf field is constant over time, and can be measured very
accurately. This allows us to perform the simulations for
each member of a histogram of the variations in rf amplitude
across the sample, and to combine the results as an incoher-
ent sum just as was described for the variations in the hydro-
gen spin states above. A total of 33 values was included in
this rf inhomogeneity histogram~see Fig. 4!.

The procedure used to find a modulation sequence that
correctly implements any desired unitary operation seeks to
maximize the fidelity between the desired unitary superop-
erator Ū th^ U th and the simulated superoperatorSop. The
latter was obtained as an incoherent or Kraus operator over
the 33 rf field strengths in the experimentally measured rf
inhomogeneity histogram, i.e.,

Sop~r!5 (
,51

33

p,U,rU,
†[ (

,51

33

A,rA,
† . ~27!

Thus, the gate fidelity as defined in Eq.~7! can be calculated
directly from the Kraus operatorsAm as

Fe„~Ū th^ U th!
†Sop…[

tr@~Ū th^ U th!
†Sop#

tr@~Ū th
† Ū th! ^ ~U th

† U th!#

5
1

64
(

m51

33

tr@~Ū th^ U th!
†~Ām^ Am!#

5
1

64
(

m51

33

tr@~Ū th
† Ām! ^ ~U th

† Am!#

5
1

64
(

m51

33

utr~U th
† Am!u2. ~28!

In simulations including the four hydrogen spins, the sum on
the right-hand side of this formula must be increased by an-
other factor of 16 in taking the partial trace over the hydro-
gen spins.

The relaxation superoperator for the carbons in alanine
was measured in the absence of rf fields, and found to have
98.5% of its norm along the diagonal in the product operator
basis. This means that the various product operator compo-
nents decay monoexponentially, without cross relaxation, so
that it can be described by an 838 ‘‘Hadamard relaxation
matrix.’’ 23,31 This is shown pictorially in Fig. 5, while pre-
cise values for the various types of rates seen in the figure are
given in Table I.

To be complete, the relaxation superoperator should also
be measured as a function of the applied rf fields~and in-
clude memory effects due to nuclear Overhauser effects with
the hydrogens32!. The QFT, however, efficiently mixes the
states of the three carbon spins, so that on average over its
implementation the decoherence is indistinguishable from a
uniform, isotropic attenuation of all the product operator
components. That is to say, QPT on the QFT is not able to

FIG. 4. The 33 point rf profile shows how much of the sample sees what
fraction of the desired power~so 1.0 on the horizontal axis is the desired
power!. This profile was measured experimentally and used for the simula-
tions.

FIG. 5. ~Color! Measured Hadamard relaxation operator vs the product
operator basis for the three carbons of alanine in the absence of rf fields,
with rates color coded as indicated by the legend. The labels on the axes are
a short hand for the product operators associated withx andy directions on
the three carbons, with e.g., X1X↔sx

1sx
3 . The labels for each entry of the

matrix are obtained by analogy with the product rules for the Pauli opera-
tors; for example, the matrix entry in the row labeled 1XX and column
labeled Y1Y is YXZ↔sy

1sx
2sz

3.23 See Table I for the numerical values of
the various entries.
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provide any details regarding the physical relaxation pro-
cesses operative in alanine, save for an average overall rate
of attenuation. Of course, QPT could be performed on a sim-
pler gate, as in Ref. 15 where it was used to derive a relax-
ation superoperator for free precession, but the goal here is to
use QPT to learn about the coherent and incoherent errors

committed during implementation of a complex unitary
transformation, the QFT. Therefore, this simple effective re-
laxation superoperator was assumed to accelerate the simu-
lations of the overall QFT~no relaxation was assumed during
the pulse design simulations, since they are not intended to
correct for such effects!.

VI. AN OVERVIEW OF THE EXPERIMENTAL RESULTS

Complete QPT was performed twice using different sets
of strongly modulating rf control sequences to implement
single spin rotations~Sec. IV!. The first such iteration was
done with the sequences described in Ref. 3, which refo-
cussed the evolution under the alanine molecule’s internal
spin Hamiltonian@Hs in Eq. ~19!# during the sequence. The
second iteration used control sequences that not only refo-
cussed the internal Hamiltonian but also compensated for
inhomogeneity in the rf field itself.10 Thus, the second set of
control sequences was expected to produce much smaller
incoherent errors than the first, while the coherent and deco-
herent errors were expected to be roughly the same for both.
The improvement obtained with the rf-compensated set is
illustrated in Fig. 6, which plots the correlations and attenu-
ated correlations obtained for each of the 64 product operator
basis states used as inputs for the two iterations against one
another. Further evidence for substantial improvements with
the rf-compensated control sequences may be obtained from
the Kraus operator plots and statistics in Fig. 7~see below
for their interpretation!. Having demonstrated this clear-cut
improvement, all subsequent analyses will be given only for
the results obtained with the compensated control pulses.

The correlation provides an estimate of the accuracy of
the experimental QFT implementation, but without consider-
ing the loss of magnetization due to decoherence or incoher-
ence. The average of the input state correlations over all 64

FIG. 6. The various correlations~see Sec. II! for the 64 states of the product
operator basis before and after applying the QFT, where those obtained from
the uncompensated strongly modulating control sequences have been plotted
against those obtained with the sequences designed to compensate for rf
inhomogeneity~Ref. 10!. To spread the points out, the~co!ordinates plotted
are log10@11(12x)#, although the axes have been labeled by the actual
correlations 0<x<1. Circles~s! are used for the initial state correlations,
while triangles~n! denote the final state correlations, and stars~!! indicate
the final state attenuated correlations. For the uncompensated sequences the
average initial state correlation is 0.93, the average final state correlation is
0.64, and the average attenuated correlation is 0.37. For the compensated
sequences, the average initial state correlation is 0.96, the average final state
correlation is 0.82, and the gate fidelity 0.64. Moreover, since a large ma-
jority of the points lie below the diagonal in the plot~dashed line!, the
correlations with the compensated pulses were in fact better in almost every
case.

FIG. 7. The bar graph on the left shows the amplitudesak5iAki /A8 of experimental QFT Kraus operators, where the light gray portions of the bars are the
amplitudes obtained from QPT done with the uncompensated control sequences, and the dark gray bars are the amplitudes obtained from QPT done with the
rf-compensated control sequences~see text!. With the uncompensated control sequences the dominant Kraus operator had an amplitudea1

u50.72, whereas the
compensated hada1

c50.86. The second largest Kraus operators had amplitudes ofa2
u50.30 anda2

c50.34, respectively, after which the amplitudes decreased
much more slowly. The plots on the right~which are shaded by column number to aid viewing! compare the real part of the desired unitary operatorUQFT ~top
center! to the real part of the largest Kraus operatorA1 obtained using the uncompensated and compensated control sequences~left- and right-hand plots on
the second row, respectively!, and to the corresponding second largest Kraus operatorsA2 ~bottom row!. The correlations between real parts of these operators
wereC(RUQFT ,RA1

u)50.78, C(RUQFT ,RA1
c)50.95, C(RUQFT ,RA2

u)50.06 andC(RUQFT ,RA2
c)50.02.
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basis states was 0.96, while the average correlation following
application of the QFT was 0.82. A minimization search,
however, found pure states which, after operating on them
with the experimental superoperator, had a correlation with
the same pure state following the theoretical QFT as low as
0.45. The average attenuated correlation~or gate fidelity3!,
which also takes into account the loss of magnetization, was
0.64, indicating that about 22% of the magnetization was lost
over the ca. 30 ms needed to implement the QFT~see Sec.
IV !. These numbers are in-line with expectations based on
other recent applications of the rf-compensated control
sequences.4 About half of this magnetization loss was ex-
pected due to intrinsic decoherence, and since approximately
the same amount of decoherence occurred during the input
states’ readout as during the output states’, the remainder is
probably due to residual uncompensated incoherence and/or
imperfect decoupling of the protons from the carbons used as
qubits. These issues will be discussed in more detail in later
sections. A complete list of all the output state~attenuated!
correlations may be found in Fig. 8 below.

Rather than looking at the action of the QFT on states,
one can also look directly at the Kraus operator sum com-
puted from the completely positive part of the experimental
supermatrixMobs ~Sec. III!. Each Kraus operatorAk has an
associated amplitude,ak5iAki /A85Alk/8 ~wherelk is the
kth eigenvalue of the associated Choi supermatrix!, and since
in a perfect implementation the desired unitary operator
UQFT would be the only Kraus operator with nonzero ampli-
tude, one expects the Kraus operator with the largest ampli-
tude to be at least fairly similar toUQFT. This is confirmed
by the plots of the real part of the largest Kraus operator,
shown in Fig. 7, which had an amplitudea150.86 and a
correlation with the real partUQFT of 0.95, implying a net
coherent error of roughly 5%. The second largest Kraus op-
erator, also shown, had an amplitude ofa250.34, and was
also rather close to unitary although uncorrelated withUQFT.
We expect it to be a rough approximation to the largest uni-
tary operator in any sum of unitary transformations making
up the incoherent error. Finally, there are another 32 essen-
tially nonunitary Kraus operators in the completely positive
part of the experimental QFT supermatrix with smaller am-
plitudes~Fig. 7!.

The non–completely positive part of the QFT superma-
trix, which is obtained from the eigenvectors associated with
the negative eigenvalues of its Choi supermatrix, will also be
of interest in what follows. The positivity of the QFT super-
matrix, as defined at the end of Sec. III, was only 0.60, but
the ratio of the smallest to the largest Choi supermatrix ei-
genvalues was20.075, indicating that the negative eigen-
values were rather small in magnitude in comparison to the
positive ones. The ratio with the second largest was20.48,
and the third had almost the same magnitude as the smallest.
These observations, together with the well-known sensitivity
of the eigenvectors of nearly degenerate eigenvalues to small
perturbations in the elements of the matrix from which they
come, imply that rather little information about the errors
made in the QFT implementation can be gleaned from the
individual Kraus operators after the first two. Only the sub-
spaces spanned by the eigenvectors associated with all of the

smaller positive, or perhaps negative, eigenvalues are likely
to be statistically significant.

VII. COMPARISON WITH THE MODEL

To assess the precision and completeness of our system-
plus-apparatus model, the complete set of experiments in-
volved in QPT on the QFT was simulated using the math-
ematical model of the system-plus-apparatus described in
Sec. V. The compatibility of the simulated results with the
experimental provides a rigorous test for the accuracy of the
model, which takes all the known significant imperfections
of the experimental apparatus into account. All of the unitary
operations performed during these simulations were imple-
mented using exactly the same strongly modulating control
sequences that were used for the experiments, and complete
state tomography was performed for each input and output
state. It should be noted, however, that these states were
reconstructed directly from the observables in the simulated
density matrices, without further simulating the spectra and
fitting them as required in experimental state tomography
~which of course gives rise to additional errors in the actual
experiments!. Figure 8 shows the correlation and attenuated
correlation of the initial and final states obtained from these
simulations.

Figure 9 plots the sorted Kraus operator amplitudes ob-
tained from the simulated supermatrix, along with those from
the experimental supermatrix for comparison~cf. Fig. 7!.
The negative values plotted are actually the negative square
roots of the corresponding Choi matrix eigenvalues, and are
shown to illustrate that the experimental supermatrix was
significantly farther from being completely positive than was
the simulated~the positivity of the simulated supermatrix
was 0.86, as opposed to 0.60 for the experimental!. The most
likely reason for this is the absence in the simulations of the
additional errors expected from fitting the spectra to extract
the product operator amplitudes for state tomography. Also
shown once again is the real part of the theoretical QFT
unitary matrix ~cf. Fig. 7!, along with the real parts of the
matrices of the largest Kraus operators from the experimental
and simulated supermatrices. Finally, the corresponding best
unitary approximations to the largest Kraus operators, ob-
tained by setting their singular values to unity, have their real
parts shown in the bottom right-hand side of Fig. 9. It may
be seen that there is a good correspondence between the
largest Kraus operators as well as between their best unitary
approximations, with a correlation between the simulation
and the experiment of 0.90 in both cases. As noted previ-
ously, the smaller Kraus operators cannot be expected to cor-
respond significantly to one another.

Since the Fourier transformation converts between the
position and momentum bases, it has a very simple interpre-
tation in phase space. Classically, a Fourier transform rotates
phase space by 90°. In quantum phase space, the QFT su-
peroperator has only one nonzero element equal to unity in
each row and column, and so constitutes a permutation
matrix.33 This is shown in Fig. 10, along with the corre-
sponding plots for the simulated and experimental superma-
trices. One can see immediately from these plots that there
are errors in the QFT implementation. The phase space basis,
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however, consists of operators that are neither Hermitian nor
products of any underlying Hilbert space basis, and which
are not related in any simple way to the physical operators
used to implement the QFT. Thus, although the action of the
QFT is very easy to understand in the phase space basis, it is
very hard to interpret the discrepancies between the theoret-
ical superoperator and observed supermatrix in terms of
implementation errors in this basis. It is worth noting, none-

theless, that in the phase space basis the errors appear more
white than Gaussian especially in the simulation.

Other bases, in which the discrepancies between the
simulated and experimental supermatrices are also clearly
manifested, include the computational basis~or Zeeman ba-
sis, see Fig. 11! and the product operator basis~shown in Fig.
12!, where the latter consists of all possible products of the
Pauli matricessx , sy , andsz of different spins32 ~see Sec.

FIG. 8. ~Color! The differences between the~attenuated! correlations of the output states and their mean values are displayed for each input state, which are
indicated by the symbols on the left vertical axis with, e.g., 1XY↔sx

2sy
3 . The simulated vs theoretical state correlations are in blue, and the experimental vs

theoretical state correlations are in yellow, while the corresponding attenuated correlations are in cyan and brown, respectively. The corresponding mean
values of the~attenuated! correlations were 0.89, 0.82, 0.83, and 0.63, respectively. The pair of dashed vertical lines about the center marks one standard
deviation for the input state correlations~not shown!, which are expected to be determined primarily by measurement errors so that any values within these
bounds are certainly almost entirely due to noise. The larger deviations in the correlations are due to the propagation of coherent error~see text!, while the yet
larger deviations in the attenuated correlations include the effects of decoherence~modeled as a uniform attenuation in the simulations!.
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II above!. It may be observed that the theoretical superopera-
tor contains several fixed points in the product operator ba-
sis, which provide us with another interesting metric for the
precision of our implementation. Two of these fixed points
are sx

1sz
3 and (sx

11sz
3)/2. The correlations between these

fixed points, before and after applying the experimental and
simulated superoperators, are 0.91 and 0.93, respectively.
Further information can be obtained from plots of the indi-
vidual rows, which depict how much each input state con-
tributes to a given output state, as shown in the relatively
simple case of thesx

1sz
3 fixed point in Fig. 13.

The greatest part of the deviation between the simulated
and experimental results is expected to be due to the propa-
gation of small coherent errors. Thus it is interesting to com-
pare the simulated and experimental supermatrices after cor-
recting these errors as completely as possible. This is most
simply done by left-multiplying by the inverse of the super-

operator obtained from the best unitary approximation to the
largest Kraus operator,Ū1

†
^ U1

† , followed by the theoretical
unitary superoperatorŪQFT^ UQFT, i.e.,

Mcor,obsusim5~ŪQFT^ UQFT!~Ū1,obsusim

^ U1,obsusim!†Mobsusim. ~29!

The resulting supermatrices in the phase space basis are
displayed in Fig. 14, along with the exact QFT supermatrix
in the same basis for comparison. It may immediately be
seen that there has been a considerable improvement in the
similarity of these matrices, as is further confirmed by a cor-
relation between the corrected simulated and corrected ex-
perimental supermatrices of 0.94, between the corrected
simulated and theoretical of 0.99, and between the corrected
experimental and theoretical of 0.95. The correlations

FIG. 9. The left-hand plot shows the real amplitudes of experimental QFT Kraus operators~dark gray! and those obtained from the QPT simulation based on
the system-plus-apparatus model~light gray!, where the negative values plotted are actually the negative square roots of one-eighth the absolute values of the
corresponding Choi matrix eigenvalues. It may be seen that the experimental supermatrix deviated significantly more from being completely positivethan the
simulated, most likely to the absence of errors from fitting the spectra in the latter~see text!. The dominant Kraus operator has an amplitude 0.86 for the
experiment and 0.87 for the model. The right side of the figure compares the real part of the theoretical unitary QFT operator~top-middle! to the largest Kraus
operator from the experiment~middle-left! and simulated~middle-right! supermatrices. Also shown are the real parts of the corresponding best unitary
approximations to these largest Kraus operators~bottom line!. The correlation between the two largest Kraus operators, and between the corresponding best
unitary approximations, was 0.90 in both cases.

FIG. 10. ~Color! The theoretical~left!, simulated~middle!, and experimental~right! supermatrices of the QFT in the phase space basis, wherein all their
elements are necessarily real. Since the theoretical is simply a permutation matrix in this basis, the differences between it and the other two are easily seen,
but the physical meanings of these differences are obscure. For example, the level of ‘‘background noise’’ is noticeably larger in the simulation than in the
experiment, although both have the maximum entry of each row~column! in the same place as the theoretical.

6128 J. Chem. Phys., Vol. 121, No. 13, 1 October 2004 Weinstein et al.

Downloaded 26 Aug 2009 to 129.97.98.51. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



between the simulated and experimental correction factors,
i.e., the products of the unitary superoperators in the above
equation, are, however, only 0.90, indicating that the cumu-
lative effects of coherent errors that were not taken into ac-
count by the simulations over the course of the experiments
were roughly 10%. It should further be noted that whereas
the experimental supermatrix is significantly more strongly
correlated with the theoretical than it is with the simulated,
after they have been corrected their correlations and attenu-
ated correlations with the theoretical are very nearly the
same.

VIII. DISCUSSION

We have shown that our model of the system-plus-
apparatus is able to predict many details of the experimental
results~see Table II for all the correlations among the theo-
retical, simulated, and experimental supermatrices, together
with the attenuated correlations to the theoretical!. Specifi-
cally, simulations based on the Hadamard relaxation operator
shown in Fig. 5 and Table I have allowed us to establish that
the results contain no specific information on the decoher-
ence rates and processes operative in our system, since these
are averaged by the complex sequence of transformations

that make up the QFT. Their net effect can therefore be mod-
eled as a simple uniform attenuation of all the product op-
erators in the density matrix other than the identity. This is
explicitly demonstrated by the close correspondence between
the supermatrix eigenvalues shown in Fig. 15, both from
simulations using the Hadamard relaxation operator~red
‘‘ * ’’ ! and from simulations taking no account of relaxation
save by scaling down the nonidentity components of the den-
sity operators by a factor of 0.82~blue ‘‘s’’ !. In general, of
course, relaxation cannot be accounted for by a single attenu-
ation factor, and in fact methods similar to those described
here have been used to determine the complete NMR relax-
ation superoperator of a two-spin system.15

Figure 15 also shows the eigenvalues of the supermatrix
obtained from simulations which included incoherent errors
from rf field inhomogeneity, first without taking relaxation or
readout errors into account~cyan ‘‘d’’ !, and second from
simulations which included input and output state readout
and took relaxation into account by scaling the nonidentity
components of the density matrices readout by 0.82~green
‘‘ 3’’ !. These plots show rather clearly that most of the addi-
tional dispersion seen in the simulations including incoherent
errors stems directly from those errors, and was not an unin-

FIG. 11. ~Color! The real parts of the theoretical~left!, simulated~middle!, and experimental~right! supermatrices in the computational~Zeeman! basis, where

the theoretical superoperator is given in terms of the unitary operator byŪ th
QFT

^ U th
QFT . The correlations and attenuated correlations among these matrices may

be found in Table II. Although the pattern of the theoretical superoperator’s matrix elements is visible in both the simulated and the experimental supermatrix,
it is still not at all obvious from this vantage point what errors have occurred during implementation or how they can be corrected.

FIG. 12. ~Color! The theoretical~left!, simulated~middle!, and experimental supermatrices in the product operator basis, wherein all the elements are
necessarily real~see text; the scale has been reduced by a factor of 2 to create more contrast!. The correspondence between the rows/columns of this
supermatrix and the individual product operators is the same as that given by the labels on the vertical axis of the bar graph in Fig. 8. Because all the entries
of the corresponding ‘‘real’’ density matrix are the expectation values of observables which transform nicely under rotations~Ref. 23!, the physical interpre-
tation is somewhat easier in this basis. This is manifest, for example, in the appearance of several fixed points with a 1 on thediagonal and zeros elsewhere
in the same row~see text!.
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tended consequence of the additional errors made during the
readout operations needed for QPT~recall that incoherent
errors were included in simulating the readout operations!.

Nevertheless, the spread in the eigenvalues of the experi-
mental superoperator~see Fig. 17 below! was significantly
larger than those in the simulations of the full QPT proce-
dure, and it was not possible to match them in a one-to-one
fashion. In part this may be due to systematic errors in the
least-squares fitting procedure by which the observables (mxx

in Fig. 2! were extracted from the NMR spectra, in particular
errors in distinguishing the absorptive and dispersive peak
components. Such errors are difficult to simulate accurately
and therefore not included in our simulations of the full QPT
procedure, but are consistent with the fact that the largest

single-spin corrections werez rotations~as described below!.
Another, probably more important, reason for these apparent
discrepancies between the model and the experiments lies in
the propagation of many small coherent errors over the
course of the QFT implementation.

Even though the simulated single-qubit gate fidelities
were all better than 0.99, they were also less than unity. The
main thing that limited these fidelities was that the number of
parameters, and hence the number of time intervals within
which the rf amplitude and phase was held constant, had to
be kept as low as possible during the optimizations by which
the strongly modulating pulses were designed. Although the
cumulative effects of such small errors could become signifi-
cant, since they are included in the simulations they are not
likely to be the source of the additional eigenvalue dispersion
that is seen in the experimental results. A more important
source of coherent errors is expected to be due to the fact that
the protons were not included in any of the simulations, and
their couplings to the carbons used as qubits will show up as
phase rotations. In addition, the model ignores such fine de-
tails of the apparatus as the limits on the rise-and-fall times
of the transmitter used to generate the rf control sequences,
and more generally its frequency response characteristics.
Although the simulation of reactive circuits is more complex
than the simulation of resistive circuits, in due course we will
also include such effects in the model and continue to refine
it until the only remaining discrepancies between the simu-
lated and experimental results lie in the intrinsic measure-
ment errors.

FIG. 13. As may be seen from row 14 of the supermatrices shown in Fig.
12, the operatorsx

1sz
3 is a fixed point of the QFT. The upper bar graph

displays the corresponding row of the theoretical~dark gray!, simulated
~medium gray!, and simulated with coherent errors corrected~light gray!
supermatrix elements vs the product operator basis, whereas the lower bar
graph displays these same statistics for the experimental supermatrix. In
contrast to the phase space and Zeeman basis~not shown!, there is a sig-
nificant correlation between the experimental and simulated values; specifi-
cally, the simulated-to-experimental correlation coefficients were 0.80 and
0.94 before and after correction, respectively. In the present case these cor-
relations are due almost entirely to the single large diagonal value, but
similar correlations were obtained for all other pairs of rows; the average
correlations were 0.78 and 0.94 before and after correction, respectively.

FIG. 14. ~Color! Theoretical~left!, simulated~middle!, and experimental~right! supermatrices in the phase space basis after correcting the latter two by a
unitary supermatrix designed to bring them as close as possible to the theoretical~as described in the text!. The levels of background noise are a great deal
less than in the corresponding uncorrected supermatrices~Fig. 10!.

TABLE II. The correlation coefficients between all pairs of supermatrices,
labeled as described in the main text, together with the attenuated correla-
tions ~as defined in Sec. II! between each and the theoretically exact super-
matrix of the quantum Fourier transform.

Supermatrixa Correlations among all pairs of supermatrices
Attenuated
correlation

Theoretical 1.00 0.89 0.99 0.82 0.95 1.00
Simulated ¯ 1.00 0.90 0.79 0.85 0.68
Corrected Sim. ¯ ¯ 1.00 0.81 0.94 0.76
Experimental ¯ ¯ ¯ 1.00 0.87 0.64
Corrected Exp. ¯ ¯ ¯ ¯ 1.00 0.74

aSee text for complete descriptions of the terms in the first column.
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Unwanted bilinear interactions are refocussed during the
QFT implementation by the application ofp rotations to the
individual spins, using traditional NMR methods.32 Errors in
these rotations will contribute to the bilinear errors only to
second order, so these bilinear errors depend mainly upon the
timing of the pulses, which can be controlled very accurately.
As a consequence, we expect that the residual coherent errors
that were not taken into account by the simulations will be
primarily single-spin rotations. To test this hypothesis, the
error operatorUD5U1,expU1,sim

† was taken, whereU1,exp is

the best unitary approximation to the largest Kraus operator
A1 of the experimental supermatrix~cf. Fig. 9!, andU1,sim is
similarly the best unitary approximation to the largest Kraus
operator of the simulated supermatrix. Using a numerical
search, the product of three single-spin rotations was found
that fittedUD best in the least-squares sense. The resulting
unitary UD

1
^ UD

2
^ UD

3 had a correlation coefficient withUD

of 0.96, in support of the hypothesis.
The angles and directional cosines of the axes of these

three rotations are shown in Table III, while the eigenvalues
of the resulting corrected superoperators are shown in Fig.
16. It should be noted that, although the correlation between
U1,exp and U1,sim increased from 0.90 to 0.96 on left-
multiplying U1 by the Hermitian conjugate of this product of
single-spin rotation operators, these rotations are the cumu-
lative result of many small rotation errors and are not simply
traced back to any single shortcoming in the experiments.
For completeness, the axes and angles of the single-spin ro-

FIG. 15. ~Color! Plot of the eigenvalues of simulated QFT superoperators in
the complex plane, specifically, the results of simulations with only coherent
errors~blue ‘‘s’’ !, the results including relaxation using the relaxation su-
peroperator shown in Fig. 5 and Table I~red ‘‘* ’’ !, the results including
incoherent errors but no relaxation~cyan ‘‘d’’ !, and the same following
simulation of the full QPT procedure~green ‘‘3’’ !, wherein decoherence
was mimicked simply by scaling down the simulated QFT superoperators
following the state readout pulses by a factor of 0.82~save for the compo-
nent with eigenvalue 1, which is needed for trace preservation!. To aid the
comparison, the eigenvalues of the QFT superoperator including only the
coherent errors~blue ‘‘s’’ ! were scaled to have the same RMS value as
those obtained with the simulated relaxation, thereby showing that the net
effect of relaxation on the results of the QFT is simply to lower the ampli-
tude of the eigenvalues without otherwise dispersing them in the complex
plane. It may also be seen that the effect of incoherent errors on the eigen-
values is both to increase their angular spread and to scale them down
proportionately, so that they tend to move along arcs inside of and tangent to
the unit circle, and that the additional errors introduced by the tomography
procedure do not alter them greatly.

TABLE III. The two triples of single-spin rotations that optimize the correlation coefficient between the best
unitary approximations to the largest Kraus operators of the experimental and simulated supermatrices, when
the experimental supermatrix is left or right multiplied by the unitary matrix corresponding to each one of these
triples.

Side Spin x-, y-, andz-directional cosines of rotation axis Rotation angle~deg!

Left 1 20.992 0.007 0.123 36.7
Left 2 20.386 20.243 0.890 9.0
Left 3 0.703 0.701 20.123 16.9
Right 1 0.059 20.031 0.998 14.2
Right 2 0.227 20.512 0.829 10.2
Right 3 20.092 20.292 20.952 38.3

FIG. 16. ~Color! The blue squares~h! are the eigenvalues of the simulated
supermatrixMsim , including coherent, incoherent, and readout errors, while
the magenta triangles~n! are those after correctingMobs by postmultipli-
cation with the product of single-spin rotationsUD

1
^ UD

2
^ UD

3 and the or-
ange diamonds after premultiplication with a product of different single-spin
rotations~see Table III!. Although we cannot quite unambiguously match up
pairs of eigenvalues, it is clear that they have been made very similar by
these corrections.
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tations that best fit the error operatorUD5U1,sim
† U1,exp are

also shown in Table III, together with the eigenvalues of the
corresponding corrected superoperators in Fig. 16. The prod-
uct of these rotations similarly has a 0.97 correlation with
UD , but in this case one must right-multiplyU1,exp by the
Hermitian conjugate of the product to correct it. The close
coincidence between the angles of rotation about thex axis
on spin 1 in the first case and about thez axis on spin 3 in the
latter case is expected, sinceUQFTsx

1UQFT
† 5sz

3 ~recall sx
1sz

3

is a fixed point of the QFT!.
Finally, it is of interest to demonstrate that despite a

substantial number of negative eigenvalues in the Choi ma-
trix of the experimental supermatrix, it is not necessary to
change it much in order to obtain a supermatrix which rep-
resents a completely positive and trace-preserving superop-
erator. For this reason the supermatrixMCPTP which best
fitted the Choi matrix of the experimental supermatrix sub-
ject to the constraint that it was both positive semidefinite
and satisfied the trace-preservation conditions was computed
as described in Sec. III. Although this procedure made essen-
tially no change in the largest Kraus operator~as expected!,
it did have a significant effect on the experimental superma-
trix as a whole. The correlations between this CPTP fit and
the other supermatrices that we have dealt with up to now are
given in Table IV, along with those of the original experi-
mental supermatrix for comparison. This shows that even
though imposing the complete positivity constraint on the
experimental observations did not change the supermatrix
very much, the change was distinctly in the right direction
since it improved the correlation with both the simulated and
theoretical supermatrices. This is further confirmed by Fig.
17, which shows the eigenvalues ofMCPTP, along with
those of the superoperatorŪ1,CPTP̂ U1,CPTP obtained from
the best unitary approximation to its largest Kraus operator
~scaled down so as to have the same trace asMCPTP) and
those of the experimental supermatrixMobs for comparison.
From this we see that the eigenvalues ofMCPTPare closer to
being cocircular, indicating that it is closer to an attenuated
unitary than wasMobs, but that only after taking the unitary
part did they become perfectly cocircular.

IX. CONCLUSIONS

In conclusion, we have implemented quantum process
tomography of the quantum Fourier transform on a three-
qubit NMR quantum information processor. The overall gate
fidelity ~attenuated correlation between superoperator matri-

ces! was 0.64, whereas the~unattenuated! supermatrix corre-
lation was 0.82~see Table II!. Judging by the fact that mak-
ing the unitary part of the largest Kraus operator correspond
as closely as possible to the theoretical QFT gave a correla-
tion of 0.95, we conclude that the loss of fidelity due to
incoherence and/or measurement errors during state tomog-
raphy was of order 5%. The loss of magnetization due to
incoherence and decoherence, on the other hand, was
0.64/0.8250.78, i.e., about 22%. This implies that the cum-
mulative effects of coherent errors reduced the fidelity by
about 0.82/0.9550.86, or 14%, consistent with the fact that
the correlation between the largest Kraus operator and the
theoretical QFT unitary was 0.925'A0.86.

More importantly, QPT of the QFT has enabled us to
validate the essential correctness of our model of the system-
plus-apparatus used for the experiments in great detail and to
isolate its remaining shortcomings. It has further prompted
us to develop a range of data analysis and visualization tech-
niques for quantum process tomography, which should be
broadly applicable in quantum information processing. The
experiments described here demonstrate the precision with
which complex quantum dynamics can be controlled, and
highlight the significance of liquid-state NMR as a test bed
for achieving such control. While full QPT on larger quan-
tum systems will never be practical, the analysis done here
should serve as an initial guide as to how information about
the errors in quantum information processors can be ex-
tracted and, perhaps someday, how to debug a quantum
computer.
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