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Abstract

We characterize the quantum gate fidelity in a state-independent manner by giving explicit
expressions for the variance and a method for calculating all moments of the gate fidelity.
Using these results we discuss a method for determining the time evolution of the variance of
the gate fidelity in the case of Markovian noise. We analyze the limiting cases of a single qubit
and large-dimensional quantum systems. Applications of these results to quantum chaos and
randomized benchmarking are also discussed.

1 Introduction

In quantum information science, quantum systems are transformed by applying unitary operations
or gates. Real experimental implementations of a gate are always imprecise: we wish to apply the
gate U, but instead we apply some quantum operation £. One useful measure of how close ¢ and
€ are is the gate fidelity Fe 14 (a.k.a channel fidelity) between U and £. The gate fidelity between
& and U is the function on quantum states with action given by,

Feulp) = (mem VEw)

Here p is a quantum state and the right hand side is the familiar state fidelity between £ (p) and
U(p).

The goal of this paper is to remove the dependence on the input state by calculating state-
independent properties of the gate fidelity — specifically, its mean and variance over the uniform
distribution on pure input states. The first order information for how much the quantum operation
deviates from the unitary is given by the mean of the gate fidelity [13, [7]. Knowledge of higher
order moments for the gate fidelity allows for the determination of the shape of the gate fidelity
around its average.

One expression for the variance of the gate fidelity between a unitary operator and a linear
operator mapping into pure states has been given in [I5]. In this paper we relax the unnecessary
restriction to linear operators mapping into pure states and consider a general quantum operation
with range given by all quantum states. In addition, the method we use to obtain the variance is new
and extends to calculate all higher order moments. We also obtain various equivalent expressions
for the variance in terms of invariants of the quantum process. Our calculation also allows for
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an analysis of specific cases, examples of which are the single qubit case and the case of large
dimensional quantum systems.

The paper is laid out as follows: The first section deals with the background required for the
rest of the paper. Since the method we use for calculating the variance can be used to calculate all
moments we use it to calculate the average fidelity in the next section and show that the result is
consistent with known expressions.

Next, the variance is calculated in terms of both the Kraus and x-matrix [5] representations and
calculating higher order moments is discussed. In the following section we use the expression for the
variance in terms of the y-matrix to obtain an expression in terms of the Choi-Jamiolkowski state.
One advantage for this representation is that it allows for a more simple method to determine the
time evolution of the variance in the case of Markovian noise.

We use the y-matrix and Choi-Jamiolkowski state representations of the variance to analyze
two cases of interest, that of a single qubit and when the dimension of the quantum system grows
large. Simple expressions for the variance are given for a single qubit, and for large dimensions the
variance is shown to decrease as the inverse of the dimension.

We conclude with a discussion of our results. In particular we discuss the relevance of the
results obtained to randomized protocols for noise characterization, and to estimating the fidelity
decay under controlled perturbations in the context of simulating quantum chaotic systems with a
quantum information processor.

2 Background

2.1 Gate Fidelity

Before beginning let us set some notation for the rest of the paper. Let H represent the Hilbert
space for a quantum system of dimension D and D(H) represent the set of states for the system.
The set of pure states for a quantum system is represented by complex projective space CPP 1.
For any operator A € L (H) we define

[A] = tr(4) (1)

which will make many of the following equations less cumbersome.
For p, o € D (H), the fidelity F between p and o is defined by,

F(po) = (i \/ﬁow/ﬁ>2- @)

The fidelity is a useful measure of how far apart two states are in terms of deviation of measurement
statistics. Realistically when one intends to apply a quantum gate, represented by a unitary operator
U, there is an error in the implementation. The imperfect operation is represented by some quantum
operation £. The gate-fidelity F¢ 1/ is a useful state-dependent description of how close two quantum
operations are. If p € D(H) then Fgyy is defined as,

2
Feaulp) = F(E(p).U(p)) = (W VEQU) mp)) | 3)

We are interested in the case when the input state is pure. If ¢ — |$)(¢| € CPP~! then,




Feu(d) = tr U(|o)(@)E(9)(4])) - (4)

If {M} and U are Kraus operators for £ and U respectively then using the cyclic property of the
trace this can be rewritten as

Feulp) = tr (U|¢><¢|U*ZMM¢><¢|M,I>
k
= tr(jo) @l UT o E($)(¢])) - (5)
Defining A =UT 0 &,
Feu(d) = tr (18)(8|A(9)(¢])) (6)

where A represents how much £ deviates from U.

There is a natural measure one can put on CP”~! called the Fubini-Study (FS) measure [2]
which we will denote by pps. prs is the Borel measure induced by the Fubini-Study metric on
CPP~!, and is the unique unitarily invariant probability measure on CPP~!. The average fidelity
under the FS measure, Fg yy = [opo—1 Feudprs, is given by

Few = [ () wia() ) dv

> () + D
- D2+ D M

where the {K;} are a set of Kraus operators for A [7], [13].

2.2 Generalized Gell-Mann Operators

There are various methods of generalizing the properties of the familiar Pauli operators on a single
qubit to an arbitrary qudit. The generalization we will use throughout the rest of the discussion
are the generalized Gell-Mann operators [10]. The Pauli’s form an orthogonal basis in L (C?) under
the Hilbert-Schmidt inner product. They are unitary, Hermitian and traceless. The generalized
Gell-Mann operators satisfy all of these properties except unitarity, which will not be of concern
to us. We will assume that each operator in the basis, {P,}, a € {0,..., D? — 1}, is appropriately
scaled so that,

[PoPy] = Ddg.p- (8)
Note that Hermiticity of the basis implies Va,

Pl = pr. (9)

a a

We will use the convention Py = 1.



2.3 Permutation Operators and the Symmetric Subspace

We briefly discuss permutation operators and the symmetric subspace, and then present some
results regarding them that will be used later. Let H®* be a k-fold tensor product of the Hilbert
space H. If Sy is the symmetric group on k objects and o € Sy then the unitary permutation
operator P, is defined by

Py (Ju1) ® ... @ ug)) = [ug-1(1)) @ o @ |tg-1(1)) (10)

where the |u;) are arbitrary elements of 7{. The symmetric subspace for H®* is the set of all states
that are invariant under any such permutation operator. Denoting the projector onto the symmetric
subspace by 7gym(k, D) we have,

Toym (b, D) = Z P,. (11)
" o€Sy

Next we discuss a useful result regarding traces of permutation operators multiplied by arbitrary
tensor products. Suppose that we have k operators Ay, ..., Ay each of which are in L (H). As well,
suppose that P, is the unitary permutation operator corresponding to the permutation o € Si. Up
to ordering, every permutation in S can be written in cyclic form, that is, it can be written as a
product of simple cycles. Let o be written in its cyclic form as (a;...a,) ... (aq...ax) so that there is

a one to one mapping between the a; and the set {1,...,k}. Then,

(A1 ® ... ® Ay) Py] = [Ag,.. Aq,] . [Aa, .. Aay] . (12)

Pictorially this means that to calculate [(4; ® ... ® A) P,] one just writes o in its cyclic decom-
position, places each A; element in the unique spot that i occurs in the cyclic decomposition and
replaces each set of “( )" with “[ ]”.

The following result [16] will also be important in the calculation of the second moment of the
fidelity,

Tsym (K, d)

Rk _
/ (o)) ap = Feeme

(13)

2.4 The Choi-Jamiolkowski State for a Quantum Operation

For a quantum operation A acting on L (H), the Choi-Jamiolkowski state for A [4] is the positive
trace-1 operator J(A) in L (H ® H) given by,

JA) = > Aa)d]) @ |a)(dl. (14)
(a,b)EZDXZp

If we denote the maximally entangled Bell state on H ® H by o then,

J(A)=ARTI(Do). (15)
Since A is a quantum operation, % is a quantum state [4]. This correspondence is a bijection

between quantum operations and states. For the rest of the paper we will denote J(A) by J.



3 Calculating the Variance of the Gate Fidelity

Let £ and unitary U/ be arbitrary quantum and unitary operations respectively. In this section we
will explicitly calculate the variance of Fg gy : (CPP71 || [2) — R
Var (Few) = Fay — Feud » (16)

in terms of both the Kraus operators and y-matrix (see below) for A = Ut o £. The y-matrix for
A is a D? by D? matrix of complex numbers that completely describes A once a basis for L ((CD )
is fixed [B]. It is a useful object in quantum state estimation [I] because any element of x can
be estimated efficiently, with estimation of the off-diagonal elements requiring only a single clean
ancillary qubit. L

The method by which we calculate fg,u is a specific case of a method that calculates all moments
of Fg . Therefore, in order to gain some intuition for the method, and compare it with known
results, we first calculate m To make equations less cumbersome we will denote Fg iy by F.

3.1 Average Fidelity
By definition,

F(w) D) = A DR @l = S () (bl )
S ) () [ K o)

S [(#i 0 K1) ) vl 1) ] (17)

?

Therefore,

F= / Fw)wl)dy

S| (o w7) [0l @]

i

E[en) e m) )

i

since [ |¢)(¢| @ |[¢)(y|dy = %. Hence using moym (2, D) = 3> ,cg, P- and the result on
sym (
taking traces of tensor products of operators with permutation operators,

F o= 27r5ym2D ZZKK@KT) }

i oESy

1
2[aym (2, D)) (Z (ixlix]) +D) : (19)

K2

Since



[Moym(2, D)) = (1@ 1) Tsym(2, D)]

D*+D
= 20
) (20)
we have the well-known result,
_ (i) + 0
F = . (21)

D%+ D
This can be further simplified if we expand the K; in terms of the generalized Gell-Mann basis
{P:}. Suppose K; =}, ijj so that,

Ap) = > (Zl: va1> p <Z (vh)" Pm>

7 m

(i)

Im

The coefficients 3,77 (7%,)" form a D? by D? matrix that is commonly called the x matrix. Thus
we have,

A(p) = ZXl,mPlme- (23)

l,m

Hence we can write the average fidelity as,

_ 1 i i *
F = M;[(zl:’}/lzpl@;v:n Pm>ﬂsym(2’D)]

- ﬁ > (Z vi%ﬁ) (P ® Pp) Taym (2, D)]

l,m
_ ﬁ %; Xt.m ([B][Pm] + [PiP))

Xo0,0D +1
D+1

Next we calculate the variance of the gate fidelity using analogous methods.

3.2 Variance of the Fidelity
By definition,



F2([¥) ()

[AQ) @)Y (1) [A(D) (W] ) (]
> WK ) (| K] ) Z<w|Kj|¢><w|Kj- )

i

> (Ko kL) lwdwl @ [opwl] 3 [(K; © K] ) 1)l @ ) (]

= Y [(Ke Kl oK o K]) il @ W)Wl @ ) wl © Wl . (25)

Therefore,

7 o= YooK K@ K © K) [DWTe 9] @ W)@ 6]

,J

3 [(Ki@)KJ@Kj@KJT) M] .

]

. Tsym (4,D .
since [)(0]@ [0} @ W)W @ [0) (Y] = 22Dl Using mom(4, D) = 55 Y pes, Po and the
result regarding taking traces of tensor products of operators with permutation operators we have,

— 1
7 S0 & 2 (oKl oK o K]) P
(KKK KD + KGR KK +

4,J
where there are 24 terms in the sum corresponding to the 4! permutations of 4 objects. Again,

we can write F2 by expanding the K, in terms of the generalized Gell-Mann basis. Suppose
K =32;7;P;. Then,

(K@ K] @ K;© K] ) mym(4,D)] = KZ %P ® nyin*pm ®Y NP ® nyg;*pr> Toym (4, D)]

Z ’Yl%n 'Yn%« B®Pm®Pn®PT)7Tsym(4aD)]-

lLm,n,r
Hence,
_ 1
F2o= D YA Doi AlT | (P @ Py @ Py @ Pr) moym(4, D)
[Toym (4, D) 2=\ 4=
1
= T i g Xi,mXn,r [(]Dl ®Pm ®Pn ®Pr) Ts m(47 D)}
om0, 22 y
1
= WIT;eranr [P[P][Pa][Pr] + [P P ] [P [Pr] - -..) (29)

(28)



Since,

[2][2][n][2] 4 [L][L][2] + ...
24
D* +6D% 4 11D? +6D

- 24 ’ (30)

[Tsym (4, D)]

a direct calculation using the previously discussed properties of the generalized Gell-Mann basis
gives,

_ 1
F? o= <X3,0D4 +D? (2 (X2)0,o + (XXT)O,O + (XTX)O’O + 2Xo,o)

’ ’ .D

l

+ D? <4X0,o + "] +2 + [X?]

T14 [(A(ﬂ))ﬂ) +3D+2 |3 Xt PA(P) > (31)

lm

Xg.0D%+2x0,0D+1

. = 2. .
DTF3D 1 we have an expression for 72 — F in terms of the y-matrix for A,

Using - =

_ 1 4 4.2 T T 2
VarF) = ppr v an + 1) (D% 15D + 1) (D (=380 -+ (o0 + (0o +2 (%))

> (xwo +x00) PIA (é)}

l

+D? ( —6x5.0 + (X" X) g0+ (X )go + Dxx'] +2

(()])

> (xto + x00) PIA <é)

l

—dxo0 + [ +2(x%)g 0+

+D? <8Xo,o + [Xﬂ + [XXT] —-1+4+2

+D (2 D xemPAP) | =3 +2 | xtmPA(Pr) )
l,m l,m

(32)

Next we discuss the extension of the methods used in this section to higher order moments.

4 Higher Order Moments

For m € N, F™ has action given by,



Fr (@) = (A )™
> [(Ka @ &) oyl @ ) wl] 3 [(Ke © KL ) o)) @ 9) (vl

1 Tm

Y [ oKl 00K, @ K] ) 03w, (33)

iyemsim

Hence using the previous results on permutation operators and the symmetric subspace,

= s Y KKK VKT T+ (K KK KT ] (34)

with (2m)! terms in the sum corresponding to the fact that there are (2m)! elements in the symmetric
group So,,,. We have also used the fact that,

2m+D —1
[Tsym (2m, D)] = ( D_1 > (35)
Expanding in terms of the generalized Gell-Mann basis gives,
— 1
= W Z Xy siag =+ Ximy yimy ([Pill][Pilz]"'[PiMJ[PiMQ] + )
N D=1 ) iny iy iy simg
1 m 2m
= o (oD ), (36)

(2m)!( D-1 )

Next we use the expressions obtained for 2 and F in terms of the y-matrix to obtain expressions
for these quantities in terms of the Choi-Jamiolkowski state for A.

5 Variance in Terms of the Choi-Jamiolkowski State

The two expressions we have given for F2 to this point are in terms of the Kraus operators
and y-matrix for A. In this section we use to obtain an expression in terms of the Choi-
Jamiolkowski state for A. One advantage of this representation is that it is basis independent unlike
the y-matrix representation that was obtained by expanding the Kraus operators in terms of the
generalized Gell-Mann basis. Another advantage is that this expression allows for a simple method
to calculate the time evolution of the variance for Markovian noise, as will be discussed below.

Let J be the Choi-Jamiolkowski state for A and o be the maximally entangled Bell state |1} (1]
on 'H ® H where,

i

1 . ,
o) = = D i o1 (37)

?

I
=



The details of the calculation of both 7~ and F2 are given in the appendix. For F we get,

F = Lgf Ir ! (38)

which implies
2 [Jo)?D?+42[Jo]D+1

= D2+ 2D + 1 ' (39)

The expression for F?2 is,

F? o= ! ([Jo]2 D*+ D3 (2[J%0] + [JJT o] + [JT Jo] +2[Jo])

D*+6D3 4+ 11D% 4+ 6D

+ D? <4 [Jo] + [JJT] +2D [[Ja +oJ)" [J}TQ} + [J7]
+ 1+ [((17)7] ) +3D+20" [ (Jo™)" (JoT) "] ) . (40)

where ()72 denotes the partial transpose with respect to the second subsystem and [-]72 refers to
the partial trace over the second subsystem. Thus, and together give an expression for
the VarF in terms of J.

5.1 Time Dependent Markovian Noise

As mentioned previously, an expression for VarF in terms of J reduces the time-complexity of
determining the time evolution of the variance of the gate fidelity between Markovian noise A(t)
and the identity operation Z. Suppose A(t) is Markovian and ¢ > 0. Markovicity implies that A(t)
satisfies the semigroup property,

Aty + t2) = A(t1) 0 Alt2) (41)

Vt1, to > 0. This implies that if one has a description for A(At) for some At then for any m > 1
they have a description of the noise at mAt by taking the m-fold composition of A (At) with itself.
We denote this m-fold composition by (A (At))™. By the definition of the Choi-Jamiolkowski state,

J (mAY)

Y AmAl (la)(bl) © la) (b

(a,b)EZD XZp

= Yo (A A)) (Ja)bl) @ |a) (b

(a,b)EZp XZp
= AAYT( Y (ALY (Ja)b]) @ la) b
(a,b)EZp XZp

= AA)®TI(J((m—1)AL). (42)
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Therefore if one has the expression for A (At) they have J (mAt) for any m > 1 by just acting
A (At) on the first subsystem m times. In moving from (m — 1)At to mA¢t one need only update
the Choi-Jamiolkowski state using J(At) and calculate a fixed number of traces. Hence, using the
representation of the variance in terms of the Choi-Jamiolkowski state, the complexity of calculating
the variance does not increase in time for Markovian noise. If one uses only A (At) to calculate the
variance using the Kraus representation then one would have to either find a Kraus representation
at each time step or have the number of traces increases as the square of the number of Kraus
operators for A at each time step. Since composition of quantum operations does not correspond to
composition of the associated y-matrices, the xy-matrix would also have to be re-evaluated at each
time step. Next we look at the case of a single qubit.

6 Variance For a Single Qubit

In the case of a single qubit we can obtain a more simple expression for the variance. The calculation
is contained in the appendix and for F? we get,

< — 48§ o + 64x0,0 + 16 (xx™ + XTX)O)O + 16 (XZ)O)0 +4 o]+ 12 X% + 8+ {A (]1)2} )

77 _ .
120 (43)
. =2 x3.0D*+2x0,0D+1
Since F = W we have,
<4X(2),0 + 4x0,0 + 1)
—=2
: (44)

Thus in terms of the x-matrix and Choi-Jamiolkowski state for A we get the particularly simple
expressions,

— 2 —38 2 4 2 1 T T
Fi-F = 15 Xoo T EX00 = Et 1og (16 (M0 + (F0)o0)

+16 (X2)070 +4 [XXT] + 12 [Xz] + [A (1)2} >

—38, o 4 2 1
= o Vel + plel-E+ 155 (16 ([JT o]+ [J"Ja])
+16 [J2o] +4 [JJT] + 12 [J?] + {([J]T'Z)z} ) (45)

Next we look at the behavior of F for large dimensional quantum systems.
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7 Behaviour for Large Dimensional Quantum Systems

The denominator of is a quintic polynomial in the dimension D. The numerator contains powers
of D up to and including 4, however the coefficients depend on the y-matrix. We would like to
bound these coefficients in terms of D.

First, since x is a trace-1 positive semi-definite matrix, xp0 < 1 and [Xz} < [x] = 1. The
Frobenius (Hilbert-Schmidt) norm on L (CP), denoted by || ||#, is the operator norm induced by
the Hilbert-Schmidt inner product. Explicitly, for A € L (CP), ||A]|p = \/tr (ATA). Using the by
the Cauchy-Schwarz inequality,

| Do < Ixle x| (46)

Since x and xT have the same singular values ||x||r = ||x”||r. Therefore since |x||r < 1 we get
HXXT” < 1. This also implies (XXT) < 1 and (X X)OO < 1. Next, note that since A(

trace-1 and positive semi-definite, [(A (5)) ] <1.

The only two coefficients that remain to be bounded are [Zz (X1,0 + x0,) PA ( )] and [Zz m Xt,mPIA(Pr) |-
By the Cauchy-Schwarz inequality,

HXZ:XZ,OPN\ (l];)H < 0P A(;;) .
< i (47)
Since,
:
‘ = (le,opl> (me,oPm> = ZXOIPZ (me,OPm>
F l m m
< D (48)

we get [35 (xuo + Xxo0) A ()] < 2D.
Finally, using [Zl,m Xl,mPlA(Pm):| = D? {S(SJ)T1 J} from the appendix we would like to

bound {J S (SJ )Tl}. Again using the Cauchy-Schwarz inequality,

[7ssn™]| < 1Sl sn”
= s sy \/ ™) (5" ]
< \/ {((SJ)TI)T(SJ)Tl] (49)
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since [(JS) (JS)T} = /[J?] = |J|lp < 1. Now for any A, B € L(H®H) we have that
(a)™ = (a)" and [(4B)"] = [BTA™]. Thus,

() ] = [ (1) s

s (1)}
(sts)”]
- 17

< 1, (50)

which implies [Zl m Xl’mPlA(Pm)] < D2. Thus, the numerator of is quartic in D.
This implies that for large D we can write,

5) (51)

and soﬁf?QHOas % when D — oo.

8 Discussion

We have given a method for calculating all moments of the gate fidelity F¢ iy between a unitary U
and a quantum operation £. A consequence of this is that we obtain various closed form expressions
for Var (Fg /). Using these expressions we have obtained a simple expression in the case of a single
qubit and have shown that for large quantum systems, the variance is O (%) The expression for
Var (Fg 1) in terms of the Choi-Jamiolkowski state can be used to look at the time evolution of the
variance of Fg 7 in the case of Markovian noise.

There is growing interest in the use of twirling [3, [6] and randomization methods [7, 12] to
estimate partial information about the unknown noise affecting the implementation of quantum
memory or quantum gates in a completely scalable manner [§,[I7]. In addition to the eigenvalues of
the twirled noisy operation (which includes the average gate fidelity as a special case), it is hoped
that other information such as the variance of the fidelity over the twirling/randomizing gate set
may provide useful information about the unknown noise model. Indeed in [12] it is suggested that
the variance of the fidelity measured under the proposed randomized benchmarking protocol may
provide useful information about the extent to which the noise is coherent. Our work shows that
there are a number of difficulties with analyzing the variance of the fidelity in this context.

First, we observe that the variance decreases exponentially with the number of qubits that are
involved in the randomized benchmarking or twirling protocol. This implies that an exponentially
increasing number of repetitions of the protocol would be required to obtain a reliable estimate of
the variance. Secondly, we remark that in order for the variance to be independent of the initial
state and the particular choice of randomizing gates (and hence reflect some intrinsic feature of
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the noise model), the randomizing gates must comprise (or at least generate) a unitary 4-design.
Since the Clifford group is only a unitary 2-design (see in particular [6] for further discussion),
randomizing under different choices of Clifford gate sets can produce different values for the variance.
However, the original randomized benchmarking protocol considered in [7], which suggested using
Haar-random gates, will produce a variance that depends only on the noise model (assuming, as
usual, that the noise is effectively independent of the sequence of randomizing gates). While that
protocol may be practical for single qubits, or a small numbers of qubits, the fact that exponential
complexity is required to implement a Haar-random unitary makes the protocol of [7] impractical
for large numbers of qubits.

Lastly, even under a benchmarking protocol for a single qubit that makes use of a gate set that
generates a 4-design, our expression shows that the variance depends in a non-trivial way on both
the diagonal and off-diagonal elements of the y-matrix. Hence the extent of the coherence of the
noise model, understood here as referring to the fact that the noise can not be expressed as a Pauli
channel, can not be inferred from an estimate of the variance alone. However, there remains the
possibility that the extent of coherence in the noise could be estimated by comparing results from
different randomized benchmarking schemes, eg. with and without supplementary Pauli rotations.
This would be a worthwhile topic for further investigation.

As a final comment, another application of our results is in the context of simulating quantum
systems on a quantum computer. This one of the most important potential applications of quantum
information processing, and the most likely to be possible in the near term. Of course an important
shortcoming of efficient quantum simulation (relative to inefficient simulation on a classical com-
puter) is that not all the information about the simulated system is available upon measurement.
This “readout problem” poses a practical obstacle and opens the question of what, if any, properties
of the system may be estimated with a scalable number of repetitions of the simulation.

In the context of studying quantum chaos, it was suggested in [9] that the characteristics of
fidelity decay under perturbation, an important indicator of quantum chaos, could be estimated in
an efficient manner. In particular, under the random matrix conjecture for complex and chaotic
systems, the fidelity decay can be predicted exactly under any known perturbation, and compared
to the observed decay. An implicit assumption of that argument is that the variance of the fidelity
remains small as the system dimension increases so that a reliable estimate of the mean is possible
with a scalable number of repetitions. Our result on bounding the variance shows that this is indeed
the case and gives a rigorous justification to that work.
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10 Appendix

10.1 Gate Fidelity in terms of the Choi-Jamiolkowski Operator
10.1.1 Relating the y-matrix to the Choi-Jamiolkowski operator

The first step in obtaining an expression for the variance in terms of the Choi-Jamiolkowski state
J for A is to find a relationship between the y-matrix and J. If we define the orthonormal basis
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{l0), ---[¥p2_1)} by,

[vi) = P; @ 1ftho). (52)

Vi € {0,...D% — 1} where {P;} is the generalized Gell-Mann basis then with respect to the basis
B = {|v:)(¥;| : i,5 €{0,...,D —1}} for L(H®H),

Jim = Xt,m- (53)
To see this first note that,
1 D?—1 1 D21
U:‘¢O><¢O|:ﬁZR?@PIC:EZPJC@PE. (54)
k=0 k=0

Since A(p) =32, Xt,mPipP and J = A @ I(0) we get,

1
J = D2 Z Xl,m(PlPkPm®PkT). (55)
k,l,m
Then we have,
Tna = Waldla) = [(Pa @ 1)J(Py @ 1)[o) (to]
1
= ﬁ Z Xl7m [Pqupnf)lpkpm] [P]TP]?]

4.k,l,m

1
k,l,m

Since [P, P;] = Dd; j, for any A € L (CP),

D?—1
> P.AP. = D[A]1L. (57)
k=0
Hence,
1
J’n,q = ﬁ Z Xl,m [Pq (D[Pnpl]]l) Pm] = Xn,q (58)
lm
and xo,0 = [Jo].

—2
We can now express F as

—  [Jo’ D?+2[Jo] D +1
= D2+2D+1 (59)

and for 72 with A (%) = [J]™> we get,
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— 1 ) f
FZ - D4+6D3+11D2+6D<[‘]0] D4+D3 (2 [‘]20]+[JJTO']+[JTJO'}+2[JCT])

+ D? <4 [Jo| + [JJ7] +2 (Z (x1,0 + Xo0.1) [PzA (;)D + 7]

l

+14 [([J]Tz)z}) +3D+2% vim [PlA(Pm)]). (60)

Lm

To finish writing 72 in terms of J we need to find expressions for [(3°; (x1.0 + Xo0,) P1) A (3)] and
Zl,m Xl,mBA(Pm):| .

10.1.2 Finding an Expression for [(Zl (X1,0 +x0.1) P) A (%)]
Since J = Zz,m Xi,m (P ® 1) o (P, ® 1) we have,

Jo=> xim(P®l)o(Pne®l)ec = > yio(P®1)o
l,m l
= LY xRl e il (61)
1,3,7
Therefore,
o™ = 53 xioP (62)
l

where the notation “[ - ]72” represents the partial trace with respect to the second subsystem.

Analogously, [UJ}T2 = % > x00 P

so that,
[(; (X1,0 + Xx0,) Pz) A <£>

10.1.3 Finding an Expression for [Zl’m Xl,mPlA(P7n):|

-D [[Jg toa™ [J]TQ} . (63)

Noting that J = 3z >, A(Px) ® P we have,

(R PT) ] = 25 S [RAB [PLET) = = [AA(R,]. (64)
k

Since Zl’m Xi,mPr ® PL =35 A ® A} we can write,

ZXl,m [PA(Py)] =D KZ A ® A;) J
lLm k

. (65)
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We would like to relate ), A ® Aj, to J. The natural matrix representation of A in the standard
D
basis for L (CD ), denoted AZLJ(;CZ ) is given by,

L(cP)

A ) = [(0DGDTAGRYAD] = GIA (I 15)- (66)

Hence,

AHED) <2Am|k zw)m = 3 (Al A7) )

m m

D (il ® (il (Am ® A7) [k) ® |1)

m

HRH

(Z Ap ® A;) (67)

ij,kl

where (37, A ® A;"n)g%lH is the matrix representation of >~ A,, ® Ay in the standard basis for
H&H.
J in the standard basis for H ® H is,

T = Lo (ZA<|a><b|> ® |a><b|> k) & 11
a,b

1  r(cP

T o (68)

Hence,
HRH ( D)
* _ aL(c HOH
<Z Am @ Am) - Aij,pq D‘]mqj : (69)

m 1j,pq

This gives,

HRH
EX(Saeen)

4] Pyq

(o)

- YT
= DZZ il @ (plJ|7) @ |q)) ((p| ® (q|J]7) @ |4))
= DZ (T 5)(p|)J (J5)(p| ® 1) J] (70)

Using the SWAP operation we can write,

17



=D [SWAP (lj){p|© 1) J (Ij)(p| © 1) J]. (71)

(S )] =%

The unitary Kraus operator for SWAP, denoted by S, is
S= > hulela (72)
1,j=0,...,D—1

as is easily verified by noting that V&, € {0,...,D — 1}, |k) ® |I) ~ |I) ® |k). Note that S = ST and
SST =52 = 1. Since

1 N N
o=75 >l e il (73)
1,5=0,...,D—1
we have
S = Do™ = Do™2 (74)

The partial transpose operation on the first subsystem of a state , denoted x'*, is given by,

= Y (BUe k(KoL) (75)

k,1=0,...,.D—1

with an analogous expression for the partial transpose on the second subsystem. Therefore,

(o)

= DI IS0 © VI (3o 1]

D [(SJ) (SJ)Tl]
D[ (o™ )" (™) " (76)

and so,

Zle Pl

ZAk®A*

= D |(e") (") "]
= D*[(1o™)" (16™)"]. (77)

Hence in total for F2 we have,
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__ 1 ]
F2 = D4-|-6D3—|—11D2+6D<[JU]2D4+D3(2[JZU]+[JJTG]+[JTJU}+2[JU])

+ D? (4 [Jo]+ [JJ"] +2D [[Ja +oJ]" [J}TQ} + [J?]
+1+ [((17)7] ) +3D +2D" [(Jo™)' (Jo) "] > . (78)

10.2 Calculating the Variance for a Single Qubit

In this section £2 — Z~ is calculated in a more compact form for the case of a single qubit. Since
we already have a simple expression for F given by we only need to calculate F2. Instead of
using , we will use which will allow us to group particular terms together to obtain a more
simple expression.

To begin, we state some simple facts regarding the y-matrix. First, the y-matrix is positive and
has trace equal to 1. Second, Zl,m Xim PP = A(1) = DA (%) and third, Zl’m XimPmP =1
from trace preservation. The 24 terms in are sorted into groups of 3 each of which is dealt
with separately. Since we are working with a single qubit, D = 2 in all expressions below. While
we do not substitute for D until the end of the calculations, it should be noted that many of the
expressions below only hold in the case D = 2.

10.2.1 First Group of Terms

The first group consists of the following 10 terms:

Y XtnXna (PIP][P][P] + (PP [Pl [Pa] + [P P[P [Pa] + [P[P] [P Pr) + (PP [P [P]

l,m,n,r

+ (PP [Pon Pr] + [P PRl [P[Pr] + [P Po] [PL Py ] + [P P [P [Pr] + [PL P [Po Pr]).-

Using the above properties one can obtain that this group equals,

X6.0D* + > xtoxoaD® + > X3, D% + x00D* + > xiD?
I I I

+ Z XlZ,ml)2 + Z XO,me,Ol)3 + Z Xl,me,ll)2 + XO,OZ)3 + D (80)

l,m m l,m

10.2.2 Second Group of Terms

The second group consists of the 8 terms

Z Xl,an,r([PlPrPnHPm] + [PanPr] [Pm] + [PmPrPn][Pl] + [PmPnPrHPl]

l,m,n,r

+ [P P P [Pp] + [Pr P PR][Py] + [Po Py P [Pr] + [Po PPy [Pr]). (81)
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These 8 terms are grouped by two and the resulting four sums are calculated independently. For
the first sum we deal with five cases:

Case 1: n# 1, n # 0, and r # 0. This implies P, P, = —P, P, and so the above is 0.

Case 22 n=r. Weget 23, . Xi,mXn,n[F2][P] which equals 2x0.0D%.

Case 3: n.= 0. We get, 237, X1,mXo0,-[P1Pr][Pm] which is just 237, X1,0X0,.D?.

Case 4: r = 0. Similarly to case 3 we get 2, XZQ)ODQ.

Case 5: r = 0 and n = 0. This case is required because we have over-counted for this case twice

above. The result is 2X(2)70D2.
Hence the five cases give in total,

Z Xl,an,r([BPrPn][Per]+[F)lpnpr][Pm]) = 2)(0,01324'2 Z Xl,OXO,lD2+2 Z Xl2,OD2_4X(%,OD2'

l,m,n,r 1 1
(82)
The other three sums are calculated in a similar fashion and in total we end up with,
8x00D% +8  xiox0uD> +4Y x5, D* +4Y_ xi D> — 16x5,,D". (83)

l l l

Substituting D = 2 and collecting terms for both the first and second group of terms gives,

— 4800 +48x10+ 32D XGi+ 16D Xio+ 16> XtoXoa +4> X 4D XtmXmi +4 (84)
l l l

lm lm

10.2.3 Third Group of Terms

Lastly we have the 6 terms

l,m,n,r
(85)
which we group into three pairs as, Zl,m’mr Xt,mXn,r ([PiPr PoPp] + [PLP-PpPy)),

Zl,m,n,r Xl,an,r(UDanPmPr] + [JplePnPrDv and Zl,m,n,r Xl,an,r([F)lePrPn] + [BPnPerD
The first pair is easy to calculate using the same cases as above for m and n. The result is,

Z Xl,an,r([PlPrPan] + [BPerPnD =4 Z Xi,mXm,l + 8XO,O - 8Z:Xl,OXO,l- (86)

l,m,n,r l,m l

The second pair requires a bit more effort and we go through the cases separately,

Case 1: m # n, m # 0 and n # 0. This case gives 0.
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Case 2: m=n. We get 437, Xt.mXm.1-

Case 3: m = 0. We obtain 2, . x1,1Xn,r[P1 P P;] and after a direct calculation we get

4(x0,0+x1,0(X0,1+X1,0+0X2,3—9X3,2) +Xx2,0(X0,2FX2,0—1X1,3+Xx3,1) +X3,0(X0,3F+X3,0FiX1,2—9X2,1))-

Case 4: n = 0 Similar to case 3 we obtain,

4(x0,0+x0,1(x0,1+X1,01+iX2,3—1x3,2) +X0,2(X0,2FX2,0—9X1,3+1Xx3,1) +X0,3(X0,3+X3,0TiX1,2—0X2,1))-

Case 5: m = 0 and n = 0. We obtain 4, x1,0x0,.-

Combining the 5 cases gives,

Z Xl7an7T([BPTLPmPT} + [PlePnPr]) = 42 Xi,mXm,l + 8X07O

Lym,n,r I,m
+4 (x0,1 + x1,0) (X0,1 + X1,0 +7(x2,3 — x3,2)) +4 (X0,2 + X2,0) (X0,2 + X2,0 +7 (x31 — X1,3))

+4(x03 + x3.0) (X038 + X80 +1 (x12 = X2.1)) =8> X0.4X1.0
I

For the third pair we have,

> XtmXnr([PrPmPrPo] + [PLP, P P]) = [AT (AT (1))] + [A (A (1))] = 4. (87)

l,m,n,r

and so combining the three pairs gives,

8 Z Xt,mXm,l + 16X0,0 — 16 Z X1,0Xo0,0 +4+4(xo1 + x1,0) (X0, + X100 + 7 (X2,3 — X3,2))

l,m l

+4 (x0,2 + x2,0) (x0.2 + X2,0 + 7 (x3,1 — x1,3)) +4(X0,3 + X3,0) (Xo,3 + Xx3,0 +7(x1,2 — X2,1)) - (88)

We can calculate another expression for the three pairs by noting that four of the terms give,

[A (AT (1)) + [AT (A @)] + (A (A @) + [AT (AT (1)] =30+ [AT A ()] =6+ [A (1] (59)
with the remaining two terms, Zl’m’n’r Xt,mXnr [P PnPmPy] and Zl,m’n’r Xt,mXnr [P1Pr P P,

being complex conjugates of one another. From the calculation of the first pair given above we
have,

Z Xl,an,r([BPTPan} + [PlPerPn]) = 42 Xi,mXm,l + 8X1,1 -8 Z X1,1X1,1 (90)

lm,n,r lLm 1
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and since D, Xim X, [P P P Pr] = 2 we get,

Z Xl,'ran,r[PlPerPn] = Z Xi,mXn,r [PlPerPn] = 42 Xl,me,l+8X0,O_8 Z Xl,OXO,l_2-
l,m l

Lm,n,r I,m,n,r
(91)
Therefore the three pairs can also be written as,
2+ {A (1)2} +38 Z Xt.mXm.i + 16x0,0 — 16 Z X1,0X0,1 (92)
l,m l
where,
{A (1)2} = 2+4(xo01 + x1,0) (X0,1 + x1,0 + 7 (x2,3 — Xx3,2)) +4 (X022 + Xx2,0) (X0,2 + X2,0 7 (X3,1 — X1,3))
+ 4(x03 + x3,0) (Xo,3 + x3,0 +7(x1,2 — X2,1)) - (93)
Combining all 24 terms and noting [meym (4, D)] = 12 we obtain,

< — 483 0 + 64x0,0 + 16 (X\x" +X"X) g0 + 16 (x?) g0 +4 x| +12 [x?] + 8+ {A (1)2] >

120

2

(94).
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