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Abstract. A central theoretical question surrounding abstraction-based
control of continuous nonlinear systems is whether one can decide through
algorithmic procedures the existence of a controller to render the system
to satisfy a given specification (e.g., safety, reachability, or more gener-
ally a temporal logic formula). Known algorithms are mostly sound but
not complete in the sense that they return a correct controller upon ter-
mination, but do not offer guarantees of finding a controller if one exists.
Completeness of abstraction-based nonlinear control in the general set-
ting, therefore, remains an open question. This paper investigates this
theoretical question and presents two sets of main results. First, we prove
that sampled-data control of nonlinear systems with temporal logic spec-
ifications is robustly decidable in the sense that, given a continuous-time
nonlinear control system and a temporal logic formula, one can algo-
rithmically decide whether there exists a robust sampled-data control
strategy to realize this specification when the right-hand side of the sys-
tem is slightly perturbed by a small disturbance. Second, we show that
under the assumption of local nonlinear controllability of the nominal
system around an arbitrary trajectory that realizes a given specification,
we can always construct a (robust) sampled-data control strategy via a
sufficiently fine discrete abstraction. In a sense, this shows that temporal
logic control for controllable nonlinear systems is decidable.
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Completeness- Robustness - Controllability

1 Introduction

The control of dynamical systems to satisfy formal specifications (e.g., tempo-
ral logics) has received considerable attention in the past decade [4/30]. This is
partially motivated by the increasing demand of autonomous decision making
by physical systems (e.g., mobile robots) in uncertain environments to achieve
more complex tasks [6L[10}|12]. Many system relations have been proposed as
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abstractions of nonlinear systems [22}[24}27,|28}/32]. Such abstractions are de-
sirable for several reasons. First, they are sound in the sense that they can be
used to design provably correct controllers with respect to a given formal spec-
ification. Second, they are often finite (e.g., finite transition systems) and the
original control design problem over an infinite state space can be effectively
solved as a search problem over a finite structure. Third, the construction of
these abstractions can be automated with the aid of a computer.

One of the main drawbacks of abstraction-based approaches is their com-
putational cost, which is often incurred when a finer and finer abstraction is
used in the hope of finding a controller when a coarser abstraction fails to yield
one. However, without theoretical guarantees on completeness, i.e., if a control
strategy exists, then it can be found by an abstraction-based approach, such
computational efforts can be futile. This motivates the research in this paper.

Related work: We review several results in the literature that are most
relevant to the result presented in this paper. In [31], it is shown that bisimilar
(equivalent) symbolic models exist for controllable discrete-time linear systems
and, as a result, temporal logic control for discrete-time controllable linear sys-
tems is decidable. For nonlinear systems, the authors of [27] showed that approxi-
mately bisimilar models can be constructed for incrementally stable systems [1].
The assumption of incremental stability essentially allows one to construct a
deterministic transition system that can approximate a sampled-data represen-
tation of the original nonlinear system to any degree of precision. For nonlinear
systems without the incremental stability assumption, the authors of [32] showed
that symbolic models that approximately alternatingly simulate the sampled-
data representation of a general nonlinear control system can be constructed.
Because a sampled-data representation is used in [27,32], inter-sample behaviours
are not considered in such approximations. The authors of [25] (see also [20L24])
considered partition-based transition systems as over-approximations of nonlin-
ear systems for synthesizing controllers for temporal logic specifications. Because
no time-discretization is used, correctness guarantee is proved for the continuous-
time trajectories. In [21}/22], the authors proposed a notion of robust abstrac-
tions of continuous-time nonlinear systems using grid-based approximations. A
salient feature of such abstractions is that they under-approximate the control
space so that all controls used by the abstractions can be implemented by the
original system. At the same time, they over-approximate the reachable sets of
the original system under a control so that correctness can be guaranteed (be-
haviours of the original system are included by the behaviours of the abstract
system). In addition, the work in [21}/22] also tackled the problem of synthesiz-
ing robust controllers by introducing robustness margins in the abstractions and
reasoned inter-sampling behaviours so that correctness is proved in continuous-
time semantics of linear temporal logic. In [28], the authors proposed feedback
refinement relations that can be used for control design for systems modelled
by difference inclusions. This system relation has the same feature of under-
approximating the control space, while over-approximating the reachable sets of
the original system.
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Nonetheless, all the above mentioned abstraction techniques are sound but
not complete, with the exception of [27,[31], where additional assumptions on
system dynamics are needed (controllable linear and incrementally stable, re-
spectively). In [18], a notion of completeness for abstractions of discrete-time
nonlinear systems is proved using a robustness argument (termed as robust com-
pleteness). It is shown that with sufficient computational sources, one can con-
struct a finite transition system that robustly abstracts a discrete-time nonlinear
system and, at the same time, is robustly abstracted by a slightly perturbed
version of the same system. We also note that in [13H17] robust completeness is
achieved for invariance and reachability type specifications and beyond using in-
terval analysis for direct control synthesis on the continuous state space without
first constructing abstractions. All these results focus on discrete-time control
systems. The decidability via robustness for continuous-time control systems
remains an open question.

Main contributions: In this paper, motivated by the above open ques-
tion, we establish two sets of theoretical results on abstraction-based control
of continuous-time nonlinear systems. First, we prove that robustly complete
abstractions of continuous-time control systems exist under a mild assumption
(i.e., local Lipschitz continuity) on system dynamics and use this to show de-
cidability of robust realization of temporal logic formulas for continuous-time
nonlinear systems by using a sampled-data control strategy. Furthermore, we
show that under a suitable assumption on local controllability of the nominal
system around a satisfying trajectory, it is guaranteed that a sufficiently fine dis-
crete abstraction will return a (robust) controller. This, in a sense, shows that
temporal logic control for controllable nonlinear systems is decidable.

2 Problem Formulation

2.1 Continuous-time control system

Consider a continuous-time nonlinear control system of the form:

¥ = f(z,u), (1)

where z € X C R" is the system state and u € U C R™ is the control input. We
assume that f: R™ x R™ — R™ satisfies the basic regularity assumptions (e.g.,
local Lipschitz continuity) such that, given any sufficiently regular control input
signal and any initial condition, there exists a unique local solution to .

A trajectory of is a pair (x,u), where x : Rt — X is a state trajectory,
u: Rt — U is an input trajectory, and (x,u) satisfies in the sense that
x'(t) = f(x(¢),u(t)) for all ¢ > 0.

A (sampled-data) control strategy with sampling period 7 > 0 for is a
partial function of the form:

o(xo, -+ ,x;))=u; €U, Vi=0,1,2,--- | (2)
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where xg, -+ ,x; is a finite sequence of sampled states taken at sampling times

to =0, - ,t; and u; is a constant control input. The sampling times tq, 1, t2,
- satisfy t;41 —t; = 7 for all 4 > 0, where 7 > 0 is the sampling period that

represents the duration for which the constant u; is applied to the system.

A o-controlled trajectory is a trajectory (x,u) resulting from executing the
control strategy o, where u is defined by u(t) = u; for t € [t;,t;41), where t; = it
and u; is determined by (2).

Given a positive integer N, a control strategy o is said to have dwell time
N, if each control input u; is used for a multiple of N times, that is, if i = mN
for some integer m, then

Wi = Ujq] =+ = Uik N—1- (3)

This can be easily encoded by a control strategy with a simple counter. This
seemingly peculiar definition plays a role later on in proving completeness for
any fixed, but not necessarily small, sampling period.

2.2 J-perturbed control system

Given a scalar § > 0, a §-perturbation of the continuous-time nonlinear control
system is the differential inclusion

z' € f(z,u)+ B, (4)

where f(z,u) + 0B denotes the unit closed ball (in infinity norm) centered at
f(z,u). A trajectory of is a pair (x,u), where x : RT — X is a state
trajectory, u : Rt — U is an input trajectory, and (x,u) satisfies in the
sense that x'(t) € f(x(t),u(t)) + 0B for all ¢ > 0.

We call system (1)) the nominal system and denote it by S. The d-perturbation
of § defined by is denoted by Ss. Apparently, Sy is exactly S.

2.3 Linear temporal logic and labelling function

We consider linear-time properties described by linear temporal logic (LTL) |26].
In particular, we consider LTL without the next operator (LTL\) and we refer
the readers to [3] (or the Appendix of [19]) for its syntax and semantics. We
also assume that the formulas are written in a positive form, where negations of
atomic propositions are replaced with new atomic propositions (for details, see
the Appendix of the extended version [19]).

In the following, we need to reason about satisfaction of LTL formulas by
continuous-time trajectories and by discrete-time sequences, and in particular,
the implication between the two. For this purpose, we need to introduce the
notion of an e-strengthening of a labelling function [18]. For € > 0, a labelling
function £. : R” — 27 is said to be the e-strengthening of another labelling
function £ : R™ — 21 if 7 € L_(x) if and only if ®m € L(y) for all y € x + £B.
The Appendix includes an illustration of strengthening labelling functions.

The following proposition (proved in the Appendix) relates different strength-
ening of labelling functions, which is used later in the proof of the main theorems.
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Proposition 1. Giveney > 1 > 0, let L., be the 1 -strengthening of a labelling
function £ : R™ — 25 (L. )., be the ea-strengthening of L., and L, y, be the
(e1 + €2)-strengthening of L. Then Le, e, (x) C (Ley)e, () for all x € R™.

2.4 Robust decidability of sampled-data control

Given a temporal logic formula ¢ together with a labelling function £, we would
like to design a sampled-data control strategy such that the resulting continuous-
time state trajectories of Sy satisfy (¢, £). If such a control strategy exists, we
say (¢, L) is realizable for S5 (by a sampled-data control strategy).

We formulate the robust decidability problem for system as follows.

Problem 1 (Robust decidability). Given a temporal logic formula ¢, a labelling
function £, a sampling period 7' > 0, numbers do > d; > 0 and £ > 0, decide
which one of the following is true:

— There exists (and one can algorithmically construct) a sampled-data control
strategy with sampling period T for S5, to realize the specification (¢, £);

— There does not exist a sampled-data control strategy with sampling period
T for Ss, to realize the specification (¢, £.).

We shall answer this question under the following assumption.

Assumption 1 The sets X and U are compact and f is locally Lipschitz in
both x and w. Let L be the Lipschitz constant (in infinity norm) of f w.r.t. both
x andu on X xU.

3 Transition Systems and Finite Abstractions

In this section, we define finite abstractions of S5 that can be used to synthesize
sampled-data control strategies for Ss. Due to space limit, the proofs of the
preliminary results (Propositions [2H4)) are relegated to the Appendix in [19].

3.1 Transition systems
Definition 1. A transition system is a tuple T = (Q, A, R), where

— (@ is the set of states and A is the set of actions;
— RC Q x A x (@ is the transition relation.

For each action a € A and ¢ € @, we define the a-successor of ¢ by
Postr(g,a) ={¢': ¢ € Q s.t. (¢,a,9') € R}.

To simplify the presentation, we assume in this paper that, for the transition
systems under consideration, every action is admissible for every state in the
sense that Post7(q,a) # () for all ¢ € Q and all a € A.



6 Jun Liu

An ezecution of T is an infinite alternating sequence of states and actions

P = qo, 0, q1,0a1,q2, a2, -+, where ¢o is some initial state and (¢;, a;,¢i+1) € R
for all ¢ > 0. The path resulting from the execution p above is the sequence
Path(p) = qo,q1,92- -+ . A control strategy rk for a transition system 7 is a
partial function k : (go,q1,- - ,¢;) — a; that maps the state history to the next

action. An k-controlled execution of a transition system 7 is an execution of T,
where for each ¢ > 0, the action a; is chosen according to the control strategy «;
k-controlled paths are defined in a similar fashion. A dwell-time control strategy
is defined in the same way as that for S5 in .

3.2 Transition systems for sampled-data control systems

With a fixed sampling period 7 > 0, we define the transition system representa-
tion of S; as follows.

Definition 2. The system S5 with a sampling period T > 0 can be interpreted
as a transition system Tsr» = (Q, A, R), by defining

- Q=X and A=U;
— (xo,u,x1) € R if and only if there exists a trajectory x : [0,7] — X such
that £(0) = o, 1 = x(7), and X'(s) € f(x(s),u) + 6B for all s € [0, 7].

If 6 =0, we simply write Ts» as T-.

We say that an execution p of 75, satisfies an LTL\ formula ¢ with a
labelling function £, written as p E (p, £), if and only if Path(p) F (¢, £). For
a control strategy « for 75, if all k-controlled executions of 75 , satisfy ¢ with
respect to L, we write (75, k) E (¢, £). If such a control strategy r exists, we
say that (¢, L) is realizable for Ts ;.

The following proposition relates realizability of a temporal logic formula
© on a continuous-time control system with sampled-data control strategies of
different sampling periods.

Proposition 2. Let ¢ be a temporal logic formula over IT and L : X — 21T be
a labelling function. Suppose that T'= N1, where N is a positive integer.

1. If (¢, L) is realizable for S5 with a sampled-data control strategy with sam-
pling period T, then (@, L) is realizable for S5 with a sampled-data control
strateqy with sampling period T and dwell time N.

2. Conwversely, if (p, L) is realizable for S5 with a sampled-data control strategy
with sampling period T and dwell time N, then (v, L) is realizable for Sy
with a sampled-data control strategy with sampling period T'.

By the assumption that X and U are compact sets, we can define M =
maxzex, wev | f(z,u)], where || is the infinity norm (throughout the paper). The
following proposition relates realizability of a temporal logic formula ¢ on a
sampled-data transition system (75,.) and a continuous-time system (Ss). The
main technical part is to show how discrete-time and continuous-time semantics
of temporal logic formulas imply each other.
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Proposition 3 (Inter-sample correctness). Let ¢ be a temporal logic for-
mula over IT. Let £ : X — 21 be a labelling function and L. be an e-strengthening
of L. Suppose that € > (M + §)7/2.

1. If (p, L.) is realizable for Ts, with a dwell-time N control strategy, then
(p, L) is realizable for Ss with a sampled-data control strategy with sampling
period T and dwell-time N .

2. Conversely, if (p, Lc) is realizable for S5 with a sampled-data control strategy
with sampling period T and dwell-time N, then (p, L) is realizable for Ts .
with a dwell-time N control strategy.

3.3 Abstraction

We define control abstraction of transition system that preserves realizability of
temporal logic specifications.

Definition 3. Given two transition systems 7; = (Q;, A;, R;), i = 1,2, a rela-
tion @ C Q1 X Q2 is said to be an abstraction from T; to Ta, if the following
conditions are satisfied:

(i) for all g1 € @1, there exists g2 € Q2 such that (¢1,q2) € o (ie., alq1) # 0);
(ii) for ay € As, there exists a; € A such that, for all g € Q2 and q1 € a~1(g2),

a(Postr; (q1,a1)) C Postr, (g2, az). (5)

If such a relation « exists, we say that 7> abstracts Ty and write 71 =<, T2 or
simply 71 < 72. When both @; and Q)5 are subsets of R™, we say that « is of
granularity n > 0, if for every ¢a € Q2, ™ 1(g2) C g2 + 1B.

The following proposition shows that the abstraction relation defined above
is sound in the sense of preserving realization of temporal logic specifications.

Proposition 4 (Soundness). Consider transition systems T1 = (Q1, A1, R1)
and To = (Q2, Az, Rs) such that Ty =<4 T2. Suppose that Q1 and Qo are subsets
of X CR™. Let L: X — 2 be a labelling function. Let N be a positive integer.

— Suppose that « is proposition preserving with respect to L, defined as L(g2) C
L(q1) for all (q1,q2) € a. Then (¢, L) is realizable for Ty implies that (o, L)
is realizable for Ti.

— Suppose that o is of granularity n > 0 and let £,, denote an n-strengthening
of L. Then (@, Ly) is realizable for Ty implies that (¢, L) is realizable for Ty.

Moreover, a dwell-time N strategy for To can be implemented by a dwell-time N
strategy for T.

4 Robustly Complete Abstraction and Robust
Decidability

In this section, we present the main results on robustly complete abstractions
and robust decidability of continuous-time control via discrete abstractions.



8 Jun Liu

4.1 Robustly complete abstraction

The key technical result for proving robustly decidability of sampled-data control
for nonlinear system is the following result on the possibility of constructing an
arbitrarily accurate abstraction of the nonlinear system in the sense that for any
d2 > 1 > 0, one can find a finite transition system 7 such that 7 abstracts S,
while S5, abstracts 7. Hence, realizability of a specification by Ss, would imply
realizability of the same specification by S, .

Theorem 1 (Robust completeness). Given any d3 > 61 > 0, we can choose
T > 0 and compute o finite transition system T such that Ts, » T = Ts, 7.

Proof. We construct T = (Q, A, R) as follows. Let n > 0 and p > 0 be param-
eters to be chosen. Let @) consist of the centres of the grid cells in [R"], that
have a non-empty intersection with X. Let A consist of the centres of the grid
cells in [R™], that have a non-empty intersection with U. Because U and X
are compact sets, () and A are both finite. We define a relation « C X x @ by
(z,9) € aif and only if |z — q| < Z. Clearly, a~! is a relation on @ x X. Define
RC(Q,A,Q) by (¢,a,q1) € R if and only if

M(er™ — LT — 1)

L
(6)

We show that, if 7, p, and 7 are chosen sufficiently small, we have 75, » =4
T =<a-1 Ts,,r- Condition (i) in Definition [3|is clearly satisfied by both o« and
-1
a .
We verify that condition (ii) holds for 75, » <o 7T, that is, for ¢ € @ and
a € A, there exists u € U such that

n N Lr 51 H Lt
_ < 1 I _
0~ g+ rf@a)] < T Lt 4 (B Byetr — 1) ¢

a(Postr; _(z,u)) C Postr(q, a); (7)

for all z € a=*(q). Pick u € U with |u—a| < 4. Given z, € Postr; _(z,u),
there exists a trajectory x : [0,7] — X such that x(0) = z, x(7) = 1, and
x'(s) € f(x(s),u)+ 1B for all s € [0, 7]. Define x,(¢) = ¢+tf(g,a) for t € [0, 7].
We have

x'(t) = X7 ()] < [f(x(t), u) = (g, a)| + b1

< 1FGe(t), w) — £ (8), )|+ |F(er(t), w) — Flgy)] + 1 (g,0) — F(g,0)] + 6

< Lx(t) —x:(&)|+ L|x.(t) —q|+ L|u—a|l+

L
ngm_x4m+LMH~§+a,temmy (8)

By Gronwall’s inequality (see, e.g., |2]), we have

21 = (g + 7f(gw)| = [x(7) = %-(7)]

T L
< |x_ q|eLT _|_/ (LMS+ 7’“ +61)6L(T_S)ds
0
N Lr o1 I Lt M(eLT — Lt — 1)
< — — 4+ = — .
< Jel (T + D) -1+

L
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By (6), this shows a(z1) C Postr(g,a). Hence holds.
We next verify that condition (ii) holds for 7 <,-1 7s, -, that is, for z € X
and u € U, there exists a € A such that

a~ ! (Post7(q,a)) C Postr;, . (z,u); (9)

for all ¢ € a(z). Pick a be the center of the grid cell in [R™], that contains .
Given y; € a1 (Postr(q,a)), there exists g; € Post7(q, a) such that |y; — q1] <
7. By the definition of Postr (g, a), we have

n N Lr 51 K LT M(eLT — L7 — 1)
— < =+ = — - -1 .
0= (a4 )] < 3+ Bebr o (B Byerr _y 4 MET

Consider the trajectory x : [0,7] — X such that x(0) = z, x(7) = x1, and
x/(s) € f(x(s),u). By a similar argument as in (g), we can show
M(er™ — LT — 1)

7 .

01— (g + (g )] < Je'7 + ST 1)+

Hence, by the triangle inequality,

=l < nnet + (O et — 1+ 2UETLTZD )
Define 0
z(0) = x(0) + ;(yl —z1), 0€]0,7].
Then z(0) = x(0) = 2 and z(7) = y;, and
2/(6) € Fx(6),u) + (1 — ). (1)
Note that
26) (O] = [ 2l — )] < fon — 1], 6 [0,7] (12)
Since 0 < 01 < &2, we can choose 7, u, 1 sufficiently small such that
e+ (2 et -+ 2Ty Yy g g

To see this is possible, choose, e.g., n = 72 and p = 7, and note that the limit

of the left-hand side as 7 — 0 is given by lim, o d; £7=L = ;. It follows from

(T0)-(13) and Lipschitz continuity of f that z'(6) € }(z(@),u) + d2B. Hence
y1 € Postr;, (z,u) and @[) holds. O

Remark 1. In the proof, we choose the simplest possible validated bounds on a
one-step reachable set, i.e., a forward Euler scheme with an error bound. This
suffices to prove the required convergence to show approximate completeness.
With the template provided by the proof of Theorem [I] one can in fact use any
accurate over-approximation of the one-step reachable set for S;, to replace @
for defining the transitions in 7 and then show that this over-approximation is
contained in the actual one-step reachable set of S;,.
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Remark 2. Theorem |[1] (as well as the problem formulation in the paper) only
considers sampled-data control strategies. Later in Section [f.3] we also discuss
how to approximate arbitrary measurable control signals under the L' norm,
which plays a role later in proving a notion of completeness via controllability.

4.2 Robust decidability

The following theorem is an immediate consequence of Theorem [I] and states
that sampled-data control for nonlinear system is robustly decidable.

Theorem 2 (Robust decidability). Given a temporal logic specification e,
a sampling period T > 0, any 63 > &, > 0, and any € > 0. Let L : X — 27
be a labelling function and L. be an e-strengthening of L. Then there exists a
decision procedure that determines which one of the following holds:

— there exists (and one can algorithmically construct) a sampled-data control
strategy with sampling period T such that (v, L) is realizable for Ss, ; or

— (@, L) is not realizable for S5, with a sampled-data control strategy with
sampling period T'.

Proof. Suppose that (¢, L) is realizable for Ss5, with a sampled-data control
strategy with sampling period T'. Let N be a positive integer and 7 = % Let

(M+61)T (M+é2)T
2 2

g1 = and g9 = . Choose 7 sufficiently small such that

(2M + 61 + 62)T
2

Let L., be the e1-strengthening of £ and (L., )., denote the ea-strengthening of
L., . Let Lg, 1, be the (e1+¢€2)-strengthening of £. By the definition of strength-
ening a labeling function and Proposition |1} we have L.(z) C L. 4c,(x) C
(L) )ey(x) for all x € X. Hence, by the semantics of LTL\, (¢, (Le,)s,) is
realizable for S5, with a sampled-data control strategy with sampling period 7'

By Proposition[2] (¢, (L., )., ) is realizable for S5, with a sampled-data control
strategy with sampling period 7 and dwell-time N. By Proposition |3} (¢, L, ) is
realizable for 75, - with a dwell-time N control strategy, because g5 > W
(indeed equal). Construct 7 by Theorem [l so that 75, < T = Ts,,. By
Proposition {4} (¢, Le,) is realizable for 7 and hence also for 75, » with a dwell-
time N control strategy. By Proposition [3| (¢, £) is realizable for S5, with a
sampled-data control strategy with sampling period 7 and dwell-time N, be-
cause €1 > W. Finally, by Proposition [2| again, (¢, £) is realizable for Ss,
with a sampled-data control strategy with sampling period T. One can algo-
rithmically construct such a control strategy by synthesizing a dwell-time N
controller strategy for the finite transition system 7. For the case there is not

. . . o M+5
necessarily a proposition preserving partition, we can choose 1 = %

=e1+ey<e. (14)

and €5 = W to account for mismatch by an abstraction with granularity
2. In this case, we can choose 7 and 7 sufficiently small such that

n (2M + 61 + 02)T

5 =ec1+ex<e. (15)
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On the other hand, by this construction of T, if (¢, L.,) is not realizable for T,
then we can conclude that (g, L.) is not realizable for Ss, with a sampled-data
control strategy with sampling period 7. a

A decision diagram summarizing the argument in the proof of Theorem [2|can be
found in the Appendix of [19]. When there is no a priori fixed sampling period
for the decision process, we can formulate the robust decidability theorem as
follows, where it is proved that the problem can be solved for all sufficiently
small sampling periods. The proof follows exactly from the proof of Theorem
with N = 1.

Theorem 3 (Robust decidability II). Given a temporal logic specification
@, any dy > 61 > 0, and any € > 0. Let L : X — 2T be a labelling function
and L. be an e-strengthening of L. Then there exists some 7™ > 0 (and one
can explicitly compute it) such that, for each T € (0,7*], there exists a decision
procedure that determines which one of the following holds:

— there exists (and one can algorithmically construct) a sampled-data control
strategy with sampling period T such that (@, L) is realizable for Ss,; or

— (@, L) is not realizable for S5, with a sampled-data control strategy with
sampling period T.

Another version of robust decidability can be formulated as follows, which
says that with one procedure, one can decide robust realizability by a sampled-
data control strategy with any sampling period greater than a threshold value
(e.g., a lower bound limited by the physical sampling frequency).

Theorem 4 (Robust decidability III). Given a temporal logic specification
@, any 9 > 61 >0, >0, and 7 > 0. Let L : X — 2 be a labelling function
and L. be an e-strengthening of L. Then there exists some 7 > 0 (and one can
explicitly compute it) and a decision procedure that determines which one of the
following holds:

— there exists (and one can algorithmically construct) a sampled-data control
strategy with sampling period T such that (p, L) is realizable for Ss,; or

— (¢, Le) is not realizable for Ss, with a sampled-data control strategy with a
sampling period T > 7.

To prove Theorem [4 we need the following lemma, which shows that, if
d2 > 01, then system 75, ; can be abstracted by 75, » despite a slight mismatch
between the sampling periods 7 and 7.

Lemma 1. Given any 7 > 0 and 6o > 6, > 0, there exists v* > 0 such that
Ts,. 7 Sidx Tso,14r for all T > 7 and oll |r| < 1%, where idxy C X x X is the
identity relation.

Proof. Choose any x € X and u € U. Let 1 € Postr; ,(x,u). We show that
x1 € Postr;, o, (7,u). By definition, there exists a trajectory x such that x(0) =



12 Jun Liu

x, X(T) = x1, and x'(s) € f(x(s),u) + 6:B for all s € [0,T]. Let z(s) = x(T_THs)
for s € [0,T]. Then z(0) = z, z(T +r) = z1 and

T , T T
= T+TX(T+TS) € T+Tf(z(s),u)—|—

C f(z(s),u) — (z(s),u) + 6, B

z'(s) 5B

T+r
T
T—I—T'f

r| M

T* — |r|

C f(z(s),u) +( +d1)B,
where we assumed |r| is sufficiently small so that |r| < 7*. Clearly, since 61 < da,
we can choose r* > 0 so that Tlf‘_j\ﬁ,‘ + 01 < 09 for all |r| < r*. Hence, z'(s) €

f(z(s),u) + 2B and z1 = z(T + ) € Postr;, .., (,u). O

Now we can present the proof of Theorem [4]

Proof (Proof of Theorem ,

Let €1 and &5 be as defined in the proof for Theorem [2l Choose d3 such that
b9 > 03 > 01. Let 7", n*, and pu* be chosen so that and (or and
(15) if a proposition preserving partition is not used), with d3 replacing o in
(13), hold for all 7 < 7%, n < n*, and p < p*.

Suppose that (¢, L.) is realizable for S5, with a sampled-data control strategy
with sampling period T. Without loss of generality, assume % < T < 7*. Other-
wise, one can divide T by a positive integer number N so that % € (7*/2,7*] and
(p, Lc) is realizable for S5, with a sampled-data control strategy with sampling
period T/N (with dwell-time N).

Construct, by Theorem [I} 7 so that

Tssr 2T =2 Tsy 1 (16)
Let 7 < % be chosen (guaranteed by Lemma so that
Tsy T4r Sidx Tos,T- (17)

for all |r| < 7.

Let Le,, (Le,)e, and Lg, e, be as defined in the proof for Theorem [2| By
Proposition 3} (p, Le,) is realizable for Ts, 1, because g2 > W. By Propo-
sition [4| and (16)), (¢, L¢,) is realizable for T and hence also for 7s, 1. Let m be
the largest integer such that mr < T. Then |m7 — T| < 7. By (7)), we obtain
Tsymr = Ts,, 74 (mr—1) Sidx Ts5,7- By Proposition again, (¢, L., ) is realizable
for Ts, mr. By Proposition |3, (¢, L) is realizable for S5, with a sampled-data
control strategy with sampling period m7, because 1 > W. Finally, by
Proposition 2] (g, £) is realizable for S5, with a sampled-data control strategy
with sampling period 7. One can algorithmically construct such a control strat-
egy by synthesizing a control strategy for T to realize (¢, L, ). O

Remark 3. Theorem [ is sharp in the sense that, if one does not impose a lower
bound on the sampling period, it is possible to show that a one-dimensional
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continuous-time control system can robustly simulate any Turing machine. Since
the undecidable Halting problem can be encoded as a reachability problem, one
cannot expect to have a general decision procedure in this setting. Details can
be found in the Appendix of [19).

4.3 Dealing with arbitrary control signals

As mentioned in Remark [2| we formulated the problem only for sampled-data
control strategies. In this section, we prove a lemma that shows this is assumption
is without loss of generality. An input u : Rt — U is called a sampled-data input
with period 7 > 0 if there exists tg = 0,--- ,t;,--- such that it is constant on
each [ti7ti+1) and ti+1 — ti =T.

Lemma 2. Let u: [0,T7] — U be a measurable signal. Then for u > 0, there
exists some T > 0, a finite subset of (U], of U, and a sampled-data input v :

[0,T] — [U], with period greater than T such that fOT lu(s) — v(s)|ds < p.

Proof. Since U is compact, u € L'([0,T],U). The conclusion follows from the
fact that step functions defined on rational partitions and taking rational values
are dense in L([0,T],U) (see, e.g., [29, p. 152, Chapter 7]). O

4.4 Completeness via controllability

In this subsection, we show that under a suitable notion of local controllabil-
ity around a trajectory that realizes a given temporal logic specification on the
nominal control system , we can always construct a robust abstraction to find
a sampled-data control strategy to robustly realize the same specification (sub-
ject to an e-strengthening of the labelling function for an arbitrarily small £). In
other words, local controllability suffices to remove the robustness relaxation in
our notion of completeness. We refer the readers to [9}/23] for sufficient conditions
on local controllability around a closed orbit [23] or reference trajectory [9].

Definition 4. Let O C X be an open connected set. Let T > 0. A point Xt is
O-reachable from xg € X at time T if there exists a trajectory (x,u) such that
x(0) = zg, x(T) = zr, and x(t) € O for all t € [0,T] and u : [0,T] — U is
a measurable signal. The set of all points X1 that are O-reachable from xq at
time T is denoted by R(xo,T,O). Let R(xg, O) = Ur>oR(zo,T,0). We say the
control system is controllable on O if R(x,0) = O.

Theorem 5 (Robust realizability via controllability). Let ¢ be a temporal
logic specification and £ : X — 2T be a labelling function. For any & > 0, if
there exists a trajectory (x,u) for such that x satisfies (p,L.) and is
controllable on an open set O containing x, then there exists some § > 0 and a
sampled-data control strategy for Ss to realize (¢, L).
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Proof. For any € > 0, if x satisfies (p, L), we can easily show that state tra-
jectories that are e-close to x satisfy (¢, £). Hence, we only need to show that
there exists a sampled-data control strategy for trajectories of Ss to stay in an
e-neighborhood of x.

By the compactness of X, assume, without loss of generality, that the e-
neighborhood of the image of x is contained in O. We construct a finite resolution
sampled-data control strategy for S5 as follows. For any x € X, let ¢ be a grid
point in [X7], such that |z — ¢| < Z. Suppose that ¢ is in an §-ball around some
point p on x. Let u; be a control signal that steers g to some ¢’ on x at some
time T > 0 according to dynamics of without leaving an e-ball of . This is
always possible under the local controllability assumption. By Lemma [2] there
exists a sampled-data signal us with period greater than some 7 > 0 such that
foT [uy(s) — ua(s)| ds < u. We estimate the state trajectories of S5 under control
of v as follows. Let x; be the trajectory of the nominal system & under uy
starting from ¢ and ending at ¢’. Let xo be a trajectory of Sy starting from z.
For t € [0,T], we have

%1 (1) = x5(8)| < |f(x1 (), wi(t)) — f(x2(t), uz(t))| + 6
< |fGa(t), m(t)) — f(xa(t), w(t))]
+ | f(x2(t),ui(?)) — f(x2,u2(t))[ + 0
< Lx1(t) — x2(t)| + L uy (t) — ua(t)] + 0. (18)

By Gronwall’s inequality (see, e.g., [2, p. 120]), we have
t
[x1(t) = x2(t)] < |z — gl e + / (L |ui(s) — ug(s)| + 6)e"=ds
0

< geu + %(e“ — 1)+ Lpett, vte[0,T].
From this estimate, we can see that for any fixed T' > 0, we can choose 7,
6 > 0, and p > 0 sufficient small such that the right-hand side of the above
inequality is less than 5. It follows that the state trajectory x2 of Ss remains
in a e-neighborhood of x and, at t = T, is within a §-neighborhood of ¢’. Since
there is only a finite number of grid points of granularity  in a compact domain,
the choice of sampling period 7 for the signals satisfying Lemma [2| can be fixed.
Therefore, there exists a sampled-data control strategy for state trajectories of
Ss to stay in an e-neighborhood of x, as long as they start in an $-neighborhood
of g = x(0). Since x satisfies (p, L), all trajectories of Ss starting from the

5-neighborhood of x¢ satisfy (¢, £). O

Remark 4. It is clear from the proof of Theorem [5| that the robust realizability
result does not depend on the reference trajectory x satisfying , but on the
path induced by the trajectory. Therefore, if system has a control neigh-
borhood that contains a path parameterizable by any trajectory satisfying the
specification, the conclusion still holds. As a result, if a system is controllable
in a neighborhood O and a specification is satisfiable by a path in O, then the
specification is robustly realizable by a sampled-data control strategy.
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Combining the robust realizability result Theorem [5| and the result on ro-
bust completeness proved in previous sections, we can show that controllability
implies completeness of discrete abstractions in the following sense.

Corollary 1 (Completeness via controllability). Given a temporal logic
specification ¢ and any e > 0, let L : X — 2T be a labelling function and L.
be an e-strengthening of L. Suppose that (¢, L) is satisfiable by a trajectory of
contained in a controllable neighborhood. Then, for any & € (0,¢), there
exists 6 > 0, 7 > 0, and a finite transition system T such that T < T = Ts+
and (@, L) is realizable for T . Moreover, a control strategy synthesized using T
for (p, Ler) can be refined as a sampled-data control strategy for S that realizes

(¢, L).

Proof. Choose any €1 and g5 such that ¢’ < g1 < g9 < €. By Theorem [5| there
exists 6 > 0 and 7 > 0 such that (¢, L.,) is realizable for S5. Suppose that T
is also chosen sufficiently small according to conditions of Proposition [3] Then
(p, Le,) is realizable for 75 . The existence of T follows from Theorem [1] By
Propositions (¢er, L) is realizable for T, provided that the time discretization 7
and space discretization n (in the case of non-proposition preserving abstraction)
are chosen sufficiently small. Continuing this reasoning for 7, and S, we obtain
that (¢, £) is realizable for S with a sampled-data control strategy synthesized
from the abstraction 7.

Remark 5. The completeness result Corollary [I] is stated with respect to the
nominal system . It is clear from the reasoning in the proof that under the
same assumption we can synthesize a robust sampled-data control strategy for
S from the abstraction 7.

5 Conclusions

In this paper, we proved two sets of theoretical results on completeness of
abstraction-based nonlinear control. First, we show that control synthesis for
sampled-data nonlinear systems with temporal logic specifications is robustly
decidable in the sense that if a robust control strategy exists, then a robust con-
trol strategy can be found using a sufficiently fine discretization. Second, we show
that, under the assumption of nonlinear controllability around a trajectory that
realizes a given specification, it is always possible to construct a sampled-data
control strategy via a sufficiently fine discrete abstraction.

We see the main theoretical contributions of this work as showing the ex-
istence of robustly complete abstractions for continuous-time nonlinear control
systems and that nonlinear controllability implies completeness. It is hoped that
this work will motivate further research on computing tight abstractions of non-
linear control systems. In this regard, Theorem [I] on robust completeness can
be viewed as a potential metric on closeness of abstractions and Corollary [I] can
help provide assurance that control synthesis via discrete abstractions always
works for controllable systems.
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A Linear Temporal Logic

We provide the syntax and semantics of linear temporal logic with the next
operator (LTLy ). The readers can refer to [3,[5] for standard definitions.

Syntax We can define the syntax of LTL\ over a set of atomic propositions
IT inductively as follows:

— true and false are LTL, -, formulas;

— an atomic proposition 7 € II is an LTL,\ 5 formula;

— if ¢ and ¢ are LTL\ formulas, then —¢, ¢ V ¢, and plUp are LTL\
formulas.

Negation Normal Form (NNF): All LTL, - formulas can be transformed into
negation normal form [5 p. 132], where

— all negations appear only in front of the atomic propositionﬂ

— only the logical operators true, false, A, and V can appear; and

— only the temporal operators & and R can appear, where R is defined by
P1Rp2 = ~(—p1Ut—s), called the dual until operator.

For syntactic convenience, we can define additional temporal operators O and ¢
by Oy = falseRp and Oy = truellp.

Semantics We consider two types of semantics for LTL\ ~ formulas, namely,
continuous-time and discrete-time semantics. To define semantics, an atomic
proposition is interpreted as a subset of the state space on which the atomic
proposition holds true. This is achieved by defining a labelling function L :
R™ — 2 that maps a state to a set of propositions that hold true for this state.

Continuous-time semantics of LTL\: Given a continuous-time function § :
[0,00) = R™, we define £,t F (¢, £) with respect to an LTLy - formula ¢ and a
labelling function £ at time ¢ inductively as follows:

— & tE (m, L) if and only if 7 € L(£(2));

- S’t F (‘Pl \% 9023‘6) if and OIlly if fat F (901"6) or Evt F (902712)7

— &, tFE (o1 Ao, L) if and only if £, E (¢1,L£) and &, ¢ F (@2, £);

— &,tE (p1ldpa, L) if and only if there exists ¢’ > 0 such that &, t+¢' E (¢2, L)
and for all ¢ € [0,t), {,t + ¢t F (p1, L);

— &t E (p1Rpe, L) if and only if, for all ¢ > 0, at least one of the following
holds: &, t+t" E (¢2, L) or there exists ¢t € [0,¢") such that &, t+t" F (¢1, £).

We write £ E (¢, L) if £,0 F (¢, £). If the labelling function is clear from the
context, we simply write £ F .

Discrete-time semantics of LTI\ : Given a sequence p = {x;},~, in R", we
define p,i F ¢ with respect to an LTL\ formula ¢ and a labelling function £
inductively as follows:

1 'We assume that all negations can be effectively removed by introducing new atomic
propositions corresponding to the negations of current ones.
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p,i E (m,L) if and only if 7 € L(x;);

— p,i E (o1 Vo, L) if and only if p,i F (p1, L) or p,i E (p2,L);

= pyiF (o1 Ao, L) if and only if p,i F (o1, £) and p,i F (p2, L);

p,1 E (p1lpa, L) if and only if there exists j > ¢ such that p, j E (2, £) and
p,k E (01, L) for all k € [i,5);

— p,i E (p1Rp2, L) if and only if, for all j > ¢, at least one of the following
holds: p, j E (2, L) or there exists k € [i, j) such that p, k E (o1, £).

Similarly, we write p & (¢, L) if p,0 E (¢, £). If the labelling function is clear
from the context, we simply write p F ¢.

Remark 6. The use of linear temporal logic as specifications is a matter of choice.
It should be straightforward to extend the results in this paper to w-regular
properties (by showing the soundness result Proposition [4] holds for properties
expressed as a deterministic w-automaton such as Rabin [8]).

B Illustration of Strengthening Labelling Functions

In the following, we illustrate the strengthening of labelling functions.

Remark 7. We use a simple example as shown in Figure [lf to illustrate the
strengthening of labelling functions. Consider an atomic proposition p and the
specification ¢ = op (i.e., eventually reach p). Figure (a) shows that, while a
continuous-time trajectory & satisfies ¢, the sequence of sampled states from x
(shown in red dots and denoted by p) does not satisfy . Similarly, consider the
specification » = O-p (i.e., always not p). Then the sampled state sequence p
satisfies 1, whereas the continuous-time trajectory & violates it. To cope with this
inherent mismatch caused by discretization, we use robust semantics of tempo-
ral logic (see [7]). In this paper, we introduce robust semantics by strengthening
the labelling function. Figure [I[b) shows the effect of an e-strengthening for la-
belling p. With a properly strengthened labelling function L. (cf. Proposition
3)), we can show that £ F (¢, L) implies p E (¢, £). Similarly, we can define
robust semantics for ¢» = O—p by a strengthened labelling function. To do so,
however, requires that we introduce a new atomic proposition ¢ = —p to replace
the negation (as we noted in the footnote of the previous page). Figure [1fc)
illustrates this case. We can see that p F (¢, £.) implies £ E (¢, £), where now

¥ = g.

Remark 8. We emphasize that the robust semantics introduced by a strength-
ened labelling function are by definition conservative; they are not meant to be
equivalent to the original semantics. Consider a simple example with atomic
propositions p and ¢. Suppose a labelling function £ labels p = [0,1] and
q = [—1,0] and the specification ¢ = qUp. It is clear that, for any e-strengthening
of the labelling function with € > 0, (¢, L) (trivially) cannot be satisfied by any
continuous trajectory, while (¢, £) is satisfiable. The results of this paper are
built upon such conservative robust semantics and aim to decide either a tem-
poral logic formula is not satisfiable in strengthened semantics (by a perturbed
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system) or it can be satisfiable in the original semantics (by the nominal system).
A formal problem statement is given in the next subsection.

LE}) =p Ly(x)=p

&1 40
(a) (b) (c)

Fig. 1: An illustration of the strengthening of labelling functions (see Remarklﬂ).

C A Decision Diagram for Roust Realizability

Figure [2] provides a decision diagram for roust realizability, which can be seen
as an overview of the main results developed in the paper.

D Proof of Proposition

Proof (Proposition [1). Pick 7 € L., 4.,(z), then 7 € L(y) for all y € x +
(e1 + €2)B. To prove m € (L, )e,(x), we have to show that m € L., (z) for all
z € x+e9B. Fix any such z, we verify m € L., (2) by showing that 7 € L(w) for all
w € z+¢1B. This is true by the triangle inequality |w — z| < |w — z| + |z — z| <
€1+ €a.

E Proof of Proposition

Proof (Proposition @ The proof of the above proposition is straightforward.
A dwell-time N control strategy with sampling period 7 corresponds exactly
to a sampled-data control strategy with sampling period T' = N7. Note that a
control strategy can have memory and can easily encode consecutive use of the
same control input for a finite number of times.
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Specification:

(¢ £)

compute 7 s.t.

Parameters:

(61, 62,¢) Ts1r 2T 2 Toppr

(Theorem 1)

robust decidabil-
ity (Theorem 2)

(¢, L) realiz-

able for Ss,

and a robust
controller found

(0 Ley)
realizable

for 1'7

(¢, Le) not
realizable for Ss,

Fig.2: A decision diagram for checking robust realizability: given a system S5,
a temporal logic specification ¢ with a labelling function £, and parameters
02 > 01 > 0 and € > 0, we can decide either (¢, L) is realizable for S5, with a
robust controller, or (p, L.) is not realizable for Ss,. This is done by checking
realizability of (¢, Lc,) on T, where T is a sufficiently precise abstraction of
S5, constructed as in the proof of Theorem [If by choosing the discretization
parameters n, u, 7 sufficiently small according to , and €7 is chosen according
to in the proof of Theorem

F Proof of Proposition

Proof (Proposition @ The implementation of control strategy and preservation
of dwell-time are straightforward. The main part is to show correctness of tem-
poral logic formula. Suppose that a trajectory for S5 resulting from a control
strategy is x(t). The corresponding path of an execution of 75, is given by
p= X(O),X(T)7X(2T), Tt

We need to show that (1) p F (p, L.) implies z E (¢, L), and (2) z F (p, L;)
implies p E (¢, L). The following proof, modelled after that for Theorem 4.1
in [22], is an inductive argument based on the structure of LTL\ formulas. In
fact, the proof for (1) is very similar to of for Theorem 4.1 in [22]. In the following,
we prove case (2), that is, z F (¢, L) implies p E (¢, L). We do so by proving a
stronger statement: for every i > 0, z,t F (¢, L) for some t € J; = [iT—F,iT+7F]
implies p,i E (¢, L¢).

Case ¢ = m: Suppose that z,t F (7, L) for some ¢ € J;, we have to show
that m € L(x(i7)). This follows from 7w € L.(x(t)), € > (M + 6)7/2 and

|z(t) —(iT)] < |a(t) —2(n)] < (M +0)7/2. (19)
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Case ¢ = p1Rps: Suppose that x(t) E (p, L) for some ¢t € J;. We need to
show that p,i E (¢, L), that is, for all j > 4, either p,j E (92, £) holds or there
exists some k € [i, ) such that p, k F (o1, £) holds. Since z(t) F (¢, Lc) for some
t € J;, we know that for every t' > ¢, either x(t') E (¢, L) holds or there exists
s € [t,t') such that x(s) F (¢, L:) holds. Let t' = j7 — Z. If the former holds,
we have z(t') F (¢, L.) for t' = j7 — § € J;. By the inductive assumption, this
implies p, j E (2, £). If the latter holds, there exists some interval Ji such that
s € Jx, k€li,j), and z(s) F (o, Le). It follows by the inductive assumption that
P, kE (9027 ‘C)

The other cases are straightforward.

G Proof of Proposition

Proof (Proposition , The proof is similar to the proof of Theorem 1 in 18] and
it is straightforward to handle the separate cases of proposition preserving and
finite-granularity abstractions. Additional consideration has to be given to the
dwell-time requirement. We provide a proof for soundness of dwell-time strategies
as follows. Suppose that 72 has a dwell time N strategy o2. An implementation
of o9 can be constructed as follows. At each time instant, we observe a concrete
state ¢ € Q1 for 71 and map it to an abstract state g € Q2 (after applying
«). Suppose that, at state go € Q2, o2 chooses to apply the same action as for
N consecutive times. We can let 77 use a dwell time N strategy o1 to follow
the action aj, corresponding to as by condition (ii) of Definition 3, N times.
By condition (ii) of Definition 3, it follows by induction that the reachable set
of 71 from ¢; under action a; in N steps is contained (after applying «) in the
reachable set of ¢o under action as in N steps. Hence, after N steps, we can
repeat the same procedure. This results in an implementation of a dwell-time N
control strategy o1 for Ty from a dwell-time N control strategy oo for 7Ts.

H Robust Simulations of Turing Machines by a
One-Dimensional Control System

We outline a procedure to robustly simulate any Turing machine by a one-
dimensional control system. This gives a negative result when the lower bound
on sampling period in Theorem [4|is removed.

Let T'M be a Turing machine. One can encode its configuration in a rational
number of the form x4 s = W, where p, g, 7, s are nonnegative integers
[11, Proof of Theorem 5.6]. These rational numbers form a sequence in (0, 1],
with an accumulation point at 0. Consider a control system of the form z’ = u,
where u € [—1, 1] (for simplicity). We design a sampled-data control strategy to
simulate TM (in multiple steps). Let 6 € (0,1). Choose u; such that u; +J < 0
and wug such that ug — 3 > 0. For each configuration of TM encoded by y;,
there exists a control strategy for Ss to get from y; to the encoding of the next
configuration y;4+1 as follows. If y,11 > y;, choose uy and a sampling time 7 such
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that (ug +96)7 <, where v > 0 is such that (y;+1 —7, yi+1 — ) does not include
any encoding of the configurations of T'M. The sampled-data control strategy is
to apply ug until it reaches (y;+1 — v/2,vi+1 — 7/2). The case for y;41 < y; is
similar.
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