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ABSTRACT
This paper presents ROCS, an algorithmic control synthesis
tool for nonlinear dynamical systems. Different from other
formal control synthesis tools, it guarantees to generate a
control strategy with respect to a robustly realizable speci-
fication for a nonlinear system. At the core of ROCS is the
interval branch-and-bound scheme with a precision control
parameter that reflects the robustness of the realizability of
the specification. It also supports multiple variable precision
control parameters to achieve higher efficiency.
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1 INTRODUCTION
Control strategies can be algorithmically synthesized for
dynamical systems so that they are correct by construction
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with respect to specifications given in formal languages. This
idea is motivated by the principles of formal verification and
model checking in computer science and engineering [1, 3].

Linear temporal logic (LTL) is suitable for specifying con-
trol objectives, because most of these objectives are desired
properties for dynamical systems over time [1]. The fun-
damental invariance and reachability properties can be de-
scribed as LTL formulae with temporal operators. Control
objectives in some applications, such as robot motion plan-
ning and setpoint regulation, are consistent with the Büchi
and coBüchi (or reach-and-stay as in [9]) objectives in model
checking. A Büchi objective requires that a property of the
system can be satisfied infinitely often and a Büchi objec-
tive requires that the property can be maintained after it is
attained. Control synthesis with GR(1) formulae, which rep-
resents a variety of LTL specifications [2, 21], can be solved
based on the algorithm for Büchi objectives.

Theories have been developed in recent years to address
the problems encountered in formal synthesis when dealing
with an infinite-state space and nonlinear dynamics. Most
of them follow the framework based on symbolic models or
finite abstractions, which are finite-state approximations of
the original system [7, 14, 15, 17–19, 22]. A control strategy is
synthesized over the finite abstraction and refined to control
the original system. Various tools built on abstraction-based
methods are available for the purpose of control synthe-
sis. Tools such as Pessoa [9], CoSyMA [16], SCOTS [20], and
abstr-refinement [17] are capable of nonlinear system control
while TuLiP [21] focuses on more complicated specifications
(e.g. GR(1)) but is limited to linear systems. For nonlinear sys-
tems without stability assumptions [19, 22], Pessoa, SCOTS
and abstr-refinement can be used. LTLMoP [6] is another
tool tailored for robot motion planning.

The main purpose of developing ROCS is to perform for-
mal control synthesis for general dynamical systems. Discrete-
time models are used in ROCS for computation, and it also
works for continuous-time systems by using a fixed sampling
time. In this sense, ROCS is similar to SCOTS, Pessoa and
abstr-refinement. However, the distinct features of ROCS
include:
• Synthesis algorithms are sound and robustly complete in

the sense that control strategies can be found whenever the

https://doi.org/10.1145/3178126.3178153
https://doi.org/10.1145/3178126.3178153
http://www.acm.org/publications/policies/artifact-review-badging#replicated


HSCC ’18, April 11–13, 2018, Porto, Portugal Yinan Li and Jun Liu

given specification is robustly realizable [11, 12]. Such com-
pleteness guarantee works for potentially unstable systems
while CoSyMA only has such guarantee for incrementally
stable systems. Also, different from dReach [10], ROCS is
robustly complete in synthesizing control strategies instead
of bounded-time reachability verification.
• Specifications and dynamics are considered at the same

time in synthesis so that the discretization can be adaptively
refined. This feature benefits control synthesis in avoiding
using a high discretization precision uniformly over the en-
tire state space. Refinement is performed automatically and
efficiently only in the area where it is necessary in order to
yield a feasible control strategy.
• It supports relative and variable precisions with flexible

parameter setting. The user only needs to specify the highest
relative precision for solving a control synthesis problem.
The actual discretization will be adjusted to achieve the bal-
ance between accuracy and efficiency.

2 TOOL FUNCTION
The control system considered is in the form of a tuple

Σ :< T ,X,U ,D, f ,AP ,L >
• T = Z≥0 is a set of time instances.
• X ⊆ Rn is a non-empty set of states.
• U ⊆ Rm is a non-empty set of control inputs.
• D ⊆ Rn is a set of bounded perturbations given by

D := {d ∈ Rn | |d |∞ ≤ δ , δ ≥ 0} .
• f : Rn×Rm → Rn is a continuous function. Evolution

of Σ is determined by
xt+1 = fut (xt ) + dt , t ∈ T , (1)

where xt ∈ X, ut ∈ U and dt ∈ D.
• AP is a set of atomic propositions, which are true or

false statements regarding some properties.
• L : X → 2AP is a labeling function, which associates

properties to every state in the state space X.
A control system Σ is said to be deterministic if δ = 0

and nondeterministic otherwise. We refer to a deterministic
system by Σ∗ and a nondeterministic system by Σδ .

A sequence of control inputs u = {ui }∞i=0, where ui ∈ U ,
is called a control signal. Similarly, we denote by d = {di }∞i=0
a sequence of disturbances. A solution of control system Σ is
denoted by an infinite sequence of states x = {xi }∞i=0, which
is generated by an initial condition x0 ∈ X, a control signal u
and a disturbance d according to (1). The trace of a solution
x is defined by Trace(x) = {L(xi )}∞i=0 and is used to interpret
an LTL formula over a control system.

Amemoryless control strategy of system Σ is a function
κ : X → 2U , which maps a system state to a subset of control
inputs. A control signal u = {uk }∞k=0 is said to conform to a

control strategy c , if ut ∈ κ (xt ),∀t ≥ 0, where {xt }∞t=0 is the
resulting solution of Σ.

Definition 2.1. An LTL formula φ is said to be realizable
for system Σ if there exists an initial condition x0 ∈ X and
a control strategy κ such that, for any control signal that
conforms to κ, the resulting trace of system Σ is guaranteed
to satisfy φ. Specifically, if φ is realizable for Σδ , i.e., the
system with perturbations of bound δ > 0, we say that φ is
δ -robustly realizable for Σ∗, where δ is the robustness margin.

The set of all initial conditions from which φ can be real-
ized for Σ is called the winning set of φ, denoted by WinΣ (φ).

ROCS addresses the following control synthesis problem:
given an LTL specification φ for system Σ∗,

(i) determine whether φ is robustly realizable for Σ∗;
(ii) synthesize a feedback control strategy such that the

closed-loop system satisfies φ if possible.
In a nutshell, ROCS takes a control system Σ and an LTL

specification as inputs and returns a control strategy ex-
portable to Matlab for simulation and display. It currently
supports control synthesis for system Σ with invariance,
reachability, Büchi, and coBüchi objectives, which can be
shown to be realizable using memoryless control strategies.

3 DESIGN AND TECHNICAL DETAILS

Control Problem
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Figure 1: The architecture of ROCS.

Figure 1 shows the current architecture of ROCS, which
is composed of three modules. The module “control prob-
lem” mounts system dynamics and specifications provided
by the user. To solve the control problem, the module “solver”
performs formal synthesis algorithms and will generate a
winning set together with a control strategy that realizes
the given specification. The information of the winning set,
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control strategy, as well as intermediate results from itera-
tions, are managed by the module “interval paver”, which is
implemented using a binary tree structure.

In the following, we present technical details on the im-
plementation of these three modules.

3.1 Control strategy defined on intervals
Definition 3.1. Given Ω ⊆ Rn ,P = {P1, P2, · · · , PN } is said

to be a partition of Ω if (i) Ω = ⋃N
i=1 Pi ; (ii) int(Pi )∩ int(Pj ) =

∅ when i , j, where int(Pi ) denotes the interior of Pi . Each
element Pi of the partition P is called a cell.

The control strategy generated by ROCS is partition-based.
Let Y = {Y1,Y2, · · · ,YN } be the resulting partition of X and
C = {C1,C2, · · · ,CN } be the set of control inputs such that
the given LTL specification can be realized. For each i , Ci
corresponds to the cell Yi and will be determined by the
solver. The control strategy returned by ROCS is given by
κ (x ) =

⋃N
i=1ψYi (x ), where x ∈ X, and for each i ,ψYi (x ) = Ci

if x ∈ Yi , andψYi (x ) = ∅ if x < Yi .
Theoretically, cells may be of any shape and size (e.g. tri-

angles and intervals). In ROCS, each cell Yi is represented
by an interval vector (interval for short) in Rn , which is
denoted by [x] := [x1] × · · · × [xn] ⊆ Rn , where [xi ] =
[x i ,x i ] ⊆ R for i = 1, · · · ,n, x i represents the infimum of
[xi ], and x i the supremum. We also write [x] = [x ,x], where
x = [x1, · · · ,xn]T and x = [x1, · · · ,xn]T . The width of the
interval [x] is defined as w ([x]) := max1≤i≤n {xi − xi }. The
set of all intervals in Rn is denoted by IRn .

The advantage of using intervals is that they are sim-
ple and easy to manipulate. Uniform grids implemented in
[9, 16, 20] for constructing abstractions can be considered
as intervals with uniform widths. Instead of using uniform
intervals, in ROCS, the system state space is adaptively par-
titioned according to the given specification and system dy-
namics. Further details on such a partitioning scheme will
be illustrated in section 3.3.

3.2 Control synthesis algorithms
Similar to model checking problems, the realizability of φ
for control system Σ is determined by examining WinΣ (φ).
If WinΣ (φ) , ∅, then φ can be realized for system Σ.

Therefore, the task of the module “solver” is to determine
the winning set of a given specification. For different LTL
specifications, different algorithms have to be applied. Never-
theless, all of these algorithms involve repetitive evaluation
of the predecessor of a set X ⊆ X for system Σ with respect
to system dynamics (1), which is a set of states defined by

Pre(X ) = {x ∈ X | ∃u ∈ U s.t. fu (x )+d ∈ X ,∀d ∈ D}. (2)

In the context where deterministic system Σ∗ and nondeter-
ministic systems Σδ have to be distinguished, we denote by
Pre∗ (X ) the predecessor of X for Σ∗ and Preδ (X ) that for Σδ .

For the invariance specification φi = □p (A), where A ⊆ X
has to be controlled invariant and p (A) is true if and only if
the system state is in A, the winning set of φi for system Σ
is the maximal controlled invariant set inside A [11]. It can
be characterized using a µ-calculus [5] type formula

WinΣ (φi ) = νX .(A ∩ Pre(X )), (3)

where νX .T (X ) denotes the greatest fixed point of the map-
ping T (X ) := A ∩ Pre(X ), X ⊆ X.

For the reachability specification φr = ♢p (A), where A ⊆
X denotes the region to be reached in some future time, the
µ-calculus formula expressing the winning set is

WinΣ (φr ) = µX .(A ∪ Pre(X )), (4)

where µX .T (X ) is the least fixed point ofT (X ) := A∪Pre(X ).
The winning sets of the Büchi specification φb = □♢p (A)

and the coBüchi specification φc = ♢□p (A) can be deter-
mined by the alternating fixed-point operations [4]:

WinΣ (φb ) = νY µX .[Pre(X ) ∪ (A ∩ Pre(Y ))], (5)
WinΣ (φc ) = µYνX .[Pre(Y ) ∪ (A ∩ Pre(X ))]. (6)

Fixed-point algorithms for computing (3) to (6) can be
implemented easily on finite-state systems (e.g., game struc-
tures). For infinite-state system Σ, computing (2) is difficult
especially for nonlinear dynamics. Using the interval approx-
imation of (2), which is proposed in [11], ROCS currently
solves the aforementioned four types of LTL specifications
based on the fixed-point characterizations (3) to (6).

3.3 Control strategy generation via
interval branch-and-bound scheme

The kernel of ROCS is the approximation of predecessors
using interval branch-and-bound scheme, which is shown in
Algorithm 1 and conducted by the module “interval paver”.
It naturally yields a non-uniform partition of the state space
according to the dynamics and the given specification.

Given X ,Y ⊆ X, Algorithm 1 approximates the predeces-
sor of Y that resides in set X , i.e., X ∩Pre(Y ). The set approx-
imation precision is controlled by a parameter ε > 0. When
an interval [x] with w ([x]) > ϵ cannot be determined to be
part of X ∩ Pre(Y ) or not, it is bisected to L([x]) and R ([x]),
which are given by L[x] = [x1,x1]× · · · × [x j , (x j + x j )/2]×
· · · × [xn ,xn] and R[x] = [x1,x1] × · · · × [(x j + x j )/2,x j ] ×
· · ·× [xn ,xn], respectively, where j is the bisected dimension.

The interval function [f ] : IRn → IRm is called a con-
vergent inclusion function [8] of f if (i) f ([x]) ⊆ [f ]([x])
for all [x] ∈ IRn and (ii) limw ([x ])→0w ([f ]([x])) = 0. Such
a convergent inclusion function is not unique for a given
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Algorithm 1 Predecessor of Y bounded by X

1: procedure CPred([fu ]u ∈U ,X ,Y , ε)
2: K ← ∅,X ← ∅,∆X ← ∅,Xc ← ∅

3: List ← X
4: while List , ∅ do
5: [x]← List . f irst
6: if [fu ]([x]) ∩ Y = ∅ for all u ∈ U then
7: Xc ← Xc ∪ [x]
8: else if [fu ]([x]) ⊆ Y for some u ∈ U then
9: X ← X ∪ [x]

10: K ← K ∪ ([x],u)
11: else
12: if w ([x]) < ε then
13: ∆X ← ∆X ∪ [x]
14: else
15: {L[x],R[x]} = Bisect ([x])
16: List .add ({L[x],R[x]})
17: end if
18: end if
19: end while

return K ,X ,∆X ,Xc
20: end procedure

function f defined on Rn . The natural inclusion function
and mean-value inclusion function are usually used.

In addition to adaptive partitioning with respect to the
dynamics f and the input setX ,Y , Algorithm 1 records valid
control values for each cell, under which the cell are mapped
into Y completely in one step of time. The returned set K
contains pairs of intervals and their corresponding valid con-
trol values. Fixed-point algorithms (3) to (6) rely on CPred
for the computation of each iteration and will terminate in a
finite number of steps, returning both the partition Y and
corresponding set of valid control inputs C. The outputs of
CPred after every iteration are kept in stacks and used as
the inputs of the next call of CPred.

ROCS supports interval representation of the input sets
X and Y , and also a very general representation of Y , e.g.
Y := {y ∈ Rn | д(y) ≤ 0}, where д : Rn → Rm . In this case,
the condition [fu ]([x]) ∩ Y = ∅ and [fu ]([x]) ⊆ Y in line
6 and 8 are replaced by [д ◦ fu ]([x]) ⊆ [0,∞]m and [д ◦
fu ]([x]) ⊆ [−∞, 0]m , respectively.

An important fact about ROCS is that the user controlled
predecessor approximation precision ε also reflects the ro-
bustness of the realizability of the specification. Theoretical
results can be found in [11, 12].

4 TOOL USAGE
The tool is implemented in C++ and currently released as
a bundle of APIs accessing the core synthesis algorithms.

The source code and examples can be downloaded from
https://git.uwaterloo.ca/hybrid-systems-lab/rocs.

To solve a control synthesis problem using ROCS, the user
needs to provide:
• an interval inclusion function of the flow map of the

system to be controlled, and
• a main program that defines the control problem and

executes control synthesis.
To be compatible with different interval inclusion func-

tions provided by the user, we use an abstract class VFunctor
in ROCS, which is declared in the file vectorfield.h and
associated with the CntlProb class. Thus, the user specified
inclusion function should be defined as a derived class of
VFunctor. We call it an inclusion functor. For a continuous-
time system, the inclusion function can be provided as an
over-approximation of the discrete-time flow map. To write
such an inclusion functor, the user may install external pack-
ages Armadillo and Boost1 and refer to vectorfield.h or
the examples shipped with the source code.

To manage a control synthesis process, the user has to
write a main function for each control problem. Figure 2 is
a sample main function coded with the invariance control
synthesis workflow of a DC-DC converter.

First, the state and input space are specified by their lower
and upper bounds. A particular input_type can be used
when the system has discrete modes. Next, after loading the
customized inclusion functor, a control problem (a CntlProb
object) will be instantiated as specified by the user. Then a
solver (a CSolver object) is created to attach to the problem
and gradually refines the the partition (an interval_paver
object) of the system state space under the corresponding
synthesis algorithm. Finally when the iteration terminates,
in order to test and visualize the control performance, the
user can write the entire case information, including system
and specification setups, and control strategy to .mat files.
Utility functions for Matlab display are provided under the
matlab folder of the ROCS package.

To perform control synthesis, the user chooses an algo-
rithm provided by the CSolver class according to the control
objective. For example, in Figure 2, the invariance_control
algorithm is used. Other available algorithms include
reachability_control, buchi, and cobuchi.

These algorithms take three types of arguments:
• a precision control parameter,
• a bisection type, and
• a boolean indicating variable or fixed precision.

The precision control parameter determines the precision of
the resulting partition and is related to the robustness margin
of the specification (see [11, 12]). The bisection type indicates

1http://arma.sourceforge.net, http://www.boost.org
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,
1 int main()
2 { /* state and input space */
3 double xlb []={ -2 ,0.70};
4 double xub []={2 ,1.50};
5 input_type U{{1} ,{2}}; //two modes
6 /* specification */
7 double glb []={1.15 ,1.09}; // target area
8 double gub []={1.55 ,1.17};
9 /* functor of dynamics */

10 DCDC *ptrDC=new DCDC(U,TS); //TS:sampling time
11 /* define a control problem */
12 CntlProb dcdcInv("dcdc",XD,UD,xlb ,xub ,ptrDC);
13 /* create a solver and solve the problem */
14 CSolver *solver=new CSolver (& dcdcInv);
15 solver ->init(GOAL ,glb ,gub);
16 solver ->invariance_control (0.001 , RELMAXG);
17 solver ->print_controller_info ();
18 /* save the control strategy to file */
19 dcdcInv.write2mat_settings("dcdc_spec.mat");
20 solver ->write2mat_controller("dcdc_cbox.mat");
21 delete solver; delete ptrDC;
22 return 1;
23 }

Figure 2: A sample main function for the invariance
control synthesis of a DC-DC converter. A partition
precision of 0.001 and the relative bisection type
RELMAXG are used when calling invariance_control,
which is a member function of CSolver.

whether to subdivide an interval along the dimension of the
greatest absolute or relative width to the state space/target
area. For specifications related to reachability, it is usually
more efficient to use a variable precision (by setting the
boolean argument to be true). For detailed descriptions and
usage of the parameters of each algorithm, the user may
refer to the documentation of the CSolver class.

In the package, we provide complete sets of examples,
including interval inclusion functions, main program files,
and files for Matlab simulation, to show how to use ROCS
for control synthesis.

5 DEMONSTRATION
5.1 DC-DC converter
We first use ROCS to solve an invariance control problem
for DC-DC boost converter, which has been used for testing
in [16, 20]. This is a 2-dimensional 2-mode switched system
whose model and the corresponding parameters can be found
in [7]. The discrete-time model is obtained with sampling
time ts = 0.5. The Lipschitz constant is L = 1.0737.

The invariance specification is given by φi = □p (Ω),
where Ω = [1.15, 1.55] × [1.09, 1.17]. We use the natural
inclusion function, an absolute precision control parameter

0.001, and the bisection type RELMAXG. Figure 3 shows a satis-
factory controlled system solution from the initial condition
(1.2, 1.12). We compare the run time of ROCS with those of
Pessoa, CoSyMa, and SCOTS as reported in [20] in Table 1,
and it shows that ROCS performs well in terms of efficiency.
We denote by “tabst ” and “tsyn” the time spent on computing
abstractions and control synthesis, respectively.

1.15 1.2 1.25 1.3 1.35 1.4 1.45 1.5 1.55

x1

1.09

1.1

1.11

1.12
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1.15

1.16

1.17

x
2

Figure 3: Controlled trajectory from the initial condi-
tion (1.2, 1.12).

Table 1: Comparison of run times

CPU [GHz] tabst [s] tsyn [s]
Pessoa i7 3.5 478.7 65.2

CoSyMA N/A N/A 8.32
SCOTS i7 3.5 18.1 74.5
ROCS i5 2.4 0 0.36

To see how robustly φi can be realized for the converter,
we vary the values of the precision control parameters. When
the value is greater 0.0063, φi becomes unrealizable. Then φi
is not realizable for any perturbation with amplitude greater
than 0.0068.

5.2 Inverted pendulum
In the second example, we aim to control a pendulum on a
cart [11] to the upright position with an angle stabilization
precision ±0.05 rad. The state variables are the angle of the
pendulum θ and the angle change rate θ̇ . The control input
is a force applied to the cart. Written as an LTL formula, the
specification is φc = ♢□p (G ), where G := [−0.05, 0.05] ×
[−0.01, 0.01]. This system is neither globally asymptotically
stable nor incrementally asymptotically stable around the
upright position.

We consider the state space X := [−2, 2] × [−3.2, 3.2]
and discrete-time flow map with the sampling time τs =
0.01s. The control input u is chosen from the finite setU =
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0.05 {−10,−9, · · · , 9, 10}. Limited by the size of G, we use
a precision ε = 0.001 for the CPred of the inner greatest
fixed-point iteration in (6). Since the state space X is nearly
40 times the size of G, we use relative precision in the outer
least fixed-point iteration. The inner loop precision reflects
the bound of the perturbation that can be tolerated by the
resulting switching strategy. A local growth bound [19] is
used to construct the inclusion function. Figure 4 shows a
satisfying control result from the initial condition (1, 1).
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-5

0

5

10

u

Figure 4: Closed-loop simulation with the initial con-
dition (θ0, θ̇0) = (1, 1) for inverted pendulum.

To draw a comparison with abstraction-based synthesis
tools, we solved the same example using SCOTS. To use
SCOTS, we need to apply a rather small grid size, e.g. 0.001,
to X because of the small size of G. As a result, X will be
discretized to 2.56×107 cells. Computation of the abstraction
lasts for more than 12 hours without returning any result.
In contrast, ROCS generates a winning set covering most of
the state space in around 400 seconds with 26340 partitions.

6 DISCUSSIONS AND FUTUREWORK
We introduced ROCS in the current paper, which is a tool for
control synthesis for general dynamical systems. The main
feature that differentiates ROCS from other available tools
for nonlinear system control synthesis is that it guarantees
to generate feasible control strategies if the given specifi-
cation is robustly realizable. While a sound and robustly
complete abstraction usually requires a very small grid size
[13], the use of interval branch-and-bound scheme with vari-
able precision control yields a non-uniform partition of a
much smaller size, adaptively tailored for each specification.

Extensions of ROCS to support more general LTL specifi-
cations will be added in the future. Future development of the
tool will also improve its scalability by exploring separable
structures in higher dimensional dynamical systems.
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