Systems & Control Letters 61 (2012) 738-746

journal homepage: www.elsevier.com/locate/sysconle

Contents lists available at SciVerse ScienceDirect

Systems & Control Letters

Class-X £ estimates and input-to-state stability analysis of impulsive

switched systems”

Jun Liu?, Xinzhi Liu®*, Wei-Chau Xie ¢

2 Department of Automatic Control and Systems Engineering, University of Sheffield, Sheffield S1 3]D, United Kingdom
b Department of Applied Mathematics, University of Waterloo, Waterloo, Ontario N2L 3G1, Canada
¢ Department of Civil and Environmental Engineering, University of Waterloo, Waterloo, Ontario N2L 3G1, Canada

ARTICLE INFO ABSTRACT

Article history:

Received 27 March 2011
Received in revised form

29 December 2011

Accepted 13 March 2012
Available online 16 May 2012

In this paper, we investigate input-to-state stability of impulsive switched systems. The goal is to bridge
two apparently different, but both useful, stability notions, input-to-state stability and stability in terms of
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continuous dynamics and impulsive dynamics so that input-to-state stability is achieved, despite possible
instability of individual continuous subsystems or destabilizing impulsive effects. An illustrative example
is presented, together with numerical simulations, to demonstrate the main results.
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1. Introduction

Hybrid systems have attracted a lot of attention in recent years
due to their numerous applications in various fields of sciences
and engineering. Hybrid systems are dynamical systems exhibiting
both continuous and discrete dynamic behavior. The interaction
of continuous- and discrete-time dynamics in a hybrid system can
often lead to rich dynamical behavior and phenomena that are not
encountered in purely continuous- or discrete-time systems and
hence brings difficulties and challenges to the studies of hybrid
systems, such as their stability analysis and control design (see,
e.g., [1-4] and references therein). In this paper, we study stability
of hybrid systems under the notions of input-to-state stability [5]
and stability in terms of two measures [6].

The notion of input-to-state stability (ISS), originally introduced
in [5], has proved very useful in characterizing the effects of ex-
ternal inputs to a control system. The ISS notion has subsequently
been extended to discrete-time systems in [7] and to switched
systems in [8,9]. Input-to-state stability properties for hybrid sys-
tems are investigated in [10,11], where the hybrid systems are de-
fined on hybrid time domains. More recently, Chen and Zheng [12]
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and Hespanha et al. [13] have studied Lyapunov conditions for
input-to-state stability of impulsive nonlinear systems with and
without time-delays, and Liu et al. [ 14] have investigated input-to-
state properties of impulsive and switching hybrid systems with
time-delay.

Stability in terms of two measures, on the other hand, provides
a unified notion for Lyapunov stability, partial stability, orbital
stability, and stability of an invariant set of nonlinear systems
[6,15], which would otherwise be treated separately. This notion
has recently been adopted in the framework of switched sys-
tems [14,16], but not yet exploited for input-to-state stability.

The goal of this paper is to bridge the above two notions of
stability, namely input-to-state stability and stability in terms of
two measures, in the hybrid systems setting. The clear benefits of
doing so include characterization of robustness of hybrid systems
affected by noise or disturbances, not only in the Lyapunov stability
sense, but also in various other stability notions, such as partial
stability, orbital stability, and stability with respect to an invariant
set. One additional advantage is that we can choose one of the
stability measures to be the output function, the results can also
cover input-to-output stability [17].

We focus on two widely studied types of hybrid systems,
namely impulsive systems [18] and switched systems [2]. Intu-
itively, impulsive systems are systems with state jumps and can be
used to model real world processes that undergo abrupt changes
(impulses) in the state at discrete times [18]. Impulsive dynam-
ical systems can be naturally viewed as a class of hybrid systems
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[19,20]. Switched systems, on the other hand, are systems with dy-
namic switching and can be used to model real systems whose dy-
namics are chosen from a family of possible choices according to
a switching signal [2]. In order to study these two types of hybrid
systems in the same framework, we formulate them as impulsive
switched systems by introducing integrated signals called impul-
sive and switching signals [ 14]. Input-to-state stability properties
in terms of two measures are investigated not only under a par-
ticular signal, but rather under various classes of signals as in the
stability analysis for switched systems [21].

Besides the conceptual unification of two stability notions
mentioned above, the results in this paper also include a key
improvement, compared with previous results on input-to-state
stability of impulsive or switched hybrid systems. Namely, we do
not assume that the continuous dynamics of the system either
grow exponentially or decay exponentially, which is in contrast
with the results in the literature [9,12,13,22]. Note the presence
of the nonlinear function ¢; in both of the main theorems in the
current paper. These actually give more natural conditions similar
to the Lyapunov characterizations of input/output stability notions
of continuous nonlinear systems [23].

The rest of this paper is organized as follows. Basic notation
and definitions are given in Section 2, where we formulate an
impulsive and switching hybrid system with external input. Par-
ticularly, the notion of input-to-state stability in terms of two
measures is presented. Section 3 provides two lemmas on class-
K L estimates for impulsive switched systems. The main results
of this paper, presented in Section 4, give Lyapunov-type suffi-
cient conditions for input-to-state stability of impulsive switched
systems in terms of two measures. An example is presented in
Section 5 to illustrate the main results. The paper is concluded
by Section 6, where the main contributions of this paper are
highlighted.

2. Notation and definitions

Let Z* denote the set of nonnegative integers, R* the set
of nonnegative real numbers, and R" the n-dimensional real
Euclidean space. For x € R", |x| denotes the Euclidean norm of
x. Let C[M; N] denote the set of all continuous functions from
M CR™toN C R™

Let 4. and {4 be two index sets. Consider the following
impulsive switched system

X (t) = fi (&, x(t), u(t)),
Ax(t) = I, (¢, x(t7), u(t)),

x(tg) =xo. (C)

te(ty,tip1), kezZt, (a)
t=t,kezZt\ {0}, (b) (2.1)

where iy € d,ji € dg, x(t) € R" is the system state, u : RT
R™ the system input function (measurable and locally essentially
bounded), {tk t ke Z*} C RT astrictly increasing sequence such
that ty — oo ask — oo, and x(t7) = lim,_, ;- x(s). For each
i € J, the function f; € C(RT x R" x R™; R") and is locally
Lipschitzian in (x, u). Foreachj € {4, 1; : Rt x R" x R™ > R™.
Each solution x is continuous at each t ## t; for t > ty. We assume
that, for eachi € {candj € 4, fi(t,0,0) = [;(t,0,0) = 0so
that system (2.1), without input, admits a trivial solution. Note that
n (2.1), the sequence of triples {(t, ik, jx)} together imposes the
following:

(i) asequence of indices i} to switch the right-hand side of (2.1)(a)
among the family {f; : i € 4.};

(ii) a sequence of indices ji to select the impulse functions Ij, from
the family {I; : j € 44} to reset the system state according to
the difference Eq. (2.1)(b); and

(iii) a sequence of discrete times t;, called the impulse and
switching times (except the initial time to '), to determine when
the switching and impulse occur.

Besides the family of functions {f; : i € .} and {; : i € 44}, which
govern the continuous dynamics and the discrete dynamics of
system (2.1), respectively, it is expected that properties of solutions
to system (2.1) (e.g. input-to-state stability properties to be
investigated in this paper) can also be highly affected by the
sequence of triples {(ty, ix, jr)}, which we call an impulsive and
switching signal. Hence, it is of interest to characterize properties
of solutions that are uniform over a certain class of impulsive and
switching signals. We may use 4 to denote a certain class of such
signals.

A function @ : R* — RT is said to be of class X and we write
o € K, if « is continuous, strictly increasing, and «(0) = 0. If
o € K also satisfies a(t) — oo ast — oo, we say that « is of
class Ko, and write o € K. A function 8 : R — R* is said to
be of class X £ and we write 8 € KL, if B(-, t) is of class K for
eacht € R and B(r, t) decreases to 0 as t — oo for each fixed
r € Rt.Let I' .= {h € C[Rt x R"; R*] : inf h(t,x) = 0}
and fix some hg, h € I'. To unify different notions of stability, the
stability analysis is performed in terms of two measures (hy and h)
as shown in the following two definitions.

Definition 2.1. System (2.1) is said to be uniformly (ho, h)- input-
to-state stable (ISS) over a certain class of signals 4, if there exist
functions 8 € XL and y € Ko, independent of the choice of
impulsive and switching signals {(t, ik, jx)} in 4, such that, for each
Xp € R™ and input function u, the solution x of (2.1) exists globally
and satisfies

h(t, x(t)) < B(ho(to, Xo), t — to) + y (sup [u(s)]).

to=<s=<t

(2.2)

Remark 2.1. The above definition generalizes the classical notion
of ISS for ordinary system given in [5]. The (hg, h)-stability notions
are considered here in the spirit of the work by Lakshmikantham
and Liu [6] to unify different notions of stability, which would
otherwise be treated separately. It is worth noting that this
notion has been adopted in the framework of switched systems
by Chatterjee and Liberzon [16] and Liu et al. [22], but not yet
exploited for input-to-state stability.

Remark 2.2. A few choices of the two measures (hg, h) given
below will demonstrate the generality of Definition 2.1. It is easy
to see that Definition 2.1 gives

(1) the classical stability of trivial solution x(t) = 0, if h(t,x) =
ho(t, x) = |x| and u(t) = 0;

(2) the well known input-to-state stability, if h(t,x) = hq(t, x)
= |x[;

(3) the input-to-state partial stability, if h(t,x) = |(xq, ..
where s < n, and ho(t, X) = |X|;

(4) the input-to-state stability of a prescribed motion y(t), if
h(t,x) = ho(t, x) = [x — y(O);

(5) the input-to-state stability of the invariant set A C R", if
h(t,x) = ho(t,x) = d(x, A), where d(x, A) is the distance of
x from the invariant set A;

(6) the input-to-state orbital stability of a periodic solution, if
h(t,x) = ho(t,x) = d(x, C), where C is the closed orbit in
the phase space.

x5,

T Whilea switching mode is assigned by iy at t = t,, we do not consider a solution
to instantly undergo an impulse at the initial time t;.
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To investigate the ISS properties of system (2.1), which has
different modes of the continuous dynamics given by {f; : i € d.},
we shall choose accordingly a family of multiple Lyapunov
functions {V; : i € 4.}, where each V; € C(RT x R"; R") and is
locally Lipschitzian in its second variable. We introduce the upper
right-hand derivative of V; with respect to ith mode of system (2.1),
for eachi € 4, at (t,x) € RT™ x R" by

D*Vi(t, ¢) = limsup % [Vi(t + h, x + hfi(t, x, u)) — Vi(t, )],
h—o0t

where u € R™. Moreover, for a functionm : R ~ R, DTm(t),

the upper right-hand derivative of m(t), is defined by D™m(t) =

lim supy,_ o+ #[m(t + h) — m(0)].

Let {(tx, ix, jx)} be an impulsive and switching signal and x be a
solution to system (2.1) on [ty, t41). Define m(t) = V; (¢, x(t)),
for t € [ty tyr1). The above definitions for upper right-hand
derivatives are connected by the relation

D m(t) = DV, (t, x(t)), t € (te tir1),

because {V;} are locally Lipschitzian in x.

Finally, we introduce two classes of impulsive and switching
signals as in [14]. The goal of this paper is to establish uniform
input-to-state stability of system (2.1) in terms of two measures
over these particular classes of signals. The two classes of signals
generalize the well-known dwell-time conditions to dwell-time
conditions with respect to specific switching modes. We say that an
impulsive and switching signal {(t, iy, jx)} belongs to siinf(r), for
some t > Oandi € {, if it satisfies inf{t,, ; — t, : k € ZT,
i, = i} > 71, where ty is the initial time. If {(t, i, ji)} satisfies
sup {tips — ti : k € Z*, iy = i} < 7,itis said to belong to &1, (7).
For fixed T > 0, the well-known dwell-time signals are recovered
by Sint(1) = [Nicy, Bine(7) and sup(T) = [Nicy, Seup(T)- In other
words, an impulsive and switching signal {(t, i, ji)} belongs to
8i.¢(t) or Jéup (1), if it assumes a dwell-time lower bound or upper
bound 7, respectively, with respect to the ith mode.

3. Class-K £ estimates

In this section, we establish two general class-X .£ estimates for
solutions of scalar impulsive switched systems.

Lemma 3.1. Consider the scalar impulsive switched system

Y () = pi, O, ¥(1), t € (te, tir1), k€Zb, (a)
yt) =g(ty)), t=t, kez"\{0}, (b) (3.1)
y(to) =yo, (¢)

wherei, € dc,¥0 > 0,8 € Koo, pi : RT = RV islocally integrable,
and o; € X is locally Lipschitz for each i € 4. If

(i) m=sup {ty — i1 : k€ Z*, iy =i} < oo; and

e . + i

(ii) N; == inf,-¢ gq(q) ﬁ > M; == sup,q J; " pi(s)ds,

then the system has a unique solution y(t) defined for all t > to and
there exists a class- X £ function 8 such that

y(®) < B(Yo. t —to).

Lemma 3.2. Consider the scalar impulsive switched system

Y () = —pi, O, (1), t € (t, k1), k€ ZT, (a)
y(t) =gW(ty), t=t, kezt\{0}, (b) (3.2)
y(to) =Yo, (c)

where iy € dc,y0 > 0,8 € Ko Withg(s) > sforalls > 0,p; :
R* +— R* is locally integrable, and o; € X is locally Lipschitz for
eachi € J.. If

(i) i = inf{ty — teq : ke Z*, ik =i};
(i) Ni == infrso [ 7 pi(s)ds > M = sup,- fqg(‘” ds

ai(s)’

then the system has a unique solution y(t) defined for all t > to and
there exists a class- X L function B such that

y(©) = B(o, t —to).

Remark 3.1. Before proving these two lemmas, a few comments
are in order.

(1) Lemmas 3.1 and 3.2, together with a comparison theorem for
impulsive differential equation [18], will be used to derive
input-to-state stability for impulsive switched systems in the
next section.

(2) A key feature here is that the continuous dynamics of the
system can be fully nonlinear. Note that the functions ¢; are
general nonlinear class X functions. This feature allows us
to derive more general Lyapunov characterizations without
restricting the continuous dynamics of a hybrid system either
to be exponentially growing or exponentially decaying.

Conditions (i) in the above lemmas give a dwell-time up-

per bound and a dwell-time lower bound on the impulsive

and switching signals, respectively. Conditions (ii) specify bal-
ancing conditions on the continuous dynamics and impulsive
dynamics to guarantee the existence of a X .L-estimate. Partic-
ularly, in Lemma 3.1, the continuous dynamics can be unsta-

ble, while the impulsive dynamics are stabilizing. Lemma 3.2

covers the opposite situation, i.e., the impulsive effects are

destabilizing, while continuous dynamics are stabilizing. The
balancing conditions are given in general integral forms.

(3

=

Proof of Lemma 3.1. Note that y(t) > 0 forall t > t,. We will
show that

(i) Given any ¢ > 0, there is § = 48(¢) such that yo < & implies
y(t) < eforallt > t,.

(ii) Givenanyr > Oand n > O, thereexists T = T(n,r) > 0
(dependent on n and r, but independent of ty) such that y(t) <
nforallt >ty +T.

Following a standard argument [24], a class-X £ function 8 can be
constructed based on parts (i) and (ii) above.

To show part (i), pick § = 8(e) = g(e) for any given ¢ > 0.
The conditions on N; shows that 0 < g(q) < qforallq > O.
We claim that if yg < §, then y(t) is defined for all t > to and
y(t) < e.Suppose y(t; tg, Yo) is continued to its maximal interval of
existence [tg, 8).If B < oo, there must exist some t € (ty, 8) such
thaty(t) > e.We shall show thaty(t) < eforallt € [ty, 8), which
in turn will imply that 8 = oo and therefore part (i) is proved.

Suppose for the sake of contradiction that y(t) > & for some
t € [to, B). Let t* = inf{t € [ty, B) : y(t) > &}. It is clear that
y(t) < eforallt € [to, t*). Moreover, either y(t*) = g ory(t*) > ¢
and t* = t; for some k. In either case, y(t) is defined for all
t € [to, t*].Sinceyg < § = g(e) < e and y(t*) > g, then t* > to.
Moreover, y(t) < ¢ for t € [ty, t*). We claim that t* ## t; for any
k > 1and hence y(t*) = e. Actually if t* # t; for some k > 1, then
0<e=<y(t")=glyt")) <yt*) < g which is impossible.

Now suppose that t* € (ty, tyr1) for some k. Since y(t) < ¢ for
t € [to, t*), we have y(ty) = g(¥(t,)) < g(e). Integrating (3.1)(a)
on [ty, t*] gives

£ ds Y s
Ny, < / — = /
50 €O T Sy @ (S

t* tk+Tiy,
< / pi (s)ds < / pi ($)ds < M,
tk

173

which clearly contradicts with condition (iv). This completes the
proof for part (i).
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We proceed to show part (ii). Let r > 0 and n > 0 be arbitrarily
given. Following the proof of part (i), we can show that there exists
some p = p(r) such thaty(t) < pforallt > tg ifyg < r. Actually
we can choose p = g~'(r), which is always possible since g € K.
Then repeating the proof of uniform stability shows y(t) < p for
all t > tp.

Let§ = 6(n) = g(n).From part (i), yo < é implies thaty(t) < n
forall t > to, where ty can be arbitrary. Without loss of generality,
we can assume 7 < p. Define

Li=Li()’)=5uP{ :g(rS)SSSp}-

ai(s)
Itisclearthat0 < L; < 0o.Ford < q < p,wehaveg(§) <g(q) <
q < p and so

9 ds
N; < f < Llqg —g(@],
g(g) i(S)

from which we can obtain g(q) < q — N;/L; < q — d, where
d = d(n, r) > 0ischosen so thatd < infje;, (N; — M;)/Li. Let T =
SUp;ey, Ti. Choose T = (N + 1), where N is the first integer such
that N > p/d. Then T depends on 7, r, and 7, but is independent
of to. The proof is complete by proving the following claim.

Claim. There exists somet € [tg, to + T] such that |x(t)| < é.
Note that the conclusion of part (ii) would follow from this claim
and part (). O

Proof of the Claim. Suppose itis nottrue.Theny(t) > § forallt €
[to, to + T]. We prove by induction that, for [ty, ty+1) C [to, to+T]1,
where k € Z*, we have y(t) < Ay := p — kd. By the choice of
T, there are at least N + 1 such intervals, where N > p/d, which
would eventually lead to y(t) < p — Nd < Oon [ty, ty+1), a clear
contradiction.

On [to, t1), we have m(t) < Ay = p. Suppose that 0 < §
< y(@t) < Ay < pon [t, tyr1), k < N. Assume for the sake
of contradiction that there exists some t € [ti1, tys2) such that
y() > Ay —d = A Let t* = inf{t € [tey1, tey2) 2 Y(@E) >
A, — d}. Since y(tyy1) = g ) < gA) < A — d, we
have t* € (tyr1, terz) and y(t*) = Ay — d. Integrating (3.1)(a) on
[tit1, £%] gives

/y(f*) ds
Vitip1) Y1 (5)
and

v s A= s
Vites) L1 () g iy (5)

/ A s / A ds
g(Ar) Yigq ©) Ax—d Qigyq (s)

>N, —dL,. . >M

IA

t* 17
/ Dip, (9)ds < f Dip, (9)ds < M,

k1 Ck+1

ikt1 iet1 fet1
Again, we reach a contradiction. Therefore, the claim is proved and

so are both parts (i) and (ii). The proof is complete. O

Proof of Lemma 3.2. We prove the same statements as parts (i)
and (ii) in the proof of Lemma 3.1 and following a standard
argument [24], a class- KX £ function 8 can be constructed based
on parts (i) and (ii).

Note that 0 < M; < N; < oo foralli € .. For part (i), we
choose § = 8(¢) = g7 '(¢) < . We show that if yy < §, then
y(t) is defined for all t > to and y(t) < e. Suppose y(t; to, Yo) is
continued to its maximal interval of existence [fp, B). If B < oo,
there must exist some t € (tp, B) such that y(t) > &. We shall
show that y(t) < e forallt € [ty, B), which in turn will imply that
B = oo and therefore part (i) is proved.

Suppose for the sake of contradiction that y(t) > & for some
t € [to, B). Let t* = inf{t € [to, B) : y(t) > &}. It is clear that
y(t) < eforallt € [ty,t*). Moreover, either y(t*) = ¢ or
y(t*) > e and t* = t; for some k. In either case, y(t) is defined
forall t € [t, t*]. Sinceyg < § = g7 '(¢) < € and y(t*) > e,
then t* > ty. Moreover, y(t) < ¢ fort € [to, t*). Suppose that
t* € [tk, ter1)-Eq.(3.2)(a) implies that y(t) is decreasing on [ty, t*].
Therefore t* = t;. We then show that y(t*~) < g~'(¢). Suppose
this is not true. Then we have g7 1(¢) < y(t) < & on [ty_1, o).
Integrating (3.2)(a) on [tx_1, t) gives

/J/(fkl ) ds /fk
> Pir_ (8)ds
v % ©) tg—1

fe—1+Ti_4
> / Dip_, (8)ds > N;,_,,

tk—1

and

V-1 dg g7 @) g
/ = / =M, <Ni,,
v X ) T S i, (9)

which gives a contradiction in view of condition (ii). Therefore,
y(t*) = yt) < g7 '(e) and y(t*) = g(y(t*")) < e&. But
y(t*) > e. We must have y* = ¢. However, y(t) is decreasing on
[t*, ty+1) and therefore y(t) < & on [t*, tyy1), which contradicts
the definition of t*. This completes the proof for part (i).

We proceed to show part (ii). Let r > 0 and n > 0 be arbitrarily
given. Following the proof of part (i), we can show that there exists
some p = p(r) such thaty(t) < pforallt > tg if yg < r.Actually
we can choose p = g(r), which is always possible since g € K.
Then repeating the proof of uniform stability shows y(t) < p for
all t > t.

Let § = 8(n) = g~ (»). From part (i), yo < & implies that
y(t) < nforallt > to, where t; can be arbitrary. Without loss of
generality, we can assume 1 < p. Define

L,:Li(n)zsup{ 33§S§p}.

i(s)
Itis clear that 0 < L; < oo.Lletd = infie;, (Ni — My)/Li, T =
SUp;ey, Ti» and N be an integer such that N > p/d. Choose T =
(N + 1)?1. The proof is again complete by proving the following
claim.

Claim. There exists some t € [tg, to + T] such that |x(t)| < 6.
Note that the conclusion of part (ii) would follow from this claim
and part (i). O

Proof of the Claim. Suppose it is not true. Then § < y(t) < p for
all t € [to, to + T]. By the choice of T, there are two possible cases:
(I) there are at least N impulse times t;, k > 1, in [to, to + T];
(IT) there are at least one subinterval of [ty, to + T] with length
greater than Nt which does not contain any impulse time. In either
case, we will derive a contradiction.

Consider case (I) first. We show that by induction that y(t,) <
g (p) — kd, where 1 < k < N, Eventually this would lead to
y(ty) < g7 (p) — Nd < 0, which is not impossible. We first show

thaty(t;) < g~ (p) — d. Integrating (3.2)(a) on [ty, t;) gives

/yo ds /p ds g0 gs
vi) @i () Jgm1p) @i () Sy @ig(S)

g0 s
M;, + / ,
0 vy %ig(S)

IA

and

Yo ds t to+Ti
/ > / Dip(s)ds > / Piy(S)ds > Ny,
e %ig(S) 0 0
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which gives

gl gs
M;, + / > Ni,.
o vy ig(s) o

Condition (ii) implies that

g0 gs
/ > 0,
vy ip(S)
which in turn implies p > g7 1(p) > y(t;) = . Therefore, by the
definition of L;;,

g0 gs
f <Ig7"(p) —y(t)]L-
vy i (S)

Combining this and Eq. (3.3) gives
(g7 () — y(t)]Liy + Miy = Ny,
which eventually gives

Niy — Mj,

Y =g ()~ =2 <g () ~d

0

Now we have y(t7) < g~ '(p) — dand y(t;) = g(t7)) <
g(g~(p) — d). Repeating the same argument on [ty, t;), we can
show y(t;) < g7'(¥(t1)) —d < g7 '(p) — 2d. By induction, this
shows y(t,) < g7 '(p) — kd, where 1 < k < N, and y(ty) <
g '(p) — Nd < 0, a contradiction.

Now consider case (II). Suppose [ty, t*) is an interval in [to, to +
T] without any impulse, where t* can be ty + T. Since t* —
ty > N1, we can break this interval into N intervals, each with
alength greater than 7. Label these intervals as [sg, s1], [S1, S21, .. .,
[sn—1, Sn], where s = t; and sy = t*. Repeating the same argu-
ment as in case (I), we can show y(s7) < g 1 (y(so)) — d. Since y(t)
is continuous at s;, we have y(s;) = y(s]) < g l((s)) —d <
¥(Sp)—d. By induction, we can show y(sy) < y(so)—Nd < p—Nd <
0, again a contradiction. The proof is complete. O

4. Input-to-state stability

In this section, we establish some sufficient conditions for
input-to-state stability of impulsive switched systems, as applica-
tions of the class-X £ estimates we have obtained in the previous
section. As mentioned in the introduction, to unify different no-
tions of stability, the input-to-state stability analysis is performed
in terms of two measures (hg and h).

Our first result is concerned with (hg, h)-ISS properties of
system (2.1), in the case when all the subsystems governing the
continuous dynamics of (2.1) can be unstable and the impulses,
on the other hand, are stabilizing. Intuitively, the conditions in the
following theorem consist of four aspects (corresponding to each
of the conditions): (i) the Lyapunov-Krasovskii functionals satisfy
certain positive definite and decrescent conditions; (ii) there exist
some positive estimates of the upper right-hand derivatives of
the functionals with respect to each unstable mode of (2.1);
(iii) the jumps induced by the stabilizing impulses satisfy certain
diminishing conditions; (iv) the estimates on the derivatives
and the growth by jumps satisfy certain integral form balancing
conditions in terms of the dwell-time upper bounds.

Theorem 4.1. Suppose that there exist a family of functions {V; : i
€ 4.} in C(RY x R", R™) that are locally Lipschitzian in the second
variable, functions a, b, g, p, and x of class Kso, pi : RT > RT
locally integrable and o; € X locally Lipschitz for each i € d., and
positive constants t; (i € ) such that, foralli, 1 € 4.,j € 44, and
(t,x,u) € RT x R" x R™,

(i) a(h(t, x)) < Vi(t, x) < b(ho(t, x));
(i) DTVi(t, x) < pi®)ci(Vi(t, X)) if Vi(t, x) = x(Jul);
(iii) Vi(t, x + I;(t, x, u)) < g(Vo(t—, %)) if Vi(t™, %) > x(lul), and
Vit, x + Li(t, x, u)) < p(lul) if Vi(t™, %) < x(lul); and

; . t+i — a _d
(iv) Mj == sup.~q [, ' pi(s)ds < N; := infyg @ CTSS)

Then system (2.1) is uniformly (hg, h)-ISS on ﬂl—elc 5;up(‘L’,‘). In
particular, system (2.1) is uniformly (ho, h)-ISS on 85, (7), where
T = infielc Ti.

Proof. Let {(ty, i, ji) : k € Z"} be a given impulsive and switch-
ing signal. Define

m(t) := Vi, (t, x(t)), t € [t tip1), ke Z".

Let |lul|sc denote the sup norm of the input on RT. Let u =
max(g~" o x, p) and C = pu([[ulo0)-

Claim. If m(T) < g(C) forsomeT > ty, thenm(t) < C forallt > T.

Proof of the Claim. Suppose this is not true. Note that g(C) < C.
Let

t* :==inf{t > T: m(t) > C}.
Then t* € [ty, tys1) for some k. Define

t, == sup {t € [t, t*] : m(t) < g(O)}.

Then t* > t, > t,. We show that t* > t,. If t* = t,, then we
must have t* = t, = t; by continuity of m(t) on (t,, t*). If m(t,)
> x(llull), condition (iii) implies that m(ty) < g(m(t,)) <
g(C) < C, which contradicts the definition of t*. If m(t,) <
X (Jlt]l o), condition (iii) implies that m(ty) < p(J|ull), which also
contradicts the definition of t*. Therefore, t* > t,. By continuity,
we have m(t*) = C and m(t,) = g(c). Moreover, we have
g(C) < m(t) < Con [t,t*] C [tk, tyr1), which implies that
m(t) > x (J|u]leo). Condition (ii) implies that

D*m(t) < pi (O)M(t), t € [t £7].

By integration, this differential inequality gives

¢ ds me) s
Nik = / :/
2 () Jmeoy ()

t* te+T
< / pi (s)ds < / Py (9)ds < M,
ts ty

which contradicts condition (iv). The claim is proved. O

Lett = inf{t >ty : m(t) < g(C)}. It follows from the above
claim that m(t) < C for all t > ¢, which implies

e, x()] < a” "o u(luller), t=E. (4.1)

Fort < t, we have m(t) > g(C), which implies m(t) > x (|lulloo)
for all t < t. Consequently, conditions (ii) and (iii) imply that
D¥m(t) < py(O)m(t), t € (b, terr), t <L,
and

m(t) < g(m(t™)),

Using Lemma 3.1 and a comparison principle for impulsive
differential equation (see, e.g., Theorem 2.6.1 of [18]), there exists
a function 8 € X £ such that

t=t, t <t.

m(t) < B(m(to), t —to), to <t <T,

which implies

h(t, x(t)) < a™" o B(blho(t, X(1))), t — to),
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Let y(r) = a 'max(g '(x(r), p(r)) and B(r,s) = a (B
(b(r),s)) for (r,s) € RY x RT.Theny € Ko and B € KL
Combining (4.1) and (4.2) gives

h(t, x(t)) < B(ho(t, x(t)), t —to) + ¥ ([[ullec),

This guarantees that x(t) is defined for all t > t. Since both
and y are independent of a particular choice of signal {(t, i, jk)} in
8{,,(7), we have established (ho, h)-uniformISS of (2.1) on 8}, (7).
The proof is complete. O

t > to.

Remark 4.1. We remark that both the continuous dynamics
and the impulsive dynamics can be fully nonlinear due to the
nonlinearity of the functions ¢; and g. Hence the results are more
general than most of the current results on input-to-state stability
of impulsive or switched systems [9,12,13,22].

The following corollary is a special case of Theorem 4.1, which
still generalizes the result in [13] to systems with switching
dynamics with stability analysis in terms of two measures.

Corollary 4.1. Suppose that conditions (i)-(iii) of Theorem 4.1 hold
with the functions p;, c;, and g defined by p;i(s) = i, ¢i(s) = s, and
g(s) = ps, s € R, where u; and p are some positive constants. Then
the theorem conclusions hold, if condition (iv) is replaced by

(iv) Inp < —wit; foralli € 4.

Our second result is concerned with (hg, h)-ISS properties of
system (2.1), in the case when all the subsystems governing the
continuous dynamics of (2.1) are stable and the impulses, on
the other hand, are destabilizing. Intuitively, the conditions in
the following theorem consist of four aspects (corresponding to
each of the conditions): (i) the Lyapunov functions satisfy certain
positive definite and (hg, h)-decrescent conditions; (ii) there exist
some negative estimates of the upper right-hand derivatives of
the functionals with respect to each stable mode of (2.1); (iii) the
jumps induced by the destabilizing impulses satisfy certain growth
conditions; (iv) the estimates on the derivatives and the growth by
jumps satisfy certain integral form balancing conditions in terms
of the dwell-time lower bounds.

Theorem 4.2. Suppose that there exist a family of functions {V; : i
€ 4.}in C(RT x R", R™) that are locally Lipschitzian in the second
variable, functions a, b, g, p, and x of class Ko, pi : RT > RT
locally integrable and o; € X locally Lipschitz for eachi € 4., and
positive constants t; (i € J.) such that, foralli, 1 € J.,j € 44, and
(t,x,u) € RT x R" x R™,

(i) a(h(t, %)) < Vi(t,x) < b(ho(t, x));

(i) DFVi(t, x) < —pi(O)ci(Vi(t, %)) if Vi(t, x) = x (Ju]);

(iil) Vi(t, x + Li(t, x, w)) < g(Va(t™, x)) if Vi(t™,x) = x(|ul), and

Vilt, x + 1€, x, u)) < p(Ju]) if Vi(t™, x) < x(Jul); and

(iv) Ni == infiso [ pi(s)ds > M; := sup,.o ff((’) cl%
Then system (2.1) is uniformly (hg, h)-ISS on ﬂielc 5fnf(ri). In
particular, system (2.1) is uniformly (hg, h)-ISS on Siy(t), where
T = SUPj¢y, Ti-

Proof. Let {(t, i, ji) : k € Z*} be a given impulsive and switch-
ing signal. Let m(t) and ||u||» be the same as in the proof of Theo-
rem4.1.Let 4 = max(g o x, p) and C = p(||ul|oo)-

Claim. If m(T) < g~ '(C) for some T > to, then m(t) < C for all
t>T.

Proof of the Claim. Suppose this is not true. Note that g~!(C) <
C.Let

t* :=inf{t > T: m(t) > C}.

Then t* € [ty, ty,1) for some k. We show that t* = t;. Suppose this
is not the case. Then m(t*) = C > g7 '(C) > x(||u]ls). Moreover,
by continuity of m(t) on (ty, ty+1), we have m(t) > x(|lu]loo) for
t € [t*, t* + h], provided that h is sufficiently small. By condition
(ii), D*m(t) < 0 and m(t) is decreasing on [t*, t* 4+ h], which is
a contradiction with the definition of t*. Therefore, we must have
t* = ty and m(t*) > C. Moreover, t* cannot be t;. Otherwise, we
must have t* = T = t, which is impossible.

Now consider the interval [ty_q,ty). It follows from the
definition of t* that m(t) < C on [t_1, ti). If m(t) > g=}(C) >
x (Jlulloo) forall t € [t,_1, ty), then condition (ii) implies that

D+m(t) =< Diy_4 (t)cik71 (m(t))7 te [tk—l» tk)~

Integrating this on [t,_1, ti) gives

/m(tk—ﬂ ds /tk
> Dip_, ($)ds
ne) G ) T Juy

Te—1+Ti_4
> / Pi,_, (8)ds > N;,_,,

k-1

mt-1) (g @ 'O g
/ = / = Mik—l < Nik—l'
me) i (S T Jgro Gy (9)

We have a contradiction in view of condition (iv). If m(t) < g=!(C)
for some t € [t;_1, ty), let

t, == sup {t € [t_1, ) : m(t) <g~ (O}

We show that t, = t. Suppose this is not the case, then m(t,) =
g7'(C)and m(t) > g7'(C) = x(llulleo) on [t,, ti). Condition (ii)
then implies that m(t) is decreasing on [t,, t;), which violates the
definition of t,. Therefore, t* = t, = ty and m(t*™) = m(t;) <
g7 1(C). Now if m(t*~) > x(llulls), condition (iii) implies that
m(t*) < g(m(t*7)) < g(g '(C)) < C, which contradicts that
mt*) > C.If m(t*) < x(J|ulls), condition (iii) implies that
m(t*) < p(Jlullo) < C, which also contradicts that m(t*) > C.
In either case, we have a contradiction. Therefore, the claim must
be true. The rest of the proof is similar to that of Theorem 4.1. O

Similarly, the following corollary is a special case of Theo-
rem 4.2, which also generalizes the result in [13] to systems
with switching dynamics with stability analysis in terms of two
measures.

Corollary 4.2. Suppose that conditions (i)-(iii) of Theorem 4.2 hold
with the functions p;, c¢;, and g defined by p;(s) = w;, ¢i(s) = s, and
g(s) = ps, s € RY, where u; and p are some positive constants. Then
the theorem conclusions hold, if condition (iv) is replaced by

(iv) Inp > it foralli € 4.
5. Example

In this section, we present an example to illustrate our main
results.

Example 5.1. Consider the following networked hybrid control
system

{x/(t) = A x(t) + fi, (x(t)) + Bj,w(t),
y(t) = Cx(t) +v(t), t=>ty, (b)

t € (t, tkr1), (a) (5.1)
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and

R(6) = AR +fi, R(©), t € (t, tirr), keZT, (a)
5’("’) = C;((t), te (tkv tk+l)7 k € Z+! (b)

N Vi (7)., =]k, (5.2)
() = {Jk _ UL ot=t, (0
ne),  1#j,
@) =cccH 'y, t=t, (d)
where k € Z*,1 € {1,2,...,n},x(t) € R"is the system state,

w(t) € R™ is the disturbance input, C € RP*" is the observation
matrix (p < n), y(t) € RP is the state measurement, v(t) € R"
is the measurement noise, x(t) € R" is the remote estimate of
x(t), fi(x(t)) and f,—(&(t)) are the nonlinear perturbations of the
state and their estimations, respectively. Here, without loss of
generality, we assume that the observation matrix C is of full
rank (i.e., rank(C) = p). Therefore, CT(CCT)~! gives the right-side
inverse of the matrix C.

Moreover, iy € I, and J. is a finite index set; {t;} is a monoton-
ically increasing transmission time sequence satisfying t, — oo
as k — oo; at each transmission time t = ty, a try-once-discard
(TOD)-like protocol [25] to determine the index j, € {1, 2, ..., n},
i.e., ji is the index j corresponding to the largest |J;(t,) — y;(t,)l,
wherej € {1,2,...,n}. Whent € (, t+1), we can estimate x(t)
by letting x(t) evolve according to (5.2)(a) and forming y(t) accord-
ing to y(t) = Cx(t); at t = t,, a measurement y(t) is sent to the
remote estimator and update the output estimate J;, (based on a
TOD-like protocol). Note that the state estimate X(t) is also updated
att = t; by (5.2)(d) such that y(t) = CX(t) is satisfied for all t > t,.
It is assumed that, forallx, X € R"andi € 4.,

(i) there exist constants A; such that

c'cA+AlCTc < nClc, (5.3)
(ii) there exist constants L; such that
[C& = 0] CLi®) — fix)] < LIC&E—x). (5.4)

The objective is to achieve ISS properties of the estimation error.
To this end, we introduce h(t, X) = [y(t) — Cx(t)| = |C(X — x(t))|
and ho(t,X) = |x — x(t)|, for (t,X) € Rt x R", where x(t)
is regarded as a prescribed trajectory of (5.1)(a). Intuitively, h is
associated with the output estimation error E, (t) = y(t) — Cx(t)
and hg is associated with the state estimation error E,(t) = X(t) —
x(t). The ISS properties of the estimation error are equivalent to the
(hg, h)-ISS of the estimating system, i.e., the impulsive switched
system given by (5.2). To investigate the (hg, h)-ISS properties
of (5.2), we choose a (common) Lyapunov function V;(t,X) =
V(%) = |CE — x(1)]? for (t,X) € RT x R Condition (i)
of Theorem 4.1 is clearly satisfied, since h?(t,%) = V(t,X) <
IC|I2h3(t, X). Similar to Hespanha et al. [13], for each p in ((n —
1)/n, 1), one can show that there exists a function x € K such
that

V(t, k(D) < pV(t7, X(t7)), (5.5)

provided that V(t—, x(t7)) > x (v(t™)). Therefore, condition (iii)
of Theorem 4.1 is satisfied with g(s) = ps. Computing the upper
right-hand derivative of V (t, X) along the ith mode of (5.2) gives

DY Vi(t, %) < 2[C& — x(r))]TC[A,»(& —x(t))

+®) — fix(t)) — B,-w(t)}

< [Ai+ 2L+ €] V(E,R),

provided that V(t, %) > x.(Jw(t)|), where & > 0 is an arbitrary
positive constant and y, is a function in X, which depends on .
Indeed, we can choose y,(s) = 4s maxe,, [|B;|| /&2 for (5.6) to hold.
The results are summarized in the following proposition.

Proposition 5.1. If

-1
ln(n
n

where J; and L; are given by (5.3) and (5.4),% then system (5.2) is
uniformly (hg, h)-ISS over ﬂieh 5;up(ri). In particular, for t =
minjey, 7; > 0, system (5.2) is uniformly (hg, h)-ISS over 85 (7).

> < —[)\,, + 2Li]'l,',' < 0, (57)

Actually, if (5.7) holds, one can choose p € ((n — 1)/n, 1) and
Wi > Amax (Al + A) + [} > Osuchthatlnp < —pu;7. In view of
(5.6), we can choose ¢ > 0 sufficiently small such that condition (ii)
of Theorem 4.1 is satisfied with p;(s) = u; and c;(s) = s. Condition
(iv) of Theorem 4.1 now reads

91
Tini = N; > M; = sup/ —ds=—Inp.
q>0 Jpq S
The conclusion of Proposition 5.1 follows from that of Theorem 4.1.
Now we consider two numerical cases:

(i) We first take B; = [1 0.1 0],

fi(0) = fix) = [ai(a—b) 0 0] sat(xy),
and

—(M,‘(l — b) [¢ 4] 0
A= 1 -1 1],
0 -8 0

wherei € 4. = {1,2},and a7 = 9,8 = 100/7, @y =
10, B, = 16,a = 8/7,b = 5/7. Therefore, the state system
can be regarded as a hybrid system switching between two
Chua’s circuits with slightly different parameters, both of
which exhibit chaotic behaviors under the given parameters.
We consider Cx = (x1, X2, x3)7, i.e., the plant state x is fully
observable. It is easy to verify that (5.4) is satisfied with L,
= 27/7 and L, = 30/7. Moreover, (5.3) is satisfied with
A1 = Amax(A1 + A7) = 14.8685 and Ay = Amax(A2 + AD) =
16.7839. With n = 3, (5.7) reduces to 7; < 0.0180 and 1,
< 0.0160. Therefore, with 7;y = 0.017 and 7, = 0.015,
Theorem 4.1 guarantees that system (5.2) is uniformly (hg, h)-
ISS over (_; , 5éup(ti). In particular, for T = 0.015, system
(5.2) is uniformly (ho, h)-ISS over &,,(7). By the definitions
of hg and h, (hg, h)-ISS of system (5.2) corresponds to ISS
properties of the state estimation error. Simulation results for
the state estimation error, under the given parameters, are
shown in Fig. 1.
(ii) We then take

Vi 1 -2
Ai=|4 nm 0],
2 1 6

wherei € 4. = {1,2}, 1 = 1,my = 3,60 = 1, , =
1.1,n, = 3.1,6, = 1.1, and we keep other parameters the
same. We consider Cx = (X1, X, — 2x3), which means that
the plant state x is only partially observable. We can verify

2 Note that the conditions given by (5.3) and (5.4) do not require either A; or L;
to be positive, which means that we can have more relaxed conditions by allowing
either the linear part or the nonlinear part of the plantin (5.1)(a) to contribute to the
convergence of the estimation error if they do so. If, however, this renders A; + 2L;
negative in (5.7), we may replace A; 4+ 2L; by an arbitrarily small positive number
such that both (5.6) and (5.7) hold.
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error system response with periodic inputs

error system response with vanishing inputs
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Fig. 1. Simulation results for Example 5.1 showing ISS properties of the state estimation error.
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Fig. 2. Simulation results for Example 5.1 showing ISS properties of the output estimation error.

that (5.4) is still satisfied with Ly = 27/7 and L, = 30/7.
Moreover, we can verify that (5.3) is satisfied with A; = 3 and
Ay = 3.1. Similarly, with n = 3, (5.7) reduces to 7; < 0.0378
and 7, < 0.0347. Therefore, with r; = 0.037 and 7, =
0.034, Theorem 4.1 guarantees that system (5.2) is uniformly
(hg, h)-ISS over ﬂ,-zu /3§up(t,-). In particular, for r = 0.034,
system (5.2) is uniformly (hg, h)-ISS over &s,,(7). Since h is
associated with the output estimation error, we have actually
shown that the output estimation error is stable with respect to
disturbance inputs and measurement noise. Simulation results
for the output estimation error, under the given parameters,
are shown in Fig. 2.

6. Conclusions

In this paper, we have investigated the input-to-state stability
properties of impulsive switched systems. Sufficient conditions
have been established for input-to-state stability in terms of two
measures for hybrid systems with both switching and impulse
effects. The formulation of hybrid systems is quite general in
that it allows both the continuous dynamics and the discrete
dynamics to be chosen from a certain family, according to a
general impulsive and switching signal. The stability results unify
the notions of input/output stability and stability in terms of
two measures in the hybrid systems setting. By exploiting some
nonlinear integral constraints in terms of generalized dwell-time

conditions, we do not assume the existence of a linear estimate
for the continuous dynamics. An illustrative example has been
provided to demonstrate the main theoretical results.
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