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Banach-Tarski Paradox (1924)
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Amerable Groups (von Neumann 1929)

I is amenable if there is an

-

invariant mean : A State 9:PEt & Tarski 1938 : N is

amenable iff there

s+ 9(bt(f)) = g(f) + P
.

is no paradoxical

(he(f)(x) = f( +
" x) decomposition.

Ex : I is amenable . F
Set gu(f)= (k).r TakeI a ra-cluster point of 19311 % = 9.
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Paradoxical Decomposition of F2

=·-
A subgroup of an

amenable group is
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Von Neumann Algebras (1936)
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A A-algebra Mc B(F-() is a

von Neumann algebra
if it contains

-

↓ and is closed in the Strong - algebra in

operator topology (pointwise convergence) I the norm topology .

-

Tagroup- Ex :

Ex

·I LT = TY(N) SOT

space ,
then A + - algebra

4t . Sx = G
+ xL↑: N ->u(l-M)

S

7 (X
,
m)' = [P(X,1)

. (S : = &TC (EC)Tx = x TV x eS)



II
,

Factors

A rN algebra M is a factor if ECM) = C.
-

A vN algebra M is finite if it has

-

Trace : T(f) = Star
a trace : A state T : M- & St

·

Trace: T(xt) =

- <*Se ,
Se7

=X f . T
, i) ↑ (xy) = T(yx)

.

= Glitte
&Ifactor is an infinite dimensional

O if efe.

finite factor
,

-!
↑ a group

↑: N ->u(l-M)
space ,

then

4t . Sx = G
+ xis
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Amenability and von Neumanu algebras

M a I ,
factor.

M is hyperfinite if M = R :=(e)
-

M is injective if 7 E : BIFC) -> M a
conditional

-

J. Schwartz (1963) : ↑Whyperfinite => (N inductive =>Natan)
expectation (projection of nar-1)

.

·REL(Sx * #2) F LFz
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Free act
If ↑ is countably infinite FCC

,
then

M-D
.

Choi - E
.

Effros (1977) : A C-algebra A

LT = R iff M is amemable
·

·is nuclear iff At is injective.

A
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Amenable Actions

#amabuif5 Mel ·#2 6Fz to
& Anantharaman - Deluroche 1987 :

An action on a compact Hansdorff space

NAK is amenable if E continuous maps

-

M: K-> Prob(i) St

Sup 11toM.
(x) - M- (tX) / =30 +et

.

#
&kisamenable it ·x + k

M. (X) : Uniform
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n Steps toward X
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#2 6Fz Biexact Groups

# Missoncompactification(f) - feCo(t) +x)
((F)cc(s)

S(n) = c(s)

N
.

Ozawa 2004 : T is biexact if
-

& the action NX FS is amenable

If i is biexact ,
then LP is solidF#·If BCLN has no minimal projections , S(

then B'1LN is injective

Ex : Fr
,

EXSLI, [SlFz
, Hyperbolic groups.... N

. Ozawa



Properly Proximal Groups

M
.

Boutonnet - A
.

Joana-P (2021) :

↑ is Properlyproximal if there is no

invariant state on S(T)

If N is properly proximal ,
then LP has

#no weakly compact Cartan subalgebra

in the sense of Ozawa and Popa,

Normable Diaxact ,
from products S

relatively hyperbolic ,
lattices in

serio
R. Bountonnet

Lie groups .
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WE of Proper Proximal Groups
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Small-at-infinity Boundary of In Factors

M a It, factor

there exist projections P
.

CP(M) 1: P(M)
Say TEBAC) is nearlycompact if

·P
: -12-1 St

P
: C : T9: P; / (F()

~tewoods Principles
-ThinkL

I·arem5) (M) = S TCBIFLD/ TX-XT is nearly

ES(LN)&104 cBlet) S
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C. Dinge S
.

Kannavalkam Elayavalli = P (2023)

M is properly proximal if there is no

-

conditional expectation from $(M) to M

Thisproperly proximal iff LN is .

C. Ding - P (2026 + )

M is biexact if the inclusion

M < S(M) is "nearly nuclear"

&initii
et

iff 1 is.



Relative Boundaries and Applications

Fit into Deformation / Rigidity TheoryP
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