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Talk Outline:

e Problem Description

e SDP and SOCP relaxation

¢ Properties of SOCP relaxation
e Solving SOCP relaxation

e Conclusions



Problem:

e n pts in R (d = 2,3).

e Know first m pts (‘anchor’)
A1y ey Amy

and Eucl. dist. estimate for pairs of ‘neighbor-
ing’ pts
dij >0 V(i,j)e A

with A C {(i,j):1<i<j<n}

e [istimate remaining n — m pts.

(More generally, upper/lower bounds on dist.)
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Optimization Formulation:

def .
Ve = min > |lla; — a;]|* — d3j
LTm-41yeeyLm i <m<i
(i,5)EA
+ > e —2))* - &)
m<1<j
(2,7)€A

Objective function is nonconvex. £

Use a convex program relaxation.



SDP Relaxation (Biswas, Ye '03):

def def
A_[ "'am]7 X:[xm—l—l"'xn]-

Then

Jas — o512 = llasl? — 2T a; + o
r | A"
— (e - )" | gr| 14 X](e-e)

= Bj; [X{T] I X|Bj

I X
T
= ([ x)),

with B;; = [61 ?] (e; —€;).

Fact:
I X
X' v

]t()hasrankd — Y=XT'X



opt _mln Z |<B’LJ zg? o d?j'
XY (i,7)€A
1 X
st.Z:[XT Y]t(), rank/ = d

def . 2
’Usdp :I}l&l)l}Ifl |<BZJ ZJ,Z>F—d
(4,5)€A
I X
s.t. Z = T Y] ~ 0

e Biswas and Ye gave probabilistic inter-
pretation of SDP soln, and proposed a
distributed (domain partitioning) method
for solving SDP when n > 100.



Second-order cone program (SOCP) is easier
to solve than SDP.

Q: Is SOCP relaxation a good approxima-
tion? Or a mixed SDP-SOCP relaxation?

Q: How to solve SOCP relaxation?



SOCP Relaxation:

: 2
Upe = min Yy — d
Tm41se3Tn Yij (ZJ)EA
S.t. Yij = ||a7, — £Cj||2 Vi<m<j, (i,j)€A
Yi; = ||337, — £Cj||2 Vm<i<j, (i,j)€A
def . 2
Usocp o lem—l-l:EIllIC]l-?nasz Z |y’1,j o d?']|
(2,5)€A

S.t. Yij > ||CLZ — CBJ‘| 2 Vi<m<yg, (i,5)€A

yij > |z — zj)°

Vm<i<j, (3,7)€A

y > ||z
= (y+ l) (y—3)° + =l
= y+s;>1y—32)
(also Doherty,Pister,El Ghaoui *03)



Properties of SDP, SOCP Relax-
ations:

d:2,n:3,m:2, d13:d23:2

Problem:
0= ' 1—a)*+ 3% —4
;rﬁﬁkwK a)” + % — 4
+ (1 —a)® + 5% — 4
A
®
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SDP Relaxation:

0= min |y—2a—3|+|y+2a— 3]

r=(a,B)ER2

yeR
1 0 0]
s.t. 0 1 28| >0
0 By
A
\\
SDP Solns ~— 2
4 | N I
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If solve SDP by IP method, then likely get analy. centre.



SOCP Relaxation:

0= min |y—4|+|z—4
z=(c,B8) ER?
y,z€R

sty >(1—a)®+ 5%

SOCP Solns

analytic centre

If solve SOCP by IP method, then likely get analy. centre.



Fact 1. If {z,¥ij bm<i<n,(i,j)ea 18 the analytic
centre soln of SOCP, then

x; € conv {xj’ak}(i,k),(i,j)E.A Vi
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SOCP soln found by IP method (SeDuMi)



Fact 2. If v, = 0 and {z;, ¥ij m<i<n,(i,j)ea 18 &

maximally strictly feasible soln (e.g., analytic
centre) of SOCP, then for each i,
x; appears in every optimal soln

= o —xz||P=d;; VYi:(i,5) €A



Conjectures:

1. If v, =0 and, for some N C {m +1,...,n}

and some optimal soln {x;, ¥ij bm<i<n,(i,j)ea, WE

t

have
x; € conv {xj’ak}(z’,k),(i,j)eA,jeN Vi e N,

then {z;};car appears in every SOCP (SDP)

soln.



Mixed SDP-SOCP Relaxation:

Partition A into A;, As.

min Z |<BZJ Zj,Z>F—d2

(2,5) €A1
+ > -+ D vy —d;
i<m<j m<i<j
(i,7)EAq (1,7)€A2
] X
S.1. Z__XT Y]EO
X = [zi] (i, )ea

2 . o
Yij = ||a; — xj||” Vi<m<j, (i,5)€As

2 C
Yij Z Ly — Ly Vm<i<j, (i,j)EAz

Easier to solve than SDP? As good a relax-

ation?



Solving SOCP Relaxation:

min Z |yij — d?j

LTm+41y-3LnYij

(4,5)€A

S.t. Yij > ||CLZ — £I3j| 2 Vi<m<jg, (i,7)€A

Yij > ||£IJ‘Z — Z; |2 Vm<i<j, (3,7)€A

Put into standard form

min ¢’z st. Az =0b, z € K:

S.t. Yij — Uiy + Vi = d?j V(i,5)€A
a; — T; — Ww;; = 0 Vi<m<yj, (4,5)€A
r; —T; — Wwi; = 0 vm<i<y, (i,j)€A
Q5 = 1 v(@i,j)eA

yijai; > |lwill? vig)ea



Simulation:
o Uniformly generate Zi,...,Z, in [-.5,.5]?,
m = n/10, two pts are nhbrs if dist< .06.
Set  d;i; = || — T4 (Biswas, Ye '03)
e Solve SOCP using SeDuMi 1.05 (Sturm ’01),
which implements a predictor-corrector
IP method. Time is on a Dec Alpha.

SeDumi "
Brr =3, |, — &%

n dim(A) secs Err
1000 21472 x 33908 330 48
2000 84440 x 130060 | 12548 | .057




SOIV@ SOCP faSter? (Ongoing Work...)

Idea 1: Adapt the domain partitioning ap-

proach of Biswas-Ye, using SOCP instead of
SDP.
e Overlapping subdomains to reduce
boundary effect.
e Upon solving SOCP on a subdomain, turn
x; Into an anchor if it has at least 2 nhbrs

in the same subdomain and it satisfies
yij < |lzi — x;]|* + tol

for all neighbors j (anchor or not) in the
same subdomain.

e Postprocessing: For those (¢,j) with
|z; — 513j||2 > d?j + tol,

readjust x;, x;.



Idea 2: Similar to Idea 1, but use mixed SDP-
SOCP relaxation instead.
e SDP for those (i,j) € A such that either

i or j corresponds to an anchor near the

subdomain boundary.
e SOCP for the remaining (i,5) € A (either
i or 7 is an anchor in the interior of sub-

domain).



Idea 3:

min |y — d*| = max{0, z — d*}
y=z

So SOCP relaxation:

min Z max{0, ||a; — iCj||2 — d?j}

Limt-T1eeeesm
+1eees i<m<j

(i,5)€A

+ Z max{0, ||z; — x;||* — d3;}

m<t<jg
(i,d)€A

This is an unconstrained (nondiff) convex pro-

gram.
e Smooth approximation:

max{0,t} ~ ph(t/p) (p>0)

h smooth convex, lim;_, ., h(t) = lim;_, o h(t) —
t=0. We use h(t) = ((t> +4)/2 +t)/2 (CHKS).



SOCP approximation:

Solve the smooth approximation using block
coordinate descent (BCD):
o If ||V, full = Q(w), then update x; by mov-
ing it along the Newton direction

—[VZ2 .. ful 7'V, fu, and re-iterate.

e Decrease p when ||V, fu.l| = O(u) Vi.

u™t = 1e — 3. p® = 2e — 6. Decrease p by a
factor of 5. Code in Matlab. Time is on a Dec
Alpha.
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® Better time and soln accuracy than using SeDuMi?

® Computation easily distributes.

® Code in Fortran (instead of Matlab) to improve time?




Idea 4:

Interpret SOCP relaxation as the dual of a d-

commodity convex network flow problem.

def
where f;;(t) % max{0, |[t]? — d2}.

e For d = 1, this can be solved efficiently us-
ing e-relaxation method (a generalization of
preflow-push for nonlinear single commodity
flow) (Bertsekas,Polymenakos,T ’97). Computation

easily distributes.

e (): For d = 2, can the e-relaxation method
be extended?



Conclusions

e SOCP relaxation may be useful in solv-
ing optimization problems involving Eu-

clidean geometry.

e Better understanding of properties of
SOCP soln is needed.

e Fast methods for solving SOCP? Exploit-
ing special structures of SOCP?



