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Topics
• The Schur complement theorem: a useful tool;
• Convex quadratic optimization and

approximation;
• Eigenvalue and matrix norm optimization;
• Logarithmic Chebychev approximation;
• Representation of nonnegative polynomials;
• The Lovász theta function, max-k-cut, and

Shannon capacity of a graph;
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Schur complement theorem
Let

M =

[
A B

BT C

]

whereA ≻ 0 andC ∈ Sn. The matrix

C − BTA−1B

is called theSchur complement ofA in M . The
following are equivalent:

• M is positive (semi)definite;

• C − BTA−1B is positive (semi)definite.
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Schur complement theorem
Proof: We have

M =

[
A B

BT C

]

with A ≻ 0. SetD = −A−1B. Now:
[

I 0

DT I

] [
A B

BT C

] [
I D

0 I

]

=

[
A 0

0 C − BTA−1B

]

.
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Convex quadratic problems

min
{
cTx : fi(x) ≤ 0, i = 1, . . . , m

}
,

where

fi(x) = (Bix + bi)
T (Bix + bi) − cT

i x − di, ∀i.

Omitting the indexi each constraint has the form

‖Bx + b‖2 ≤ cTx + d.

Via Schur complement theoremequivalent to:
[

I Bx + b

(Bx + b)T cTx + d

]

º 0.
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Least squares approximation
We want to obtain the best convex quadratic least
squares approximationg(x) = xTQx + cTx + d to a
convex functionf : IRn → IR in a set of points

Z := {z1, z2, · · · , zN}.

This is obtained by solving

min
Qº0,c∈IRn

,d∈IR

∑

z∈Z

(
f(z) − (zTQz + cTz + d)

)2
.

The objective is a convex quadratic function in the
unknownsQ º 0, c ∈ IRn andd ∈ IR, i.e. the problem
has an SDP reformulation.
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Example: f (x) = − ln x1x2

• Contours off will be denoted by dashed lines.
• The pointsZ := {z1, z2, · · · , zN} will be denoted

by circles.
• The quadratic least squares approximations in the

points ofZ will have solid contours.
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Least squares approximation
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Convex LS approximation
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Smallest eigenvalue problem
ConsiderM ∈ Sn with eigenvalues

λ1 ≤ λ2 ≤ · · · ≤ λn.

One trivially has

(D) λ1 = max {λ : λI ¹ M} .

Corresponding dual SDP problem is

(P ) min {traceMX : traceX = 1 X º 0} .

Both problems are strictly feasible: In(D), take
λ < λ1 and in(P ): takeX = 1

n
I.

Applications of Semidefinite Programming – p. 10/36



Eigenvalue optimization
Notation: λmax(A) denotes thelargest eigenvalueof
A ∈ Sn. Consider

min
y

λmax(A(y))

A(y) := A0 + y1A1 + · · · + ymAm,

for givenAi ∈ Sn (i = 0, . . . , m). This can be
formulated as an SDP:

min {t : tI − A(y) º 0}

NB: the functionf(y) = λmax(A(y)) is convex but
notdifferentiable.
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Eig. optimization: example

min
y1,y2

{

λmax

(

y1

[

1 −1

−1 0

]

+ y2

[

0 1

1 −1

])}
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Optimal solutiony∗1 = y∗2 = 0.
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Chebychev approximation
We wish to solveAx = b approximately, where
A = [a1 · · · am]T ∈ IRn×m. Chebychev
approximation:

min
x

‖Ax − b‖∞ := min
x

max
i

|aT
i x − bi|.

LP reformulation:

min
{
t : −t ≤ aT

i x − bi ≤ t ∀i
}

.

LogarithmicChebychev approximation:

min
x

max
i

∣
∣ln(aT

i x) − ln(bi)
∣
∣ .
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Chebychev approximation (ctd.)

min
x

max
i

∣
∣ln(aT

i x) − ln(bi)
∣
∣

is equivalent to:

min
{
t : 1/t ≤ aT

i x/bi ≤ t ∀i
}

.

SDP formulation:

min






t :





t − aT
i x/bi 0 0

0 aT
i x/bi 1

0 1 t



 º 0 ∀i






.
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Nonnegative polynomials
Let p : IR 7→ IR be aunivariate polynomial.

Theorem:
p(x) ≥ 0 ∀x ∈ IR iff

p =
∑

i

p2
i

for some polynomialspi.

We callp asum of squares(SOS) in this case.
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Minimization of polynomials
Now we have

min
x∈IR

p(x) = max
t,x

{t : p(x) − t ≥ 0 ∀x ∈ IR}

= max
t,x

{

t : p(x) − t =
∑

i

pi(x)2

}

for somepi’s.

SDP can be used to determine if a polynomial is an
SOS (Gram matrix method).
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The Gram matrix method
A polynomialp : IRn 7→ IR of total degree2m is an
SOS iff

p(x) = x̃TMx̃, for someM º 0, (∗)

wherex̃ = [1 x1 x2 . . . xn x2
1 x1x2 . . . xm

n ]T is a
vector of all possible monomials of degree at mostm.

• If p is homogeneouswe only need the monomials
of degree exactlym.

• Dimension ofx̃ is
(
n+m

m

)
: polynomial inn if m is

fixed.
• The right-hand-side in(∗) is linearin the entries

of M ⇒ (∗) is alinear matrix inequality (LMI).
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Example (Parrilo)
Is P (x) := 2x4

1 + 2x3
1x2 − x2

1x
2
2 + 5x4

2 a sum of
squares? YES, because

P (x) =





x2
1

x2
2

x1x2





T 



2 −3 1

−3 5 0

1 0 5









x2
1

x2
2

x1x2



 .

The3 × 3 matrix (sayM ) in the last expression is
positive semidefinite.
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Example (ctd.)
SinceM is positive semidefinite, it has a Choleski
factorization:

M = LTL, L =
1√
2

[
2 −3 1

0 1 3

]

,

and consequently, using̃x = [x2
1 x2

2 x1x2]
T ,

P (x) = x̃TMx̃ = x̃TLTLx̃ = ‖Lx̃‖2

=
1

2

(
2x2

1 − 3x2
2 + x1x2

)2
+

1

2

(
x2

2 + 3x1x2

)2
.
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Minimization of polynomials
Note that:

min
x∈IR

p(x) = max
t,x

{

t : p(x) − t =
∑

i

pi(x)2

}

= max
t,x

{
t : p(x) − t = x̃TMx̃

}

for someM º 0, wherex̃T = [1 x x2 . . . x
1

2
deg(p)].

Let p(x) =
∑

α aαxα. Then the optimization problem
becomes: maximizet such that

a0 − t = M00, aα =
∑

i+j=α

Mij, M º 0.
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Example

p(x) := x2 − 2x = (x − 1)2 − 1.

Equivalent problem:max t such that

x2 − 2x − t =

[
1

x

]T [
M00 M01

M10 M11

] [
1

x

]

,

for someM º 0.

Equating the LHS and RHS coefficients:

M00 = −t, M01 = M10 = −1, M11 = 1.
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Example (ctd.)
We therefore get

min
x∈IR

p(x) = max
t,M

t

such that

M =

[
−t −1

−1 1

]

º 0.

Note that the optimal value is−1, as it should be.

Applications of Semidefinite Programming – p. 22/36



Nonnegative polynomials II
Artin’s theorem (Hilbert’s 17th problem):
Let p : IRn 7→ IR be amultivariate polynomial.

Thenp(x) ≥ 0 ∀x ∈ IR iff

p
∑

j

q2
j =

∑

i

p2
i

for some polynomialspi andqj.

Implication: one can obtain acertificateof
nonnegativity ofp via semidefinite programming.
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Co-cliques
A co-cliqueof G = (V, E) is a subsetV ′ ⊂ V such
that theinduced subgraphonV ′ hasno edges.

Theco-clique numberα(G) is the cardinality of the
largest co-clique ofG.
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Vertex colourings
A legal (proper) vertex colouring is an assignment of
colours to the verticesV of G such that endpoints of
eache ∈ E are assigned different colours.
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Vertex colourings (ctd.)
• Chromatic numberγ(G): smallest number of

colours needed to colourV ;
• It is NP hard to computeγ(G) (or α(G)), or even

to give a non-trivial polynomial time
approximation.

• If Ḡ denotes the complementary graph ofG, then
obviouslyα(G) ≤ γ(Ḡ).

Applications of Semidefinite Programming – p. 26/36



Lovászϑ-function
A graphG = (V, E) is given. Define:

ϑ(G) := max trace
(
eeTX

)
= eTXe

subject to

Xij = 0, {i, j} ∈ E (i 6= j)

trace(X) = 1

X ∈ S+
n ,

wheree denotes the all-one vector.
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Lovász ‘sandwich theorem’
Let α(G) denote theindependence numberof G and
γ(Ḡ) thechromatic numberof Ḡ.

Lovász’s sandwich theorem

α(G) ≤ ϑ(G) ≤ γ(Ḡ).

First equality is easy. Second inequality viastrong
duality theorem.

Example: For the pentagon,ϑ(G) = ϑ(Ḡ) =
√

5, and

2 ≡ α(G) ≤ ϑ(G) ≤ γ(Ḡ) ≡ 3.
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Max-k-cut
A maximumk-cut is a vertex colouring usingk
colours such that the number of edges with endpoints
of different colours is maximal.
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Max-k-cut and ϑ(G)

Let a graphG = (V, E) and an integerk > 2 be
given, and let |MAX-k-CUT| denote the cardinality of
the maximumk cut.
One has

|MAX-k-CUT|≤ k − 1

k
|E|

(
ϑ(Ḡ)

ϑ(Ḡ) − 1

)

.

Example: For the pentagon,ϑ(G) = ϑ(Ḡ) =
√

5, and

4 = |MAX-2-CUT|≤ 1

2
5

( √
5√

5 − 1

)

≈ 4.5225.
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Data transmission problem
• We consider the problem oftransmitting data via

a communication channel. The data is coded as
words consisting of the letters of an alphabet.

• During transmission,it may happen that any
letter is changed to an ‘adjacent’ letter.

• We associate a set of verticesV with the letters of
the alphabet, andjoin two vertices by an edge if
the two corresponding letters are adjacent.

• What is thelargest possible dictionary ofr-letter
wordswith the property that one word in the
dictionary cannot be changed to another word in
the same dictionary during transmission?
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Strong graph product
The strong productG1 ∗ G2 of graphsG1 = (V1, E1)
andG2 = (V2, E2) is defined as the graph with vertex
setV = V1 × V2 and edge set:

E := {((v̄i, vj), (v̄k, vl)) | [(v̄i, v̄k) ∈ E1 or i = k]

and [(vj, vl) ∈ E2 or j = l]} .

NB: if S1 ⊂ V1 andS2 ⊂ V2 are stable sets ofG1 and
G2 respectively, thenS1 × S2 is a stable set of
G1 × G2. Thus

α(G)r ≤ α

(

G ∗ . . . ∗ G︸ ︷︷ ︸

r times

)

:= α (Gr) .
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Shannon capacity
• Consider twor-letter words

(l1, . . . , lr) and(l̂1, . . . , l̂r).

• They correspond to the endpoints of an edge in
Gr if and only if for eachi = 1, . . . , r, either
li = l̂i, or the lettersli andl̂i are adjacent.

• Therefore, the maximal number of words in the
dictionary isα (Gr).
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Shannon capacity
Theorem (Lovász):
Let two graphsG1 = (V1, E1) andG2 = (V2, E2) be
given. Then

ϑ (G1 ∗ G2) = ϑ(G1)ϑ(G2).

Consequence:

α (Gr) ≤ ϑ (Gr) = (ϑ(G))r .

In words,(ϑ(G))r is an upper bound on the size of the
dictionary. Moreover

Θ(G) := lim
r→∞

α (Gr)
1

r ≤ ϑ(G).
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Shannon capacity
• The quantityΘ(G) := limr→∞ α (Gr)

1

r is called
theShannon capacityof G.

• It is not known if the Shannon capacity can be
computed byany algorithm.

• Example: if G is the pentagon then
Θ(G) ≤ ϑ(G) =

√
5. In fact, one can show that

Θ(G) =
√

5.

• The Shannon capacity of the7-cycle (heptagon)
is not known.
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More info
Christoph Helmberg’s SDP page with links to papers
and software downloads:

http://www-user.tu-chemnitz.de/∼helmberg/semidef.html

Excellent introduction to SDP: L. Vandenberghe and S. Boyd.

Semidefinite programming.SIAM Review38, 49–95, 1996.

Today’s lecture was largely based on: E. de Klerk. Aspects of

Semidefinite Programming: Interior Point Algorithms and Selected

Applications. Kluwer Academic Publishers, 2002.

Solving optimization problems via internet (NEOS
server):

http://www-neos.mcs.anl.gov/
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