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Topics

The Schur complement theorem: a useful tool;

Convex quadratic optimization and
approximation;

Eigenvalue and matrix norm optimization;
Logarithmic Chebychev approximation,;
Representation of nonnegative polynomials;

The Lovasz theta function, maxcut, and
Shannon capacity of a graph;
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Schur complement theorem
Let

[

BT C
whereA = 0 andC € §,,. The matrix
C—-B'A'B

IS called theSchur complement of in /. The
following are equivalent:
M is positive (semi)definite;

C — BT A7'B is positive (semi)definite.
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Schur complement theorem

Proof: We have

[

BT C

with A = 0. SetD = —A~1B. Now:

1] (5o [o7) = [0 o araon)
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Convex guadratic problems

min {c'x : fi(z) <0,
where

izl,...,m},

fz’(llf):(Bz‘CC-Fb) (B:I:—I—b)—c r—d;, Vi.

Omitting the index each constraint has the form

|Bz 4+ b||” < ¢!

r+d.

Via Schur complement theoreequivalent to:

1 Bx -

- = 0.

(Bx + b)! ¢z +

- d
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Least squares approximation

We want to obtain the best convex quadratic least

squares approximatiof(z) = ' Qz + 'z +dto a
convex functionf : R" — R in a set of points

Z = {Z17Z27'” 7ZN}-

This Is obtained by solving

min Z (f(z) — (zTQz+cTz+d))2.

0-0,ccR" dcR gy

The objective is a convex quadratic function in the

unknowns) > 0, c € R" andd € R, I.e. the problem
has an SDP reformulation.
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Example: f(ZC‘) — — Inz29

Contours off will be denoted by dashed lines.

The pointsZ := {2, 29, - - , 2y } Will be denoted
by circles.

The guadratic least squares approximations in the
points of Z will have solid contours.
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Least squares approximation

15

10
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Convex LS approximation

(0] 5 10 15
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Smallest eigenvalue problem

ConsiderM € §,, with eigenvalues
AL <A < <A
One trivially has
(D) A =max{\ : N[ S M}.
Corresponding dual SDP problem is
(P) min {traceV/ X : traceX =1 X > 0}.

Both problems are strictly feasible: (i), take
A < A andin(P): takeX = 1.
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Eigenvalue optimization

Notation: \...«(A) denotes théargest eigenvaluef
A e §,. Consider

min Apax(A(y))

Y

Ay) == Ao+ y1 A1+ + ynAn,

forgivenA; € S, (1 =0,...,m). This can be
formulated as an SDP:

min{t : tI — A(y) = 0}

NB: the functionf(y) = Anax(A(y)) is convex but
notdifferentiable
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Eig. optimization: example

| <()\ 11 . 0 1 \>
min < Amax
U1, Sl A . ol

\

Optimal solutiony; = y5 = 0.

Applications of Semidefinite Programming — p. 12/36



Chebychev approximation

We wish to solvedx = b approximately, where
A=la; - ay,]t € R”™. Chebychev
approximation

min || Az — b||~ := minmax |a] z — b;].
LP reformulation:

min{t ; —tga?x—bigt W}.

LogarithmicChebychev approximation:

min max |In(a; =) — In(b;)| .
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Chebychev approximation (ctd.)

min max ‘hﬂ(aiTﬂf) — In(b;) |

IS equivalent to:
min {¢t : 1/t <az/b; <t Vi}.
SDP formulation:

t—alxz/b; 0 0
min{ t : 0 alz/bil| =0 Vi
0 1t

Applications of Semidefinite Programming — p. 14/36



Nonnegative polynomials

Letp : R — R be aunivariate polynomial

Theorem:
p(x) > 0 Ve € Riff

p=>Y 1
1

for some polynomials;.

We callp asum of square€SOS) in this case.
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Minimization of polynomials

Now we have

min p(x) =max{t : p(x) —t > 0Vr € R}

+cR by
( )
_ . _ N2
—H%%X<t . p(aj)—t—sz(x) >
\ {/ /
for somep;’s.

SDP can be used to determine if a polynomial is an
SOS Gram matrix method
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The Gram matrix method

A polynomialp : R" — R of total degree&m is an
SOS ff

p(z) = &' Mz, for someM > 0, (%)

wherez = [1 x; 2o ... 2, 2 1122 ... 2]} isa
vector of all possible monomials of degree at mast

If pIs homogeneouwe only need the monomials
of degree exactlyn.

Dimension ofz is (""™): polynomial inn if m is
fixed.

The right-hand-side i) is linearin the entries
of M = (x) Is alinear matrix inequality (LMI)
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Is P(x) := 221 + 2229 — 2325 + 5x5 a sum of
squares? YES, because

T2 17T 2-317 [ a2
P(r) = | 3 -3 50 T35 | .
| L1292 | i 1 05_ | L1d2 |

The3 x 3 matrix (sayM) In the last expression Is
positive semidefinite.
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SincelM Is positive semidefinite, it has a Choleski
factorization:
1 [2-31]

M=L'L L=-—"
’ V210 1 3|

and consequently, using= [z? z2 2|7,

Plz)=3"Mz=3"L"Lz = || L%|?
1

5 (227 — 323 + x1x2)2 + ! (25 + 3x1x2)2 .

2
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Minimization of polynomials
Note that:

(

mllgp(x) =maxq 1t : p(x) —t = sz'(fb“)Z ’
xre b ‘

=max {t : p(z)—t=3" Mz}

t,x

\

for some)M = 0, wherei” = [1 z 22... zzds®)],

Letp(z) = ) a.x®. Then the optimization problem
becomes: maximizesuch that

ap—t =My, a,= » M; M=0.
1+ =«
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Example

p(z) =a2° -2z = (x —1)* — 1.
Equivalent problemmax ¢ such that

T
1 Moo M 1
2 00 01
o o ! |:ZIZ‘:| |:M10 M11:| |:ZIZ:| 7

for someM > 0.

Equating the LHS and RHS coefficients:
My = —t, My = My =—1, My =1
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Example (ctd.)

We therefore get

min p(r) = maxt
ZIZER ( ) t,M

—t —1
— = 0.
M=| T =

such that

Note that the optimal value is1, as it should be.
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Nonnegative polynomials I

Artin’s theorem (Hilbert’s 17th problem):
Letp : R" — R be amultivariate polynomial

Thenp(x) > 0Vx € Rff
PY =
7 )

for some polynomialg; andg;.

Implication: one can obtain aertificateof
nonnegativity ofp via semidefinite programming.
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Co-cliques

A co-cliqueof G = (V, /) is a subset” C V such
that theinduced subgrapon V' hasno edges

/?\

Theco-cligue numben (&) is the cardinality of the

largest co-clique of-.
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Vertex colourings

A legal (proper) vertex colouring Is an assignment of
colours to the vertice®” of G such that endpoints of
eache € E are assigned different colours.

/?\

|
<A
<

|

MAX-3—-CUT of the Petersen graph
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Vertex colourings (ctd.)

Chromatic numbet/(G): smallest number of
colours needed to colour:

It is NP hard to compute(G) (or o(G)), or even
to give a non-trivial polynomial time
approximation.

If G denotes the complementary graphtfthen
obviouslya(G) < ~v(G).
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LovaszJ-function
A graphG = (V, E) is given. Define:

J(G) := maxtrace(ee’ X) =e' Xe
subject to

trace X) =1
X eSh

wheree denotes the all-one vector.
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| ovasz ‘sandwich theorem’

Let o(G) denote thendependence numbef G and
v(G) thechromatic numbeof G.

L ovasz’s sandwich theorem

a(G) < Y GE) < v(G).

First equality Is easy. Second inequality giaong
duality theorem

Example: For the pentagon}(G) = 9¥(G) = /5, and

7)
2 =a(G) <IG) <v(G) = 3.
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Max- k-cut

A maximumék-cut IS a vertex colouring using
colours such that the number of edges with endpoints

of different colours 1s maximal.
/?\

o

2—CUT of the Petersen graph
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Max-k-cut and J(G)

Let a graph? = (V, F/) and an integek > 2 be

given, and let [IMAXk-CUT| denote the cardinality of
the maximunk cut.

One has

k-1 (G)
[MAX-k-CUT| < — — || (ﬁ(G) )

Example: For the pentagon}(G) = 9(G) = /5, and

1 5
4 = |[MAX-2-CUT| < =5 V5 ~ 4.5225.
2 \v5—-1
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We consider the problem ofansmitting data via
a communication channelhe data is coded as
words consisting of the letters of an alphabet.

During transmissionf may happen that any
letter Is changed to an ‘adjacent’ letter

We associate a set of verticEswith the letters of
the alphabet, angin two vertices by an edge If
the two corresponding letters are adjacent

What is thelargest possible dictionary ofletter
wordswith the property that one word in the
dictionary cannot be changed to another word In
the same dictionary during transmission?

Applications of Semidefinite Programming — p. 31/36



Strong graph product

The strong produat’; « G5 of graphsG; = (V;, Ey)
andG, = (Va, E») is defined as the graph with vertex
setl/ = V] x V5 and edge set:

E ={((v;,vy), (0x,v1)) | [(v;,0%) € Ey OF i = K]
and [(vj,v) € Eyorj=1|}.

NB: if S; C V; andS; C V5 are stable sets @f; and

(5 respectively, thery; x S, Is a stable set of
G1 X Go. Thus

(X(G)T<OJ(G*...*G) =a(G").

r times
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Consider twor-letter words

AN

(l1,..., 1) and(ly, ..., 1,).

They correspond to the endpoints of an edge In
G"ifand only if foreachi = 1, ..., r, either

I, = [;, or the letterd; and/; are adjacent.

Therefore, the maximal number of words in the
dictionary isa (G7).
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Shannon capacity

Theorem (Lovasz):
Let two graphs=; = (V4, Fy) andG, = (14, Es) be
given. Then

Consequence:
a(G") <V (G") = (9(G))".

In words,(¥(G))" is an upper bound on the size of the
dictionary. Moreover

O(G) = lim a (G")" < I(G).

r—00
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1

The quantityo(G) := lim, ., a (G")" is called
the Shannon capacitgf G.

It Is not known If the Shannon capacity can be
computed byany algorithm

Example: if G Is the pentagon then
O(G) < Y(G) = /5. In fact, one can show that

O(G) = V5.

The Shannon capacity of tltecycle (heptagon)
IS not known
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More Info

Christoph Helmberg’s SDP page with links to papers
and software downloads:

http://www-user.tu-chemnitz.dehelmberg/semidef.html

Excellent introduction to SDP: L. Vandenberghe and S. Boyd.
Semidefinite programmingIAM Reviews8, 49-95, 1996.

Today’s lecture was largely based on: E. de Klerk. Aspects of
Semidefinite Programming: Interior Point Algorithms and Selected
Applications. Kluwer Academic Publishers, 2002.

Solving optimization problems via internet (NEOS
server):
http://www-neos.mcs.anl.gov/

Applications of Semidefinite Programming — p. 36/36



	color {blue}Topics
	color {blue}Schur complement theorem
	color {blue}Schur complement theorem
	color {blue} Convex quadratic problems
	color {blue} Least squares approximation
	color {blue} Example: $f(x)
= -ln x_1x_2$
	color {blue} Least squares approximation
	color {blue} Convex LS approximation
	color {blue}Smallest eigenvalue problem
	color {blue}Eigenvalue optimization
	color {blue}Eig. optimization: example
	color {blue}Chebychev approximation
	color {blue}Chebychev approximation (ctd.)
	color {blue}Nonnegative polynomials
	color {blue}Minimization of polynomials
	color {blue} The Gram matrix method
	 Example (Parrilo)
	Example (ctd.)
	color {blue} Minimization of polynomials
	color {blue}Example
	color {blue}Example (ctd.)
	color {blue}Nonnegative polynomials II
	color {blue}Co-cliques
	color {blue}Vertex colourings
	color {blue}Vertex colourings (ctd.)
	 color {blue} Lov'asz $vartheta $-function
	 color {blue} Lov'asz `sandwich theorem'
	color {blue}Max-$k$-cut
	 color {blue} Max-$k$-cut and $vartheta (G)$
	Data transmission problem
	color {blue}color {blue} Strong graph product
	Shannon capacity
	color {blue}color {blue} Shannon capacity
	Shannon capacity
	color {blue}color {blue} More info

