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Abstract

In this paper we study a special class of convex optimization problems called conically ordered
convex programs (COCP), where the feasible region is given as the level set of a vector-valued non-
linear mapping, expressed as a nonnegative combination of convex functions. The nonnegativity
of the vectors is defined using a pre-described conic ordering. The new model extends the ordinary
convex programming models where the feasible sets are the level sets of convex functions, and it
also extends the famous linear conic optimization models. We introduce a condition on the barrier
function for the order-defining cone, termed as the cone-consistent property. The relationship
between the cone-consistent barriers and the self-concordance barriers is investigated. We prove
that if the order-defining cone admits a self-concordant and cone-consistent barrier function, and
moreover, if the constraint functions are all convex quadratic then the overall composite barrier
function is self-concordant. The problem is thus solvable in polynomial time, following Nesterov
and Nemirovskii, by means of the path-following method. If the constraint functions are not
quadratic, but harmonically convez, then we propose a variant of Iri-Imai type potential reduction
method. In addition to the self-concordance and the cone-consistence conditions, we assume that
the barrier function for the order-defining cone has the property that the image of the cone under
its Hessian matrix is contained in its dual cone. All these conditions are satisfied by the familiar
self-scaled cones. Under these conditions we show that the Iri-Imai type potential reduction algo-
rithm converges in polynomial time. Duality issues related to this class of optimization problems
are discussed as well.
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1 The problem formulation

Let £ C R! be a solid closed convex cone. Let hj € K,j=1,...,k, and hg € R!. Consider the

following optimization problem, which we shall call conically ordered convex program (COCP) in this

paper,

(P¢) minimize ¢’z

subject to Ax =b
k
ho— Y fi(@)h; € K,
=1

where A € R™*" ¢ € R" and b € R™. If we use the conic ordering defined by K, i.e., for y, z € R,
y =k z if and only if z — y € K, then (Px) can be written as

minimize Lz

subject to Ax =b

k
> fi@)hj =i ho.
j=1

Note that all the results in this paper straightforwardly extend to the setting where more than one

conic constraint are present, namely,

minimize Lz

subject to Ax =b

k
Zf;(m)h; =xi hg,i=1,...,p.
Jj=1

To keep the analysis simple, however, we shall restrict ourselves to only one conic constraint in the

subsequent discussion. It is evident that (Px) is indeed a convex program as stated below.
Lemma 1.1 If f;’s are all convex functions, i = 1,...,k, then (Px) is a convex program.

Since K is solid, i.e. K + (=K) = R, and so any vector in R can be written as difference of two
vectors in JC. Therefore, the ordinary linear conic constraint hg — Z?:l xzjhj € K, where h; € R
for all j, can be written as hg — Zle(xjhj —xjh;) =ho — Z§:1 :cjh;r - ?:1(—:cj)h; € K, where
hj = hj — h; and h;r, h; € KC for all j; the latter expression is in the form of COCP. Obviously, if
K= §Rl+ and h;’s are unit vectors, then (Pyx) is the usual convex program where the constraints are

given by inequalities: f;(z) <0, j=1,..., k.



Another interesting special case of (Px) is the following
(P§R1+ ) minimize =

subject to Ax =b

k
> fi(@)hy < ho
j=1

LTx+Lj0

where fj(x) = e with 1; € R" and ¢jo € R, and h; € %ﬂr, j=0,1,..., k. This problem is known

as geometric program.

Note that in its original form, a general geometric program is given as

m
(GP) minimize Z c; fo;(t)
]T:nl
subject to Zaijfij(t) <b,i=1,..,p
j=1

t1 >0,...,t, >0

(i5) Lﬁfj)

where ¢; > 0 and a;; > 0 and f;;(t) = tbl1 ettt i =0,1,...,p4+¢q, j =1,...,m. Such f;;(t)’s are

called monomaals.

Using the variable transformation

x1 = logty, xo = logto, ..., z, = logt,
the monomial f;;(t) becomes N2 where (LT = [Lgij), . ng)], i=0,1,...,p+q, j=1,...,m.

This way, (GP) is transformed into a COCP problem (PW+ ).

Next let us consider another special case of COCP

(Ppsp) minimize ¢’z

subject to Ax =b

k
Ho =Y fi(2)H; = 0,
Jj=1

where Hy = 0, ..., Hy > 0 are | x [ positive semidefinite matrices, and fi(z), ..., fx(x) are convex

functions.

Consider the following barrier function
k
F(z) = —logdet(Ho — Y _ f;(z)H;) (1)
j=1
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for the cone of [ x [ positive semidefinite matrices Si.

A natural question to ask is: under what conditions is the barrier function F'(z) defined in (1)
self-concordant? For details on the theory of self-concordant barriers, one is referred to the excel-
lent texts [5, 4, 7]. The notion of self-concordant barrier function was introduced by Nesterov and

Nemirovskii in their seminal work [5]. For convenience, we shall include the definition below.

First, a barrier (convex) function F'(z) for the cone K is defined to have the property that F'(z) < oo

k

for all z € int K, and F(2¥) — oo as ¥ — Z where Z is on the boundary of K. Moreover, it is called

self-concordant (Section 2.3.1 of [5]) if it further satisfies the property that
V2 F (@)[u, u, ul| < CL(VEF(2)[u, u])*? (2)

and
IVF(2)[u]] < Co(V2F () [u, u])"/? (3)

for any z € int K and any direction © € R". The positive constants C; and Cs can be scaled
so as to have only one degree of freedom. Usually C7 is set to be 2 and Cs is referred to as the
complexity parameter of the cone K. As noted by Renegar [7] (see also [12]), just like convexity, the
self-concordant property is in fact a line property, meaning that if a function is self-concordant along
every line (thus one-dimensional) restricted to its domain then the function is self-concordant in the

whole domain, and vice versa.

For this purpose, let us consider a given x in the interior of the feasible domain of (Ppgp), and u € R"

be any given direction. Consider the one-dimensional function

k
X(t):=Ho—Y_ fi(x +tu)H;

j=1
in the domain that X (¢) = 0. Obviously,
k k
X'(t) = - Z Ve +tu)[ulH; = — Z Vfi(x + tu)TuH;,
j=1 j=1
k k
X"t = - Z V2 fi(z + tu)[u, u] H; = — Z ul V2 f(x + tu)uH; <0,
j=1 j=1
k
X"t = - Z V3 fi(x + tu)[u, u, u] H;

and
(X6 =X X (0)X(1)
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Let
f(t) = —logdet X (t).

Applying the chain-rule to the composite function f(t) we get
F@ = —u (X@0)7X'(1) (4)
1) = o (XOTXOXHTXW) - (X)X (5)

1) = st (XXX (@) X)) - 2t (X(t)’lX’(t)>3—tr (x@®)™x"®). (6

Theorem 1.2 If fj(z)’s, j = 1,...,k, are convex and quadratic functions, then F(x) as defined in

(1) is a self-concordant barrier.

Proof. As discussed before, we need only to verify the self-concordant condition along a given line.
Let
My = X()"Y2X' )X ()% and My := —X(£)"2X" ()X ()% = 0. (7)

It follows from (4), (5) and (6) respectively that

f(t) = tr My, (8)
F1(8) = tr M} + tr My = | My |3+ [1M%)13, 9)

and
F(t) = =3t My My — 2tr M — tr (X ()1 X7(8)) - (10)

By the Cauchy-Schwarz inequality, we have
/()] = [er M| < Vi(er MP)Y? < V(" ()1
which is (3) with Cy = V/1.
Since f;’s are all quadratic, we have X”’(t) = 0 and so (10) reduces to
f"(t) = —3tr My My — 2tr M. (11)
Clearly, |[tr MP|1/3 < (tr MZ)Y/2 < (f"(t))Y/?. Hence,

Jtr MY| < (F7(8))%2. (12)



Moreover,

[tr MiMa| < ||Mil|lpl| M2 F
1/2
< [[M|r) a3
1 9 1722 \3/2
< = (Il + 1577

L " 3/2
YO (13)

where the last step is due to (9). Therefore, from (11), (12) and (13) we obtain

/()] < 2+ V) (8)P2,

which is (2) with C; = 2 + /3. Q.E.D.

In case all f;’s are affine linear, we have My = 0, and |f”(t)| < 2(f"(t))3/?, which corresponds to
the well-known fact that the logarithmic determinant barrier is self-concordant for Linear Matriz

Inequalities.

We note that if all f;’s are convex quadratic functions then the feasible set of (Ppsp) can also be
described by an enlarged system of linear matrix inequalities using Schur’s complement lemma. In
particular, suppose that f;(z) = Z?:l(q;‘gw —4¢i)*+4qoj, j=1,....,k. Then, Hy — Z;?ZI fi(x)H; = 0 if
and only if

. _
1/2 1/2 1/2
HO—ZQOjHj (Q%Fﬂ—(h)hﬁ/ (qglx_‘h)Hz/ (qka—qn)Hk/
=1
(¢ha — q)HI? I 0 0 0 0
. =0
0 I 0 0 0
(qha — qn)H? 0 0 0 0 I

However, the complexity parameter of the resulting LMI system becomes /(kn + 1)I, instead of V.

2 The cone-consistent barriers

The aim of this section is to derive the essential and general property of the barrier function that

enabled Theorem 1.2 in the previous section.



Let us call a barrier function F'(x) to be consistent with the cone K (denoted as Cs-consistent in the

sequel) if it satisfies the following condition:
9 1/2
(V2F@)u,u]) " < ~C3VF(2)[u] (14)

for all x € int I and v € K, where ('3 > 0 is a parameter.

It is obvious that if K = R and F(x) = — ;" logz; then
1/2 i ’U,ZQ n U;
(VEF@)uu]) = [ Y25 <> 2= —VF@)
i=1"1  i=1""

for > 0 and w > 0. So (14) is satisfied with C3 = 1.

It is easy to verify that (14) is also satisfied by the logarithmic determinant barrier function for the
positive semidefinite matrix cone. Similarly, it can be shown that the additional inequality (14) is
satisfied by all self-scaled barrier functions for the self-scaled cones (see Nesterov and Todd [6]) with
Cs3 = 1; in a different but equivalent framework, the self-scaled barrier function is the log determinant

barrier for the symmetric cones (see Faybusovich [1] or Sturm [8, 9]).

One may therefore think that (14) is a property of the self-scaled cones only. However, this guess is

incorrect. Let us consider the following cone in R®? as an epigraph of the l4-norm in R?:

I
Ky = To x1 >0, x%—(x§+x§)zo
3
The above cone is not self-scaled. Also, the barrier function By(x) = —log (2] — (23 + 23)) is not

self-concordant, but it satisfies (14) with C3 = 1. To see this, consider x = [x1, 22, x3]T € int Ky. We

denote by(z) = 2§ — (3 + 3) > 0 and compute that

4x*i’
VBy(x) =— —43
= |
—4z3
and
1o 2 0 0
V2By(r) = VBy(x)VBy(x)' — ——~ | 0 —22 0
ba(z)
0 —:c%
Take any y = [y1,y2,y3]? € K4. We have
T2 2 12 2,2 2,2 2,2
y"V2Bu()y = (~(VBu(2), 1)’ — - (e} — 233 — 23
ba(z)



Since 23 > /x5 + x4 and y§ > /y3 + y4, we have

V(@ + ) (yh + )
Vadys + oyt + adyd + oyl
\/x%yg + 2:6%3/%:2%7;% + m§y§

29, 29
ToYs + T3Y3.

Y

2 2
Z1Y2

Y

Y

Therefore,
y"V2By(x)y < (~(VBa(x),y)).
Inequality (14) thus holds for the barrier function By(z) with C3 = 1.

One may also suspect that the cone consistence condition (14) is implied by the self-concordance
property. However, again this is not the case. In Zhang [12] it is shown that if b(z) is a convex
quadratic function in R”, then the barrier function By (Z) = —log(q — pb(x/p)) is a 1-logarithmically

homogeneous self-concordant barrier for the convex cone

Kn=c sz=1 q | eRpy xRXR"| ¢ —pb(z/p) >0

Consider y = [1,1 + b(0), 0717 € int Ky, and Z € int K. One computes that

—b(z/p) + Vb(z/p)" (x/p)

V)~ el
and
m 1 —b(w/p)+Vlb(w/p)T(fC/p) | —b(w/p)Jerb(w/p)T(x/P)
(g — pb(z/p))? _Vb(z/p) ~Vb(z/p)
: (z/p)"V2b(x/p)(x/p) O —(z/p)"V?b(z/p)
" pla—pb(a/n) —v2b(x(;p)(w/p) 8 VQb?x/p)
Therefore,

_ 14+5(0) = b(z/p) + Vb(z/p)" (z/p)
q — pb(z/p)

—(VBp(Z), y) >0 (15)



and

(/p)"V2b(x/p)(x/p)

2 (- —(— z),y))?
VEBL(@)]y, y] = (—(VBw(Z),y))” + p(q — pb(z/p))

Thus, from (15) and (16) we have
VEBy@)lyyl _,  a—pbe/p) (z/p)"V2b(x/p)(z/p)
(—(VBu(7),y))? p (140(0) = b(z/p) + Vb(z/p)" (2/p))*

The above quantity can not be uniformly bounded from above for all € int K, if b(z) is strictly
convex, because ¢ can take arbitrarily large value while p and x are fixed. This implies that for the
barrier function Bj(Z), the cone-consistence condition (14) is not satisfied, although the function is

self-concordant and 1-logarithmically homogeneous.

These two examples show that the new condition (14) is a related but different property as compared
with the self-concordance property, the self-scaled property, or the logarithmic homogeneous property

of the barrier functions.

Consider (Px). Let F(-) be a consistent self-concordant barrier function for the cone K satisfying

(2), (3) and (14) altogether.

Let
—ho—Zf] Jhj € int K
and
f(x) == F(p(x)). (17)
Let £ € R™ be any given direction. For a chosen coordinate system we have
k
Vi(x)lE] = =2 (Vi (18)
j=1
Consequently, by the chain-rule,
V2 f(x)[, €] =
k k k
V2F(p(2) [ (Vfi(@) Ehy, > (Vj(x —(VF(p(x)), Y _("V?fi(x)€)hj)  (19)
7=1 7j=1 7=1
and
k k k
V2 f(@)[6,6,€ = VPF@@)[D (V@) Ehs, Y (Vi) Ehy Y (Vi) €)hy]
Jj=1 j=1 j=1
k k
+H3VEF(p(2))D_ (€7 V2 £ (@), Y (V)" €)hj]
j=1 j=1



k
- <Z V3fj($)[€,€,§]hj7VF(p(x))>- (20)

Since f;’s are convex functions, T V2f;(x)¢ > 0 for all j = 1,...,k, and so

k
> (€Y fi(@)€)h; € K.

Jj=1

Moreover, because —V F(p(x)) € int £* we obtain

k k
Vif(x)E, ¢ > D (V@) €y, Y (Viz
7j=1 7=1
> 1 Zk:Vf )2
- 02 le _]
= @Ivf(m)[i]l (21)

which is the second inequality required by the self-concordance (3).

Therefore we can use condition (14) to obtain from (19) that

k k
V()€€ = VPF(p@)D_ (Vi) &hy, > (Vi@
7=1 7=1
k k
+C{3J V2F (p(2))[D_(ETV2f5(2)E) g, Y (ETV2fi(x)€)hy]. (22)
Jj=1 J=1
Denote i
di = (V2P (p(a ) S (Vi
j=1
and

dy = (V2F ) ij V2 fi(x

7=1
We rewrite (22) as

2]\ 2] F
oty -

Theorem 2.1 Suppose that F(-) is a self-concordant barrier function for K, and moreover it is

V@), > el + el >
3

consistent with IC. Suppose that f;j(x)’s are conver quadratic functions, j = 1,....,k. Then f(z) as

defined in (17) is a self-concordant barrier function for (Px).

10



Proof. If f;’s are all quadratic functions then it follows from (20) that

V3 f(2)[6,6,€]] < Ci(V2f(2)[€, €)% + 3dT dy
< CU(VEf(2)[E €)% + 3||dy ]| da
< CUVEf(2)[€ €)% + C3V3 (V2 f(a)[€, €)%/

(C1+ C3V3)(V2 f(2)[€, €)™, (24)

where the third inequality is due to (23). Inequalities (24) and (21) show the self-concordance of the
function f(z). Q.E.D.

3 A potential reduction approach

Theorem 2.1 suggests that if the conic barrier F' is self-concordant and consistent with the cone, and
fj’s are all convex quadratic, then the composite barrier function f is self-concordant. Therefore we
can apply the general theory of self-concordant barriers developed by Nesterov and Nemirovskii [5].
However, there are interesting cases that are not included in this model. Consider for instance the

following geometric semidefinite program:

(Ppsp) minimize  fo(t)
subject to ; < fi(t) <w,i=1,..,k+m
t; > 0,7=1,...,n

k
Ho—>_ fi(t)H; = 0,
j=1

where Hy = 0, ..., H, = 0 are [ x[ positive semidefinite matrices, and f;(t) = ¢} - - - t“i" is a monomial,
i =1,...,k +m. After the variable transformation z; =logt;, j = 1,...,n, the above problem can be

turned into

(Ppsp) minimize

subject to logl; < ifx <logu;, i=1,...k+m
k
H() - ZebjﬂxHj >_‘ 0.
j=1
Clearly, (Ppsp) is a conically ordered convex program. Unfortunately, in this case, the function
T
e'i” is not quadratic, and so Theorem 2.1 does not apply: the barrier function f(z) is not self-
concordant in general. However, ¢ s are still well structured. In the above particular case, V2l ¢ =
e ijLJT. Therefore, it holds that V2e5 % < AV2e4 Y for all o and y in its feasible region, where
A= max{ul/ll, ,uk/lk}

11



This example motivates us to study algorithms that can solve the COCP problems without an
overall easy computable self-concordant barriers. As a matter of fact, most known interior point
methods for nonlinear convex programs with provable polynomial-time computational complexities
are constructed within the framework of the central-path following using a self-concordant barrier
function, except for a perhaps less known member of the IPM family called the Iri-Imai method [3],
which is a variant of the potential reduction method. Zhang [11], and Sturm and Zhang [10] studied
the Iri-Imai method (or the potential reduction method) applied to the so-called harmonically convex
programs, and show that such algorithms also run in polynomial time. The main proof techniques

in [11], and also proofs in this section, are inspired by a paper of Iri [2].

In this section, we shall study an Iri-Imai type potential reduction method for the conically ordered

convex program (Px). First we mention the notion of harmonically convex functions; see [11].

Definition 3.1 A twice differentiable function f(-) is called A\-harmonically convex on the convex

domain §) if there is a constant A such that 0 < V2f(x) < AV2f(y) holds for all x,y € .

It is easy to see that if A > 0 then $VZf(y) = V2f(z) = AVZf(y) for all 2,y € Q. Obviously,
the affine linear functions (0O-harmonically convex), the convex quadratic functions (1-harmonically
convex), and the strongly convex functions, are all examples of harmonically convex functions. It is
shown in [11] that the (direct) sum of these functions characterizes the whole class of harmonically
convex functions. If a convex program is to minimize a harmonically convex objective function,
subject to harmonically convex inequality constraints, then [11] and [10] show that such problem
can be solved by Iri-Imai type potential reduction algorithms in polynomial time. Note that even if
f(z) is harmonically convex and negative on a domain €2, it does not follow that —log(—f(z)) is self-
concordant. Consider for example f(x1,2) = —x1+3+sin(zz2), which is the sum of two harmonically
convex functions, —z; and #3 +sin(x3), hence harmonically convex. However, —log(z1 — 3 —sin(z2))

is not self-concordant.

Consider (Px). Let F(+) be a barrier function for K. Moreover, let us impose the following conditions.

Condition 3.1 F(-) is v-logarithmically homogeneous for K, namely
F(ty) = F(y) —vlogt
for all y € int K and ¢t > 0.
It is well known (see e.g. [5]) that if F' is v-logarithmically homogeneous for I, then the following

12



identities hold where y € int IC and ¢ > 0:

VE(ty) = [VF(y) (25)
VAE(ty) = 5 V() (26)
V?F(y)y = —VF(y); (27)
(VE@)Ty = —v. (28)

Condition 3.2 F(-) is a self-concordant barrier function for . In particular, the following two
inequalities hold
[VEF(y)[u, u, u| < 2(V2F(y)[u, u])*?

and
IVE(y)[ul] < Vv(V?F(y)lu, u))'/?,

for all y € int K and u € span K.

Notice that the second inequality in Condition 3.2 follows from (27), (28), and also the Cauchy-
Schwarz inequality; it is in fact implied by Condition 3.1.

Like (17), denote

with p(z) = ho — Zle fj(x)h;. Clearly, f(-) is a barrier function for the feasible set for (Px).

Lemma 3.2 Suppose that F(-) is a v-logarithmically homogeneous barrier function for K (Condi-
tion 3.1). Denote F to be the feasible set for (Px). Then

@)l < v (V@)

for all x € rel int F and & € R™.

Proof. As x € rel int F we have p(x) = hg — Z§:1 fi(x)h; € int IC.

Relations (18) and (19) give that

k
Vi()E] = =2 (Vi

Jj=1

13



and
k

k k
V2 f(z)[£, € = V2F(p ZWJ O, (V@ Z&Tvzf] h;).

j:l :

Since —VF(p(z)) € £* and Z;?:l(fTVij (x)€)h; € K due to the convexity of f;’s, we obtain from

the above equation that

k k
v2f(x)[£7§] > Z Vf] h],z ij
7j=1 7=1
1 k 2
> “|(VE(p = > (Vfi(x)TEhy)]
7j=1
- 1|f<x>[ ]

where the second step is due to Condition 3.1.

Q.E.D.

Suppose that (Px) has a finite optimal value denoted by v*. Let v < v*. For a give parameter vy > 0,

let us introduce

G(x;v) == (c''z —v) exp(f(z)). (29)

Note that G(z;v) is an extension of the so-called multiplicative barrier function of Iri and Imai;

see [3]. The following theorem extends Iri and Imai’s result.

Theorem 3.3 Suppose that F(-) is a v-logarithmically homogeneous barrier function for IC (Condi-
tion 3.1). If v > v+ 1 then G(x;v) is a conver function on int F; if v > v+ 1 then G(x;v) is a

strictly convex function on int F.

Proof. Differentiation yields

1 ) B ol

7G(x; ) VG(z;v) = o Uc + Vf(x) (30)
1 2G(ziv) = b v .%"UT—ACCT 2f(x

G(x;v)v G(x;v) G(m;v)ZVG( ;0)VG(x;0) Tz =) + V2 f(x). (31)

Take any 0 # n € R". Denote a := c¢'n/(c’z —v), b := "' Vf(z) and e := nTV2f(x)n > 0. By
Lemma 3.2 we have e > b?/v. Using (30) and (31) it follows that

n'V2G(ziv = (ya+b)* —ya® +e

G(z;v)

14



2

= (Y —7)a® +2vab+b* +e

> (v2 = 7)a® + 2vab + (1 + 1/v)b>.

The last expression is a quadratic form with respect to a and b, which is nonnegative as its discriminant
is v2—(v2 =) (1+1/v) = y(v+1—7)/v < 0. The quantity n” V2G(x; v)n is strict positive if y > v41,
because in this case the discriminant of the quadratic form is negative while e > 0. The theorem is
thus proven. Q.E.D.

For simplicity of the analysis, from now on we shall set v to be v + /v.

Condition 3.3 F'(-) is k-consistent (x > 0) with the cone K, i.e.,
5 1/2
(V2F()fu,u]) " < —wVF(y)[

for all y € int K and uw € K.

Condition 3.4 All f;(-)’s, j =1, ..., k, are harmonically convex on F. In particular, there is A > 0
such that
V2 fi(x) 2 AV fi(x)

forall z,y € F and j =1, ..., k.

Condition 3.5 F(-) satisfies V2F(y)[u,v] > 0 for all y € int K and u,v € K. In other words,
V2F(y)K C K* for all y € int K.

A few comments are in order here, concerning the last condition. If I is a self-scaled cone and
F(-) is the corresponding self-scaled barrier function, then as a part of the definition it holds that
V2F(y)K = K* for all y € int K. In that respect, Condition 3.5 is naturally satisfied by all self-
scaled cones with the corresponding self-scaled barrier functions. Thus, one may conjecture that
Condition 3.5 is satisfied if and only if K is a self-scaled cone. However, this is not the case. The key
is that we only require V2F(y)KC C K* here, rather than V2F(y)K = K* for all y € int K. In fact, K
can be any pointed closed convex cone. To see this, let C be a second order cone that properly (strictly)
contain K. Therefore, C* is (strictly) properly contained in K*. Let F, be the corresponding self-scaled
barrier function for C. Thus, for any y € int K C int C we have V2F,(y)K C V2F.(y)C = C* C K*.
For a given barrier function F'(-) for KC, consider F),(-) := F'(-)+uFe(-), where o > 0 is a given constant.
Clearly, F),(-) is also a barrier function for K. If 4 is chosen sufficiently large then V2F,(y)K C K*
for any y € int K.
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Lemma 3.4 Suppose that F(-) satisfies Condition 3.5, and v;, i = 1,...,m, are m arbitrary vectors

in K. Let y € int K and V2F(y) = 0 and ||z|g2p() := /a7 VZF(y)z. Then,
max{ Ztivi Zfﬂ}l
i=1

i=1
Proof. Under Condition 3.5, we have UZ-T V2F (y)vj > 0 for any i and j. The lemma is obvious since

m
Z ti’Ui

=1

ogtig@,i:L...,m} =

V2F(y) V2F(y)

2

m
= Z titjUiTVQF(y)Uj.
V2F(y)  dj=1

Q.E.D.

Theorem 3.5 Suppose that F(-) satisfies Conditions 3.1, 3.3, and 3.5, and f;j(-)’s, j = 1,...,k,
satisfy Condition 3.4. Let x € rel int F be any feasible but non-optimal point. Let v = v + /v. Let

the Newton direction at x be

dy(z) = — (VQG(Z';’U*)> ' VG(x;v).
Then
—VG(z;v") dy(2) /G v*) = VG(z;0%)T (VQG(at; v*)>_1 VG(z;v*)/G(z;v*) > 6,
where 6 :=1/v/2+ 2k2 + 2\k > 0.
Proof. Let
-1
§(z) := VG (z;0")T (VQG(m;v*)) VG(z;v*)/G(z;0").

Since V2G(x;v*) > 0, by the Cauchy-Schwarz inequality we know that for any n # 0 it holds

VG(z;0*) 'n/G(x;v*)
\/o(z . 32
= JTTVEG (s 07 )/ Ga; v7) -

Let us take n = x — 2* # 0. Then, noting ¢’ (x — 2*)/(c’z —v*) = 1 and using (30) and (31) we have
VG (v (x — %) /G (z;0") = v + V(x) (x — z%). (33)

By the mean-value theorem, there is Z; between x and x*, j =1, ..., k, such that

N |

k k
pla) —pla*) = = V@) (@ —a")hj+ 5> (x — ) V2 (@) (@ — 2*)hy.
j=1 j=1
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By letting

we have

where in the last step we used the property (28).

Using the estimation (35) in (33) and the fact that p(x), p(z*), @ € K we have

VG(z;0") (x = 2%)/G(a;v") = Vv —VF(p(x))p(a") + 4
> ﬁ+(1/%)\/V2F(p(:v))[p($*)+ﬂ,p($*)+ﬂ]- (36)

Similarly, since —V F(p(z))[p(z*)] > 0, we have

VG(a;0) (2 — 2%)/Ga;0%) > o — VE(p(@))[i] > Vo + (1/r)[V2F (p(a)) @@, (37)

On the other hand,

(0 = )T V3G (a5 (o — 2/l ") — (VG(aiv") (@~ #7) /G las )
2

= 7+ (x -2 Vf(2)(x —2*)
k k
= —y+VF(p@)[Y_ Vi) (x—a)h;, > Vi) (@ — 2*)hy)
j=1 =
k
VRO ) P e

IN

—+V2F(p ( Nlp(x) = p(a”) =, p(x) — p(a”) — U]

k k
+WJ V2F (p(2))[Y_(x — o) V2 fj(2)T (x — 2* Z w2 fi(@)" (@ — 2*)hy]

.]:

<+ 2(VEF(p@)p(e),p(a)] + VP p@)pa") + @, pla”) + i) + 2\ V2F (o) [ 3
< —y+ 2w+ 2k (VG(:L"U) x—x* /va*))2+2)\/ﬁ;f<VG$v) (x —2%)/G(z;v")
< (1426 +200) (VG(z307) (2 — 2 )/G(m,v*)) (38)
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where the first step is due to (31) (pre and post multiplying both sides by (z — z*)” and z — z*
respectively), and at the fourth step we used (z—z*)T V2 f;(2)T (z—2*) < Mz—2*)TV2f; ()T (x—z*),
j=1,...,k, due to Condition 3.4, and then applied Lemma 3.4, and finally at the fifth and the sixth
steps we used (36) and (37).

The theorem follows by combining (32) and (38) to obtain d(z) > d. Q.E.D.

Now let us study the effect of applying the Newton method (with line-minimization) to reduce the

value of G(z;v) where v < v*. Denote
-1
d:=— (V2G(SE;U)> VG(z;v).

Multiplying d” on both sides of (30), and pre-multiplying d’ and post-multiplying d on both sides
of (31), and denoting a := c¢’d/(c"z — v) and, if there is no confusion, still denoting §(z) :=
VG(z;0)T (V2G(z;v)) " VG (x;v)/G(a;v), we obtain

—6(x) = ya+d'Vf(x) (39)
§(z) —6(x)* = —vya* +d'VAf(z)d. (40)

Eliminating a from (39) and (40) we get
¥8(x)(1 = 8(x)) + (8(x) +d" Vf(2))? = vd" V*f(z)d. (41)

Relations (18) and (19) yield

k
Vi@)'d = VF(p)[->_ d"Vfi(x)hj] (42)
j=1
k k
A"V f(x)d = VEF(p(x))>_d"Vfi(x)h;, > d"V fi(x)hj]
=1 =1
k
—VF(p(x)[>_ d"V2 f;(x)dhy]. (43)

J=1

Since F'(-) is v-logarithmically homogeneous and f;’s are convex, we obtain from (41) and (43) that

k k
¥8(2)(1 = 8(x)) + (8(x) + d'V f(2))* > AVEE(p(x))[Y_d"Vi(@)hy, Y d"V fi(@)hy]
j=1 Jj=1

v
NIES

& 2
(VF VIENIEDD dTij(w)hj])

j=1

R

(V@) (44)



Noting that v = v + /v, because d’ V f(z) is a real number, checking the discriminant of the above

quadratic inequality in terms of d? V f(x) we conclude that

v+ v
< .
§(w) < LEY (45)
The quadratic inequality (44) can be rearranged as
cr(x) < ATV f() < as(a), (46)
with
a(z) = )= \Vo (1= (v = i) o(a)
as(w) = )+ VP (= (v = 1)d(2)) ().
Simplifying, we get
+ +
ag(x) < VV ij\lf v 2ﬁ 1/\?1 =: ag and |a1(2)] < ag(z) < ao.
Now we use the k-consistency, Condition 3.3, to obtain from (41) and (43) that
k k
— [ VEE@()[3_ A"V fi(w)dhy, 3 ATV f(w)dhy]
j=1 j=1
k
< =VFp@)[Y_d"V2fi(x)dhy)
j=1
< d'V%f(z)d
_ (@)1 - 0(x)) + (0(x) +dTV f(x))
’7
< Yo (x) +26(x)? + 2(dTV f(x))?
N v
+ 2"~ — =z + 20[
= R A S (47)

v

where the second step is due to (43), the third step is due to (41), and the last step is due to (45)
and (46).

This yields

k k
VEF (p(2))[D_ "V f(x)dhy, Y d" V2 fi(w)dh;] < ko3, (48)
j=1 j=1
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Along the same line, from (43) and (47) we get

k k
VEF(p()[D>_ d"V fi(z)hy, Y d"V fi(x)hy] < d"VA f(2)d < as. (49)
i=1 j=1

Consider an iterative point x + td along the Newton direction d with step size ¢ > 0. Using the

mean-value theorem, there are ; € [z, +td|, j =1, ..., k, such that

M=

p(z+td) —ple) = =) (fiz+td) — fi(2)) hy

J

=~ L

2 Kk

= —ty d'"Vfj(x)h; — 5 > d"V? fi(@5)dh;. (50)
i=1 j=1

Let @ := Y5, d'V2 f;(%;)dh;.
Remember that the norm induced by the Hessian of F at y is denoted by [Ju|y2p(y) = /u? VZF (y)u.
The lemma below is well known and it is a crucial property of the self-concordant barrier functions;

see [4] and [7].

Lemma 3.6 Suppose that F(-) is self-concordant, i.e., it satisfies Condition 3.2. Suppose that p(z) €
int K. If [ly — p(z)lv2pp(z)) < 1 then y € int K. Moreover,

lullv2 P(p(a))
L= ly = p(@)llv2 p(p(a))

ullv2p@) <

9

for all u.

In this notation, (48) can be written as

k
> d"V? f(x)dh; < Kag, (51)
=1 V2F(p(x))
and (49) as
k
> d"V fi(z)h; < Vas. (52)
=1 V2F (p(x))

Lemma 3.7 Suppose that F(-) satisfies Conditions 3.1, 3.2, 3.3, and 3.5, and f;(:)’s, j = 1,...,k,
satisfy Condition 3.4. Let x € rel int F be any feasible but non-optimal point. Let v = v + /v. Let
the Newton direction at z be d = — (V2G(x; v))_1 VG(z;v) with v < v*. Let

2
Vas(1+ V1 +2xk)

Qy =
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Then, for any step-size 0 < t < ay, the iterative point p(z + td) € F.

Proof. It follows from (50) that

k 2
[
p(x +td) — p(x) = —t Z d'V f;(x)hj — 5
j=1
By Lemma 3.4 and Condition 3.4, also noting (51) we have
k
Il g2 ppiay) < XD d7 V2 S5(x)dhy < Akas.
=t V2F(p(a))

Using the above estimation and (52) we know that if 0 < ¢ < ay then

k 2
[
[p(z +td) = p(@)|v2ppay < ¢ ZdTij(iU)hj LY el 92 p(p(a))
=1 V2F (p(a)
2
< tyag+ 5)%043 <1,
because a4 is the largest root of the quadratic equation
2
t\/asg + 5)\/{(13 —1=0.
By Lemma 3.6, the result follows. Q.E.D.
Remark that, in a similar way one can show that if 0 < ¢ < aj with
1
Qs = ,
> Vas(l++v1+ k)
then
koo 2 t2
t Z d ij(l‘)hj + D) HuHVQF(p(:c)) <ty as—+ 5)\%0&3 < 1/2. (53)
=1 V2F(p(a)

Theorem 3.8 Suppose that F(-) satisfies Conditions 3.1, 3.2, 3.3, and 3.5, and f;(-)’s, j =1, ...k,
satisfy Condition 3.4. Let x € rel int F be any feasible but non-optimal point. Let v = v + \/v. Let
the Newton direction at x be d = — (VQG(Z';’U))_l VG (x;v). Suppose that —V G (z;v)d/G(x;v) > 6.
Then there exists § > 0 such that

i L) — 1)) < —B.
Bin (log G(z + td;v) —log G(z;v)) < -0
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Proof. Denote z(t) := x + td, and let a := cTC:;iv' Lemma 3.7 and the remark thereafter assure

that if 0 <t < as(< aq) then z(t) € F, and [[p(z(t)) — p(@)[lv2p(p(r)) < 1/2-

Now, consider a fixed 0 < t < as. By the mean-value theorem, there is 0 < £ < t < a5 such that the

following estimation holds
log G(z + td;v) —log G(z;v) = vlog(1 + at) + f(x(t)) — f(x)

= (ya+ Vf(x)Td)t+ ﬁ (—'y(az~2 + dTvzf(x(f))d>

2 1+ at)

2 k k

< b+ o x VPE@@@)IY AV @)k, Y ATV D)k
i=1 j=1
2 k k

Fo x| VRE ()Y ATV () dhg, 3 ATV (a(E)dhy]
j=1 j=1

~ 2 ~
S |5 V5O G ﬁx\]zﬁzldTv2fj<w<t>>dhj\VQF(I,W

B 20| (1= Ip@®) — 2@l ppay) 1= [[p(z(®) = p(@)llv2 p(ppay)

(54)

Notice that

) 2
Y ATV fi(x(d))hy
i=1 V2F (p(x))
k YR
< > d"vs;@)n; +5 |22 4"V (@)dh,
j=1 V2F(p(x)) =1 V2F(p(x))
k 2 A2 || E 2
< 2| | d"VSi(a)h + |20 4V i) dh
=1 V2F(p(z)) =1 V2F (p(x))
< 203 + N*k%a3)2,
where the last step follows from (51) and (52), and
k i k
> d"V? fi(x(t))dh, <MD d'VAfi(x)dh; < Akag.
j=1 V2F(p(z)) J=1 V2F(p(z))

The coefficient of the second order term in (54) can be further estimated as

|y a7V £ @@y ’ by dTV2 () dh | .

VIEG@) | )
(1= lp((D)) - p(x)HVQF(p(I)))Q 1= [lp(2(8) = p(2) g2 p )
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< 8as + 2X%k2aZ 4 2 ka3VU =: a.

Using these estimations we rewrite (54) as follows

log G(z + td;v) —log G(z;v) < —0t + %tz.

Therefore, if we take the step-length as ¢ := min{o%, as}, then log G(x + td;v) — log G(x;v) < =0,
where 8 := 0t — 95, Q.E.D.

If I is a symmetric cone, say K = ka and F(p) = —logdet p, then we can improve the bound in
(54). In that case, we have

~VFE(p)n] = trp'h
V2F(p)[h,h] = tr(p thp~th).

. - ~ = 1 _1 1 1
Therefore, if |p — pllv2rp) = VV2E@)P —p,p —pl = lp"2(p —p)p " 2llr = lp"2pp~2 — I||p < 1/2
then %p <p= %p, and since h € K we have

0< —VE@)h] =trp th < 2trp th = —2VF(p)[h).

Instead of the estimations in (54), we now have

log G(x + td;v) — log G(z;v) = vylog(1 + at) + f(x(t)) — f(x)

IA

IN

<

(ya + Vf(x)Td)t + ﬁ <—’y(a2~2 + dTVZf(x(f))d>

2 1+ at)
2 k k
0}t + o x V(D)2 ATV )y, 32 dTV ()]
i=1 j=1
2 k
5 X TE ()3 ATV (D)
j=1
S AT )
—5t+t22 x =5 - B ety —QAVF(p(x))[zk:dTVQ fi(@)dhy)
(1= Ip@) ~ 2] ppia)

2
—ot + 0l X (8043 + 2)\2/12a§ + 2/\a3) .

By letting a7 := 8as + 2A2k%a2 +2\as, and t' 1= min{a%, a} we have the estimation that log G(x +

t'd;v) —log G(z;v) < —f' with ' := 6t' — ()%
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One easily verifies that all the constants, as to a7, d, 8 and ', are rationally related to the problem
parameters v, £ and A. This gives rise to a polynomial-time complexity proof for the following

extended version of the Iri-Imai method (or, potential reduction method).

An Iri-Imai Type Potential Reduction Method for COCP

Input data: An initial 20 € rel int F and an initial lower bound of the optimal value v% < v*.

Output: A feasible solution x € rel int F such that ¢z — v* < € where € > 0 is the desired precision.

Step 0. Let 2 := 2° and v := v°. Go to Step 1.

Step 1. Check whether ¢’z — v < € or not. If yes, stop with z as the output; if no, continue with
Step 2.

Step 2. Compute the Newton direction at x
-1
d:=— (VQG($;U)) VG(z;v).

If ~VG(x;v)Td/G(z;v) < § then increase the value v until —VG(x;v)Td/G(z;v) = §; otherwise
continue with Step 3.
Step 3. Apply the line-minimization for log G(z;v) along the direction d, starting from x. Let

t = argmingslog G(z + td; v).

Let x := x + td, and go to Step 1.
The next theorem is a consequence of Theorem 3.8 and the remarks thereafter.

Theorem 3.9 Suppose that F(-) satisfies Conditions 3.1, 3.2, 3.3, and 3.5, and f;(-)’s, j =1, ...k,
satisfy Condition 3.4. Let v = v + \/v. Then the above described Iri-Imai type potential reduction
algorithm terminates in a number of steps, which is bounded by a polynomial in terms of v, kK, A and
log 2, provided that (i) an optimal solution for (Px) exists; (ii) f(z) > —L for all x € F, where |L|
is bounded by a polynomial in v, k and \; (iii) the initial potential function value log G(x°;v°) is

bounded by a polynomial in v, k, A, and log %
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Proof. Let the iterates produced by the algorithm be {z° 2! ---, 27, ...}, and the sequence of the

lower bounds be {v°,v!,---,v7,---}. By Theorem 3.8 we have
log G(27;v7) <log G(27~ 0771 — B < log G(2°;0°) — 43

where 1/ is bounded from above by a polynomial in v, x and A. Thus,

_ ogGa% ") = ji — f(a9) _ logG(a%se) — jB+ L

log(cl'ad — o7 55
( ) 5 5 (55)
Therefore, if

. log G(x°;v°) + L + vlog(1/e)

/= E
then it follows from (55) that

Lol — ol <e.
Q.E.D.

We observe that Theorem 3.9 provides explicit computational complexity bounds for some new classes
of convex programming problems. To give one such example, let us call a convex function f(z) to
be quadratically dominated if it can be split into two parts: f(x) = ¢(x) + h(z) where ¢(z) is convex
quadratic and h(z) is any other function whose Hessian is dominated by VZg¢(z) = Q = 0, i.e.,
there is 0 < 6 < 1 such that —0Q < V?h(z) < Q. Our example at the beginning of Section 3,
f(x) = 22 + sinz, is such a convex quadratically dominated function. Now consider the following
COCP: K is a symmetric cone (k = 1); f;’s are convex quadratically dominated functions (all with
a uniform and constant bound #). Since convex quadratically dominated functions are harmonically
convex with A = (14+6)/(1 — 6), we have A = O(1), as 6 is assumed to be fixed here. It follows that
ay = MR o)

T 4+2 L +202

v—1 (v—1)2

a3 = 5 — 0O(1
— 2

Y (E ) — oi

a5 = =Ll — oq

(
(
Vaz(I+vV1+Ak) (
a7 = 8az+ 2)\2n2a§ +2 3 — O(1
4 1/vV2 4 2r% +2Xk — O
= min{a%,ozg,} — O
B = 6 - () — o

Therefore, the Iri-Imai type potential reduction algorithm would solve this problem in O(ulog%)
number of iterations to reach an e-optimal solution if € > 0 is small enough, as asserted by Theo-
rem 3.9. Similarly, the geometric semidefinite program (Ppgp) that we introduced at the beginning of

this section can be solved in O((m + k +1) log 1) number of iterations if maxj<;<j u;/l; is a constant.
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Even if K is not a symmetric cone (assuming & is fixed however) and f;’s are either quadratically
dominated convex functions or they are generated from monomials, since ag = S8ag + 2A\%k%a3 +
2 kag/v = O(y/v) we can still apply Theorem 3.8 and Theorem 3.9 to conclude that these problems

can be solved in no more than O(v!* log %) number of iterations to reach an e-optimal solution.

4 Duality and lower bounds

What remains to be discussed is how to obtain a lower bound v < v* in order to apply the Iri-Imai
type potential reduction method as introduced in the previous section. This naturally leads to the
duality issues. Consider the following COCP problem:

(Pc¢) minimize cl'z

subject to Az =1b
k
ho — Z fj(.%‘)hj ek,
j=1

where A € R™*" ¢ € R" and b € R™, hy, ho, ..., h;, € K, and f;(-)’s are convex functions.

For this purpose, let us note that the conjugate of a convex function f(z), which is also a convex
function, is defined as

f*(s) = sup{(~s)"z — f(2) | = € dom f},

where ‘dom f’ stands for the domain of the function f.

Define a closed convex cone as follows
C:=cl q ||p>0,qg—pf(x/p)>0

Then, the dual of C can be computed as

u
C*=cl v ||v>0,u—vfi(s/v) >0

S

One is referred to [12] for discussions on this and other related issues.

Let
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K:=cl vy v; > 0, Uj — Ujf;(Sj/Uj) >0p,7=1,...,k.

In light of these new cones, we may rewrite our original COCP as

(Pc¢) minimize c’x
subject to Ax =b
1
g | €K, i=1,.,k
x
k
hy — Z qjhj e kK.
j=1
The above description is in the form of linear conic optimization. Hence its dual problem can be
found by standard procedures. Let us derive the dual using the Lagrangian multipliers. In particular,
Uj
let y be the multipliers for the first set of equality constraints, and | v; | € K} be the multipliers
Sj
for the second set of (conic) constraints. Let z € K* be the multiplier for the last conic constraint.

Then the Lagrangian function is
k k
L(z,q;y,u,v,8,2) = Lo — yT(Am —b) — Z(u] +v;q; + S]T:C) - ZT(hO — Z qihj),
j=1 Jj=1

from which the dual problem can be derived as
k
(Dx) maximize bly—hlz— Z uj
j=1

k
subject to ATy + Z sj=c

j=1
Uy
h;‘»Fz €EX;,j=1..k
8j

z € K*.
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This problem can be further explicitly expressed as

k
(D) maximize bTy—hlz— Z(hjrz)f;(sj/h;‘rz)
j=1
L
subject to ATy + Z sj=c
j=1

z € IC*.

Therefore, a lower bound v < v* for (Px) could be obtained from a finite feasible solution for the

above problem (D).

If fi(z) = %xTij with @; > 0 for all j, then f(s) = %STQ]-_ls, and the dual problem becomes

k
1
maximize b7y — hiz — B Z s]TQj*lsj/h;fpz
j=1
k
subject to ATy + Z sj=c
j=1
z e K.

T
J

In the case of ‘conically ordered geometric programming’, where fj(x) = € ” for all j. It is easy to

compute that

o Is;ll
fi(sj) = hj lsill lisyll lfSJ#_Hm\I\LJ
J S5 Sill 1S5 3 R .

Ui Ls vl - L M
; log ; - if s, Tk

Therefore, its dual is

k k
maximize by — hOTz — Z wj (log w; — log h]Tz) + Z w
=1 j=1
subject to ATy — 11, ..., u]w = ¢

z€e K*, w>0.
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