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Recap

LP in SEF: maximize clx
(P) subjectto Ax = b
x > 0
Dual LP: minimize Ty
(D)

subject to ATy > ¢

Complementary Slackness (CS) Condition

zt =0 or » ayy; =c; (or both) for each j
1=1

A more useful form:
:U;" #0 = Zaijy;‘ = ¢; for each j
1=1
Theorem 4.7 (CS Theorem) Suppose z* feasible for (P)
and y* feasible for (D).

xz* optimal for (P) and y* optimal for (D)
<= CS condition holds for z*, y*.

Theorem 4.8 (CS Theorem restated) Suppose z* is
feasible for (P).

x* optimal for (P)
<= there exists y* feasible for (D) such that
CS condition holds for z*, y*.
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Complementary Slackness for
Other Forms

CS condition for general LP (pg 47)

m
zt =0 or » ay = c; for each j
AND =1
y; =0 or » ajx; =b; for each i
j=1

Interpretation for SEF
In SEF, we have Ax = b as constraints.

For any feasible z*, we always have » ~ayz} = b;.
j=1
Therefore, the above CS condition reduces to

m
r; =0 or E a;jy;, = c;j for each j
1=1

Similarly,
x; is a free variable

m
—> Y ayy; =c; is a constraint for dual LP
1=1

m
* o = al
— x;=0o0r E a;;y; = c; is redundant
1=1
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Theorem 4.9 [Important]
Suppose x* feasible for an LP and y* feasible for dual LP.

x* and y* optimal for their resp. LPs

<— (CS condition holds for z*, y*

Proof for SIF: (Proof for general form is similar)
Important:

Know how to prove for LP problems in general form.

max clx min bly
dual
(P)  st. Az < b & (D) st ATy > ¢
x > 0 y > 0
I equiv. 1 same!
max clz min bly
(P) s.t. Ar + s = b = (D) s.t. ATy > ¢
x , s > 0 y > 0
_ feasible
x* is for (P)
optimal

{az*-‘ { z* -‘ " {feasible} or (P).

— {S*J N Lb—A:c*J optimal
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Proof for SIF (cont’d):

max clx min by
(ﬁ) S.t. Ar + s = b dual (ﬁ) s.t. Aly >
r , s =20 y 2
xz* and y* feasible for (P) and (D) resp.
x* -‘ ~ ~
— { and y* feasible for (P) and (D) resp.
{b — Aa:*J
z* and y* optimal for (P) and (D) resp.
x* ~ ~
= and y* optimal for (P) and (D) resp.
b— Ax*
Apply Theorem 4.7 (CS theorem) on (JB) and (13):
{ -‘ { -‘ and y* optimal for (13) and (f)) resp.
S J {b — Ax* J
— zt=0o0r Y ajy; =c; for each j
AND i=1
(b — Ax*); = 0 or yf =0 for each g
— zt =0 or Zaijy;‘ = ¢, for each j
AND =t

m
E aijxj = b; or y* =0 for each 3
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Application of CS Thm for other forms (Example)

(Read pg 48 for additional example)

maximize r1 + 3x2 +
subject to —2z1 4+ 4x92 +
51 — Ddxo —

r L2

L3

I3

I3

I3

AVARRVAN

Question: Check optimality of each solution.

(i) ' =[2,0,2]"

General approach:

1.

2
3.
4

Check z* feasible for (P).

(”) r? = [370 10]

—2
(P")
10
0
(iii) =3 = [, 2,27

Write down equations for y* from CS condition.

Try to solve for y*.

Check y* feasible for dual.

Dual problem:

minimize —2y; 4+ 10y2

subject to —2y1 4+ Hye
dyr. —  Oy2
yr — Y2

AVARR AVAR AVARN AVA

S = W =

(D)
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Application of CS Thm for other forms (Example)

maximize r1 + 3x2 + x3
subject to —2z1 + 4z2 + 3 = -2 (P')
561 — dxra — x3 < 10
xr , x2 , x3 > 0

Question: Check optimality of each solution.
(i) ' =[2,0,2]7 (i) 22 =1[3,0, )7 (i) = [2,2,2]7

Dual problem:

minimize —2y; + 10y2

subject to —2y1 + Sy > 1
dyp — Sy2 = 3 (D)

Y1 — y2 = 1

y2 =2 0

. z* =0 or (Al'y* —¢); = 0 for each j
CS condition: J
y’ =0 or (Az* —b); =0 for each ¢

x; =0 or — 2y7 + 5y; = 1
x5 =0 or 4y7 — dy; = 3
xs = 0 or y; — y; = 1
vy =0 or 5z* — bal — x3 = 10
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Application of CS Thm for other forms (Example)

Primal constraints:

—2x1 + 4x9 + x3 = —2 — (P1)
51 — bxry — x3 < 10 — (P2)
r, , x2 , 3 > 0 — (P3)
Dual constraints:
—2y1 + 5y2 > 1 — (D1)
4y1 — 5Sy2 > 3 — (D2)
y1 — y2 > 1 — (D3)
y2 > 0 — (D4)
CS condition:
i # 0 = 2y +5y; =1 — (CS1)
i # 0 — 4yt —bys =3 — (CS2)
i # 0 — yi —ys =1 — (CS3)
bx — bxy —x3 # 10 — ys =0 — (CS4)
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Question: Check optimality of each solution.

(i) «* =[2,0,2]7 (i) «2=1[5,0, )7 (iii) 23 = [, 2,

1. z!'=12,0,2]" satisfies (P1) — (P3), so it is feasible.

2. From CS condition,

—2y7 + by; = 1 — (CS1)
vy — wys = 1 — (CS3)

y; = 0 — (CS4)
3. The above system has no solution.

Conclusion: z! is not optimal.

2]7
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Question: Check optimality of each solution.
1. 2?2 =[§,0,2]" satisfies (P1) — (P3), so it is feasible.
2. From CS condition,
—2y7 + by; = 1 — (CS1)
yi — y5 = 1 — (CS3)
3. The above system has unique solution y* = [2,1]7.
4. y* =1[2,1]" satisfies (D1) — (D4), so it is feasible.

on: 22 i . |
Conclusion: z?2 is optimal
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Question: Check optimality of each solution.

(i) ' =[2,0,2]7 (i) 22 =1[5,0,2)7 (i) «* = [, 2,2]T
1. x3=[%,2,2]" satisfies (P1) — (P3), so it is feasible.
2. From CS condition,
—2y7 + by; = 1 — (CS1)
dyr — by; = 3 — (CS2)
y; — wys = 1 — (CS3)

3. The above system has unique solution y* = [2,1]
4. y*=1[2,1]" satisfies (D1) — (D4), so it is feasible.

usion: x° | [ .
Conclusion: z3 is optimal




