On a positive semidefinite relaxation of the cut polytope

Monique Laurent

LIENS Ecole Normale Supérieure

45 rue d’Ulm 75230 Paris Cedex 05, France

Svatopluk Poljak^1

Department für Informatik Universität Passau Innstrasse 29, PF 2540 Passau, Germany

Abstract We study the convex set L_n defined by

Ln := {X | X = (xij) positive semidefinite n × n matrix, xii = 1 for all i}.

We describe several geometric properties of L_n. In particular, we show that Ln has 2n�1 vertices, which are its rank one matrices, corresponding to all bipartitions of the set {1, 2, . . ., n}.

Our main motivation for investigating the convex set L_n comes from combinatorial optimization, namely from approximating the max-cut problem. An important property of L_n is that, due to the positive semidefinite constraints, one can optimize over it in polynomial time. On the other hand, L_n still inherits the difficult structure of the underlying combinatorial problem. In particular, it is NP-hard to decide whether the optimum of the problem min Tr(CX), X ∈ L_n is reached at a vertex. This result follows from the complete characterization of the matrices C of the form C = bb^t for some vector b, for which the optimum of the above program is reached at a vertex.

1 Introduction

Let L_n denote the set of n × n symmetric positive semidefinite matrices X = (x_{ij}) which satisfy x_{ii} = 1 for all i = 1, . . ., n. Thus, L_n := {X | X ⪰ 0, x_{ii} = 1, i = 1, . . ., n}. The matrices belonging to L_n are called correlation matrices, see [12, 17]. For a symmetric matrix X = (x_{ij}), let τ(X) := (x_{ij})_{1≤i<j≤n} denote the (n 2 ) -vector which is the upper triangular part of X. We set ~Ln := {τ(X) | X ∈ Ln}. 1The research has been done while the author visited Ecole Normale Superieure whose support is gratefully acknowledged

Hence, the convex body ~L_n is the projection of L_n on the (n 2 ) -dimensional subspace.

As an example, see the body ~L_3 depicted in Fig. 1. We call the convex body ~L_n an elliptope (coming from ellipsoid and polytope).

The set L_n of correlation matrices has been studied in several papers [3], [12], [17], [18]. There is considered mainly the question of determining what is the possible rank of a correlation matrix which is an extreme point of L_n. (Recall that a point is an extreme point of L_n if it cannot be expressed as a proper convex combination of other points of L_n.) It is shown that L_n has extreme points of rank k if and only if k(k + 1) ≤ 2n (see [17] for a short proof). A formula for the dimension of the faces of L_n is also given in [17]; see the section on faces below.

Here, we are interested in the vertices of L_n, i.e., in the extreme points of L_n having a full dimensional normal cone. We show that L_n has 2^{n−1} vertices which are, namely, its rank one matrices. In other words, the vertices of L_n are the matrices DJD, where D is a diagonal matrix with ±1-entries and J is the all ones matrix. So, up to permutation of the rows and columns, the vertices of L_n are of the form ( 1 −1 −1 1 ) . As L_n is a nonpolyhedral convex set, it has extreme points that are not vertices. For instance, the correlation matrix 1 −1/2 −1/2 −1/2 1 −1/2 −1/2 −1/2 1 (1) is an extreme point of L_3, but is not a vertex as its normal cone has dimension 1.

This paper is motivated by a ‘hard’ combinatorial optimization problem, namely, the maximum cut problem (abbreviated as max-cut): max x∈{0,1}n ∑ 1≤i<j≤n c_{ij}|x_i − x_j|, (2)

where c ∈ R(

n_2)

. The max-cut problem is well known to be equivalent with the discrete 01-quadratic programming problem: max x∈{0,1}n x^tQx, (3) where Q is an n × n symmetric matrix. Since the exact optimum of the maxcut problem (or of the discrete quadratic programming problem) cannot be found efficiently unless NP = P , it is of interest to find good and efficient approximation procedures. Recently, it has been shown that optimization over the convex body ~Ln provides a very good approximation for the max-cut problem. Moreover, the optimum is attained at a vertex of ~L_n if and only if the max-cut problem is solved exactly.

The goal of our paper is to study the geometrical properties of the elliptope ~Ln, in order to understand better the structure of the optimization problem over it. Actually, the elliptope ~L_n displays an example of an interesting complexity phenomenon. Namely, the weak optimization problem over ~L_n (see Section 3 for a definition) is polynomial since, by the theory of [13], checking whether a matrix belongs to L_n can be done efficiently, but testing whether the optimum is reached at a vertex of ~L_n is NP -hard. (This phenomenon may be explained as follows. Suppose we want to optimize a linear objective function c^tx over ~L_n. Assume that x_0 ∈ ~L_n is an optimal solution. The polynomial time algorithm which solves the weak optimization problem provides us an approximation x̄_0 ∈ ~L_n, so that |c^tx_0 − c^tx̄_0| is smaller than the prescribed error. However, this does not give us any information about the distance of the points x_0 and x̄_0 which may be large. Moreover, x̄_0 approximates not only the actual optimum, but also all the nearoptimal solutions. Thus, the knowledge of x̄_0 may not always be sufficient to recognize whether x_0 is a vertex.)

Contents of the paper.

In Section 2, we describe some basic geometric properties of L_n and ~L_n. Namely, we provide the formulas for polars, normal cones, and faces of L_n and ~Ln. As a consequence, we show that Ln has 2n−1 vertices; they are the rank one matrices of L_n, corresponding to all bipartitions of the set {1, 2, . . ., n}. In Section 3, we study the optimization problem min X∈Ln Tr(CX). (4)

Since L_n is not polyhedral, the optimum need not be attained in a vertex of L_n. We call a symmetric matrix C exact if the optimum of (4) is attained in a vertex of L_n. We give a complete characterization of the exact matrices of the form C = bb^t for some vector b. In Section 4, we explain in more detail the connection with the approximation of the max-cut problem.

Some related topics.

By definition, the convex set L_n is nothing but a section of the cone PSD_n formed with the intersection by the hyperplanes x_{ii} = 1 for all i. The cone PSD_n has been extensively studied in the literature; see e.g.[2, 9, 16] for results on its faces. As a matter of fact, L_n inherits some of the good properties of PSD_n. However, its structure is much more complicated than that of PSD_n. For instance, the description of the faces of L_n follows from that of the faces of PSD_n (see Proposition 2.7). But, while each face of PSD_n is isomorphic to some PSD_r (for some 0 ≤ r ≤ n), faces of L_n may be more complicated (see the example of an elliptic face of L_4 in Example 2.11). The description of the faces of L_n leads to the interesting question of characterizing the subspaces that can be realized as kernels of matrices from L_n.

The study of the set L_n of correlation matrices is also closely related to that of Euclidian distance matrices, which has an extensive literature (see, e.g., [15]). A symmetric matrix X = (x_{ij}) is called a Euclidian distance matrix if x_{ij} =‖ v_i−v_j ‖^2 for some vectors v_1, . . ., v_n ∈ R^k (k ≥ 1). A well known result by Schoenberg [23] asserts that X is a Euclidian distance matrix if and only if the (n − 1) × (n − 1) matrix P = (p_{ij}) defined by p_{ij} = 1 2 (x_{in} + x_{jn} − x_{ij} ) for 1 ≤ i, j ≤ n−1, is positive semidefinite. Equivalently, X is a Euclidian distance matrix if and only if x = τ(X) belongs to the cone NEG_n, called negative type cone, and defined by

NEG_n = {x ∈ R(

n_2) | ∑ 1≤i<j≤n b_ib_jx_{ij} ≤ 0 for all b ∈ R^n with ∑ 1≤i≤n b_i = 0}.

The supporting cone (see definition in (6)) of ~L_n at each of its vertices is, up to symmetry, the cone NEG_n, i.e., the cone PSD_{n−1} (up to linear bijection) (see Remark 2.6).

Notation.

Given two n × n matrices A = (a_{ij}), B = (b_{ij}), we set ⟨A, B⟩ = n∑ i,j=1 a_{ij}b_{ij}. (5) If A, B are symmetric, then we have the identity ⟨A, B⟩ = Tr(AB). Recall that Tr(A) = ∑ 1≤i≤n aii denotes the trace of the matrix A. We write A ⪰ 0 if A is a

symmetric positive semidefinite matrix, i.e., x^tAx ≥ 0 for all x ∈ R^n. Let SYM_n (resp. PSD_n, DIAG_n) denote the set of all n × n symmetric (resp. symmetric positive semidefinite, diagonal) matrices. For x ∈ R^n, diag(x) denotes the diagonal matrix with diagonal entries x_1, . . ., x_n and, for a matrix A, diag(A) denotes the vector consisting of the diagonal entries of A.

Let V be a real inner product space, whose inner product is denoted by ⟨, ⟩. We will consider here two cases for the space V . When dealing with the set L_n of correlation matrices, V is the space SYM_n of symmetric matrices equipped with the inner product from (5). When dealing with its (n 2 ) -projection, namely, with the elliptope ~L_n, V is R(

n_2)

equipped with the usual scalar product.

Let K be a convex set in V . The polar K^∗ of K is defined by

K^∗ = {x ∈ V | ⟨x, y⟩ ≤ 1 for all y ∈ K}. If K is a convex cone, then its polar coincides with the set {x ∈ V | ⟨x, y⟩ ≤ 0 for all y ∈ K}. Given a boundary point x_0 of K, its normal cone N(K, x_0) is defined by N(K, x_0) = {c ∈ V | ⟨c, x⟩ ≤ ⟨c, x_0⟩ for all x ∈ K}. In other words, a vector c ∈ V belongs to the normal cone at x_0 if the hyperplane ⟨c, x⟩ = ⟨c, x_0⟩ is supporting for K at x_0. So, the normal cone at x_0 consists of the normals to the supporting hyperplanes for K at x_0. The dimension of the normal cone allows one to classify the boundary points of K. Namely, a boundary point x_0 is a vertex of K if its normal cone is full dimensional, and x_0 is a regular (or smooth) point of K if N(K, x_0) has dimension 1, i.e., there is only one supporting hyperplane for K passing through x_0. The supporting cone C(K, x_0) at x_0 is then defined by C(K, x_0) = {x ∈ V | ⟨c, x⟩ ≤ 0 for all c ∈ N(K, x_0)}. (6) A subset F of K is called a face (or extreme set) of K if, for all x ∈ F, y, z ∈ K, 0 ≤ α ≤ 1, x = αy + (1 − α)z implies that y, z ∈ F . The set F is called an exposed set if F = K ∩ H for some supporting hyperplane H for K. Clearly, each exposed set is a face.

The convex sets considered in this paper are L_n and its projection ~L_n and also some affine images J_n and ~J_n. Let J denote the all ones matrix. We recall the precise definitions:

J_n = {Y = (y_{ij}) ∈ SYM_n | 1 2 J − Y ⪰ 0, y_{ii} = 0 for all i = 1, . . ., n}, L_n = {X = (x_{ij}) ∈ SYM_n | X ⪰ 0, x_{ii} = 1 for all i = 1, . . ., n}, ~Jn = τ(Jn), and ~Ln = τ(Ln). Hence, L_n is the image of J_n under the linear bijection X = J − 2Y . Note that ~Ln and ~Jn are convex bodies (i.e., compact full dimensional convex sets) in R(n_2). Clearly, ~J_n and ~L_n can be alternatively described by

~Jn = {y ∈ R(n_2) | ∑ 1≤i<j≤n b_ib_jy_{ij} ≤ 1 4 ( ∑ 1≤i≤n b_i)^2, for all b ∈ R^n},

~Ln = {x ∈ R(n_2) | ∑ 1≤i<j≤n b_ib_jx_{ij} ≥ − 1 2 ∑ 1≤i≤n b^2_i , for all b ∈ R^n}.

Given a subset S of {1, . . ., n}, let J_S and L_S denote the n × n symmetric matrices defined by

(J_S)_{ij} = { 1 if i ∈ S, j ∉ S or i ∉ S, j ∈ S 0 otherwise,

(L_S)_{ij} = { −1 if i ∈ S, j ∉ S or i ∉ S, j ∈ S 1 otherwise.

for 1 ≤ i, j ≤ n. So, up to permutation of the rows and columns, they are of the

form: J_S = ( 0 1 1 0 ) , L_S = ( 1 −1 −1 1 ) . Hence, J_S ∈ J_n, L_S = J − 2J_S ∈ L_n,

L_S = L_{{1,...,n}\S}, J_∅ = 0, and L_∅ = J. We call the matrices J_S ,L_S a 01-cut matrix and a ±1-cut matrix, respectively; we refer to J_S ,L_S as the cut matrices.

Finally, let us already introduce some of the main notions used in the paper. Given a vector b ∈ R^n, its gap γ(b) is defined by

γ(b) := min S⊆{1,...,n} | ∑ i∈S b_i − ∑ i∈{1,...,n}\S b_i|. The vector b is said to be balanced if |b_i| ≤ ∑ 1≤j≤n, j≠i |b_j| for all i = 1, . . ., n. A subspace V of R^n is called realizable if V is contained in the null space of some matrix of L_n. The orthogonal complement of V is denoted by V^⊥. For x, y ∈ R^n, x ∘ y denotes the vector z ∈ R^n whose i-th entry is equal to x_iy_i. We let e denote the all ones vector.

2 Geometry of the elliptope

The main result of this section is the characterization of the vertices of the elliptope ~Ln. As tools for this result, we describe the polar of ~Ln and the normal cone at any point of ~L_n. We also present results on the faces of ~L_n and full treatment in the case of ~L_3.

Let us first observe that the bodies L_n and ~L_n have some symmetries. Given a subset A of {1, . . ., n}, let D_A denote the n×n diagonal matrix whose i-th diagonal entry is equal to 1 if i ∈ A and to −1 otherwise. The mapping Sw_A : SYM_n −→ SYM_n, defined by Sw_A(X) = D_AXD_A, is called switching. Observe that Sw_A(L_S) = L_{S△A} for each subset S and Sw_A(L_n) = L_n. (Here, S△A = (A \ S) ∪ (S \ A) denotes the symmetric difference of the sets A and S.) There is an obvious analogue of switching for the body ~L_n.

Polar.

Let W_n denote the set of all symmetric n × n matrices X with diagonal entries equal to 1. Then, we have the equality

L_n = PSD_n ∩ W_n. (7)

Hence, the inclusion PSD^∗_n + W^∗_n ⊆ L^∗_n holds trivially. In fact, equality holds as shown in the next result. Note that

PSD^∗_n = −PSD_n, W^∗_n = {D ∈ DIAG_n | Tr(D) ≤ 1}.

(Recall that the polar is defined within the space of symmetric matrices.) Hence, the set {D − M | M ⪰ 0, D ∈ DIAG_n, Tr(D) ≤ 1} is contained in L^∗_n and it can be easily checked that it coincides with the set {D − M | M ⪰ 0, D ∈ DIAG_n, Tr(D) = 1}.

Proposition 2.1 (i) L^∗_n = {D − M | M ⪰ 0, D ∈ DIAG_n, Tr(D) = 1}. (ii) ~L^∗_n = Conv(−2τ(bb^t) | b ∈ R^n, ‖ b ‖= 1).

Proof. (i) Let Y ∈ L^∗_n. We show that Y ∈ {D − M | M ∈ PSD_n, D ∈ DIAG_n, Tr(D) = 1}. If not, then, for each D ∈ DIAG_n with Tr(D) = 1, the matrix D − Y is not positive semidefinite, i.e., λ_{min}(D − Y ) < 0. For d ∈ H := {x ∈ R^n | ∑ 1≤i≤n xi = 1}, set f(d) := λ_{min}(diag(d) − Y ). Set μ := min_{1≤i≤n} Y_{ii}. Note that f(d) = min_{‖x‖=1} x^t(diag(d)−Y )x ≤ min_{1≤i≤n}(d_i− μ) (the last inequality follows by choosing for x the unit vectors). Hence, if ‖ d ‖_∞−→ ∞, then min_i d_i −→ −∞, which implies that f(d) −→ −∞. This shows that sup_{d∈H} f(d) = sup_{d∈H, ‖d‖}1_{≤M} f(d) = max_{d∈H, ‖d‖}1_{≤M} f(d) for some constant M. Therefore, the optimum is attained in sup_{d∈H} f(d), i.e.,

max(λ_{min}(D − Y ) | D ∈ DIAG_n, Tr(D) = 1) < 0.

The following result is shown in [4]: Let D_0 be the diagonal matrix with trace one for which the above maximization problem attains its optimum and set λ_0 := λ_{min}(D_0 − Y ) < 0. Then, there exists a set of vectors v_1, . . ., v_k which are eigenvectors of D_0 − Y for the eigenvalue λ_0 and such that all diagonal entries of the

matrix X := k∑ h=1 v_hv^t_h are equal to 1. Hence, the matrix X belongs to L_n and

Tr((Y −D_0)X) = k∑ h=1 Tr((Y −D_0)v_hv^t_h) = − k∑ h=1 λ_0Tr(v_hv^t_h) = −λ_0Tr(X) = −nλ_0.

Therefore, ⟨Y, X⟩ = ⟨D_0, X⟩ + ⟨Y − D_0, X⟩ = 1 − nλ_0 > 1, contradicting the fact that Y ∈ L^∗_n.

(ii) Given y ∈ R(

n_2)

, let Y denote the n × n symmetric matrix whose upper triangular part is y and with diagonal entries equal to −^1_n . Note that y ∈ ~L^∗_n if and only if Y ∈ L^∗_n. Indeed, ⟨X, Y ⟩ = 2x^ty − 1 for all X ∈ L_n and x = τ(X). By (i),

Y ∈ L^∗_n if and only if Y is of the form: Y = D − k∑ h=1 λ_hb_hb^t_h, where D is a diagonal

matrix with trace 1, b_1, . . ., b_k are unit vectors, and λ_1, . . ., λ_k are nonnegative scalars; moreover, ∑ 1≤h≤k λh = 2, since −1 = Tr(Y ) = Tr(D)− ∑ h λ_h. Therefore, y ∈ ~L^∗_n if and only if y is of the form: y = − ∑ 1≤h≤k λhτ(bhb t h), where b_1, . . ., b_k are unit vectors and λ_1, . . ., λ_k are nonnegative scalars with ∑ 1≤h≤k λh = 2. This shows that y ∈ ~L^∗_n if and only if y ∈ Conv(−2τ(bb^t) | b ∈ R^n, ‖ b ‖= 1).

Remark 2.2 As suggested by a referee, Proposition 2.1 (i) can also be proved using duality of semidefinite programming. Namely, given Y ∈ L^∗_n, consider the programs: max ⟨Y, X⟩ s.t. diag(X) = e X ⪰ 0 (8) min x^te s.t. diag(x) − Y ⪰ 0. (9) The programs (8) and (9) are dual programs and, hence, have the same optimum value, equal to α ≤ 1, as Y ∈ L^∗_n. If x is an optimum solution to the program (9), then diag(x) − Y is a positive semidefinite matrix, which yields the desired decomposition for Y . (Note that, in order to show that strong duality holds for the programs (8) and (9), one has to check that a technical condition, the so-called Slater condition, holds. Details can be found, e.g., in [20].)

Normal cone.

Proposition 2.3 Let A ∈ L_n and a = τ(A) ∈ ~L_n. Then (i) N(L_n, A) = {D − M | D ∈ DIAG_n, M ⪰ 0, ⟨M, A⟩ = 0}. (ii) N( ~L_n, a) = Cone(−τ(bb^t) | b ∈ Ker(A)).

Proof. (i) First, if D ∈ DIAG_n and M ⪰ 0 with ⟨M, A⟩ = 0, then D − M ∈ N(L_n, A) since, for all X ∈ L_n, ⟨D − M, X⟩ = Tr(D) − ⟨M, X⟩ ≤ Tr(D) = ⟨D −M, A⟩. Conversely, let Y ∈ N(L_n, A), i.e., Y is a symmetric matrix satisfying ⟨Y, X⟩ ≤ ⟨Y, A⟩ for all X ∈ L_n. We show that Y can be decomposed as Y = D−M, where D ∈ DIAG_n, M ⪰ 0, and ⟨M, A⟩ = 0. We can suppose that the diagonal entries of Y are all equal to 0; indeed, Y − diag(Y ) also belongs to N(L_n, A), as ⟨diag(Y ), X⟩ = Tr(Y ) holds for all X ∈ L_n. Suppose first that ⟨Y, A⟩ = 0. We show that −Y is positive semidefinite, i.e., that ⟨Y, X⟩ ≤ 0 for all X ∈ PSD_n. If

X ∈ L_n, then ⟨Y, X⟩ ≤ 0 holds by the assumption that Y ∈ N(L_n, A). If X ⪰ 0 with x_{ii} ≤ 1 for all 1 ≤ i ≤ n, then X^′ := X + diag(1 − x_{11}, . . ., 1 − x_{nn}) ∈ L_n. Hence, ⟨Y, X^′⟩ ≤ 0, implying that ⟨Y, X⟩ ≤ 0. Finally, if X ⪰ 0, let α be a positive scalar such that the diagonal entries of αX are less than or equal to 1. By the previous case, ⟨Y, αX⟩ ≤ 0 which implies that ⟨Y, X⟩ ≤ 0. We now suppose that a := ⟨Y, A⟩ ≠ 0. Then, a > 0 since 0 = ⟨Y, I⟩ ≤ ⟨Y, A⟩. Hence, a^{−1}Y ∈ L^∗_n. Therefore, by Proposition 2.1, Y = D − M for some diagonal matrix D with trace a and M ⪰ 0. Moreover, ⟨M, A⟩ = ⟨D, A⟩ − ⟨Y, A⟩ = Tr(D) − a = 0. This concludes the proof of (i).

(ii) Applying (i), we obtain that N( ~L_n, a) = {−τ(M) | M ⪰ 0, ⟨M, A⟩ = 0}. The result follows since, for a decomposition M = ∑ 1≤h≤k bhb t h of M as a sum of rank one matrices, ⟨M, A⟩ = 0 holds if and only if Ab_h = 0, i.e., b_h ∈ Ker(A), for all h.

Remark 2.4 Let us remark that, for n = 3, the normal cone at each point τ(L_S) of ~Ln is a circular cone. By symmetry, it suffices to check this fact for the cut matrix L_∅ = J. For this, let us consider the section of the normal cone N( ~L_n, τ(J)) by the hyperplane with equation x_{12} + x_{13} + x_{23} = 3. Note that the point c = (1, 1, 1) belongs to N( ~L_n, τ(J)) ∩ H. One can easily check that each extreme ray −τ(bb^t) of N( ~L_n, τ(J)) intersects H in a point which is at constant distance √ 6 from c.

This shows, therefore, that N( ~L_n, τ(J)) is a circular cone. We show in Fig. 2 the normal cone at a vertex.

Vertices.

We can now characterize the vertices of ~L_n.

Theorem 2.5 ~L_n has 2^{n−1} vertices, namely, the vectors τ(L_S), for S ⊆ {1, . . ., n}.

Proof. We first check that each vector τ(L_S) is a vertex of ~L_n. Indeed, for 1 ≤ i < j ≤ n, the hyperplane x_{ij} = 1 (resp. −x_{ij} = 1) is supporting for ~L_n at τ(L_S) if i, j ∈ S^2 ∪ ({1, . . ., n} \ S)^2 (resp. if i ∈ S, j ∉ S or vice versa). This shows that the normal cone of ~L_n at τ(L_S) is full dimensional, i.e., that τ(L_S) is a vertex of ~L_n. Conversely, let A ∈ L_n and suppose that a = τ(A) is a vertex of ~L_n. Then, there exist (n 2 ) vectors b_1, . . ., b(n_2) in the kernel of A such that the system (τ(b_ib^t_i) | 1 ≤ i ≤ (n 2 ) ) is linearly independent. Consider the (n 2 ) × (n 2 ) matrix M whose rows are the vectors τ(b_ib^t_i) and the submatrix M_1 formed by its first n − 1 columns, indexed by the pairs (1, j) for 2 ≤ j ≤ n. Then, M_1 has rank n − 1 and, thus, contains an (n − 1) × (n − 1) nonsingular submatrix which is indexed, say, by the vectors b_1, . . ., b_{n−1}. It is easy to check that the vectors b_1, . . ., b_{n−1} are linearly independent. This shows that the matrix A has rank one and, thus, A = aa^t for some a ∈ R^n. But, a ∈ {−1, 1}^n since the diagonal entries (a_i)^2 of A are all equal to 1. Therefore, A is one of the cut matrices L_S.

In particular, the vectors τ(L_S) are the only ±1-valued members of ~L_n (indeed, every ±1-member of ~L_n has a full dimensional normal cone, i.e., is a vertex of ~L_n).

Remark 2.6 As a consequence of Proposition 2.3, we have the following assertions.

(i) The regular points of ~L_n, i.e., having a normal cone of dimension one, are of the form τ(A) for A ∈ L_n whose kernel Ker(A) has dimension 1. (ii) Given A ∈ L_n, the supporting cone of ~L_n at the point a = τ(A) is given by C( ~L_n, a) = {x ∈ R( n_2) | ∑ 1≤i<j≤n bibjxij ≥ 0 for all b ∈ Ker(A)}. In particular, the supporting cone at the vertex τ(L_∅) coincides with the cone −NEG_n (i.e., is a linear bijective image of PSD_{n−1}) and the suporting cone at any other vertex τ(L_S) is a symmetric image of it, namely, C( ~L_n, τ(L_S)) = Sw_S(−NEG_n).

Faces.

We now turn to the description of the faces of L_n. Let us first recall some well known facts about the faces of the cone PSD_n of positive semidefinite matrices. Let A, B ∈ PSD_n and let Φ(A) denote the smallest face of PSD_n containing A. Then, B ∈ Φ(A) if and only if Ker(A) ⊆ Ker(B). Moreover, if A has rank r, then Φ(A) is isomorphic to PSD_r and, hence, has dimension (r_{+1} 2 ) [16]. In particular, every face of PSD_n is of the form

Φ_V := {X ∈ PSD_n | V ⊆ Ker(X)}

for some subspace V of R^n and, conversely, Φ_V is a face of PSD_n for each subspace V . Consider now the convex set L_n. For A ∈ L_n, let F (A) denote the smallest face of L_n containing A. It is shown in [17] that, if A has rank r and if A is the Gram matrix of the vectors v_1, . . ., v_n ∈ R^r, then the dimension of the face F (A) is equal to ( r + 1 2 ) − dim(v_iv^t_i | 1 ≤ i ≤ n). (Compare with the fact that the dimension of Φ(A) in PSD_n is equal to (r_{+1} 2 ) .) As an example, consider the matrix A from (1); it has rank 2 and it is an extreme point of L_3. Note, indeed, that A is the Gram matrix of the vectors v_1 := (1, 0), v_2 := (−^1_2 ,^{√3}_2 ), v_3 := (−^1_2 , −^{√3}_2 ) and that the matrices v_1v^t_1, v_2v^t_2 and v_3v^t_3 are linearly independent. The faces of L_n can, in fact, be defined in a simple way from the faces of PSD_n. We first recall a well known result.

If K_1, K_2 are two convex bodies and F_1, F_2 are faces of K_1, K_2, respectively, then F_1 ∩ F_2 is a face of K_1 ∩ K_2 and, moreover, each face of K_1 ∩ K_2 arises in this way.

As noted in relation (7), L_n is the intersection of PSD_n and W_n. Clearly, W_n is the only face of W_n. Hence, we have the following result.

Proposition 2.7 Let A, B ∈ L_n and let F (A) denote the smallest face of L_n containing A. Then, B ∈ F (A) if and only if Ker (A) ⊆ Ker(B). In particular, every face of L_n is of the form F_V := {X ∈ L_n | V ⊆ Ker(X)} for some subspace V of R^n and F (A) = FKer_{(A)} for A ∈ L_n.

Corollary 2.8 Every face of L_n is exposed.

Proof. Consider a face F_V where V is a subspace of R^n. Let b_1, . . ., b_k be an orthogonal base of V . Then, for X ∈ L_n, X ∈ F_V if and only if b^t_iXb_i = 0 for all i = 1, . . ., k or, equivalently, ∑ 1≤i≤k b t iXb_i = 0. Hence, the face F_V arises as the intersection of L_n by the supporting hyperplane ∑ 1≤i≤k b t iXb_i = 0. This shows that F_V is exposed.

Note that, given a subspace V of R^n, there always exists X ⪰ 0 such that V ⊆ Ker(X), but there may exist no such X ∈ L_n. This is the case, for instance, if

V ⊆ R^2 is generated by the vector (2, 1). For this reason, we call a subspace V of R^n

realizable if there exists X ∈ L_n such that V ⊆ Ker(X). Clearly, the only realizable subspaces of dimension n−1 are the kernels of the cut matrices L_S. We give in the next section the characterization of the 1-dimensional realizable subspaces. The characterization of the realizable subspaces of dimension k, 2 ≤ k ≤ n − 2, is an open problem (already posed in [12]).

We give some further results on the faces of L_n. In particular, we show that the convex segment joining any two vertices of L_n is a face of L_n. We describe all faces of L_3 and we indicate how every face of L_n can be “lifted” to a face of L_{n+1}.

Proposition 2.9 Let A, B be distinct subsets of {1, . . ., n}. Then, the convex segment [L_A, L_B] = {αL_A + (1 − α)L_B | 0 ≤ α ≤ 1} is a face of L_n.

Proof. Using the switching symmetry, we can suppose that B = ∅. We show that the segment [L_∅, L_A] is a face of L_n. Set Y :=^1_2 (L_∅ + L_A). Then, Ker(Y ) = {b ∈

R^n |^∑_{i∈A} bi =^∑_{i∉A} bi = 0}. One can easily check that a symmetric n × n matrix

matrix X belongs to F (Y ) if and only if there exists a scalar a such that |a| ≤ 1 and X = (x_{ij}) with x_{ij} = 1 for i, j ∈ A or i, j ∉ A and x_{ij} = a for i ∈ A, j ∉ A. In other words, X ∈ F (Y ) if and only if X is the convex combination^{a+1}_2 L_∅ +^{1−a}_2 L_A of L_∅ and L_A. This shows that [L_∅, L_A] = F (Y ) is a face of L_n.

Note that there exist faces of L_n of dimension 2 that are not polyhedral. We describe such a face for L_4 in Example 2.11 below. We now present a full description of the faces of the body L_3.

Proposition 2.10 Every proper face of L_3 is, either reduced to a single point of L_3, or is an edge (1-dimensional face) joining two vertices of L_3 (there are six such faces).

Proof. Let F_V be a face of L_3, where V is a (realizable) subspace of R^3. If dim(V ) = 2, then F_V is reduced to a vertex of L_3. Suppose now that V has dimension 1. Let b ∈ V . Then, by Proposition 3.2, b is balanced. We can suppose that |b_1|, |b_2|, |b_3| ≤ 1 and, for instance, b_1 = 1. Then, b = (1, α, β) with

1 ≤ |α| + |β|. Let X ∈ L_3 be of the form 1 x y x 1 z y z 1 , where x, y, z ∈ R. Then,

X ∈ F_V if and only if Xb = 0, i.e., x, y, z satisfy the system αx + βy = −1 x + βz = −α y + αz = −β. (10)

The determinant of the system (10) is equal to −2αβ. If αβ ≠ 0, then the system (10) has a unique solution (x, y, z), i.e., F_V consists of a single point of L_3. If, say, α = 0, then β = ±1. The solutions of the sytem (10) are of the form (−βz, −β, z) for z ∈ R. For β = 1, we obtain that X ∈ F_V if and only if X =^{z+1}_2 L_{{1}} +^{1−z}_2 L_{{3}} with |z| ≤ 1 and, thus, F_V = [L_{{1}}, L_{{3}}]. Similarly, for β = −1, X ∈ F_V if and only if X =^{z+1}_2 L_∅ +^{1−z}_2 L_{{2}}, i.e., F_V = [L_∅, L_{{2}}].

Example 2.11 Let V denote the 1-dimensional subspace of R^4 spanned by the vector b = (1, 1, 1, 0). One can check easily that a symmetric 4 × 4 matrix X

belongs to F_V if and only if X is of the form X = 1 −1/2 −1/2 x −1/2 1 −1/2 y −1/2 −1/2 1 z x y z 1 , where x, y, z ∈ R satisfy x + y + z = 0 and x^2 + xy + y^2 ≤^3_4 (the first condition ensures that Xb = 0 and the second one that X ⪰ 0). Hence, F_4 is a 2-dimensional face of L_4 with the shape of an ellipse.

Finally, we present an operation which permits lifting each face of L_n to a face of L_{n+1}. Let X be a symmetric n × n matrix with diagonal entries equal to 1, of the form X = ( Y a a^t 1 ) , where a ∈ R^{n−1}. Consider the (n + 1) × (n + 1) symmetric matrix X^′ defined by

X^′ = Y a a a^t 1 1 a^t 1 1 .

Lemma 2.12 X ∈ L_n if and only if X^′ ∈ L_{n+1}.

Proof. Let y ∈ R^{n−1}, x_n, x_{n+1} ∈ R and set x := (y, x_n), x^′ := (y, x_n+x_{n+1}) ∈ R^n, z := (y, x_n, x_{n+1}) and z^′ := (y, x_n, 0) ∈ R^{n+1}. Then, we have that z^tX^′z = x^{′t}Xx^′ and x^tXx = z^{′t}X^′z^′. This shows that X ⪰ 0 if and only if X^′ ⪰ 0 and, thus, X ∈ L_n if and only if X^′ ∈ L_{n+1}.

Corollary 2.13 Let F be a face of L_n. Then, F^′ := {X^′ | X ∈ F } is a face of L_{n+1}.

Proof. Let X ∈ L_n and let F := F (X) be the smallest face of L_n containing X. We show that F^′ coincides with F (X^′), the smallest face of L_{n+1} containing X^′. The kernel of X^′ is spanned by the vectors (b, 0) for b ∈ Ker(X) and (0, . . ., 0, 1, −1). Hence, if Z ∈ F (X^′), then the n-th and (n + 1)-th columns of Z coincide because (0, . . ., 0, 1, −1) ∈ Ker(Z), and the submatrix of Z formed by its first n columns and rows belongs to F (X) because (b, 0) ∈ Ker(Z) for all b ∈ Ker(X). Therefore, Z = A^′ for some A ∈ F (X). This shows that F^′ = F (X^′) is a face of L_{n+1}.

3 Optimizing over the elliptope

Let us recall that a symmetric matrix C is called exact if the optimum of (4) is attained in a vertex of L_n. By definition of the normal cone, C is exact if and only if −C ∈ ⋃ S⊆{1,...,n} N(L_n, L_S). The motivation to study exact matrices comes from the application to the max-cut problem, which will be discussed in the next section. The main result of this section is the characterization of the exact matrices C which are of the form C = bb^t for a vector b.

Let b = (b_1, . . ., b_n) be a vector. The gap of b, denoted as γ(b), is defined as

γ(b) := min S⊂{1,...,n} |b(S) − b(S)| (11) where b(S) := ∑ i∈S b_i. In particular, we have γ(b) = 0 if b(S) = b(S) for some S.

We say that a vector b = (b_1, . . ., b_n) is balanced if |b_i| ≤ i−1∑ j=1 |b_j| + n∑ j=i+1 |b_j| (12)

for every i = 1, . . ., n. In other words, a vector b is balanced if none of its entries (in absolute value) is larger than the sum of the remaining entries (in absolute value).

Given a pair of vectors x and y, let x ∘ y denote the vector z = (z_i) with entries z_i := x_iy_i. Let V^⊥ denote the orthogonal complement of a linear subspace V . Let e = (1, . . ., 1) denote the vector of all ones.

Lemma 3.1 A linear subspace V is realizable if and only if e ∈ cone{x ∘ x | x ∈ V^⊥}. Proof. Assume that V is realizable, i.e., V ⊂ Ker(X) for some X ∈ L_n. Since X is positive semidefinite, Ker(X) is the eigenspace of the minimum eigenvalue λ_{min} = 0, and hence X can be written as X = ∑k i=1 x_ix^t_i where x_1, . . ., x_k ∈ (Ker(X))^⊥ ⊂ V^⊥. Since diag(X) = e, we have e = ∑k i=1 x_i ∘ x_i ⊂ cone{x ∘ x | x ∈ V^⊥}. Conversely, let e = ∑k i=1 x_i ∘ x_i for some x_1, . . ., x_k ∈ V^⊥. Set X := ∑k i=1 x_ix^t_i. Obviously, V ⊂ Ker(X), and X ∈ L_n since X is positive semidefinite and diag(X) = e.

The following result can be shown using Lemma 3.1; it was already proved in [5, Theorem 3.2].

Proposition 3.2 ([5]) Let b ∈ R^n be a vector. Then the linear space V = ⟨b⟩ generated by b is realizable if and only if b is balanced.

Theorem 3.3 Let C be a matrix of the form C = bb^t for some b ∈ R^n. Then, C is exact if and only if one of the following holds: (i) b is balanced and has gap γ(b) = 0, or (ii) b is unbalanced.

Proof. We have ⟨bb^t, X⟩ = b^tXb ≥ 0 for every b and every X ∈ L_n. Hence min_{X∈L}n b^tXb ≥ 0, with equality if and only if b ∈ Ker(X) for some X ∈ L_n, i.e., if the subspace ⟨b⟩ is realizable. Hence, from Proposition 3.2, the minimum is equal to zero if and only if b is balanced. Assume that b is balanced. We claim that bb^t is exact if and only if γ(b) = 0. (13)

The matrix bb^t is, by definition, exact if and only if min_{X∈L}n b^tXb is reached in a vertex L_S, i.e., ⟨bb^t, L_S⟩ = b^tL_Sb = 0 for some S. Hence L_Sb = 0 since L_S ⪰ 0. The latter is equivalent to b(S) − b(S) = 0. Hence (13) is proved. Assume that b is not balanced. We claim that

bb^t is exact. (14)

Assume that all b_i, i = 1, . . ., n, are nonnegative. Without loss of generality we may also assume that b_1 > ∑n i=2 b_i. Define the vector a = (a_i) by a_1 = ∑n i=2 b_i and a_i = b_i for i = 2, . . ., n. Hence, a^tL_{{1}}a = 0, which shows that the minimum of ⟨aa^t, X⟩ is reached in the vertex L_{{1}} of L_n. Hence, −aa^t belongs to the normal cone of L_{{1}}, − aa^t ∈ N(L_n, L_{{1}}). (15) For every i = 2, . . ., n, set f_i = (1, 0, . . ., 0, 1, 0, . . ., 0) (the 1- and i-th entries are equal to 1), and observe that f_i ∈ Ker(L_{{1}}). Hence

− f_if^t_i ∈ N(L_n, L_{{1}}). (16)

Now, it is easy to check that bb^t can be expressed as

bb^t = aa^t + n∑ i=2 λ_if_if^t_i − diag(u), where λ_i = u_i := (b_1 − a_1)a_i ≥ 0 for 2 ≤ i ≤ n and u_1 := −b_1(b_1 − a_1). Hence, (15) and (16) imply that −bb^t ∈ N(L_n, L_{{1}}). Thus, bb^t is exact. In case that some b_i’s are negative, apply switching with the set S = {i | b_i < 0}.

For every S ⊆ {1, . . ., n}, let O_S ⊂ R(

n_2)

denote the orthant

O_S := {x = (x_{ij}) | x_{ij} ≥ 0 for i, j ∈ S, or i, j /∈ S and x_{ij} ≤ 0 otherwise}.

Since ~L_n is contained in the unit cube [−1, 1](

n_2)

, we have

Lemma 3.4 For every S, the orthant O_S is entirely contained in the normal cone N( ~L_n, τ(L_S)) of the vertex τ(L_S).

Let p_n denote the probability that a random vector c ∈ R(

n_2)

, with ‖c‖ := ∑ c^2_{ij} = 1, is exact.

Corollary 3.5 We have p_n ≥ 2^{− 1}2^{(n2−3n+2)}.

Proof. Since O_S ⊂ N( ~L_n, τ(L_S)) for every S by the above lemma, we have p_n = P rob(c ∈ ⋃ S N( ~L_n, τ(L_S)) ≥ P rob(c ∈ ⋃ S O_S). Hence p_n ≥ 2^{n−1} 2( n_2) = 2^− 1 2 (n2−3n+2)

since ~L_n has 2^{n−1} vertices and the total number of orthants is 2(

n_2) .

In particular, we have p_3 ≥ 0.5 by the corollary. Ch. Delorme (personal communication) computed the exact value p_3 = 2(1 −^{1√}_3 ) ≃ 0.845.

Let us conclude this section with pointing out an interesting complexity aspect of the optimization over ~L_n:

(i) The weak optimization problem (WOPT) over ~L_n is polynomial time solvable;

(ii) Testing whether the optimum over ~L_n is attained at a vertex is NP-hard.

Let us recall that the weak optimization problem for a convex body K is defined in [13] as follows. Given a rational vector c and a rational number ε > 0, either (i) find a rational vector y such that y ∈ S(K, ε) and c^tx ≤ c^ty+ε for all x ∈ S(K, −ε), or (ii) assert that S(K, −ε) is empty. (Here S(K, ε) denote the set of points which lie in the ε-neighborhood of K; and S(K, −ε) denote the set of points whose ε-neighborhood is contained in K.) The polynomial-time solvability of WOPT follows from the theory developed in [13], since one can efficiently check the (weak) membership of X ∈ L_n (by computing the minimum eigenvalue of X with sufficient precision, and inspecting its diagonal entries). On the other hand, the problem (ii) is NP-hard for ~L_n, as a corollary of Theorem 3.3. Given an integer vector b = (b_1, . . ., b_n), it is NP-hard to decide whether the gap γ(b) is zero (cf. the exact sum problem in [10]). Thus, if we could decide whether or not the optimum of x^tτ(bb^t) is reached in a vertex of ~L_n, we would be able to solve the exact sum problem.

A practically efficient algorithm which can be used for the optimization problem over the elliptope ~L_n is described in [22].

4 The max-cut problem

Let G = (V, E) be a graph and let c : E → R be an edge-weight function. The max-cut problem consists of finding a subset S of vertices for which the sum of the weights on the edges between S and S̄ is maximum. Let us denote mc(G, c) := max_{S⊂V} ∑ i∈S,j /∈S c_{ij}.

The max-cut problem is polynomial-time solvable when G is planar ([14, 19]), and it is NP-complete for G general ([10]). Barahona and Mahjoub [1] introduced a polytope associated with the max-cut problem called the cut polytope. For our purpose, it is sufficient to recall the definition only for the case when G = K_n is the complete graph. For a set S ⊂ V , let δ(S) (the cut) denote the edge set δ(S) := {ij | i ∈ S, j /∈ S}, and let χ^{δ(S)} denote the characteristic vector of the cut δ(S) defined by χ^{δ(S)}_{ij} = 1 for ij ∈ δ(S), and χ^{δ(S)}_{ij} = 0 otherwise. The cut polytope P_n is defined as P_n := Conv{χ^{δ(S)} | S ⊂ V }. Hence, the max-cut problem can be alternatively defined as mc(G, c) := max_{x∈P} n c^tx (17)

The cut polytope P_n has been extensively studied; see, e.g., [7, 8].

A. Schrijver (personal communication) introduced the convex body ~J_n as a relaxation of the cut polytope. Indeed, since χ^{δ(S)} = τ(J_S) ∈ ~J_n for every S, we have

Lemma 4.1 (i) P_n ⊂ ~J_n, (ii) mc(G, c) ≤ max_{x∈} ~_Jn c^tx (extending c to all pairs of nodes by setting c_{ij} = 0 if the pair ij is not an edge of G).

Clearly, the symmetric matrix C = (c_{ij}) is exact if and only if the program

max_{x∈} ~_Jn c^tx solves the max-cut problem.

For nonnegative weights c, the quality of the approximation of the max-cut by optimizing over the elliptope can be measured by the ratio

max_{x∈} ~_Jn c^tx mc(G, c) . It has been conjectured in [5] that this ratio is bounded by 1.131 (with C_5 as the worst case). A recent result of [11] shows that this ratio is bounded by^1_{0.878} = 1.139. Using a result of [5], one can prove a better bound for some special classes of weights.

Proposition 4.2 Let the weights c_{ij} be given by c_{ij} = a_ia_j where a_1, . . ., a_n ∈ R_+. Then, max_{x∈} ~_Jn c^tx mc(G, c) ≤ 9 8 = 1.125.

Proof. For a_1, . . ., a_n balanced, this result was shown in (Corollary 5.1,[5]). If a_1, . . ., a_n is not balanced, then C is exact by Theorem 3.3, implying that the ratio is equal to 1.

Delorme and Poljak ([4, 5, 6]) considered earlier an eigenvalue upperbound φ(G, c) for the max-cut mc(G, c), defined as

φ(G, c) := min

u∈R^n,^∑ ui=0 n 4 λ_{max}(L(G, c) + diag(u)) where L(G, c) denotes the Laplacian matrix of the weighted graph (G, c) and λ_{max} its maximum eigenvalue. (Recall that L(G, c) is the n×n symmetric matrix defined by L(G, c)_{ii} = ∑ 1≤j≤n,j≠i cij and L(G, c)ij = −cij for i ≠ j.) The computational experiments of [21] show that the eigenvalue bound provides a good approximation of the max-cut, since the relative error typically ranges between 1% – 5%.

Actually, the eigenvalue bound coincides with the semidefinite bound, i.e., max x∈ ~_Jn c^tx = φ(G, c), as was shown by Poljak and Rendl [20], using duality of semidefinite programming.

Acknowledgements. We thank W. Barrett and the referees for their careful reading of the paper and for making several suggestions that have improved its presentation.

References

[1] F. Barahona and R. Mahjoub. On the cut polytope, Mathematical Programming 36 (1986) 157–173.

[2] G.P. Barker and D. Carlson. Cones of diagonally dominant matrices. Pacific Journal of Mathematics 57 (1) (1975) 15–32.

[3] J.P.R. Christensen and J. Vesterstrøm. A note on extreme positive definite matrices. Mathematische Annalen 244 (1979) 65–68.

[4] C. Delorme and S. Poljak. Laplacian eigenvalues and the maximum cut problem. Mathematical Programming 62 (1993) 557–574.

[5] C. Delorme and S. Poljak. Combinatorial properties and the complexity of a max-cut approximation. European Journal of Combinatorics 14(1993) 313– 333.

[6] C. Delorme and S. Poljak. The performance of an eigenvalue bound on the max-cut problem in some classes of graphs. Discrete Mathematics 111 (1993) 145–156.

[7] M. Deza and M. Laurent. Facets for the cut cone I. Mathematical Programming 56 (2) (1992) 121–160.

[8] M. Deza, M. Laurent and S. Poljak. The cut cone III: on the role of triangle facets. Graphs and Combinatorics 8 (1992) 125–142.

[9] R. Fletcher. Semi-definite matrix constraints in optimization. SIAM Journal on Control and Optimization 23 (4) (1985) 493–513.

[10] M.R. Garey and D.S. Johnson. Computers and Intractability: A guide to the theory of NP-completeness. San Francisco, Freeman 1979.

[11] M.X. Goemans and D.P. Williamson. Improved approximation algorithms for maximum cut and satisfiability problems using semidefinite programming. Proceedings of the 26th Annual ACM Symposium on the theory of Computing, May 1994.

[12] R. Grone, S. Pierce and W. Watkins. Extremal correlation matrices. Linear Algebra and its Applications 134 (1990) 63–70.

[13] M. Grötschel, L. Lovász and A. Schrijver. Geometric algorithms and combinatorial optimization. (Algorithms and Combinatorics 2), Springer Verlag, 1988.

[14] F. O. Hadlock. Finding a maximum cut of a planar graph in polynomial time.

SIAM Journal on Computing 4 (1975) 221–225.

[15] T.L. Hayden, J. Wells, W.-M. Liu and P. Tarazaga. The cone of distance matrices. Linear Algebra and its Applications 144 (1991) 153–169.

[16] R.D. Hill and S.R. Waters. On the cone of positive semidefinite matrices.

Linear Algebra and its Applications 90 (1987) 81–88.

[17] Chi-Kwong Li and Bit-Shun Tam. A note on extreme correlation matrices.

SIAM Journal on Matrix Analysis and its Applications 15 (1994) 903–908.

[18] R. Loewy. Extreme points of a convex subset of the cone of positive semidefinite matrices. Mathematische Annalen 253 (1980) 227–232.

[19] G. I. Orlova and Y. G. Dorfman. Finding the maximal cut in a graph, Engrg.

Cybernetics 10 (1972) 502–504.

[20] S. Poljak and F. Rendl. Nonpolyhedral Relaxations of Graph Bisection Problems. SIAM Journal on Optimization, to appear.

[21] S. Poljak and F. Rendl. Computational experiments with node and edge relaxations of the max-cut problem. Computing 52 (1994) 123-137.

[22] F. Rendl, R.J. Vanderbei and H. Wolkowicz. Interior - Point methods for max - min eigenvalue problems. Technical Report SOR-93-15, Princeton University, 1993.

[23] I.J. Schoenberg. Remarks to M.Fréchet’s article “Sur la définition axiomatique d’une classe d’espaces vectoriels distanciés applicables vectoriellement sur l’espace de Hilbert”. Annals of Mathematics 36 (1935) 724–732.