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OUTLINE

e Hidden semidefinite constraints in quadratic
programming

e Best relaxations for (0,1)-quadratic pro-
gramming (with linear constraints)

e Applications:
— Quadratic Assignment Problem
— Graph Partitioning Problem

— Max-clique Problem



(-1,41)-quadratic programming problem

(P) up*:=max qg(xz), z€FnNS,

where:
F={-1,1}" SCR" and FNS #10

quadratic objective function

q(z) ;= 2'Qx — 2z,

Q n X n symmetric matrix, c € ®"



EXAMPLES

Quadratic Assignment Problem
(in the trace formulation)

(QAP) maxxen q(X) :=trace(AXB —2C)X!

Max-Cut Problem

(MC) max %ZK]- wi;(1 —zizj), =xTE€F



HIDDEN SEMIDEFINITE CONSTRAINTS

Trust Region Subproblem (TRS)

*

L

mxin q(z) s.t. 2tz = 52 (< s2)

min max L(x, \)
TN

max min L(x, \)
Py xr

max min L(xz, \)
QR—A=0 ¥

h(A
g3

*

= W

'V

where
zy = (Q — AD)Tc

h(A) = Lz \) = —H(Q — AT+ As?

‘nonconvex objective but min-max = max-min
‘hidden convexity provides the hidden convex
dual program



RELAXATIONS OF (-1,1)-QUADRATIC PRO-
GRAMMING

use perturbations

qu(z) := q(z) + z'Diag(u)z — ule

Relaxation O:

fo(u) = max qu(z)

p'< Bg = min fo(u) =min fo(u)

ute=0

= QDG <o 0

This bound equals the Lagrangian dual of the
original (0,1)-quadratic program in the follow-
ing form - u; are Lagrange multipliers

minqg(x) s.t. ac,LQ =1, Vi



Relaxation 1 - sphere of radius /n

fi(w) := max qu(x)

[|z]|2=n

p' < Bpi= min fi(u) = min f1(u)

ule=0
B1 = min max gyu(x)
U xple=n
= minmaxqu(z) + Mzlz — n)
u A X
= min maxqgy(x), with v =u + Xe
vte=0 <L



Relaxation 2 - Unit Box

f1(u) = |x5?§§1 qu(x)

p* < By = min f2(u) = min fo(u)
Q+Diag(u)=0 ¢

B> = minmaxgqgy(x)
Uo22<1

o 2
— mdnr)w\wzlgmgx%(a;)—l—%:)\z(l 7))

Bg after v=u— A

again



Relaxation 1¢ - Homogenization,

- -sphere radius = vn+ 1
c._ | 0 =
=% 3
¢S (y) = y'(Q°¢ + diag(u))y — ule

filw) ==  max q;(y)
|ly|[2=n+1

= (n 4+ DImax(Q°+ diag(u)) — ule

p* < Bf := min f{(u) = min f1(w)

ute=0
BY = min max _mln max
1 i .m n+1qv(y) ax g, (y)
= min max ug(z3 — 1) 4+ 24(Q + Diag(u))z
u,ug x,xrQ

— onct:c — ule

= min max z'(Q + Diag(w))z — 2zpctz — ule
u ZC,:E%:].

again

Similarly for BS



Relaxation 3 - semidefinite SDP (¢ = 0)

q(z) = 2'Qx = trace Qza?

with Y = zat
B3 = max trace QY
subject to diag(Y) =e
Y >0
The dual is
B3 := minimize yle

subject to @ — Diag(y) <0

t t

@ — Diag(y — e—e) < I
mn

with w—y——ye and Z—Ty

B3 := minimize nz
subject to @ — Diag(w) <X zI
wlte = 0
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All the bounds are equal to the Lagrangian
relaxation of the equivalent quadratically con-
strained program.

The SDP relaxation is the dual of the La-
grangian dual.

What happens if we allow more general per-
turbations?
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More General Perturbations

qyq4(z) == 2(Q 4+ V)z + (c + d)'=

Theorem 1 Suppose that

qvq(z) > q(x), VxeF.
Then

V=P+U, with P> 0, U is diagonal,
and traceU = 0.

Moreover, there exists a diagonal matrix W,
with trace W = 0O, such that

mMaxqy,q(xz) > maxqy,o(z).
O

T herefore, we need only consider diagonal per-
turbations, i.e. we have the best quadratic
approximation - by duality we have the best
SDP relaxation.
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General Case - allow linear constraints

Equivalent quadratic program

wr = max q(z) = 2'Qx — 2ctx
subject to |[Az —b||2 =0
w,LQ =1, V.

RECIPE for SDP relaxation

1. Replace (P) by the equivalent quadratic
program

2. Take Lagrangian dual - get min-max of
LLagrangian

3. Homogenize Lagrangian

4. Use hidden semidefinite constraint to get
SDP

5. Take Lagrangian dual of SDP to get de-
sired SDP
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The Lagrangian relaxation of the equivalent
quadratic program vields the best possible quadratic
bound.

Theorem 2 Suppose that the set S is de-
scribed by linear equalities as above. Suppose
that the general perturbed quadratic function
qv,q IS defined as above and

. >
qQv.dx ‘= qv.d — A||Az — bl]~.
If

qva(r) > q(z), VYre FNS,
then there exists A\, W such that

v,d = AW,b,\
W =P+ U, with P> O,
U is diagonal,, traceU = 0O,
and b= d — 2)\A%,.
Moreover, there exists a diagonal Z with trace Z =
O such that

mMax qy,q(x) > Maxqz o \(z).

[
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QUADRATIC ASSIGNMENT PROBLEM

max qg(X) = trace (AXB — 2C) X!
subject to XXt=1T
ij — X;; =0, Vi,j.

Apply the recipe:

[ [ 0 —vec (C)t]
Q-7 | —vec(C) B®A |’
BDiag (A) 1= [8 15/\]'

and bO%diag = B®Diag™ adjoint operator

Then SPD relaxation is:

max trace LY
subject to  diag(Y) = (1, Yy 1.,2)"
bOdiag (Y) =1
Y »~ 0.
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GRAPH PARTITIONING

w(Eyneut) = Max %trace XtAX
subject to Xep = en
Xte, =m
Xz] S {Oa 1}7 \V/Z],

max %trace XTAX
subject to || Xe, — en||? + || Xten —ml||2 =0

X5 — X5 =0, Vij.

0 0
LA'_[o %I@A]’

v = vecCepm!,

Lo = 0 —(e+v)’
T —(etv) (el @I+I®eney) |
The SDP is:

max trace LY
subject to diag(Y) = (1,Yo,1;n)t
traceY L, =0
Y > 0.
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MAX-CLIQUE and STABLE SET
w(G) size of largest clique in graph G

x IS indicator vector for largest clique

w(G) = max rle

subject to  z;z; =0, ifij ¢ E, i 7% j
:ciz—:ciZO, V.
Joo
LA'_[O I]’

SDP relaxation is

max trace LY
subject to diag(Y) = (1,Yo,1;n)t
Y >~ 0.
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