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Motivation: Linear Models are Pervasive in OR

Linear Programming, LP, Dominant Paradigm

@ Dantzig’s simplex method 1947

@ Karmarkar interior point methods 1984 [13]
(large scale problems)

@ Currently huge problems with billions of variables and
millions of constraints can be solved to optimality (e.g.
Gondzio/’ 06, [9, 10])

(Linear) Semidefinite Programming, SDP

@ Around since the 1940’s (e.g. Lyapunov, Riccati equations)
@ applications and interior point methods in 1990’s.

@ “world in nonlinear”; SDP provides better/stronger
relaxation for hard problems (based on quadratic models).




Motivation cont...: Avoiding ill-conditioning

Current LP (large scale) and SDP methods are based on
primal-dual interior-point approaches; these involve a

(i) symmetrization for SDP step to apply Newton’s method,
(ii) block elimination to reduce size of Newton equation.

Both these steps create ill-conditioning in the Newton
equation and singularity of the Jacobian at optimality

@ We avoid the ill-conditioning and singularity using

preprocessing and a backwards stable primal-dual

interior/exterior-point approach based on an
inexact (Gauss)-Newton method with a preconditioned

(matrix-free) iterative method for finding the search
direction

improved accuracy and a lower iteration count



Outline:

primal-dual interior point (p-d i-p) for LP:

@ path following, linearization/Newton method
@ block elimination leading to ill-conditioning

@ alternate block elimination to avoid ill-conditioning,
benefits/cost

primal-dual interior point (p-d i-p) for SDP:

@ path following

@ symmetrization for linearization/Newton-method, leading to
ill-conditioning

@ block elimination leading to ill-conditioning

@ alternate symmetrization/Gauss-Newton and alternate
block elimination to avoid ill-conditioning, benefits/cost




Central LP Problem

Primal-dual LP pair

p*:= min c’x
(LP) st. Ax=D
x>0
d*:= max by
(DLP) st. Alyt+z=c
z>0

@ A € R™" full rank (onto); LP and DLP strictly feasible
@ p* > d* Weak Duality p* = d* Strong Duality
@ z - x = 0 Complementary Slackness

(elementwise product is 0)




Central Problem SDP

Primal-dual SDP pair

p*:=min C-X
(PSDP) st. AX)=b (trace AiX = bj)
X =0

d*:=max b'y

(DSDP) st. A*(y)+Z=C

Z=0 (Z=C-3,VA)
@ C,X,ZeS8" n x n real symmetric matrices
® C - X =trace(CX), trace inner product

@ A:S8" — R™Mlinear transformation; A* adjoint
@ X > Y denotes the Lowner partial order X — Y is psd
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Central Path/Path Following LP

dual log-barrier problem with parameter

dy:= max b'y+pu) ', logz (+ulogdet(z))
(Dlogbar) st. Aly+z=c
z>0 (z = 0).

stationary point of the Lagrangian / optimality conditions

ATy +z —c
F.(X,y,z) = Ax — Db =0, X,z >0, (>0)

X —pz 1
X = Diag(x),Z = Diag(z)
central path: set of these solutions
(Xuayua Zu)a p>0




[lI-Conditioning

Due to (~ singular at optimality)

As p — 0, the Jacobian F/,(x,y, z) becomes ill-conditioned
near the optimal solution/central path.

Cure/Fix, dates back to Fiacco-McCormick '68, [7]: Make
the nonlinear equations less nonlinear, i.e. a form of
preconditioning for Newton type methods;

0 Aly +z —c
0] Fulx,y,z) = Ax —b
z

ZX — ul

Rq
= rp
Rzx

@ — ©

I
F,u,(xay>z)<_ 0
0




Linearization; and Damped Newton Method

Special structure of for

As = (Ax Ay Az)T

0 AT |
FL.(X,y,2)As = A 0 0] As=-FuXx,y,2).
Z 0 X

Damped Newton steps

X X+ opAX, Y <Y +agAy, 2z z+aqAz,backtrack
to maintain positivity/interiority, x > 0,z > 0

\

On central path,

barrier param. p = £z"x = 1( duality gap).
barrier parameter = dualitygap = c'x —b'y
= x' (c—ATy)
= x'z.




Block Elimination for Normal Equations, NEQ

Linear System

AX ATy +z —c
Ay | = — Ax — b
Az ZX — ul

(Using row 1, Eliminate from row 3):
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RHS

with right-hand side

11



Normal Equations, NEQ

(Use row 3, Eliminate from row 2):

NO partial pivoting; well posed — ill-posed
I O 0 0 AT I
Fn:=PyK = (o | AZl) (A 0 o)
00 z1 Z —XAT 0

0 AT In AX

lh —Z7IXAT 0

@ AZ 'XAT can have:
e uniformly bounded condition number, e.g. Gller et al
1993, [11]
e structured singular values, e.g. 1997: M. Wright [25]; S.
Wright [26]

@ Butcond(F,) — oo (backsolve step for for Ax is unstable)
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—Ry
—1Ip +A(X — Z7IXRy — puZ ~te)
Z XRy — x +puzle
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lll-Posed Linear System/Jacobian at Optimality

Proposition

The condition number of NEQ F, F, diverges to infinity if
X(w)i/z(w); diverges to infinity, for some i, as ;. converges to O.
The condition number of original Jacobian (F/’L)T F/, is uniformly
bounded if there exists a unique primal-dual solution
(nondegeneracy).

Note that for NEQ system, as

In ~ZIXAT 0
FiFn= | —AXZ~1 (AAT + (AZ1XAT)2 + AZ72X2AT) A .
0 AT In

Djj := (Z~*X)ji — oo;
by interlacing of eigenvalues, ... Amin(F Frn) < Amin(ln) =1 <
DiiA:,iAIi < )\max(AZ_1XAT )2 < /\max(Fr;r Fn) |

\

14



Condition Number Growth

@ condition number of F.| F,, is greater than the largest
eigenvalue of the block AZ ~?X?AT;

@ equivalently, W#F) is smaller than the reciprocal of this

largest eigenvalue.
@ If x, z stay in neighbourhood of central path
(short/long step methods), then min;(z; /x;) is O ().
THEN:
reciprocal of the condition number of Fy, is O(u).

@ 1997: M. Wright [25]; S. Wright [26]
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Example: Catastrophic Roundoff Error

A= (1 1>,c:< 1) 1

(3 r-aee(0)

initial points:
B (9.183012e - 001> L, <2.193642e - 008>
1.356397e — 008 1.836603e + 000
y = —1.163398e + 000.

residuals and duality gap:

Iro]| = 0.081699, |Rq|| = 0.36537, u = -2 = 2.2528e — 008
5 decimals rounding before/after arlthmetlc

centering with o = .1

BUT: residuals are NOT order .
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Search Direction

search direction is found using:
(i) full matrix F/; (

i) backsolve matrix Fp

8.17000e — 02 —6.06210e + 01
AX —1.35440e — 08 —1.35440e — 08
Ay | = | 1.63400e -01 |; = | 1.63400e — 01
Az —2.14340e — 08 0.00000e + 00

1.63400e — 01 1.63400e — 01

error in Ay is small; error after

large.

AZ ~1XAT
—ZIxAT

|

backsubstitution for (Ax); is

|

4.18630e + 07
—4.18630e + 07
—7.38540e — 09

17




Use Alternate Second Step; Get Stable Reduction

Assuming! (for simplicity)

L _ (Zm [ Xm T _ X
Partition: z = <2V> X = <Xv>' XA' = (XVET>

In 0 0O O 0O O AT In
B 0O Im O O|[mw E 0 0O
Fs: = PsK= 0O —Zn Im O Znm O —Xm O
0 0 0 Iy 0 z, - XET 0
0 0 AT In
Im E 0 0
B 0 —ZmE  —Xnm 0
0 Z, —XET 0
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The Right-Hand Side

Aly +z—c Rg
ZXe — ue —XRy + ZXe — pue

—Ry

_ ~Ip

| —Zmrp — Xm(Rd)m + ZmXme — pe
—Xv(Rg)v +ZyXve — pe

10



Equivalent View of Stable Linearization

find (hopefully sparse) representation;

Ax =b ifandonlyif x =X+ Nv, forsomev ¢ R"™™,
e.g. symmetric form
Ex, <b,xy >0, E eR™0OM o x. 4+Ex, =b,x>0

A=[ln E], N:[_E}

|nfm

| A\

More generally (find, -~ sparse, well conditioned)

A—[s V], N- [—515]; - <—S\(Ev)>

lhem \Y

(S triangular and sparse easy to find for Netlib data set)




Substitute for z, x; Eliminate

Theorem

The primal-dual variables x,y, z, with
Xx=X+Nv=>0,z=c— ATy >0, are optimal for (LP),(DLP)
if, and only if, they satisfy the single bilinear optimality equation
F(v,y) := Diag(c — ATy)Diag(X + Nv)e =0M

Get a single (perturbed) optimality condition for primal-dual
method: F,(v,y) := Diag(c — ATy)Diag (X + Nv)e — ue = 0.

Linearization for Search Direction,
7F,U,(V? y) - F/lx(vﬂ y)AS

—F,(v,y) = Diag(c — ATy)NAv — Diag(X + Nv)AT Ay.

first part usually large, n — m variables
second part usually small, only m variables.
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Well Conditioned Jacobian at Optimality

Theorem

Consider the primal-dual pair (LP),(DLP). Suppose that A is
onto (full rank), the range of N is the null space of A, N is full
column rank, and (x,y, z) is the unique primal-dual optimal
solution. Then the matrix of the linear system

~F, = F/As
= ZNAv — XAT Ay

(F[L is Jacobian of F,,) is nonsingular.

29



Primal-Dual Algorithm

follow usual primal-dual interior-point framework

Newton’s method is applied to perturbed system of optimality
conditions with damped step lengths for maintaining
nonnegativity constraints.

Differences:

@ eliminate, primal-dual linear feasibility (exact feas. once
obtained is maintained)

@ search direction found using PCG (LSQR)
@ no backtracking from boundary for sufficient positivity

@ crossover step (affine scaling, perturbation parameter
1 = 0 and full Newton step close to optimum; exterior
method; NLF - Newton Liberation Front)

@ identify zero values for x, purification step.

22



Preconditioning Techniques

Z :=2Z(y) =Diag(c —ATy), X :=X(v) = Diag(X + Nv)
J:=F/(v,y)=(ZN —XAT) Jacobian

find a preconditioner; simple, nonsingular

M such that IM —* is well conditioned and then solve the better

conditioned systems
JM~1Aq = —F, and MAs = Aq.

We look for: MTM == JT7J

We us: LSQR (Paige-Saunders); implicitly solves normal

equations
JTJds = -JTF,,

24



simplest of preconditioners; given square matrix K

Optimal diagonal preconditioner

trace(K)/n
“(K) = ety

condition number

If M = argminw((JD)" (JD)) over all positive diagonal matrices
D then (Dennis-W. 1990, [5])

Mi = 1/|]J.i] i-th column norm

25



Crossover Criteria/Quadratic Convergence

Assumption: nonsingular Jacobian at optimality

(unigue primal and dual solutions, s*)
standard theory for Newton’s method:
d quadratic convergence neighbourhood of s*

Theorem (Kantorovich)

| A\

Letr >0,s0 € R", F : R" — R", and assume that F is
continuously differentiable in /' (sg, r). Assume for a vector
norm and the induced operator norm that J & Lip. (A (so, 1))
with J(sp) nonsingular, and that there exist constants /3, 7 > 0
such that

13(s0) Ml < B, 113(s0)*F (s0)I| < n-

Define a = Byn. If a < 3 andr > 1o := (1 — vV1—2a)/(B7).

4
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Quadratic Convergence cont...

Then the sequence {sy } produced by
Skr1 =Sk —J(sk) tF(sk), k=0,1,...,

is well defined and converges to s., a unique zero of F in the
closure of NV (sg,1p). If o < % then s, is the unique zero of F in

N (so,r1), where ry := min[r, (1 + v1 — 2a)/(5v)] and

Isk — sl < 2a)* L, k=0,1,...,
(0

27



Lipschitz Constant for Region of Convergence

Lemma The Jacobian
F’(v,y)(i) := [Diag(c — ATy)N- Diag(X + Nv)AT-]

is Lipschitz continuous with constant
v = V2|A[l|IN|

with respect to (v,y) ll

28



Region of Quadratic Convergence

[[ZN — XAT]=1|| < 8, e.g. using smallest singular value

137 Fo(v,y)ll = [[[ZN — XAT]™H(~XZe)|| < .

Suppose that
— 6, < 1
o = ypbn 5

Then the sequence s, generated by
Sk+1 = Sk — J(sk) T'F(sk)

converges (quadratically) to s*, the unique zero of F in the
neighbourhood \ (sg,r1). B

20



Purify Step

Stable Jacobian/asymptotic quadratic convergence allows:

@ detect zero variables/active constraints at optimality
@ use e.g. the Tapia indicators 1995 [6, 23].

(Xk11)i

(XK )i

ratio of i-th component of iterates

@ perform a pivot step to eliminate the variables converging
to O.

20



Summary: Path-following and NOT Interior-point

@ staying interior is a heuristic for staying within a
neighbourhood of the central path

@ staying interior (well-centered) is required for numerical
accuracy when solving the current ill-conditioned reduced
systems

@ Main Advantages of alternate block eliminations

no loss of sparsity
high accuracy solutions available if desired

exact primal and dual feasibility at each iteration
(true duality gap)

warm starts for small perturbations of data

fast convergence (no backtracking from boundary)

21



Optimality Paradigm for SDP - Interesting Differences

Perturbed optimality conditions:

0) /(i) feas., (iii) pert. ;
(i) A*(y)+zZ-C

F.(X,y,Z) = | (i)  AX)-b =0, >0
(iii) ZX — pl

Characterization of optimality

Under constraint qualification, the primal-dual solution (X,y.Z)
with X,Z > 0 is optimal iff Fo(X,y,Z) =0

P-d i-p methods: maintain

These methods are based on path following; the perturbed
system is overdetermined; under nondegeneracy, Jacobian is
full rank at optimality, e.g., AHO97[1].
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Overdetermined: Symmetrize for Newton’s method

Two most popular symmetrizations

(i) HKM: HRVW/KSM/M96 [12, 14, 16], and
(i) NT97 [17, 18]

. algorithms are not backwards stable! precond? sparsity?

@ The linearizations (Jacobian) are singular at optimum
e.g., T99[21]

@ unlike the LP case there is no structured singularity; the
block elimination schemes result in increased
ill-conditioning e.g., W01[24]

@ finding reasonable preconditioners is difficult (impossible?)

@ block eliminations make it difficult to exploit sparsity

22



Notation

@ AX)=b< A -X=bj, Vi=1,...,m,(Afullrank m)

m
@ A*(y)=> ¥iAi, Yy €RM
i—1

@ vec : M" — R"™ (columnwise) Mat := vec !
@ triangular number, t(n) = n(n +1)/2

@ svec : S" — R (isometry)
sMat = svec~! (note sMat* = svec)

Set with rows

A(X) =b < Asvec(X) = b.




Single bilinear optimality conditions

Null space representation of ;

@ columns of Q ¢ RIM*(t(N)-m) gre taken from

@ X > 0 primal feasible solution; & = svec(X), v € R! (M-
A(X)=b & svec(X) =X + Qv

@ ¢ = svec(C); dual feasibility:
A*(y)+Z =C < svec(Z)=c—ATy

Equivalent (overdetermined) optimality conditions:

z X —ul
Gu(v,y):= sMat(c —ATy) sMat(X +Qv) —ul= 0

25



Apply Gauss-Newton

@ single bilinear overdetermined system;
t(n) variables; n? equations

@ apply Newton’s method to min %\\Gu(v,y)H%; discard the
second order terms; i.e. use GN method as residual — 0

@ For each ;1 > 0, there exists unique p-d solution
(Xpus Yus Zy) With X, - 0,Z,, - 0:
lies on (defines) central path
corresponding svec(Z,,) = ¢ — ATyM and
svec(X,) = X + Qv,, for appropriate v,,

26



G,(v,y) =sMat(c —ATy)sMat(X + Qv) — 0

Gauss-Newton search direction; least-squares solution

Av
_G,u,(v>y) - G:L(V7y) (Ay) )

where
@ Jacobian J = G/,(v,y) : R{MW=M 5 RM — p"
Z:=C—sMat(ATy), X :=X +sMat(Qv),
@ { Z(v):=ZsMat(Qv), X(y):=-sMa(ATy)X
J=[2] ]

<

(overdetermined) Gauss-Newton equation

-Gu(v,y) = Z(Av)+ X(Ay)
ZsMat (QAv) — sMat (AT Ay)X

27



Adjoint Jacobian, J*; normal equations

X*o0Z X*olX

OJ*OJ:|:

Z*o Z Z*OX}

@ normal equations J*oJ <AV> =—-J"oG,(v,y)

® X*(M) = —3Asvec(XMT + MX).
Z*(M) = 3QTsvec(MTZ + ZM).

28



Infeasible start

z—c+Aly rq
Fu(v,y,x,z) = X —X — Qv =:|rg | =0.
sMat (z)sMat (x) — ul Re

@ AX = QAV — 1y, Az = —ATAY —1yg
@ G/ (v,y) (2;) = ZsMat (QAV —ry) —sMat (AT Ay +r4)X = —R¢
equivalently:
ZsMat (QAvV) — sMat (AT Ay)X = ZsMat (r¢) + sMat (rq)X — Re.
@ with step sizes ap, ag, new residuals;
(o = 1, exact feasibility maintained)!:
g + (2 —ag(ATAy +1q)) —C+AT(y +agAy) = (1-ag)ra,
rx < X +ap(QAV —r1y) —X — Q(V + apAv) = (1 — ap)rp.

20



Local quadratic convergence

Consider the following general problem

F(x,y) = (Lé)((,)();)) =0, L(x,y)=x-—X-Ty,T full rank

linearization
R R kT

4

with Ax = TAy — L(x,y) get:
R'(x)TAy = —R(x) + R/(x)L(x,y) assumed overdetermined

4

40



Local convergence (Kantorovitch type) theorem

Jx(x) == R’(x); Iy (x) := Ix(X)T; R(x) € €? in open convex set D; Jx (x) € Lip, (D); [[3x(X)|| < «, Vx € D;

A = Amin(Jy (%) T Iy (X«)); Ix« € D,y with
[[(300 = 3t )TRE) |,
Define iteration:

Axg = TAyk — L(X, Yk), ‘Xk+1 = Xk + DXk ‘;

Ay = (Jy (i) "Iy (%)) 71y (i) T (=R (X ) + Ix (X )L (X, Y))»
‘yk+1 =Yk + Ayk ‘

Let T := [|T||,,c € (1, M/ (7%0)). If 720 < A, then e > 0 with Vxg € N(x«, €), Yo arbitrary, we have that:
the sequences {x }, {yx } converge to (x.,YV.) with

L(xk,Yx) = 0,Vk > 1; and

2
X1 — Xu|| < TE (aka — X[ + F Xk —X*HZ) :

L(xe,y2) = 0, 34 () R(xe) =0 |

< o|lx —X«|l,, Vx €D.

X1 = Xel| < 2ZEE [l — Xl < [xac =X

a1



Applying Theorem to Gauss-Newton equation

Key: lower bound to smallest singular value of Jacobian

_ T
L(Z,X7y7V) = <Z ¢ hi y) o withT:(fé\T g)

X —X — Qv
Ru(z,x) = sMat (z)sMat (x) — pl; Ry (z, X« ) = 0. R’(z, X) <2i> = ZsMat (Ax) + sMat (Az)X implies
[IR"(z,x)|| < \/I1zI12 + X1 = [Iz,x)l. Therefore the constants are:
2 2
o=0,7=|[T[| =/|[AlI* + IQ[I*,y=1,a= sup [|(z,X)||
(z,x)eD

Poly. time global convergence

But it is difficult to estimate o, (Jy (X.); which is needed for
global poly. time convergence.

(a global polynomial convergence result for a scaled
Gauss-Newton method is given in KPRT99[4].)
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Crossover technique

Set (Gauss) Newton free: affine scaling , step length

(under nondegeneracy) Theorem indicates that there is a
neighborhood around optimal solution where free
Gauss-Newton method converges quadratically.

@ affine scaling: set barrier parameter ;1 = 0

@ set G-N free: take full step lengths = 1; no nonnegativity
checks/no backtracking

@ region of quadratic convergence: build heuristic rule based
on the infeasibility of the current solution (z, x)

kel



Presolve and Preconditioning

Well-conditioned, sparse bases for range and nullspace of

@ motivation: apply a matrix-free Krylov type method for
search direction and exploit sparsity.

@ Given A sparse, find permutations P,AP; = [S | E], with
S € R™*M well-conditioned, (approx) triangular

1

@ columns of Q = { E} gives basis of nullspace of A

measure for X > 0: w(X) := trace(X)/n

det(X)7

Use w-optimal diagonal and w-optimal block diagonal
preconditioners.

44



Lovasz Theta Function Problem

Primal TN

G = (V, &) undirected graph; n = |V| nodes; m = |£| edges
E matrix all ones, Ej = (eje +eje)/v/2 ij-th unit matrix; e;
i-th unit vector

9G) =p*:= max E-X

st. |- X=1
(TN) Eij-X =0, V(IJ)EE
X >0
Dual DTN
d*:= min z
(&

Z = 0

\




Gauss-Newton for Lovasz theta function problem

—eTl

LetV ::< |

) e R™("=1) (nullspace V is e™)

Primal-Dual feasibility:

X =0 primalfeas. <= X = i|+ Diag(Vw) + sMat g (V)
Z =~ 0 dualfeasible <« Z =-E +zl+sMatg(y)

solve the perturbed optimality condition ZX — ul =0

Jacobian

J:=G,=[2]|4X]
where: Z(w,v) = Z (Diag (VW) + sMat gc(v))
X(z,y) = (2l + sMatg(y)) X

46



Numerics

Three versions of the Gauss-Newton algorithm

@ general version for full matrices

@ sparse version for sparse matrices
@ specialized version for the Lovasz theta function problem

Three different preconditioners

@ diagonal
@ two block diagonal
@ multiple block diagonal




Random Well-Conditioned Instances

Sparse version

Datainputsare C € 8", Aj e S",i=1,...,m,b € R™; coded
in MATLAB; G-N directions computed using LSMR by
Fong-Saunders10[8] and LSQR Paige-Saunders82[20].
n=10:100, m = [n(n 4 1)/4]; sparseness density 1/(n + m);
tolerance ¢ = 10~ '?; crossover is used.

different versions of the code with different preconditioners

without preconditioner (SRSD);
diagonal preconditioner (SRSDpiy);
block preconditioner (SRSDgpiag).

A8



Random well conditioned instances

Reduction in iterations; tradeoff — diagonal precond.

n 10 20 30 40 50 60 70 80 90 100
(SRSDpijag) 0.67 0.55 0.55 0.39 0.42 0.42 0.47 0.36 0.34 0.32
(SRSDgpiag) 0.30 0.16 0.13 0.09 0.09 0.08 0.08 0.07 0.07 0.06

Table: Ratios of numbers of LSMR iterations of (SRSDpj) and
(SRSDgpiag) to (SRSDy)

n 10 20 30 40 50 60 70 80 90 100
(SRSDpiqg) 0.63 0.58 0.59 0.45 0.49 0.51 0.62 0.45 0.48 0.44
(SRSDgpiag) 0.33 0.27 0.46 0.57 1.05 1.44 2.20 2.26 3.50 3.26

Table: Ratios of total computational time of (SRSDp;sg) and
(SRSDgpiag) to (SRSDy)

49



Accuracy/Random sparse instances

SRSDpigwith crossover
n =100, m = 100, (N = 1000 instances, log-average) tolerance
10—12

_ HZXHF 1 1 — min{)‘min(x)7)‘min(z)}
RelZzXnorm = X417 Relmineig = C X1
Accuracy measures for random sparse instances
Iteration RelZXnorm Relmineig
Average 18.66 262x 10 ° [ —879x 10~ 10
Best 14.00 2.78 x 10716 | —3.86 x 10~/
Worst 26.00 8.36 x 1018 | —1.97x 10718

\




Accuracy comparisons

20 random instances; four SDP solvers

tolerances set small; six DIMACS error measures [15]
ay,z) = LR
e(X,y,Z) = max {01 I\A\\mblﬂ(:i)}
iy 1z —
eS(Xsy«,Z) = HAIJ‘(‘E‘/();HZmafHF
e(X,y,2) = max {O, %mﬁél}
oX —bT
es(X,y,2) = ﬁ‘;“}y‘
o(X,,2) = e ety

51


http://sedumi.ie.lehigh.edu/
https://projects.coin-or.org/Csdp/
http://sdpa.indsys.chuo-u.ac.jp/sdpa/
http://www.math.nus.edu.sg/~mattohkc/sdpt3.html

High accuracy in comparison with 4 solvers

ce measures for random sparse instances

(SRSDpizg) SeDuMi CSDP SDPA SDPT3
Iteration 23.45 19.15 16.50 16.30 24,50
RelZXnorm 718 x 10 1.50 x 1007 8.92 x 10 %% | 586 x 10~ %8 | 1.01 x 10 1°
Relmineig —1.12x 10 | —872x10 [ 328x10 ° | 1.46 x 10° = | 5.99 x 10~ I/
DIMACS1 1.28 x 10~ 7.93 x 10— 1% 1.24x 1072 [ 248x 10~ [ 319x 10~ 28
DIMACS2 2.28 x 10~ 1% 0.00 x 10%° 0.00 x 10%0 0.00 x 1070 0.00 x 109
DIMACS3 9.39 x 10— 1° 3.53 x 10— 1° 1.64x 10" % [ 144x10"® [ 872x 10~
DIMACS4 322 x 10 3.42 x 10~ 13 0.00 x 10%0 0.00 x 10%0 0.00 x 10%
DIMACS5 1.19 x 10 9.72 x 10— 13 154 x 1099 [ 496 x 10~ [ 1.10x 1018
DIMACS6 4.65 x 1010 2.84 x 1014 1.16 x 1079 [ 496 x 1070 | 2.01 x 10~ 23
Time 61.89 1.23 0.60 0.74 1.13
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Increasing number constraints

n =100, m = 500 : 5000; sparseness density 1/(4n);
block diagonal preconditioner

4

Random instances; varying number constraints

(SRSDgbiag) SeDuMi CSDP SDPA SDPT3

fteration 14.82 15.73 15.36 16.00 21.09
RelzXnorm 6.93 x 10~ ° 1.99 x 1097 1.91x107% [ 1.77x107% | 227 x 10=%°
Relmineig —369x10 0 [ —494x10 ™ [ 406 x10 ° | 9.06 x 10~ % | 231 x 10 °

Time ratios relative to (SRSDgpiqgg); Varying number constraints

m 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
SeDuMi 168.74 49.99 21.47 4.18 1.92 1.89 1.09 0.66 0.68 0.32
CSDP 144.02 39.62 21.64 7.58 5.89 5.56 3.53 2.40 2.88 1.62
SDPA 488.28 203.06 134.49 50.99 37.09 33.37 20.98 15.55 17.83 9.41
SDPT3 87.49 27.96 16.10 6.00 3.80 4.42 2.11 2.30 2.89 1.81
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Varying sparsity

n =100, m = 2500; varying density 1/(4sn),s =1,...,10 J

Average measures for random instances with different sparsity

(SRSDpiag)/2 SeDuMi CSDP SDPA SDPT3

Iteration 13.80 16.80 16.20 16.20 24.30
RelZXnorm 4.47 x 10~ 1° 5.59 x 10~ 8 1.30 x 10797 | 3.80x 1079 | 3.65 x 1011
Relmineig —759x10 1 [ —224x10 1 [ 496 x10 ° | 871 x10 % | 851 x 10 1®

Time ratios relative to (SRSDpjgg)/2 for different sparsity

B 1 2 3 4 5 6 7 8 9 10
SeDuMi 2.84 2.74 1.26 1.15 1.49 0.62 0.53 0.49 0.34 0.30
CSDP 7.33 12.17 6.07 6.77 8.06 4.14 3.21 3.39 2.49 2.17
SDPA 43.35 48.63 22.13 20.95 25.47 12.33 9.25 9.82 7.08 6.04
SDPT3 4.60 8.82 5.79 5.74 7.50 3.94 2.86 2.75 2.27 2.09
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Random lll-Conditioned Instances

Strict complementarity fails

code for problem generation WWO06 [22]; n = 50, m = 1000;
block preconditioner without crossover; tolerance 10=4.

GN-method significant accuracy increase ||ZX ||, RelZXnorm

(GRSDgpizg) SeDuMi CSDP SDPA SDPT3
Tteration 29.20 13.60 12.10 12.00 22.70
Relzxnorm | 1.32x 1012 | 412 x 10~ | 6.53 x 10~ % | 1.91 x 10~ 7 | 2.97 x 108
Relmineig | 5.96 x 1020 | 6.20 x 10" % | 1.44x 10~ | 325 x 10 2 | 1.21 x 10 1®
DIMACSL | 2.16 x 102 | 2.001 x 1097 | 350 x 10 ° | 3.79 x 1077 | 4.62 x 1010
DIMACS?2 0.00 x 10%° 0.00 x 10%° 0.00 x 10%° 0.00 x 10%° 0.00 x 10%°
DIMACS3 1.81x 10~ [ 6.34x107 [ 210x 10~ [ 209 x 10~ [ 1.54 x 10~ 11
DIMACS4 0.00 x 10%° 1.48 x 10 0.00 x 10%° 0.00 x 10%° 0.00 x 10%0
DIMACS5 | 2.07x 10~ 22 | 9.23x 10~ | 1.23x 10~ | 1.58 x 10°7 | 5.70 x 10— %
DIMACS6 1.86 x 1072 [ 499 x 107 | 425 x 10~ [ 350 x 10°7 [ 1.06 x 10~ 1°
Time 281.45 64.02 69.50 27.31 60.25

Table: Performance measures; random instances; strict

complementarity fails
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Random lll-Conditioned Instances

dual Slater’'s CQ (almost) fails

(GRSDgpiag) SeDuMi CSDP SDPA SDPT3
teration 26.00 17.10 13.80 15.20 20.40
RelzXnorm | 9.90 x 1016 6.14 x 10797 | 461 x 1079 | 2.05x 10797 [ 2,13 x 10798
Relmineig 1.05x 10~ | 1.06 x 10 | 1.60x 1012 | 1.06 x 10 1° | 1.47 x 10
DIMACS1 278 x 108 [ 1.07x107%0 [ 110x107? [ 1.17x 10728 [ 841 x 10~
DIMACS2 | 0.00 x 10%° (¥) 0.00 x 10%° 0.00 x 10%° 0.00 x 10%0 0.00 x 1070
DIMACS3 1.42x 102 | 356 x 107 | 521 x10="° | 6.83x 10° % | 2.59 x 1013
DIMACS4 | 0.00 x 10°° () | 1.48 x 10~ 4 0.00 x 10°° 0.00 x 10%° 0.00 x 10%°
DIMACS5 1.09x 10 [ 277x 1072 | 1.38x10° 0 | 2.02x 10 # | 1.26 x 10 1T
DIMACS6 3.44x 10 [ 316x10 2 | 854x10° 0 | 443x10~%® [ 1.82x 10 72
Time 58.04 75.02 76.42 32.32 48.98
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Random Instances; Lovasz Theta Function

random graph with n = 100 nodes; n(n — 1)/4 (approx) edges )

Iteration RelZXnorm Relmineig
Average 18.31 4.85 x 10~ 2.47 x 10~ 13
Best 16.00 6.42 x 10~ | —1.28 x 1071
Worst 23.00 9.74 x 10718 | 358 x 10~

ce measures for random Lovasz theta function

SeDuMi CSDP SDPA SDPT3 (TRSDwiBDiag)

Tteration 21.00 17.10 16.00 22.60 21.00
Relzxnorm | 5.00 x 10~ | 1.566 x 10~ | 2.38x 10~ | 1.73x 10~ 1F | 2.67 x 10~ *
Relmineig | 3.3 x10 ™ [ 7.00x 107" | 349x10 %2 | 232x 1018 | 6.74x 10~ 1
DIMACS1 1.84x10 7T [ 6.07x10 ¥ [ 509x 10~ | 1.27x10 8 [ 1.25 x 10 1®
DIMACS?2 0.00 x 10%° 0.00 x 1070 0.00 x 1000 0.00 x 10%° 3.11 x 10~
DIMACS3 | 9.09x 100 | 1.09 x 10°97 | 152 x 10 * | 8.87 x 10 1 | 8.75 x 10 1®
DIMACS4 | 2.39 x 10~ 13 0.00 x 10%° 0.00 x 10%° 0.00 x 10%° 4.82 x 1012
DIMACS5 | 9.09 x 10~22 | 4.44x 10710 | 9.61x10=% | 1.47 x 10713 | 5.92 x 10— 1®
DIMACS6 | 9.93x 10 ¥ | 210 x 10 10 | 961 x 10 | 7.08 x 10 * | 4.19 x 10~ 1®

Time 90.46 13.05 6.02 12.91 158.09
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Summary

]

Current p-d i-p methods for SDP have two basic steps that
lead to ill-conditioning: (i) symmetrize to be able to apply
Newton’s method; (ii) block elimation. (Implies difficulty for:
accurate solutions; exploit sparsity.)

We avoid these two steps using stable block elimination
steps and applying Gauss-Newton method

The numerical tests illustrate that we get improved
accuracy and can exploit sparsity.

Future research: To improve computation time, we need to
exploit structure and find further stable eliminations.
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Numerical Tests for LP

randomly generated data with known optimum
well-conditioned basis matrix

stopping condition relative gap 10712

MATLAB 6.5, Pentium 3 733MHz, 256 MB RAM
iterative approach; LSOR (Paige-Saunders); different
preconditioners

NEQ stalls with relative gap approximately 10~ on many
problems
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NEQ vs Stable Method-Direct Solver

data m n nnz(E) cond(Ap) cond(J) NEQ Stable direct

D_time its D_Time its
1 100 200 1233 51295 32584 0.03 * 0.06 6
2 200 400 2526 354937 268805 0.09 6 0.49 6
3 200 400 4358 63955 185503 0.10 * 0.58 6
4 400 800 5121 14261771 2864905 0.61 * 3.66 6
5 400 800 8939 459727 256269 0.64 6 4.43 6
6 800 1600 10332 11311945 5730600 5.02 6 26.43 6
7 800 1600 18135 4751747 1608389 5.11 * 33.10 6

nnz(E) - number of nonzeros in E;

cond(-) - condition number; J = (ZN — XAT) at optimum;
D_time - avg. for search direction per iter.;

its - for interior point method

* denotes NEQ stalls at 10— 11
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Stable Method with LSQR and

Two Precond.

data set LSQR with ILU LSQR with Diag
D_Time its L_its Pre_time D_Time its L_its Pre_time
1 0.15 6 37 0.06 0.41 6 556 0.01
2 3.42 6 343 0.28 2.24 6 1569 0.00
3 2.11 6 164 0.32 3.18 6 1595 0.00
4 NA Stalling NA NA 13.37 6 4576 0.01
5 NA Stalling NA NA 21.58 6 4207 0.01
6 NA Stalling NA NA 90.24 6 9239 0.02
7 NA Stalling NA NA 128.67 6 8254 0.02

Same data sets as above;

two different preconditioners (diagonal and incomplete Cholesky with drop tolerance 0.001);
D_time - average time for search direction;

its - iteration number of interior point methods;
L_its - average number LSQR iterations per major iteration;
Pre_time - average time for preconditioner;
Stalling - LSQR cannot converge due to poor preconditioning.
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LSQR with Block Cholesky preconditioner

data set LSQR with block Chol. Precond.
D_Time its L_its Pre_time
1 0.09 6 4 0.07
2 0.57 6 5 0.48
3 0.68 6 5 0.58
4 BE55 6 6 5.16
5 6.87 6 6 6.45
6 43.28 6 5 41.85
7 54.80 6 5 53.35

B3



Iterations/Degeneracy
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Sparse; Well conditioned A

®© 66 ¢ ¢

about 3-4 nonzeros per row in E
the Jacobian nonsingular at optimum.
well-conditioned basis matrix, Az

the same dimensions and two dense columns, while total
number of nonzeros increases

The loss in sparsity has essentially no effect on NEQ,
since the ADAT matrix is dense due to the two dense
columns. But we can see the negative effect that the loss
of sparsity has on the stable direct solver.

However, we see that for these problem instances, using
LSQR with the stable system can be up to twenty times
faster then NEQ solver.
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Sparse; Well conditioned Az, cont...

data sets NEQ Stable Direct LSQR
Name cond(Ag) cond(J) nnz(E) D_Time its D_Time its D_Time its L_its
nnz2 19 13558 4490 9.87 7 18.78 7 0.55 7 81
nnz4 21 19540 6481 10.09 7 20.74 7 0.86 7 106
nnz8 28 10170 10456 10.05 7 29.48 7 151 7 132
nnz16 76 11064 18346 10.08 7 35.48 7 3.65 7 210
nnz32 201 11778 33883 10.04 9 41.49 9 8.96 8 339

cond(-) - (rounded) condition number;

nnz(E) - number of nonzeros in E;
D_time - average time for search direction;

its - number of iterations;

L_its - average number LSQR iterations per major iteration;
All data sets have the same dimension, 1000 x 2000, and have 2 dense columns.
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Sparse; Well conditioned A, ... Size

The time for the NEQ solver is proportional to m3. The stable direct solver is about twice that of NEQ. LSQR is the
best among these 3 solvers on these instances. The computational advantage of LSQR becomes more apparent as
the dimension grows.

data sets NEQ Stable Direct LSQR
name size cond(Ag) cond(J) D_Time its D_Time its D_Time its
szl 400 x 800 20 2962 0.63 7 1.37 7 0.15 7
sz2 400 x 1600 15 2986 0.63 7 1.36 7 0.26 7
sz3 400 x 3200 13 2358 0.63 7 1.39 7 0.53 7
sz4 800 x 1600 19 12344 5.08 7 9.60 7 0.32 7
sz5 800 x 3200 15 15476 5.06 7 9.64 7 0.76 7
sz6 1600 x 3200 20 53244 39.01 7 72.12 7 1.35 7
sz7 1600 x 6400 16 56812 38.83 7 72.16 7 2.32 8
sz8 3200 x 6400 19 218664 346.24 7 549.44 7 2.99 7

cond(+) - (rounded) condition number;
D_time - average time for search direction;
its - number of iterations
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Sparse; Well conditioned Ag, ... # Dense Cols

data sets NEQ Stable Direct LSQR
name dense cols. cond(Ag) cond(J) D_Time its D_Time its D_Time its
den0 0 18 45 1.21 6 2.96 6 0.41 6
denl 1 19 13341 10.11 7 18.29 7 0.47 7
den2 2 19 18417 9.98 7 19.35 7 0.60 7
den3 3 19 19178 9.92 7 18.64 7 0.72 7
den4 4 18 18513 9.89 7 18.72 7 0.97 7

cond(+) - (rounded) condition number;

D_time - average time for search direction;

its - number of iterations.
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LSQR iterations at different stages

700 T
O nnz2
O- nnz4
¢ X nnz8
600 V- nnzl6 ||
¢ nnz32
¢
500 - B
2
S &
S
£ 400 i
& e
-z 9]
5 0
2 300 ¢ o 1
'E v © o < O
<o
B v vg - v
200 A v v i
v x
« v ¥ x » X x o
[m} a o o é
x o X x fe) .
008 g e o ° 6.0 0 o b
o g B..g o S .o
0 L L L L L L L
0 2 4 6 8 10 12 14 16

iterations in interior point methods

[+{e]



No Backtracking - Complete Step to Boundary
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